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ORTHOGONALITY OF THE DICKSON POLYNOMIALS
OF THE (k+ 1)-TH KIND

DIEGO DOMINICI

Dedicated to V. E. P., in gratitude for her continuous unbounded support (without measure).

ABSTRACT. We study the Dickson polynomials of the (k + 1)-th kind over
the field of complex numbers. We show that they are a family of co-recursive
orthogonal polynomials with respect to a quasi-definite moment functional L.
We find an integral representation for Lj and compute explicit expressions for
all of its moments.

1. INTRODUCTION

Let n € N, F, be a finite field, and a € F;. The Dickson polynomials D,,(x;a),

defined by (see [29, 9.6.1])
4] n (n—j ;
Dy (z;a) = ( . )—a]x"_zj, xr e,
@a)=3 (") 0 :

were introduced by Leonard Eugene Dickson (1874-1954) in his 1896 Ph.D. thesis
“The analytic representation of substitutions on a power of a prime number of
letters with a discussion of the linear group” [I9], published in two parts in The
Annals of Mathematics [20] 21]. The Dickson polynomials are the unique monic
polynomials satisfying the functional equation (see [29] 9.6.3])

a a\"
Dn(y+;a>y"+<> , yEFp.
Y Y

See [39] for further algebraic and number theoretic properties of the Dickson poly-
nomials.

Let Ny denote the set NU{0} = {0,1,2,...}. In [568], Wang and Yucas extended
the Dickson polynomials to a family depending on a new parameter k € Ny, which
they called Dickson polynomials of the (k + 1)-th kind. They defined them by

Dy p(wa) = %”kj <”‘7> (—a)’ 2% (1.1)

o Ll AN

Jj=0
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with initial values

Do (z;a) =2—k, Dig(x;a)=ux. (1.2)
They also showed that the polynomials D, ;(z;a) satisfy the fundamental func-
tional equation

)n e ()

a a
Dn,k<y+;a>=y”+< 5 ;o y#0.
Yy Yy Yy —a
Note that "
n 2(a
ay" —y* (%) i
li =(n—-1) (% ,
yﬂlrrtn\/a y*—a (= 1) ( \/&)

and therefore
Dy e <y+ Z;a) =2+ -1k (Va)", y==Va

We clearly have
Dy, o(z;a) = Dy(z;a) (Dickson polynomials)
and (see [29, 9.6.1])
Dpa(z;a) = En(z;a) (Dickson polynomials of the second kind).

In fact, since

n—j n—j

we have (see [58, 2.1])
Dy i(x;a) = kE,(z;a) — (k — 1) Dy (x5 a).

The polynomials D, x(z;a) also satisfy the fundamental recurrence (see [58,
Remark 2.5])
Dyyor =2Dpi1x —aDpy, n € Np. (1.3)
The first few Dickson polynomials of the (k + 1)-th kind are

Dy (x;a) = 2?4 a(k — 2),

D3 p(x;a) = z° + a(k — 3)z,
Dyy(z;a) = 2* + a(k — 4)2* +a* (2 - k),
Ds p(z;0) = 2° + a(k — 5)2° + a® (5 — 2k) z.

They have zeros at
x=+Vav2 -k, ifn=2,
x=0, £v/aV3—k, ifn=3,

N e R ] (1
z =0, i\/fg\/5—ki\/(k—1)2+4, if n =5,
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ORTHOGONALITY OF DICKSON POLYNOMIALS 3

as can be verified using a mathematical symbolic computation program such as
Mathematica.

Remark 1.1. Note that the polynomials D,, (x;a) are monic for n > 1, but
Dy (z;a) =1 only for k = 1.

In this article, we study the polynomials D,, j(z;a) over the field of complex
numbers, with a > 0 and £ € R. Our motivation is the three-term recurrence
relation , which suggests that the Dickson polynomials of the (k + 1)-th kind
form a family of orthogonal polynomials with respect to some linear functional L.
However, from we see that for k£ > 2 the polynomials D, ,(x;a) may have
a pair of purely imaginary roots. Also, the polynomials D3 3(z;a) and Dj 5 (x;a)
have a triple zero at x = 0. This implies that the linear functional Ly is quasi-
definite (J16, Theorem 2.4.3], |28, Theorem 1]).

The article is organized as follows: in Section [2| we derive some of the main
properties of the Dickson polynomials of the (k+ 1)-th kind, including different ex-
pressions, a hypergeometric representation, differential equations, and a generating
function.

In Section [3] we present some basic results from the theory of orthogonal polyno-
mials that we will need to find the linear functional L;. We define the co-recursive
polynomials associated with a given family of orthogonal polynomials, and list
some of their main properties. We also show that a family of polynomials related
to Dy, i (x;a) are co-recursive polynomials associated with the Chebyshev polyno-
mials of the second kind.

In Section [4] we apply the results of the previous sections to the Dickson poly-
nomials of the (k + 1)-th kind and obtain a representation for their moment func-
tional Lj. We also find explicit expressions for the moments of L.

Finally, in Section [p] we summarize our results. In the hope that our results will
be of interest to researchers outside the field of orthogonal polynomials and special
functions, we have made the paper as self-contained as possible.

2. PROPERTIES OF DICKSON POLYNOMIALS

We begin by checking the initial polynomial Dy (x; a). Since it is not clear from
the definition (L.1)) that Dg x(z;a) = 2 — k, we consider even and odd degrees and
obtain the following result.

