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ABSTRACT. In this manuscript, we consider the Baskakov-Jain type operators involving two parameters
a and 7. Some approximation results concerning the weighted approximation are discussed. Also, we
find a quantitative Voronovskaja type asymptotic theorem and Griiss Voronovskaya type approximation
theorem for these operators. Some numerical examples to illustrate the approximation of these operators
to certain functions are also given.
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1. INTRODUCTION

Aral and Erbay [5] introduced Baskakov operators based on « € [0, 1] as follows:

B (u;2) = beg)l(z)u (;) , 2z €]0,00), (1.1)
i=0

where
20 = e g () oo (") ()

For the special case o = 1, the operators %S,?)(f; z) reduces to the Baskakov operators [6].

Gupta [13] presented a general family of Durrmeyer type operators and derived some direct results.
Kajla and Agrawal [19] defined Durrmeyer type modification of Szész operator involving Charlier poly-
nomials. Kajla et al. [22] considered a Durrmeyer type generalization of the operators (1.1) and gave the
uniform convergence results. In 2020, Mohiuddine et al. [26] Baskakov-Durrmeyer type operators based
on the parameters and studied quantitative approximation results. Very recently, Mohiuddine et al. [23]
introduced Stancu-Kantorovich variant of the operators (1.1) and studied the direct results. For article
related to such type of a study we refer the reader to (cf. [2-4,7,8,10-12,14-21,24,25,27-30] etc.) and
reference therein.

Let 7> 0 and a € [0, 1]. For v > 0 and C [0, 00) := {u € C[0,00) : |u(v)| < N,e?", for some N, > 0},
we construct a a-Baskakov-Jain type operators as follows:

i) = Y W) [ @l (1.2)
i=0 0

T ()¢
B(i+1,2) (1+7v)7 T+t
In this article, we will study the order of convergence of these operators in a weighted space and

asymptotic type formula, quantitative and Griiss Voronovskaya type approximation theorem.
1

where b7, ;(v) = and bsr?)z (2) is defined as above.
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2. BAsic RESULTS

Lemma 1. For z € [0,00), the moments of the operators %f‘l(u, z) are given by

(i) %) (eo; 2) = 1;

(i) 98 ersn) = U2

i) G (r: ) — mz?(=3+m+4a)  z2(4m+10(—1+ «)) _

(i) Smr(e2i2) = =S San =yt Tm—anm—r) T =2 =1
m(l+m)z3(=4+m+6a)  3mz2%(—11+ 3m + 14a) 182(—3+ m + 3a)

1 n(@al €3;z) =
(i) .z (€3 2) (6m—37')(m—27)(m—7') (m—37)(m—27)(m—7)+(m—37)(m_27')<m_7')

+

(m —37)(m — 27)(m — 1)’

() g o )(64 )= m(1 +m)(2+m)z4(—5+m+8a) 4m(1 4+ m)z3(—19 + 4m + 27q)
TS (m—41)(m —=37)(m —=27)(m—7)  (m—47)(m —37)(m —27)(m —7)

24mz?(—13 + 3m + 16q) 2(96m + 336(—1 + «))

(m —471)(m — 3724(m 2rY(m —1)  (m—471)(m —37)(m —27)(m — 1)

+

L e o (fT)(m)(QzT)(T)n(;T)’) - .
vi (@) s 2) = +m +m +m)z°(—6 +m + 10«
(vi) Imr(esiz) = o, 57)(m — dr)(m = 37) (m = 27)(m — 7)
5m(1 + m)(2 +m)2*(—29 + 5m + 44a) 100m(1 +m)z3(—11 + 2m + 15a)
(m—=57)(m—47)(m = 31)(m —21)(m —7) (m —57)(m —47)(m —37)(m — 27)(m —T)
n 600m22%(—5 + m + 6) n 600z(—4 + m + 4a)
(m—57’)(m—47')(ml?—037')(m—27')(m—T) (m —57)(m —47)(m — 37)(m — 27)(m — 1)
+

