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SIGNED GRAPHS WITH TOTALLY DISCONNECTED
STAR COMPLEMENTS

ZORAN STANIC

ABSTRACT. We are interested in a signed graph G which admits a decompo-
sition into a totally disconnected (i.e., without edges) star complement and a
signed graph S induced by the star set. In this study we derive certain prop-
erties of (; for example, we prove that the number of (distinct) eigenvalues
of S does not exceed the number of those of (. Some particular cases are also
considered.

1. INTRODUCTION

Given a graph G = (V(G), E(G)), let o: E(G) — {1,—1}. Then G = (G, 0) is
a signed graph derived from its underlying graph G. To ease language, we say that
each edge e € E(G) is accompanied by the sign o(e) € {1, —1}. The (multiplicative)
group {1, —1} can also be written as {+, —}. We denote |V (G)| by n. The edge set
of a signed graph is composed of subsets containing positive and negative edges,
respectively. Throughout the paper, we interpret an (unsigned) graph as a signed
graph with all the edges being positive.

The adjacency matrix Az of G is obtained from the (0, 1)-adjacency matrix of G
by reversing the sign of all 1s which correspond to negative edges. The eigenvalues
of A, together with their repetition, form the spectrum of G.

We recall from [3], [6] the existence of a spectral tool (known as a star comple-
ment technique) for constructing comparatively large graphs with specified spectral
properties from their smaller parts, known as star complements; these can be de-
fined in the case of signed graphs as well (the definition is given in the next section).
This motivates us to consider signed graphs which admit a vertex set partition into
two non-empty subsets such that the subgraph induced by one of these subsets is a
particular (totally disconnected) star complement in G. If G admits the mentioned
partition, then we briefly say that G can be decomposed into the corresponding
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subgraphs. We derive certain properties of such signed graphs and their star com-
plements, and consider some particular cases. Similar decompositions of graphs
can be found in [5 [I0].

2. PRELIMINARIES

Our terminology and notation are transferred from the domain of graphs—see
[2, B, 8]; for example, we say that a signed graph is connected, regular, or bipartite
if the same holds for its underlying graph. We use K, to denote the complete graph
with n vertices and kK, for the union of k disjoint copies of K,,. In particular, nK;
denotes the totally disconnected (i.e., without edges) graph with n vertices. The
all-1, the all-0, and the identity matrices are denoted by J, O, and I, respectively.
To avoid possible confusion, their size will occasionally be given as a subscript.

If the vertices ¢ and j are adjacent (i.e., if there is either a positive or a negative
edge between them), we write i ~ j. In particular, i < j (resp. i ~ j) designates
the existence of a positive (resp. negative) edge between i and j.

The graphs G and H are said to be switching equivalent if there exists a set
U C V(G) such that H is obtained from G by reversing the sign of every edge
with exactly one end in U. Switching equivalent signed graphs share the same
underlying graph and the same spectrum. Equivalently, if the vertex labelling of G
and H is transferred from their common underlying graph, then they are switching
equivalent if there exists a diagonal matrix D of +1s such that Ay = D™'A.D.
We say that G and H are switching isomorphic if one of them is isomorphic to a
signed graph which is switching equivalent to the other one. Switching isomorphic
signed graphs are usually identified.

A cycle in a signed graph is said to be positive if the number of negative edges
contained is not odd. Otherwise, it is said to be negative.

A signed doubled graph G is obtained by inserting a negative (parallel) edge
between every pair of adjacent vertices of a graph G; precisely, G is a signed
multigraph.

We proceed by a concept of signed line graphs which is frequently used in spectral
considerations: see [Il 4} [7, [9]; a different approach can be found in [II]. For a
signed graph G, we introduce the vertex-edge orientation n: V(G) X E(G) —
{1,0,—1} formed by obeying the following rules: (1) n(i,jk) = 0 if ¢ ¢ {4, k},
(2) n(i,25) = 1 or n(i,ij) = —1, and (3) n(i,i5)n(4,4j) = —o(ij). In fact, each
edge gets two orientations, so 7 is also called a bi-orientation. The vertex-edge
incidence matriz B, is the matrix whose rows and columns are indexed by V(G)
and E(G) respectively, such that its (i,e)-entry is equal to 7(i,e). The following
relation, valid also in the case that multiple edges exist, is well known:

where L(G) is taken to be the signed line graph of G. A signed line graph defined
in this way depends on orientation (in other words, it is not unique), but it is easy

to show that different orientations produce switching equivalent signed line graphs.
We also observe that this concept does not generalize the concept of line graphs.