Proposition 2.1. The even and odd Dickson polynomials of the (k + 1)-th kind
are given by

Dani(zsa) = (2—k)(—a)" + )

(2—k)n+kj(n+j
j=1

—a)" I g% }
DU (M) (a) @)

and

“2-K)n+kji+l/nt+j+1 nei o
Ds,, q) = —a)" x?. 2.2
2rt14(50) z; jtntl 9jr1 )T e (22)
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Proof. From (L.1)), we have
" 2n —kj (2n —j o _os
D n . — E 2\ ,2n—2j
el = 2 2nj( y >( v

and by switching the index to ¢ = n — j we get
" 2—K)n+ki/n+i n—i o
Doy (z50) = Z()( ) (—a)" "

i+n n—1
i=0 +

thus (2.1]) follows after using the symmetry of the binomial coefficients,

n\ n
k) \n—-k)
A similar calculation gives (12.2)). U

Next, we will find a representation for D, (z;a) in terms of the generalized
hypergeometric function

Aly...y 0 Oo(al)j"'(al))'xj
F ’ 1P ;x> _—_ ]f7
p q( bi,..., by ;(bl)j"'(bq)j 4!

where (u); denotes the Pochhammer symbol (also called shifted or rising factorial),
defined by (see [46] 5.2.4])

(a)():l
(@)j=ala+1)---(a+j—1), jeN.

Proposition 2.2. The Dickson polynomials of the (k + 1)-th kind admit the hy-
pergeometric representation

n —nZl _nm1-2 4q
Dn,k(x;a) =T 3F2 < 21_ n?_% k ’.’E2> 5 k 7é 0. (23)

We also have

Proof. Let

5]
Dy, k(z;a) = a:"ch,
=0

with
ki ‘ 4
Cj = M(n . J) (_G)j x_QJ. (24)
n—7 J
We have cg = 1 and ¢; = 0 for j > 5. Using (2.4)), we get
ciy1 (27 —n+1)(2j—n)(jk+k—n) a

¢ G-n+)Gk-n)G+1) 22 (2.5)
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Let k # 0. Then,
o1 _ U=3+3)(-5)(+1-%)4a

G G-n+)(G-pG+D 2

and it follows that

Thus,

D, k(z;a) = xnz 2

= (1 fn)j (—%)j J!
If £ =0, we see from that
Gr _ 40+ 0-%)
G  G-—n+DG+1)

and therefore

o _%),05)51 (day
’ (I—-mn);  j!\a?
Hence,
im0 (55), 1 (40

=0

Remark 2.3. A representation of D, o(x;a) in terms of associated Legendre
functions of the first and second kinds [46] 14.3] was given by N. Fernando and
S. Manukure [23].

Proposition 2.4. For n € Ny, the Dickson polynomials of the (k + 1)-th kind
satisfy the following relations:

Dy k42 — 2Dy, 1 + Dy = 0,
—(2® = 4a) [(k — D)na® + a(k — 2)(kn — 2n — k)] D}, ,
+ 2 [(k — 1)na® + a (6k + 4n + 3k*n — 4kn — 3k*)] D}, (2.6)
+ [(k = 1)n’z* + an (—k — 2n + kn) (—2k — 2n + kn)| Dy, , = 0,

(z% — 4a)2DS§3 +10x(x* — 4a) D)), + [(23 — 2n*)2” + 8a(n® — 4)] Dy,
—3(2n® = 3)aD;, ;, + n*(n® — 4) Dy s, =0,
and
(2* —4a)Dy) ), — 4nDyy1 Dy, g, + (2 + 3) 2Dj, y + 1 (n+2) Dy = 0.

Proof. All the identities can be automatically found and proved using the hy-

pergeometric representation (2.3)) and the Mathematica package HolonomicFunc-
tions [33]. O
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Remark 2.5. The differential equation (2.6)) already appeared in [68, Lemma 2.7].

We can use the recurrence relation (1.3)) to obtain a different representation for
the polynomials D,, x(x;a).

Proposition 2.6. For x # +2+/a, the Dickson polynomials of the (k + 1)-th kind
are given by

D o(z;a) = <1+kx2_AA> (x;A)nJr (1—1-:”32+AA> (m;AY, (2.7)

where
A =22 — 4a.

We also have

Dy k(£2va;a) = (kn+2 — k) (£va)" . (2.8)
Proof. Let us assume that we can write
D, i(x;a) = R, (2.9)

for some function R(z,k,a). Using (2.9) in the recurrence (1.3]), we obtain
R*—a2R+a=0,

and therefore
T+ A

2

A =22 — 4a.

It follows that the general solution of (1.3)) is given by

Ry =

with

Duil(a;a) = C (30, k) (“f) +Cy (230, k) (””‘f)n (2.10)

Using the initial conditions (1.2)) in (2.10]), we get
Cl (J?,U,,k) +02 (x,a,k‘) = Z_ka

Ch (w:a, k) <“;A> + Oy (w;a, k) (z2A) —

Thus, assuming that = # +2,/a, we get

z—A z+ A
SA Cy(z;a,k)=1—k SA

To verify , we replace it in the recurrence (1.3]), and obtain
(kn+2+k) (£va)"" = (£2va) (kn +2) (/)" +a(kn+2— k) (£/a)"
=a(£va)" [(kn+2+k) —2(kn+2) + (kn+2 — k)] = 0.
O

Cy(z;a,k)=1+k

Using (2.7)), we can obtain a generating function for the polynomials D, ;(x;a).
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Proposition 2.7. The ordinary generating function of the polynomials D, i (x; a)
s given by
_2-k+ (k—1)zz

az? —xz+1

(z;2,k,a) ZD" k(x5 a)
Proof. From , we have (as formal power series)
G(z;z,k,a) ZD" k(z;a)z

( 2AA>§(zx—;A)"_i_(l_ka:;-AA)i(zx_QA>n

=0 n=0

- A 1 x+ A 1
1+k 1—k .
() e () e

Thus,
2—k+(k—-1)zz

G(27$7 ,CL) (1:2_A2) 22 —dxz 4+ 4’

and the result follows since
A? = 2% — 4a. O

Remark 2.8. The same generating function was obtained in [58, Lemma 2.6] using

the recurrence (1.3).

