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HYPONORMALITY OF TOEPLITZ OPERATORS ON THE
BERGMAN SPACE OF AN ANNULUS

HOUCINE SADRAOUI AND MOHAMMED GUEDIRI

ABSTRACT. A bounded operator S on a Hilbert space is hyponormal if $*S —
S S* is positive. In this work we find necessary conditions for the hyponor-
mality of the Toeplitz operator Ty 7 on the Bergman space of the annulus
{1/2 < |z| < 1}, where f and g are analytic and f satisfies a smoothness
condition.

1. INTRODUCTION

A bounded operator S on a Hilbert space is hyponormal if $*S — SS* is pos-
itive. Hyponormality of Toeplitz operators has been studied by many authors.
Hyponormality of these operators on the Hardy space was considered in [3, 4]. Hy-
ponormality of these operators with a symbol of the form g; + gz on the Bergman
space of the unit disk was first considered in [§]. Therein a necessary condition
was proved, which was later improved in [I]. Some special cases are treated in [7].
A sufficient condition when g; is a monomial and g is a polynomial is proved
in [9]. An improvement of the necessary condition in the case when g; and go are
binomials is given in [5]. Basic material on Toeplitz operators on the Bergman
space of the unit disk can be found in [2]. In this work we consider hyponormality
of Toeplitz operators on the Bergman space of an annulus.

We start with definitions and notations. Denote by A? /2 the space of holo-
morphic functions on the annulus Cy/, = {z € C : 1/2 < 2] < 1} such that
[|h[?dm(z) < oo, where dm(z) = (4/3m)d\(z) and X is the Lebesgue measure
on the annulus. If h € A?/z we write h = ag + Z(fo anz" + a_p,z~ " and we
have [[h|? = > ¢° %ﬂ?”)mnﬁ +&m2ja_1*+>° %\a,nﬁ We de-
note by L2(C /2) the space of measurable and square integrable functions with
respect to dm on (' 5. Toeplitz operators on Af/2 are defined by Ty (h) = P(hf),

where f is bounded and measurable on Cy/3, P is the orthogonal projection on
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A%/Q, and h is in Af/Q. The Hankel operators on the space A:{/z are defined by

H¢(h) = (I—P)(hf). The space A%/z has an orthonormal basis given by the union

of the sets
3
€n = (n+1) Zn,nZO )
2./(1 — (1/2)2+2

{el = \/5}7 and
v81In 2z

ein:L_l)i7 n>2.%.
2 (22n72_1) n

We consider hyponormality of Toeplitz operators with a symbol of the form f =
g1 + g2, where g1 and g2 are bounded analytic functions on C/. We begin by
recalling some known properties of Toeplitz operators.

2. SOME BASIC PROPERTIES

Lemma 2.1. Let f and g be bounded and measurable on Cy;5. The following
properties hold:
0) Tpeg =Ty + 1T,
b) T; = T5.
c) TyTy = Tyg if g is analytic on Cy /o or f is conjugate analytic.

d) T?Tf — TfT? = H%H? if f is analytic.

The next proposition is easy to prove and its proof is omitted.
Proposition 2.2. Let gyand g2 be polynomials. The following are equivalent:

a) Ty, 455 s hyponormal.

b) T972T92 - TQQTE < TgTTgl - TnggT'

c) HZ Hg; < H-Hg:.

d) Hy, = KH,,, where K is an operator of norm less than one.

The following lemma provides computations that will be needed.

Lemma 2.3. The projection P on A%/2 satisfies the following relations:
(m —n+ 1)(1 = (1/2)+)
(m+1)(1 = (1/2)2m=2n+2)
(n—m—1)(1—(1/2)*"*+¥) 1

1) P(zMz7) = 2™ if m > n.

2) P(Z < ) (m + 1)(22n—2m—2 _ 1) zn—m’ an Zm+ 2.
oy (L= (/221

3) P(zmzm ) = Zifn=m+1.

) Pz 2In2(m + 1) Z’an mt

1\ (mtn-—DE™2-1) 1
4) P (zmz ) - (22(m+n)72 —1)(m—1) Smn ifm > 2.
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ifn>1.