Rev. Un. Mat. Argentina, Vol. 62, No. 1 (2021)



SIGNED GRAPHS WITH TOTALLY DISCONNECTED STAR COMPLEMENTS 97

For example, the signed line graph of the positive triangle is the negative triangle,
while the triangle (interpreted as a graph) is isomorphic to its line graph.

Since Bl B, is positive semidefinite, we deduce that the spectrum of L(G) is
bounded (from below) by —2. In analogy to the theory of unsigned graphs, we say
that a connected signed graph is exceptional if its least eigenvalue is greater than
or equal to —2, but it is not a signed line graph. All the exceptional signed graphs
whose least eigenvalue is greater than —2 are obtained in [4]. Up to switching
isomorphism, there are exactly 1507 exceptional signed graphs with the above
property; each of them has six, seven, or eight vertices.

We continue with star complements. The entire concept is transferred from
the domain of graphs [3, [6]. Given a signed graph G with n vertices, let w be
its eigenvalue and P a matrix representing the orthogonal projection of R™ onto
the eigenspace £(u) with respect to the canonical basis {e1,ez,...,en}. The set
S CV(G) ={1,2,...,n} such that the vectors Pe; (i € S) make a basis of £(u)
is called a star set for w. We use S to denote the signed graph induced by S. The
signed graph induced by the set V(G) \ S is called a star complement for p. It
follows that p is not an eigenvalue of the star complement and |S| is equal to the
multiplicity of x4 in G. We use the notation k = n — |S].

The following result is known as the Reconstruction Theorem.

Theorem 2.1 (cf. [3, Theorem 5.1.7]). Let G be a signed graph with adjacency

matrix
AS~ BT
(5 1)

where Ag is the adjacency matriz of the subgraph induced by a vertex set S, while H
is the subgraph induced by V(G)\ S. Then S is a star set for p if and only if p is
not an eigenvalue of H and

pl —Ag=BT(ul — Ap)™"

This result was initially formulated in the context of graphs. Since every graph
can be interpreted as a signed graph, it follows that Theorem is an extension
to the field of signed graphs.

If H is a star complement for an eigenvalue p and x,y € R*, we define the
bilinear form

(x,y) =xT(ul = Ag)~ly.
By virtue of Theorem [2.1] if 4 is not an eigenvalue of H (with k vertices), then
there exists a signed graph G with H as a star complement for y if and only if
<bi,b¢> = and <bz,bj> S {170, —1}, (22)

for all distinct 4, j € S, where b; and b; determine neighbourhoods of ¢ and j in H,
respectively.

The vectors b; (1 < i < n—k) form the submatrix B of (2.1)). Also, if (b;,b;) =0
(resp. (bi,b;) = —1, (b;,b;) = 1), then ¢ »~ j (resp. ¢ L j,i ~ j). The matrix
(uI — Ap )™t can be computed by [3, Proposition 5.1.11].
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Each of the mentioned 1507 exceptional signed graphs is a star complement
for —2 in an (also) exceptional signed graph. Thus, we can say that exceptional
signed graphs are characterized by means of their star complements. A similar
characterization of exceptional graphs can be found in [3]. Here is another illus-
tration.

Example 2.2. A triangle with positive edges is a star complement for —2 in the
signed graph of Figure [1| (with spectrum [237 (—2)3]). Indeed, by using Theo-
rem [2.1] we easily compute the matrix B and the adjacency matrix of S. Observe
that the resulting signed graph is not exceptional.

FIGURE 1. A signed graph for Example (Negative edges are dashed.)

3. RESULTS

We start with the following theorem.

Theorem 3.1. If kK, is a star complement for p in a signed graph G with n ver-
tices and adjacency matriz (2.1)) (for Ay = O), then

(i) BTB = pu(ul — Ag);
(ii) the (n—k) x (n—k) top-left block X ) of A%, (p > 3) is determined by the
recurrence

x(@® — X(pfl)AS + pX®=2) (ul — Ag),
XW = Ag, (3.1)
X® = A% — pAg + p*I;

(iii) the ‘number of eigenvalues of S does not exceed the number of eigenvalues

of G.
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Proof. (i): If B = (by|bz]...|bn_k), then by (2.2) we have

1 0 if ¢ /;

(bisby) =bI=Tb;={ ™ T (3.2)
Iz =1, ifi~g;
1, ifi~j.