3. ORTHOGONAL POLYNOMIALS

Let {un} be a sequence of complex numbers and let £ : C[z] — C be a linear

functional defined by

Lz"] = pn, n € No.
Then £ is called the moment functional determined by the moment sequence {1, }.
The number pu,, is called the moment of order n.

A moment functional £ is called positive-definite if L [r(z)] > 0 for every polyno-
mial r(z) that is not identically zero and is non-negative for all real z. Otherwise,
L is called quasi-definite.

A sequence {P,} C C[z], with deg (P,) = n, is called an orthogonal polynomial
sequence with respect to £ provided that

L [Pan] = hn(sn,wu n,mec NOv

where h,, # 0 and 6, ,,, is Kronecker’s delta [13].
One of the fundamental properties of orthogonal polynomials is that they satisfy
a three-term recurrence relation.

Theorem 3.1. Let £ be a moment functional and let {P,} be the sequence of
monic orthogonal polynomials associated with it. Then, there exist B, € C and
vn € C\ {0} such that the polynomials P, (x) are a solution of the three-term
recurrence relation

PnJrl:(x_ﬁn)Pn_’YnPnfly TLGN, (31)
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with initial conditions

Py(z) =1, Pi(x)=x— pp. (3.2)

Proof. See [13 Theorem 4.1]. O
A linearly independent solution of with initial conditions

Fy(z) =0, Pi(x)=1 (3-3)

is given by the so-called associated orthogonal polynomials P} (z) [13, 4.3]. Note
that deg P} (z) =n — 1.
The converse of Theorem 3] is known as Favard’s theorem.

Theorem 3.2. Let {P,} be a sequence of polynomials satisfying the three-term
recurrence relation (3.1) with B, € C and v, € C\ {0}. Then, there exists a
unique linear functional L such that

L[P] =1, L[P,Pn]="hnonm,
with
ho=Fo, hi=v, hy,=hn_1,n=23,....
Proof. See [13 Theorem 4.4]. O

Remark 3.3. It follows from (1.2)) and (L.3) that (at least for k # 2) {D,, 1} is a
sequence of monic (for n > 1) orthogonal polynomials with respect to a moment
functional L, satisfying

Ly, [Dy kD ] = bn (k) m, (3.4)
with
ho(k)=2—k, hy,(k)=a", neN. (3.5)

In Section [f] we will find a representation for the moment functional Ly.

Proposition 3.4. Let L be a moment functional and let {P,} be the sequence of
monic orthogonal polynomials associated with it. Then, the following are equivalent:
(a) All the moments of odd order are zero,

L [IQ”H] =0, neNp.
(b) The polynomials P, (z) satisfy
P, (—x) = (-1)" P,(z), n €Ny
Proof. See [13 Theorem 4.3]. O
Proposition 3.5. Let k # 2 and let u,(k) denote the moments of the linear
functional defined by . Then, we have
po(k) = 9 _
tont1(k) =0, n € Ny, (3.7)

(3.6)

“In the remainder of the paper, L; will denote the moment functional associated with the
polynomials Dy, (x;a).
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and

2— @2-Fk)n+kj n—l—j) n—j
__E . —a i, neN.
P Jitn (2] (—a) H2;

The first few nonzero moments are
pa(k) = a,  pua(k) = —a® (k= 3),  pig(k) = a*(k? — 6k + 10),
ps(k) = —a*(k® — 9k? 4 29k — 35).
Proof. From , we see that
2 —k=ho= Ly [D3,] = D&, Li[l] = (2 — k)? po,

from which (3.6) follows.
Using (1.1)), it is clear that
Dy, k(—z;0) = (=1)"Dy i (z; a), (3.8)
and Proposition gives

/L2n+1(k):07 TL:07].,....
From (2.1)) we have

) i 2-kn+kj/n+j n—j 2i

and therefore

- 2-kn+kjn+j i
0= L4 1Dans) = S B (7 5T ()

= Jtn 2j
— (2—-Kk)n+kj/n+j e
—Z(]ln( 9 )(a) 7 paoj (k) + pan (k). O

Il
=)

J
Remark 3.6. In Section [4] we will find a closed-form expression for g, (k).

The task of finding an explicit integral representation for the functional L is
called a moment problem [1], [34], [50]. A moment functional £ is called determinate
if there exists a unique (up to an additive constant) distribution ¢ (z) such that

L") = [ v ) (39)
A
where the set A is called the support of the distribution . Otherwise, £ is called
indeterminate [7], [55].
A criterion to decide if the moment functional £ is determinate is due to Torsten
Carleman [50, P 59]: If 5,, > 0 and

oo
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10 DIEGO DOMINICI

then £ is determinate. Since for the Dickson polynomials we have ,, = a, it follows
that the moment problem is determinate.

One method to find a distribution function satisfying (3.9) is given by Markov’s
theorem.