Nl
N
N
e

_2n In2 1
- (22n _ 1) on+1’

=

N
~

o) - I
(n+ DA - (1/2pe+ ) =

(

(5
D P (5) = G i ey U
9 P (o) = ot I
9) P (Zmlzn> _ ((Z:q;(;gl(i(?:j - 11)) anfm, fm>1,n-m> 1.

3. FIRST MAIN RESULT
We begin with a matrix computation.

Lemma 3.1. Let f =) |° arz® be bounded on Ciy2. Then fori,j > 1 we have

<T?Tf — TfT?(ej), €i>

LY Y LIEI (2R
k+j—i k\/l— (1/2) 2L+2\/1_ (1/2)2+2(k+ 7+ 1)

1<k
1<k+j—i

_ Z — _(j*k+1)\/17(1/2)2¢+2\/17(1/2)2j+2
1<k<j i (1— (1/2)2G-P+2)\ G+ 1/ 5 1
1<k+i—j

/- (/2220 - (1/2)7F2
Eazias 2In2vi + L7 + 1
(k—i—1)/(1—(1/2)2F2, /(1 — (1/2)%+2

- Z A Qkti—j
j+ask Vit vyl
1<k+i—j

Proof. We have

<Tfo(63)’€z> = Z aa k2\/ 1/2 2z+2 2,/( 1_ 1/2)2]+2 (57,27
= > Trg—iak (1 = (1/2)**2) /(i +1) (j +1)

1<k (k+j+ 1)\/(1 (1/2)2+2) (1 — (1/2)%+2) .
1<k+j—i
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Similarly, we get

N Traksi—j(j —k+1)y/1— (1/2)%7F2/1 — (1/2)27F2
(TiTyleae) = 2. (1— (1/2)26-P+2) i+ 1/j + 1

1<kti—j
1<k<j

N/ =/2)F (- (1/2)5+2
BT 2\/iT Vitl
Grapri—j(k—j —1)y/1(=(1/2)%+2) (1 - (1/2)2+2)
s (+DG+D |

j+2<k
1<k+i—j

0

Set B, = <T?Tf — TfT?(ej)7ei>, i,7 > 1. By rewriting the expression for 3; ;
we obtain

S m\/mu —(1/2)2kFpri)+2)
kQk - -
VTP (2P (k p it 1)

5i+p7

1<k<s
1<k+p

T arays, E A OV (/2P - (/2P0
‘akaker (1 _ (1/2>2(i—k)+2)\/m\/m

1<k<i
1<k+p

Vit Wit p+1I(1 - (1/2)2F1r+2)
(1/2)27%2/1 — (1/2)20+P)+2(2(i + 1) + p)
S V= (1/2)%7#2/(1 — (1/2)2+0)+2
— W10
LR 2In2Vi+ 1/itp+1
__ Vi+ i+ p+ 11— (1/2)2k+pt0+2)
+ Z Tty p+1( (1/ ) )

+ Qit1Qitpt1 \/1

i+2<k V1= (1/2)2752/1 = (1220042 (k +p + i + 1)
3w (k—i—1)/(1 = (1/2)>#2/(1 — (1/2)2@+0+
- ara
i+2<k e Vitlitp+1
Z ARk 4pQikp + Gir1Qitpr1Rip + Z Tk kspSik -
1<k<i oo
1<k+p

Lemma 3.2. We have lim;_, i2ﬁi+p7i = Yitp,i, Where (v; ;) is the matriz of the
Hardy space Topelitz operator Tjyz.

Proof. An elementary computation shows that lim; . i?Q; ., = k(k + p). Set
hi(k) = i*xq1,....i3 (k) @kak4pQi k. p- The first sum in the above expression of B ;
can be written as [ h;(k)du(k), where du is the counting measure. It is easy to
see that for i sufficiently large, |h;(k)| < 2|agakip| < k%|ak|? + (k + p)?|apip|® =
M (k). Since f’ € H?, the function M (k) is integrable with respect to the counting
measure.
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By the dominated convergence theorem we obtain:

. ) — _
lim ¢ E rap+pQikp = E k(k + p)axaip-
11— 00

1<k<i

1<k+p

Also, for i large, there exists a constant C' such that
|® @irtivpr1Rip < C ((i41)%|aisa [ + (i +p+1)%|aip|?) -

Thus lim;_, o 42 @it10i+p+1Rip = 0. Finally, it is not difficult to see that
i2|Si k.p| < k(k + p). Using the dominated convergence theorem we obtain
Jlim i Y @raripSinp = 0.
i+2<k
We deduce that lim; o i?Bi1p: = Y. k(k + p)araks, and recognize this last
limit as being equal to ;4,,;, where (y; ;) is the matrix of the Hardy space Toeplitz
operator T}z z. O

We are led to the following necessary condition for hyponormality.