In other words, BTB = pu(ul — Ag).

(ii): Considering the corresponding top-left block of As, we immediately get
XM = Ag and X® = AQS +B™B = AQS- — pAg + p*I. In addition, for p > 3, we
have

x® — X(pfl)AS + X(-2)BTR = X(pfl)AS + uX P2 (I — Ay),
completing (3.1)).

(iii): Assume that G has exactly t eigenvalues. Since the top-left block of Ag
is a polynomial in Ag of degree at most p (by ), considering the minimal
polynomial of Ax we deduce that there exists a polynomial P of degree at most ¢
such that P(Ag) = O, which concludes the proof. O

Assume now that G has two eigenvalues, A and g. Computing its minimal
polynomial, we get
A% — (A + p)Ag 4+ Aul = 0. (3.3)

It follows immediately that G is regular with vertex degree —Au, which implies
that A and p are non-zero; in fact, exactly one of them is positive.

Lemma 3.2. If kK is a star complement for p in a signed graph G with n vertices
and two eigenvalues, then 2k < n.

Proof. If the adjacency matrix of (@ is given by (2.1, then using (3.3) we get
BBT = —\ul, i.e., rank(BBT) = k (as A and p are non-zero). On the other hand,
rank(BBT) < rank(B) < n — k, and the result follows. O

By Theorem (iii), if G has two eigenvalues, then S has at most two eigenval-
ues. We consider them in more detail.

Theorem 3.3. Let a signed graph G with n vertices and two eigenvalues, \ and W,
be decomposed into the star complement kKy for p and the signed graph S induced
by the star set. Then either
(i) S is isomorphic to kK, and X = —p, or
(ii) S has two eigenvalues: X + p with multiplicity k and p with multiplicity
n — 2k.

Proof. Let e; (1 < i < k) denote the ith vector of the canonical basis of R¥.
Observe that BTx # 0 holds for every non-zero vector x € R¥, as otherwise we
would have —Aulx = BBTx = 0, which is impossible.

By , we obtain AgBT = (A + u)BT; hence,

AgBTe; = (A+p)BTe;,
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ie., A+ p is an eigenvalue of Ag. As the kernel of BT trivially intersects the
space R, the multiplicity of A 4 p is at least k.

Denote by 7z the average value of the n — 2k remaining eigenvalues (taken with
their repetition). Considering tr(As) = 0 and tr(Ag) =0, we get kA+(n—k)p =0
and k(A+p)+(n—2k)z = 0, respectively. These equalities give (n—2k)(u—7) = 0.
Hence, either 2k = n or u = fi. In the former case, we immediately arrive at (i). In
the latter, since S is a subgraph of G, using the interlacing argument we get that
1 is the unique remaining eigenvalue of S with multiplicity n — 2k; hence, (ii). O

Observe that in Theorem(i)7 G is bipartite and kK7 is a star complement for
both A and pu. We proceed with a closer characterization. A matrix M is said to
be orthogonal if MTM = MMT = rI, for r # 0. (There is an equivalent approach
with r = 1.)

Corollary 3.4. Under the assumptions of Theorem S is totally disconnected
if and only if the matriz B of (2.1)) is orthogonal.

Proof. If S is totally disconnected, then by Theorem (i)7 A = —pu, which in
conjunction with gives BTB = BBT = —A\ul.

Conversely, if B is orthogonal, then it follows by Theorem(i) that S is totally
disconnected. O

Let us take a break with an example illustrating the result of Theorem [3.3|(i).

Example 3.5. If B is a Hadamard matrix or an adjacency matrix of a signed
graph with two symmetric eigenvalues, then the signed graph G with adjacency

matrix
O BT
B O

has two symmetric eigenvalues and admits a decomposition into two isomorphic
totally disconnected signed graphs. Each of them is a star complement for both
eigenvalues of G.