(m —57)(m — 47)(m — 37)(m — 27)(m — 1)’
(vii) (@) (cq: 2) = m(1+m)(2+m)(3+m)(4+m)z8(=7+m + 12a)
AT (m — 67)(m — 57)(m — 47)(m — 37)(m — 27)(m — T)
6m (1 +m)(2 +m)(3 +m)z>(—41 + 6m + 65a)
(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)
90m(1 + m)(2 + m)2z* (=33 + 5m + 48«)
(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)
600m (1 + m)z3(—25 + 4m + 33)
(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)
1800mz2(—17 + 3m + 20q)
(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)
2(4320m + 19440(—1 + a))
(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)
720

+

+

+

+

+

(m —67)(m — 57)(m — 47)(m — 37)(m — 27)(m — 1)’
Lemma 2. From Lemma 1, we have

%gf‘l((vfz),z) _ Z(T+20572)+ 1 22(m+7(—8+ 27+ m+8a)) 2z(=5+ 27 +m + 5a)

(m—27)(m —1) + (m—=27)(m—1)

(m—T) (m—1)’
2

(m—27)(m—71)’
(@) n 2*(247* —10m+3m> +16ma-+2rm(—32+3m+48a)+7°m(—8+3m+80a)+27° (—96+23m-+96a) )
gmﬂ'((v - Z) ?Z) = (m—47)(m—37)(m—27)(m—71)
2%(967° —76m+1847°m+12m>+7207% (—1+0)+108ma+12rm(—9+m+21a))
(m—47)(m—37)(m—27)(m—7)
n zQ(1447‘2796m+2047'm+12m2+864'r(71+o¢)+168mo¢) 2(967+72m~+336(—14a)) n 24
(m—47)(m—37)(m—27)(m—7) (m—47)(m—37)(m—27)(m—71) (m—47)(m—=37)(m—27)(m—71)"
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Remark 1. We have

"}gnoom Iol(z) = 1+42(1+2a-2),
lim m 7> 2(2) = z2(2+z+72),
m—r0o0
_ 2 2
n}l_r}rloom Iot(z) = 3222+ 2+ 72)%,
lim m3 _Z2%(z) = 1522+ 2+ 12)3,
m— o0 ’

3. DIRECT RESULTS

Theorem 1. Let u € C,[0,00). Then lim 9'%)(u;2) = u(2), uniformly in each compact subset of
m—00 ?
[0, 00).

Proof. By the application of Bohman-Korovkin Result and Lemma 1, the proof of this theorem is direct.

g
3.1. Voronovskaja type theorem.
Theorem 2. Let u € C,[0,00). If v’ exists at a point z € [0,00), then
Jim m G (us2) —u(z)| = (L + 2(1 + 20 — 2)) 0/ (2) + %z(2 +z 4 12)u" (2).
Proof. From Taylor’s theorem, we have
u(w) = u(z) +u'(2)(v — 2) + %u”(z)(v — 2+ w(v,2)(v—2)?, (3.1)
where k_}rri w(v,z) = 0. Applying the linear operator %5{13, we may write
G (02) — u(2) = F(0 — 220 (2) + SEEU(w — 2% 2 ()
+ %&{f;(w(v, 2)(v — 2)% 2).
The Cauchy-Schwarz inequality implies
m%ﬁ{’l (w(v,z)(v— %) \/%f‘l w2 (v, 2) \/m2%$f‘7 ((v=2)%2). (3.2)
As @w?(z,2) =0 and w?(+, 2) € C,[0,0), we have
W%E}noo g(a)( 2(v,2);2) = w?(2,2) = 0. (3.3)
Collecting (3.2)-(3.3) and Remark 1, we obtain
lim m%* ( (v, 2)(v —2)%2) = 0. (3.4)

m—0oQ

Hence

lim m g@ Lu;z) —u(z)| = (14 2(7 + 2a — 2))u/(2) + %z(Z + 2+ 712)u”(2).

m—o0
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4. WEIGHTED APPROXIMATION

Let H,[0,00) denote the space of all real-valued functions on [0, 00) satisfying the condition |u(z)| <
N,o(z), where N, > 0 is a constant depending only on u and o(z) = 1+ 22 is a weight function.
Suppose that C,[0,00) be the space of all continuous functions in H,[0,00) endowed with the norm

|lullp := sup [u(z)] and C}[0, 00) := {u € C,[0,00) : lim [u(z)| < oo}.