Theorem 3.7. Let the moment functional L, supported on the set A C C, be
determinate, let {P,} be the monic orthogonal polynomials with respect to L, and
let {P}} be the associated polynomials. Then,

e[ L], e

where the convergence is uniform on compact subsets of C\ A.
Proof. See [57]. O

The function

S() =L Lix}

is called the Stieltjes transform of L [56]. Its asymptotic behavior is (see [30

Section 12.9])

H1 M2

S(Z)N@Jr +§+..., Z — 0. (3.10)

z 22

3.1. Co-recursive polynomials. Let {g,} be a sequence of polynomials satisfy-
ing (3.1) with initial conditions

qox)=u, q(z)=z—w. (3.11)

The polynomials g, (x) are called co-recursive with parameters (u,v). They were
introduced by T. Chihara in [I2], where he considered the case v = 1; see also [5],
[38], [48], and [51].

Note that when u = 1 we can consider the polynomials ¢, (z) to be solutions of
the perturbed three-term recurrence relation

Tqn = Qn+1 + Brnan + YnGn-1, 1 €Ny

with initial conditions

where B
Bn = 5n + (U - 60) 571,0-

Orthogonal polynomials that are solutions of three-term recurrence relations with
finite perturbations of the recurrence coefficients are called co-polynomials; see [11],
[37], and [40].

Let {P,} and {P}} be the linearly independent solutions of with initial
conditions and (3.3). Then, we can represent g, (z) as a linear combination

gn(x) = AP, (x) + BP, ().

Using (3.11)), we see that
A=u, B=(1—-u)z+uby—uv,
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and therefore
gn(z) = uPy(z) + [(1 — w) x +uby — v] P, (z), n € No. (3.12)
Linear combinations of orthogonal polynomials have been studied by many authors;
see [3], [35], [42], [43], and [44].
Note that the associated polynomials for both sequences are the same, i.e.,
¢ (z) = P¥(x). Thus, we have
qn(2) _ uPn(Z)
a(z)  Pr(2)
and assuming that the moment problem is determined, we can use Markov’s theo-
rem and obtain

+(1—u)z4+ufy— v,

L] _ uLp (1]
= + (1 —u)z+uby—v,
5.)  sp() TR
where S, (z), Sp(2) and L, L, denote the Stieltjes transforms and linear functionals
associated with the sequences {g,} and {P,}, respectively. Solving for S,(z), we

obtain

L,[1Sp(2)
[(1—wu)z+uBy—v]Sp(z) +uLp[l]
The rational transformation ([3.13)) is a particular case of the general spectral trans-
formations of the Stieltjes transform (see [59])

~ A B
5y - ASE) +BG)
C(2)S(z) + D (2)
where A(z), B(z), C(z), D(z) are polynomials; see also [8], [10], [24], [36], and [47].
Suppose that Lp[l] = 1, and let us denote the polynomial (1 —u)z + ufy — v

appearing in (3.13) by @ (z). If the function Sp(z) is a solution of the quadratic
equation

Sq(2) =

(3.13)

AQS%: + (BQ+uA—C)Sp+uB =0, (3.14)
for some polynomials A(z), B(z), C(z), then we have
Siz) _ Se() _ A(:)Se(z) + B(:)
Ly1]  Q(2)Sp(2) +u C(z) '

Stieltjes transforms satisfying quadratic equations with polynomial coefficients are
called second degree forms; see [2], [6], [45], and [49].
The linear transformation

Sq(2) _ A(2)Sp(2) + B(2)
Ly[1] C(z)

can be written as a composition of three basic transformations:
(1) The Uvarov transformation [41],[54], defined by

LLM:LP[T]—FMT(W), r € Cla],
AU
or by S (2) M
U\Z
AU :S(Z)+Z_wv

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



12 DIEGO DOMINICI

where M + Lp[1] # 0 and

Ny = Loll]
T Lpl+ M
(2) The Christoffel transformation [9, [14], defined by
L
Lelr] =Lp[(x —w)r(z)], reClz],
Ac
or by
%0E) _ (2 ) S(2) - Lell,
c
where Lp [z —w] # 0 and
_ Lc[l]
Ac = Lplr—w]

(3) The Geronimus transformation [I'7, [I8] 26] 27], defined by

Lelr] —Lp {T(x)] + Mr(w), recClz],

Ac —
or by
(z —w) Siéz) =9(z) = S(w) + M,
where M — S(w) # 0 and
_ Lell]
Ag = m

If the coefficients in the three-term recurrence relation (3.1]) are constant, then
we see that P’(z) and P,_1(z) satisfy the same recurrence, and have the same
initial conditions. Therefore, P} (x) = P,_1(z) and we obtain

_Pn+1 Pnfl_anLl :;
x = P, +08+y 2 P7t+1+ﬁ+wpn.
Using Markov’s theorem, we conclude that
_ Lp[1] YA+ Sp(z)
~ Sp(2) TTe1]
Assuming that Lp[l] = 1, we find that Sp (z) is the solution of the quadratic
equation
vS% — (2 —B)Sp+1=0. (3.15)

Multiplying (3.14)) by ~, (3.15) by AQ, and subtracting, we get
[Y(BQ+uA—-C)+ (z—8)AQ]Sp + uyB — AQ = 0.
Therefore,
A=uwy, B=Q, C=Q>+u(z—pB)Q +u,
or, replacing Q(z) by (1 —u)z +uf — v,

B=(1-uwz+uB—v, C=(z—v)[(1—u)z+ub—uv]+u?y.