A particular case of Theorem (ii) is considered in the following subsection.
Another particular case is treated in the forthcoming Subsection [3.2}

3.1. Case: G has two eigenvalues, both > —2. If G is connected and its least
eigenvalue is > —2, then G is either a signed line graph or an exceptional signed
graph. An exceptional signed graph has a representation in the root system FEg,
but not in any Dj;. We presume that the reader is familiar with these and some
related root systems (like E7 or Fjg), and also with the concept of their positive
roots. In any case, all the necessary definitions can be found in [4][7]. The following
two results, taken respectively from [9] and [7], are needed.

Theorem 3.6 ([9]). A connected signed line graph has two eigenvalues if and only
if the corresponding signed root graph is switching equivalent to

(i) the star Ky p—1,
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(ii) the negative quadrangle or the signed multigraph obtained by inserting the
(parallel) negative edge between the vertices of degree 2 of the path with
four vertices,

(iii) the complete graph K,, or

(iv) a connected signed doubled reqular graph with n vertices,

in all cases, for n > 3.

Obviously, a signed root graph K, ,,_1 gives a signed line graph that is switching
equivalent to K,. Both signed root graphs of Theorem (ii) give the negative

quadrangle whose spectrum is [ﬂ2, —\/52}. Using (3.3), we compute the spectra
of the signed line graphs of Theorem (iii) & (iv); they are given by

L) [(n =21 (=2)(2)], L(#): 200 — 1), (=220 Y),
where F' is a regular graph with n vertices and degree 7.

Theorem 3.7 ([7]). If G is an exceptional signed graph with n vertices, thenn > 6,
the multiplicity of —2 in its spectrum is n — k, for some k € {6,7,8}, and G is an
induced subgraph of a signed graph represented by all the positive roots of Ey.

By [7], for 6 < k < 8, the signed graph represented by all the positive roots
of Ej; is unique (up to the switching isomorphism). Denote it by M. By the same
reference (and this can also be computed directly), its spectrum is given by

Mg: [105,(=2)%), M. [167,(-2)%], Ms: [28%,(—2)""2].
We proceed with the following result concerning star complements in signed line
graphs.

Theorem 3.8. The following statements hold (in all cases n is assumed to be at
least 3):

(i) K is the unique star complement for —1 in K. K, does not have a totally
disconnected star complement for n — 1.

(ii) 2K is the unique star complement for both eigenvalues of a negative quad-
rangle.

(iif) L(K1n—1) does not have a totally disconnected star complement.

(iv) If F is a connected r-regular signed graph, then L(F) has a totally discon-
nected star complement if and only if F' has a perfect matching. Such a
star complement is induced by a perfect matching and corresponds to —2;

if r = 2, it simultaneously corresponds to the other eigenvalue of L(F)

Proof. (i), (ii): This result follows directly.

(iii): A totally disconnected subgraph of L(kK,,) is induced by a matching in K.
If such a graph is a star complement, then for —2 the matching must count n — 1
edges, and for n — 2 it must count (”;1) edges. Both are impossible (under our
assumption on n), as a matching in K, has at most L%J edges.

(iv): Similarly, a totally disconnected star complement in L(F) is induced by a
matching in E'. For the eigenvalue —2, such a matching must count n edges, which

occurs only if F' has a perfect matching. For the eigenvalue 2(r — 1), the size of a
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matching in £ must attain n(r — 1), which occurs only if r = 2 and F has a perfect
matching, and we are done. The opposite implication is verified directly. O

We continue with star complements in exceptional signed graphs.

Theorem 3.9. If an exceptional signed graph G with two eigenvalues has a totally
disconnected star complement, then its spectrum is [\/?:4, —\/34}, [21’7, (—2)”], for
1<i<8, or[i% (—2)%], for2 <i <28,

For the first spectrum, i = 1 in the second and i = 2 in the third, the star

complement corresponds to both eigenvalues. In the remaining cases, it corresponds
to —2.

Proof. By Theorem —2 is an eigenvalue of a signed graph whenever it has at
least nine vertices. Considering those with fewer than nine vertices (they can be

found in [4]), we arrive at the unique solution with spectrum [\/54, —\/34]

Assume further that —2 is an eigenvalue of G and denote the other eigenvalue
by A. Consider totally disconnected star complements for —2. By Theorem
the multiplicity of X is k (6 < k < 8) and G is an induced subgraph of Mj. The
corresponding star complement is kK.