Theorem 3.3. Let f = 1% ai2" and g = 37" bpz" be bounded on Cy /5. Assume
that f' € H?. If Ty is hyponormal then ¢’ € H? and |¢'| < |f'| a.e. on the unit
circle.

Proof. If (;,;) denotes the matrix of 7Ty — Ty 17 — 15Ty — TyTy and (03 ;) denotes
the matrix of 75T, — T,Tg, then the inequality o;; < 3;; leads to

Z bk *Qi k0 + |bit1|* Rijo + Z |bk|* S k.0

1<k<i i+2<k
< > arlQinko + laira P Rio+ Y lak]*Sio-
1<k<i i+2<k

We deduce that 37, ;o; P2|bi|2Qi k0 < 926 4. Since lim;_y o0 i2Q; k0 = k2, writing
the left hand side of this last inequality as an integral with respect to the counting
measure and using Fatou’s lemma we get > k2|bx|? < 3 k?|ax| and ¢’ € H?. From
the previous lemma, lim; g 2 Oitpi = Aitpi, where (); ;) denotes the matrix of
the Hardy space Toeplitz operator Tjs/2_|4/2. Hyponormality and a property of
Toeplitz matrices [6] lead to |¢’| < |f’| a.e. on the unit circle. O

Corollary 3.4. Let f =5 ° apz® and g = P biz® be analytic and univalent in
an open set containing C1 /3. Then Ty g is normal if and only if g = cf, where c
is a constant with |c| = 1.

Proof. Only the necessary condition needs to be shown. Normality implies that

|g’| = |f’| on the unit circle. Thus f’ and ¢’ have the same finite number of zeros
(if any) with the same multiplicity. We thus have ||£ ,|‘ = \‘?"ll = 1 on the unit circle.
By the maximum principle, ¢’ = ¢f’ with |¢| = 1. We get g = cf. O
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Lemma 3.5. Let f =) |° apz® be bounded on Cija. Then fori >3, j > 3 we
have

(TFTy — TyTgle—j) e—i)

=Y e YD VUL @V
N RV e VRV/CT e VI G Y
1<k+i—j

Vi-1 -1

+2 In2 Aj—1G5-1

V22i-2 1 /22772 1
+ S @ra (i—1) G-1 (1-(1/2)2k-0+2)
i<k e o) o) k—j+1

S oy, I DYV DV
— ara i—q - .
L T G C 1) im 1 - 1

1<k4j—i

Proof. We have

Vil =1 (@b
T T e_i)= Akti_qiQ - - -
< f( ) > 1<;j_1 k+i—j k\/221_2 — 1 \/22]—2 _ 1 (] —_ ,Z{} — 1)
1<k+4i—j

Vi-1 -1
V22i-2 1 4/22i-2 _ 1
m 0 VG112

+ 2In2 ;1051

Similarly,
<TfT e_j i Z agap 3(1_1 ]_1 < <Z ),P(le)>
et 2\/(227,—2 2\/ 22j-2 _ 1) 2J P

Z . (l<:+j—1)\/22’—2 1\/223‘—2 1
Aot j—i .
= (22G+0) -2 — 1)\/i — 1./j

O

Let B_;—; = <(T7Tf TyT5)(e—j), e~ ;) and denote by (¢; ;) the matrix of the
Toeplitz operator T|f{/2‘2 on the Hardy space of the unit disk, where f;/5(2) =

k
T

We can show the following lemma.
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Lemma 3.6. We have hmz_mo izﬂ—i—p,—i = Ci—i—p,i'
Proof.
B*i*p,*i

= Y @ Vi-1) i+p—1) (26-P-2_1)
k+pQk \/(222‘72 —1) \/(22(i+p)72 —1) (i—k—1)