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



ORTHOGONALITY OF DICKSON POLYNOMIALS 13

We conclude that
Su(z) _ wySp(z) + (1—u)z+uf—v
L~ G-o)(l—wz+uf—v+udy

Polynomial solutions of three-term recurrence relations with constant coefficients

(3.16)

Tqn = Gny1 + Bl + V-1, @(x) =u, qz)=x—"v

were analyzed in [I5], where the authors concluded that the linear functional L,
was of the form

B+2~7
L] 1 4y — (x — B)?
Lq[f] = 27T’yﬁ_2/\/>r(x)f($) dx + Myr (y1)+M2r(y2)7 re (C[.’L‘],

with
f@)=@—v)[(1-w)z+uf—v]+u’y=1-u)(z—y)(@—y).

They only considered the case where u > 0 and all parameters (including the roots
of f) are real numbers. For the masses My, My they obtained

MZVW—WEMWJJL;LFm;ﬂyqﬁL

+
and
Ml_MQ_[l i 2‘| s U:].,
B—o7],
where
) = 20
+ 5

The solution of (3.15) having the right asymptotic behavior is

2=B—/z=8 -4 1 3
SP(Z): 2 N;Jr

22’

zZ — 00,

and it follows that an integral representation of the linear functional Lp is given
by

g2y
Lp[r] = % / r(x)mdx, r € Clx].
B—=2~

Using the change of variables
= 0+2y/y

we obtain

Lp[’l"] =

3w

1
/T(ﬁ+2yﬁ)v1—y2dy-
1

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



14 DIEGO DOMINICI

Therefore, it is enough to study the linear functional
1
2
Lylr] = ;/r(y)vl —y*dy
-1
associated to the Chebyshev polynomials of the second kind, which we will define
in the next subsection.

3.2. Chebyshev polynomials. The monic Chebyshev polynomials of the second
kind U, (x) are defined by (see [32, 9.8.36])

— 9 1-—
Unle) =2 1) 2 (TR 5T,
2

They are a solution of the recurrence relation

1
Uns1 = aUp + U1 =0, (3.17)

with initial conditions (see [32], 9.8.40])
Up(z) =1, Ui(x)==.

Note that
U_1(z) = 0. (3.18)
The polynomials U, (x) satisfy the orthogonality relation (see [32], 9.8.38])

/Un(:c)Um(x)\/ 1—22dx = bpm- (3.19)

ENEN

The Stieltjes transform of the linear functional Ly is given by (see [56])

SU(z):% 7i_fdx:22<lf\/lfz*2>, 2eC\[-1,1];  (3.20)

here and in the rest of the paper
i ™
:C— { cC|l—%< < f}
voiCo{rec| - <argz) < 2
denotes the principal branch of the square root. Note that

V1i—z72~1 2z— co.

It is clear from the three-term recurrence relation (1.3|) that the polynomials
D,, i(z;a) are related to the polynomials Uy, (x). Let us introduce the scaled poly-
nomials d,(x; k) defined by

dn(z;k) = (2v/a) " Dy (2v/az) . (3.21)
The polynomials d,(x; k) are a solution of the recurrence (3.17)) satisfied by the
polynomials U, (z), with initial conditions

do(z; k) =2—k, di(z;k) ==.
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Therefore, we see that the scaled polynomials d,, (z; k) are co-recursive polynomials
(with respect to the Chebyshev polynomials of the second kind) with parameters
u=2—k, v=0.
Using (3.12)), we have
dp(z;k) = (2 =k)Up(z) + (k= 1) 2Up—1(x), (3.22)
since

& (a3 k) = U (@) = Una (@),

Remark 3.8. If we use the values of the monic Chebyshev polynomials at z = 0
|46, 18.6.1],

U,(0) =27"cos (%) ,
and the representation , we get
Di(050) = (2Va)" du(0:k) = (Va)" (2 k) cos ()
in agreement with 7.
If k=0,1,2, (3.21) and give

Dy k() = (2va)" {(2 — kU, (23&) 4 (k—1) %UM (2\96/6” ,

ot i ) s ()]
Dpa(z;a) = (2va)" U, (23&) :

Dy, o(x;a) = (2\/6)n_1 xU,_1 (235) ,
and in particular, for a = 1, we have
D, (2) = Dy, 0(27;1) = 2" MU, (2) — 22" Uy, —1 (2),
E,(2z) = D, 1(2x;1) = 2"U,(z),

as it was observed in [58].

(3.23)

Remark 3.9. Stoll [52] studied second order recurrences with constant coefficients
and general initial conditions and found polynomial decompositions in terms of
Chebyshev polynomials.

4. MAIN RESULTS

In this section we find a representation for the linear functional Lj defined by
. Although this seems to be something already considered in [I5], we have
found that the range of parameters of the polynomials D,, j(z) requires a different
analysis.

Let k # 2. Denote by Ili[r] the linear functional satisfying

1
lk[” = m, lk [dndm] = 4_n6n7m, n,m (S N, (41)
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16 DIEGO DOMINICI

and let s(z; k) be its Stieltjes transform. From (3.16)) and (3.20]), we have

s(s:k) = 22 (k—2)V1—2"2+k
2o kA -2+ (k-2

(4.2)

since v =3 =0.
Our next objective is to represent the function s(z; k) as the Stieltjes transform
of a distribution. We begin with a couple of lemmas.

Lemma 4.1. Let L be a linear functional with Stieltjes transform S(z) and
f@) =(z—wi) (z —w2).
Then,

{ 1 ] _ S(z)  [S(w2) =S (w1)]z +waS (w1) — w1 S (w2)
f@)(z—=z)]  f(z) (w1 —w2) f(2) ’

where we always assume that the functional L acts on the variable x.