The case k = 6 cannot occur, as the size of the largest co-clique in Mg is 4,
and so the size of the largest co-clique in G is at most 4. In the remaining cases
the size of the largest co-clique in My is equal to k. Considering tr(Ag) = 0 and
tr(Aé) = n (n being the number of vertices in G), we get n = E(A+2). Since
n is an integer and is bounded by the number of vertices in M}, we arrive at the
desired spectra.

The remainder of the proof, concerning star complements for A, follows by The-

orem 3.3 O

Example 3.10. We confirm the existence of G with the second spectrum of The-
orem [3.9] for every i and for the third spectrum for every even i, by a successive
removal of a selected co-clique. Precisely, we start with M, (k € {7,8}), then re-
move the roots that correspond to a selected co-clique of size k, and check whether
the signed graph obtained contains a co-clique of the same size. Then we continue
with this signed graph in the role of M.

3.2. Case: k = p?. Here, by Theorem (i), all the entries of B are +1s. We
consider the case where G is decomposed into the star complement ;2K and either
a totally disconnected graph or a signed graph which is switching equivalent to a
complete graph. Note that, by , (b;,b;) = 0 cannot occur if p? is odd. In
other words, for S totally disconnected, 1% must be even.

Theorem 3.11. If a signed graph G with n vertices is decomposed into the star
complement u?Ky (for u) and a signed graph S, then n < 2u® and

(i) if S is totally disconnected, the spectrum of G is

[Mni'uza 02#27n7 (_M)niﬂz] ;
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(ii) if S is switching equivalent to a complete graph, the spectrum of G is

_2 2_p -
[ = = = 1,02 (= 1)
Proof. The inequality n < 2u? follows by modifying the proof of Lemma that
is, by interchanging ;2K; and S. Indeed, since BTB = u(ul — Ag) (by Theo-
rem(i)) and S is either totally disconnected or complete, we have rank(BTB) =
n — p*, and the result follows from rank(BTB) < rank(B) < pi*.
Computing the characteristic polynomial of G, we get
ol — AS BT _ xIn*/LQ_AS —BT
B O -B xl,2
= |2l,;2| - |2l,—p2 — Ag — BT(21,2) "' B|

2] — Ag| =

— g

2 1
(EIn,Hz - As - ;ﬂ(ﬂjnf,uz - AS)

:xu'

2 2 .
g uIn,z—m NAS
T T

)

2_
=2 (2 — ) Loy — (z — p)Ag

where the equality in the second line follows by a standard technique for computing
determinants; see, for example, [2, Lemma 2.2]. Now, for (i) we have Ag = O,,_ 2,
while for (ii) we have Ag = Ak, , = Jn—p2 — Ip—2. In both cases the desired

spectrum follows easily. O

The signed graphs of Example are also examples for Theorem (i). Some
others can easily be constructed by hand. We conclude the paper with an example
illustrating the result of Theorem (ii).

Example 3.12. If G is a signed graph of Theorem (ii), then due to switching
equivalence we may assume that the complete graph stands for S. In this case, for
a fixed i € V(K,,_,2), the column b; of B may be taken to be all-1, while for every
other j € V(K,_,2), b; contains exactly ”(“271) ones (due to (3.2)). If so, then
the vertices of K,,_,> distinct from the fixed one may be considered as points and
the vertices of (the star complement) ;2 K; as blocks of a block design in which a
point is arranged into a block precisely if the correspondlng Vertlces are adjacent

by a positive edge. In our case, every point is arranged into £ wlu=l) blocks; to avoid
trivial cases, we further assume that p(p — 1) # 0.

If every block contains r points, and every pair of points is simultaneously con-
tained in [ blocks, then the block design is recognized as a balanced incomplete block
design (so-called BIBD) with parameters (n—pu?—1,r,1). Clearly, in our case [ = 0,
by (3.2). Using the relations between the parameters u2r = M(n —pu?—1) and

@(r—l):0[8,§3.8.1] Wegetn—u —1— e 21) and 7 = 1.

Therefore, a BIBD with parameters ( ( ok 1, 0) gives our G. For example, by
setting p = 3, we arrive at n = 13 and
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-1 1 -1 -1 -1 -1 1 1 -1
gt -1 -1 -1 -1 1 -1 -1
-1 1111 -1 -1 1 1)

1 1 1 1 1 1 1 1 1

giving G with spectrum [34, 0%, (74)3].
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