zef0,00) 0(2) 200 0(2)
Theorem 3. For each u € C}[0,00) and r > 0, we have

4520 (i 2) = u(2)|

lim su =0.
m—00 zE[O,I;o) (1 + Z2)1+T
Proof. For any fixed zy > 0, there holds the relation
G (s 2) — u(2)| 452 (i 2) = u(2) 45 (i 2) = u(2)
sup < sup + sup

2€[0,00) (1 + 22)1+T 2<zo (1 + 22)1+T z>2z0 (1 + 22)1+T

G (s 2)

< su {’%(D‘uz’—u }+su —_—
= By 2 Gy
|u(2)|
+sup — -
Z>£) (1+ 22)1+r
Since |u(v)| < [Jull,(1 +v?),Yo >0
G (3 2) — u(2) ( 421+ 0% 2)
T e
S CE = H (452) =W gy + W0l 300 ey
[[ullo
+ sup ————
z>£0 (1 _1_22)7"
= Il+I2+Ig,say. (41)
Now, in view of Theorem 1, for a given € > 0, 3 m; € N such that
— 1% (us; 2) — £ for all m > mj. 4.2
H (u; 2) — u(2) Clome] < g forallm=my (4.2)

()
1
Since lim sup w

5 =1, it follows that there exists mo € N such that
m—»0o0 zZ>2z0 1 +

() 1 2. 1 2\r
Imr(L+0%52) (420" €y pallm > m.

su .
z>£) 1422 B ||UHQ 3
Hence,
g&aq)—(l—i—vQ;z) ull, %&%}-(1—1—1}2;2)
I, = ||lul|, su su
2 ” ng>£) ( + 22)1+r — (1 + Zg)r Z>£O 1+ 22
[[ullo €
e o for all m > ms. 4.3
T (14z) 3 =7 (4.3)

Choose zg to be so large that
u €
Jully_
(1+25)" 6
then

], lull, e
I = su < —.
A P ) Ty SRy T
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Let mg = max{m, ma}, then by combining (4.2-4.4)
Gt (u; 2) — u(2)
sup

z€[0,00) (1 +’22)1+T

< e, for all m > myg.

|

In the following we study a quantitative Voronoskaja type result for the operators %sla; for functions
u in the weighted space C,[0,00). Ispir [31], considered the weighted modulus of continuity Q(u; o) as
follows:
u(z 4+ h) —u(2)|

Qu;0) = sup 4.5
) iy O 2) -
for u € C,[0,00). From [31], if u € CY[0,00), then Q(.;0) has the properties
;11% Qu;0) =0
and
Q(u; Ao) < 2(1+ N1+ 0*)Q(u;0), A > 0. (4.6)
From the equations (4.5)-(4.6) and u € C9[0,00), we can write
u(v) —u(z)] < (1+(v—2)?) (1+2%)Q(us v - 2))
< 2 (1+va_z> (14 0*)u;0) (1+ (v —2)%) (1+22). (4.7)

Theorem 4. Let u € C9[0,00) such that v'(z),u"(z) € CP[0,00). Then for sufficiently large m and each
z € ]0,00),

‘m {%Sfl(u, z) —u(z) — u’(z)%&f@ ((v=2);2) — “/;('Z)%f‘; (v —2)%2) }’ =0(1)Q2 (u”; \/%) )

Proof. Applying Taylor’s formula, we have

u() = u(@) + (D)0 - ) + L w22

= u(z) +u'(2)(v - 2) + “”2(!2) (v = 2)? + ha(v, 2), (4.8)

where 3 is a number between z and v, we have
W(8) — ()
2!
Using the property (4.7) of the weighted modulus of continuity, we may write
" (8) = u"(2)] < (1+ (8 —2)*)(1 + 2*)Qu"; |8 — z])
< (14 (v=2)") 1+ 220" v~ z)

ha(v,z) = (v —2)2. (4.9)

<21+ (v—2)3)(1 + 2%) (1 + W;Z'> (1+0?)Qu";0), (4.10)
but
2(1+0?), v —z| < o,
Q*w;d)“+@_”%§{ (v 2y |
2 0_4 (1+02)3 |U_Z| ZJ?