Proof. Since

1 B 1
(r—w)(z—w)(z—2) (2—w)(z—ws)(z—2)
1 1
(W1 —w2) (z —w2) (w2 —2) (w1 —w2) (2 —wi) (w1 —x)
we get
. . St) S
f@(z—2)] (F-w)z-w) (w1—w2)(z—w2) (w1 —w2)(z—w1)
and the conclusion follows. O

For the particular case of the linear functional Ly defined by (3.19)) with Stieltjes

transform Sy (2) given in (3.20) and f(z) = 2?2 — b?, Lemma [4.1] gives

1 } VI—b2-y1-22
=2z

@R ER

2,beC\[-1,1], (4.3)

L [
because

Su(2) Su(b) n Sy (=b)

22—=02 2b(z—b) 2b(z+0D)
C22(1-V1—272) 20(1-V1-b2) 2(=b)(1-V1I-072)
B 22 — b2 + 2b (b — z) + 2b(b+2) '

Note that since

1
2/ 1 dz _ 2
7T1\/1—x22—$_2\/1—z*2’

zeC\[-1,1],

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



ORTHOGONALITY OF DICKSON POLYNOMIALS 17

(see [50]), we have

1
lim L _2/\/1—x2 1 d
byt U (22 —b2)(z—2)| =) 22—-1 z—x v

g Vo2 V1I—b2—y1—272
I I T s 22 — b2 ’
and, in particular,
1 1 1
— =Ly | ——— . 4.4
22V/1—272 4 U[(l_xz)(z_x)] (44
Lemma 4.2. Let w(k) be defined by
1 k-2
k)= = i, k#1, 4.5
o) = 5ot k# (1.5

where i2 = —1. Then,
wk) €C\[-1,1], keR\{0,1,2}.
Proof. The result follows immediately from the definition (4.5]), since
w(k) € (—o0,—1), ke (—o00,0)U(0,1),
iwk) eR, ke(l,0)),
w(0)=-1, w(2)=0. O
The function s(z; k) defined in has a branch cut on the segment [—1, 1] and

(perhaps removable) poles at z = +w if k # 1. In the next theorem we split s(z; k)
in two parts, one analytic in C\ [—1,1] and the other analytic in C\ {£fw}.

Theorem 4.3. Let k # 2 and z € C\ [-1,1]. Then, we have
s(z;k) = sc(z; k) + x(k)sa(z; k),
where x (k) is the characteristic function defined by
0, kelo0,2];
k) = 4.6
x(k) {1, ke R\ [0,2], (46)
sc(z; k) is the continuous part of s(z; k),

1
2/ V1— 22 1

selh) = D o227 s

dx,

and sq(z; k) is the discrete part of s(z; k),
4k z
2-k4(k—1)22+ (k—2)*

sa(z k) =
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18 DIEGO DOMINICI

Proof. Let k € R\ {0,1,2}. From (4.2), we have
Ny
Ak —1)22+ (k—2)*

s(z k) =22

Using (4.5)), we get

(k—2)°
4(k—1)

k

= 1-w?(k) = (H)2 (4.7)

Hence,

e VTTET=T4 - |t
4(k—1) 22 — w2 '

Since we know from Lemma that w(k) € C\ [—1,1], we can use (4.3) with
b = w and obtain

s(z; k) =

1 1 2 o |
k) = L — _
@R =150 U{(mz—w)(z—x)}u(k—n R
But
k _‘ k ‘_ 0, kel0,2);
2—k [2—k| |2, keR\[0,2]
and therefore
. 2 1 .
PR ERC ) ke (0,2)\{1};
sc(z;k) +sa(z; k), keR\0,2],
where
1 1
c\ %3 =1L
sel2: ) U{4(k—1)m2+(k—2)2z—x
and
sleik) = 2z 2k 1

4(k—1)2—k 22 —w?’
If £ =0, then we have from (4.2])

s(%;0) =z L=z !
U222 1) 221 — 22

and using (4.4)) we get
1 1 1
ERR Y
22/1—272 4 (1-2%)(z—2x)
If kK = 1, then we have from (4.2))

s(z;1) = 22 (1 — /1 _2—2),
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ORTHOGONALITY OF DICKSON POLYNOMIALS 19

and using ([3.20)) we get
1
2 [V1—2?
s(z;1) = f/ixdxzsc(z; 1). O
w) z-—z

—1

Remark 4.4. Orthogonal polynomials with linear functionals of the form

o+ !
Llr] = /r(x) ) de, o, f= :|:2,

where f(x) is a polynomial, are called Bernstein—Szego polynomials [46, 18.31], [53}
2.6]. These polynomials are examples of the Geronimus transformation applied to
the Jacobi polynomials, see [4], [25], [31}, 2.7.3], and [59].

Corollary 4.5. Let k # 2. Let the linear functional ly, be defined by (4.1)), the
characteristic function x(k) by (4.6)), and the function w(k) by (4.5). Then, for all
r(z) € Clz] we have

Lolr] = 1 1r] + x ()LL), (4.8)
where
1
N
WM:E/ reviza (4.9)
™ 14(k—1):c2+(k72)
@1, 7w +r(—w) 41
and we assume that
_x(k)
111—>mlk—1 =0. (4.11)
Proof. The result is a direct consequence of Theorem [4-3] since
4k z _ k z
2—ka(k—1)224+(k-27> C-k)(k-1)22-w?
1 k Lo,
C2k-1D2-k \z-—w z+w/’
For k =1, we see from ([3.22)) that
dp(2;1) = Un(x),
and therefore
1
Li[r] = Lylr] = g/r(m)\/l — 22 dz,
T
21
which agrees with (4.8)) for £ =1 if we use (4.11)). O
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20 DIEGO DOMINICI

Remark 4.6. For k = 2, we see from (3.22)) that
dp(2;2) = 2Up—1(2),
and therefore we can interpret I as the linear functional

r(m)} 1 jr(x)m

i = v i) = 57 P2

as
defined for all polynomials r(x) such that r (z) = z%p(x), p(z) € Clz]. It follows
that d,,(x;2) will be a family of orthogonal polynomials for n > 1.

dx,

4.1. The Dickson polynomials. We can now apply the previous results to the
Dickson polynomials of the (k + 1)-th kind D,, x(x;a), related to the scaled poly-

nomials d,,(z; k) by (3:21).
Lemma 4.7. Let £ : Clz] — C be the linear functional defined by
L, [r(@)] = U [r (2V/az)], (4.12)
where 1y, is the linear functional defined by . Then, £ satisfies
L [D§s] =2k,
L [DnkDm k] = a"0p,m, n,méeN,
and for k #£ 2, its Stieltjes transform is given by
I\ )
2 (22_ k) (fk _21)) z21—|— Zl:z_ 2)J2rakv zeC\ [_2\/5,2\/&] . (414)
Proof. Using in , we have
L5, [Dn i (2) D i (2)] = U [Dy e (2v/ax) Do i (2v/az) |
= (2\/a)n+m U, [dn(x§ k)dm(x§ k)] .

(4.13)

S(z;k,a) =

Therefore, gives
S [D3,) =[@2-k)’] =@—-k) L] =2-k

and
L5 [Dy () Dy ()] = (2v/@)" " 476,y mym €N
But since
(2v/a)" " 4T = 0" m,
follows.

Using (12) in (12), we get

o[ ], 1 _ 1 1
Mle=z] —F 2z — 2\/ax _Zﬁk 2\2/5_35
1 S( z k) 1 257 (k—2)v1—4az=2 +k
: a2k a(k- 15 + (k- 27
and (4.14) follows. O
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Corollary 4.8. The linear functional £ defined by (4.12)) is identical to the linear
functional Ly, satisfying (3.4).

Next, we find a representation for the linear functional Ly.

Theorem 4.9. Let k # 2 and let Ly be the linear functional defined by (3.4).

Then, Lj admits the representation
c d
Lifr] = L [r] + x(k) L[],
where x(k) was defined in (4.6)),

2v/a
() 1 r(t)v4a — t2
L = — dt 4.1
o lr] 21 / (k=12 + (k—2)%a (4.15)
—2./a
" (@) +7(-9)
LD = B AT 41
ay 2(k—1)(2—-k)’ (4.16)
with Q(k) defined by
-2
Q(k) = 2/aw(k) = va ’“k i, kAL (4.17)
Proof. Changing variables to ¢t = 2y/ax in the integral
1
/ r(z)vV1 — a? d
= 1‘7
JoAk=1)a? + (k—2)
we obtain
1 e (ﬁ) Vida — t2 ;
4 k—1)12 + (k —2)°
R CERICETERI
Therefore, from we get
RO
c 1 r(t)vda —t
W[ (var)] = 5 [ S
2m (k—Dt2+(k—2)"a
—2/a
Also, from (4.10)) and (4.17) we have
@ 1 (omp] - P 2VE) £ (2Va) | r(Q) +r(-9)
Wl Ve =k ey ke k)
Therefore, using (4.8]) in we see that
2vVa
VAg — 12 _
Ly[r] = i / r(t)vida —t 5 dt—i—x(k)kw. O
2t ) (k=124 (k-2)°a 2(k-1)(2—k)

—2va
Although Theorem seems to be valid only when k # 2, we can see that Lo
is well defined.
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Lemma 4.10. Let k # 1 and let Q(k) be defined by (4.17)). Then,

Doi (Qa) = (2— k) (—i - a 1) . (4.18)
Proof. Let us assume that
Dn,k (Q, a) = b()Bn
for some functions by(k,a) and B(k,a). Using (1.3]), we have
0="boB" " — QbyB"™" + abyB" = byB" (B> — QB +a) .

Using (1.2)), we get
b() = Do’k(w;a) =2 — k

and
Q=D (Qa) =(2—-k)B(k,a).
Thus,
Q a .
Bka) =55 =\ r=1"
and clearly
B*>-QB+a=0. O

It follows from the previous lemma that Léd) is well defined.

Proposition 4.11. Let Q(k) be defined by [E17) and L' by @16). Then, for

k#1,

2—k)k [1+ (D" [ a wm
2 k—1 '

L [Du D) =~

Proof. From (4.18]) we have

Dy jo (Q0) Dy (Q0) = (2 — k)? (—i a )n+m.

k—1
Using (3.8)), we get
Dk (S%5a) Dy i (Q30) + Dy i (=825 .a) D go (—€2%5.a)

— 202 (i )m 1+ (-1ym).

Ly ()™ Ta T -
2 k—1 '

We can now extend Theorem [£.9] to all values of k.