<1 I Gl Z|> 1+ (v—2)?) <2 (1 G ;42)4> (1+02). (4.11)
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Collecting the equations (4.9)-(4.11) and choosing 0 < o < 1, we find that

g

|ha(v, 2)| < 2(1 4 0?)?(1 + 2%)Q(u”; 0) (1 + (1}_42)> (v—2)2 (4.12)

Operating the operator %A(,fl and Lemma 2 on both sides of (4.8), we obtain

G (w2) — (=) — (L0 - 252) - LD egle) (0 2)%2)

2' m,T

<G\ (|ha(v, 2)]; 2). (4.13)

Applying Remark 1 and using equation (4.12), we may write

L) (|ha(v,2)];2) < 2(1 4 02)2(1 + 22)Qu”; 0)F,) (((v —2)? + W _42)6> ;Z>

g

)

=2(1+0*)*(1 + 22”5 0) <§§,(n°‘l (v—2)%2) + %fﬁf‘l (v—2)% z)>
=214+ 0?)*(1 + 2)Q(u"; 0) (O(l/m) + 0140(1/m3)> .

By taking 0 = /1/m, we obtain
m@) (|ha(v, 2)]; 2) = O(1)2 (u \/1/m> . (4.14)
Using (4.13) and (4.14), we find that

u'(2)

‘m {%(nal(u, z) — u(z)u/(z)%gfl(v —z;2) — 51

%gf‘; (v —2)% z)}‘ =0(1)Q (u”; \/1/77”> , @8 M — 00.
O

5. GRUSS VORONOVSKAYA TYPE THEOREM

Theorem 5. Let u,w and uw € CS[0,00) such that v, w', (vw)’, v, w” and (uw)’ € C’S[O,oo). Then,
for each z € [0, 00),

lim m {%gﬁl((uw), 2) — 9\ (u; )4 (w; z)} = (2)w'(2)2(2+ 2+ 72).

m,T m,T
m—00 ’ ’

Proof. Since (uw)(z) = u(z)w(z), (uvw)'(2) = o' (2)w(z)+u(z)w'(z) and (vw)”(z) = v’ (2)w(z)+2u/ (2)w'(2)+
u(z)w”(z), we get

Gur (w); 2) = Gl (s 2) Gl (w; 2)
— {8 2) — ) - ey (e - 52) - “OE g o - )

—w(e) {402 059) ()~ 0 1)~ i o 20}
g8 s2) {5 2) — w(e) — w0 - 52) - g (o - a5}
+%%§?2((U —2)%2) {u(z)w"(z) + 20/ (2)w' (2) — w" ()4 (u; z)}

+4() (0 — 2:2) {ul2w' () — ' ()90 2) |

From Theorems 1 and 4 and Lemma 2, we find that

lim m {gn(f‘l((uw), 2) — G8) (u; 2)G8) (w; z)} =u'(2)w'(2)2(2+ 2z + 72).

m—o0

This completes the proof. O
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6. NUMERICAL EXAMPLES

Example 1. The convergence ofgéffl(u; 2) operators is illustrated in Figure 1, where u(z) = 23(1+422)3,
z € [0,1], « = 09 7 = 0.5 and m = 15,16,17,18,19. We observed that when the values of m are

increasing, the graph of operators %”‘l (u; z) are going to the graph of the function u.

120 |
100 |
80
60 |
40

20 1

0 T T T T 1
0 0.2 0.4 0.6 0.8 1

0.9) (0.9)
15,0.5 G605 G705

19,0.5 u(y)

FIGURE 1. Approximation Process

Example 2. The convergence of%gffl(u; z) operators is illustrated in Figure 2, where u(z) = 2%(1+52)?,
z€[0,1], «=0.9 7=0.5 and m = 15,16,17,18,19. It is seen that when the values of m are increasing,

the graph of operators %gf‘l(u, z) are going to the graph of the function u.
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FIGURE 2. Approximation Process
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