Thus

)

(2 —k)k
k-1

L\ Dy x Dy ] =
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Corollary 4.12. Let h, (k) be defined by (3.5) and x(k) by (4.6). Then,

/ Vida — 12Dy, (t) Dy 1 (t) dt
or “ D) +a(k — 2)
—2va
2—k)k [1+ (=)™ /. [a \"™"
—|—x(k)(k_1) [ ( 2) ] (1 k—1> = hy(k)0n,m, n,m € No.
(4.19)
Remark 4.13. If we set £ =2 in (4.19)), we obtain
2va 5
1 da —t
2 | DD a(t) dt = (K)o (4:20)
v
—2va

which seems to make no sense, since the integrand is singular at ¢t = 0. However,

if we use ([3.23)) we have
Dn,2(t; a’) = a%(n_l)tUnfl (

and we can write (4.20)) as

i)

2va
t
2(n+m) 1 - __ 42 _ =
a / \Y4 4da t Un 1( \/a> Um_1 (2\/a> dt hn(k)émm,
,2\/’

. . _ t
or, changing variables to 7 = ENCE

1
ntm 2
a%x/ﬁfﬁhﬂﬂ%AWWZWW%w
n

This agrees with (3.19)), since we have U_; = 0 from (3.18) and h¢(2) = 0 from
(3.5)), while for n,m > 1 we know from (3.5)) that

n+m

aiThn(k‘)&n,m = 6n,m-
Finally, we will use the function S(z;k,a) to find explicit expressions for the
moments of L.
Proposition 4.14. Let Ly be the linear functional defined by (3.4). Then, the
moments of Ly of even order
ton (k) = L [xzn]

are given by

1
1) =22t 2 —a)" =0,1,... 4.21
/»LZH() <n+1>( CL) ) n 07 ) 9 ( )
1
ugn(2)2—22n_1(2>(—a)", n=12,..., (4.22)
n
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and if k # 1,2,

J
1 (k—2)*" o[k DN [4(k—1)
) = 5 = | g 2 (2) R | ] e
2 (k—1)"t! k—2 ; i) | (k—2)?
Proof. From (3.10) and (4.14), we have
(k) =z VI—daz=2 + 355

P 2k —1) 22+ a(k—2)7

§=0
Using (3.7)), we get

i#?j(k) 1 VI-darT 4ty
2% 2k—1+4a(k—2)7222

j=0

2

Letting u = 277, we see that

i . 1 \/1—4au+ﬁ
Zuzj(k?)uj =—5 s
= 2k—1+4a(k—2)u

and therefore

VI=Tau+ = 2k =1+ a (k- 27 u]> ooy
=0

k—2
= —ZQ (k — 1) pgju? — 22(1 (k —2)? fa(j—1)W .
=0 j=1
Since
x© /1 )
V1 —dau = Z<2> (—4au)’,
: J
7=0
we obtain .
1+——=-2(k-1
T2 ( ) Ko
and )
(j) (_4(1)3 = -2 (k - 1) H25 — 2a (k - 2)2 :u2(j—1)7 .] = 17 2a s
If k=1, we get
1 )
(;) (_4a)j = —201/.//2(]‘,1), .] = 17 2a RS
or

M2n(]~) = 22n+1 <

If K =2, we have

1
o (2) = 22“(?) (—a)", n=12,....
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If k # 1,2, we set y; = po; and obtain the recurrence

o a(k-27 (4 3
=TT T Y T k- \j 1)
with

1
Yo= 45—

PR
As it is well known, the general solution of the initial value problem

Yn+1l = CnYn + Gn,

Yno = Yo,
is (see [22] 1.2.4])

n—1 n—1 n—1
yn:yOHCj‘f'Z ngCj
Jj=no k=ngo j=k+1
Thus,

1 a(k—2)> " "‘1(_4a)j+1 1 r a(k_z)g“n*jfl
yn—2_kl— 1 ‘| —Z( 2 ) e\ A

2(k=1)\j+1
or

N
—
ol
|
—_
=
o

B 1 a(k—221" [ & /L 1’
y"__Q(kl)[_ kl] K2 (;)[

j=0
and the result follows.

Remark 4.15. If k = 0, we get from (|4.23)

)= B3 1y (2),

j=0
and using the identity (see [40], 26.3.10])

>y (5) = (1)

1

n(0) =221 2 ) (—a)".
(@) =2 (77) (-a)
This agrees with (4.15)), since

we obtain

2va
(0) = i / i dt
Hn =5z | Via—£2 "

—2va
When k = 1, we have from (4.15)
2va
1
,U2n(1) = / t2n V 4a — t2 dt,
2ma
—2va
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and therefore (4.21]) gives
2va

1
— | " da—t2dt = 2> 2 —a)"
2ra “ n+1 (=a)”,

—2/a

which can be verified directly.
When k = 2, we can write (see Remark [4.13)

2/a 2va

1 Vida — t2 1
fion(2) = — / A / 2=\ /da — 12 dt,
2m 12 2m
—2/a —2/a
where n = 1,2, .... Hence,

1
/1’21'7,(2) = aMZ(nfl)(l) = a’22(n_1)+1 (fl) (_a)"_l y = 1) 27 s

in agreement with (4.22).

5. CONCLUSIONS

We have shown that the Dickson polynomials of the (k + 1)-th kind defined by

CRCTED D G EI

satisfy the orthogonality relation

Vi@ — 2Dy () Dy (1)
> / L dt

k—1) t2+a,(k—2)
—2y/a

+ x(k) 2 k—1 k1

1+ (—1)”*’”] (2—-k)k (i a )n+m = P (k)G

where a > 0, k € R,

and

We hope that this work will outline some connections between finite fields and
orthogonal polynomials, and that it will be of interest to researchers in both areas.
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