1<k<i—1
1<k+p

Vitp—1 Vi—1
V220i+p) =2 — 1 4/22i-2 _
P e YL VTERT (- (2P
\/(22i—2 —1) \/(22(1’—0—;7)—2 —-1) k—i+1
(k+p+i—1) /(@2 - VBT 1
_ Z Ak+pOQk (220i+k4+P)=2 — 1)\/i —1\/i +p— 1

+2In 2ai+p,1a,‘,1

i<k

1<k
1<k+p
— Z Tgpar(i — 1)(i +p — 1)(2207F =2 1) (220+k+p)=2 _ 1)
1<k<i—1 \/(221.72 —1)(220+p) =2 — 1)\/(1 — D@ +p—1)(G—k—1)(220+ktp)-2 _ 1)
1<k+p
_ Z Gorpar(k+p+i—1)G —k—1)(2%72 - 1)(22(i+p)*2 —1)
o VD@ - D i- D+ p— D — k- (22 - 1)

1<k+p

Vie1 Vitp—1
\/221'72 —1 \/22<’L+p)—2 —1

+ Qitp—1Qi—1 (2 In2

(22192 _1)i - 1/itp_1

+ ZW% Vi—1 Vitp—1 (1-— (1/2)2(k—i)+2)
+p V(2272 1) \/(22G+n—2 1) E_ir1

(20 — 2 4 p) (@7 D)7 1)

i<k

S (WS INc ier
- a a
L k+pUk (22(i+k+p)72 — 1)1 /i — 1./1 Fp—1

S

-_ / —_— / —_— /
= E UhgpOk Qi p i + Citp_10i—1R; , + E rtpakSi k,p-
1<k<i—1 i<k
1<k+p

A computation shows that lim i2Q), ok = 5515 As in the proof of the previous
17— 00 e

theorem we can show that
. .2 [ / _ ak Ak+p
lim ¢ E U pakQ; 1 = g k(k + p)27 Stp

1—00
1<k<i—1 1<k
1<k+p 1<k+p

We see that this last limit is equal to (; ;4,. We also show that

lim i’@y—1a;_1R,, =0
oo tPT1T vP
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and

lim 2 E At parS; kp =

i—00
i<k

We deduce that

lim #25_ _ it e
iS00 B i—p,—1 CZ-‘rp,z

If f =37 arz" is bounded analytic on C1 /2, then clearly 2’“71|ak|2 < oo. We
can also see that [g] | < [f]/,| a.e. on the unit circle is equivalent to |g'| < ||
a.e.on {z:|z| = 1/2}. O

Theorem 3.7. Let f =% arz® and g = 37" bpz* be bounded on Cio. If Tyig
is hyponormal then |g'| < |f’'| a.e. on {z:|z| = 1/2}.

The proof is similar to the proof of the previous theorem and is omitted. Com-
bining the previous two theorems we get our first main result.

Theorem 3.8. Let f = > apz” and g = Y 7" bpz* be bounded on Ci/o and
assume that f' € H?. If Ty,g is hyponormal then ¢’ € H? and |g'| < |f'| a.e. on

{z:]z| =1} U{z:|2] = 1/2}.

4. SECOND MAIN RESULT

We now put f = > "arZr and g = Y7 be 2 and assume that f and g are
bounded on C /5. We need the following computation.

Lemma 4.1. Fori>1, j > 1 we have
(TFTy — Ty T(es), i)

= Y. Grigm V(i + DVG+ D - (1/2)2070%2)
. =7 \/(1 — (1/2)2i+2\/(1 _ (1/2)2j+2(j —k+ 1)

1<k,k+i—j
LY, YOO O (PR 4 k)
1<k, k+j—i A Vi+ 17+ 1(1 — (1/2)20+k)+2) '

Proof. We have

<T?Tf(€j)=€i> = i ajag \/?m 3 +1) <Zj—lc7zi—l>

2\/ 1—(1/2)2%22,/(1 — (1/2)%+2

f: Tricja (+1) G+1) (- (122070
= feti—j Ok .
1<k kti—j V(= (1/2)242 /(1 — (1/2)%+2 j—k+1
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and
<TfT?(ej), €i> =

i o V3@ +1) 3(j+1)

et kal2\/(1 242 2, /(1 — (1/2)%+2

><<P<;zj>f§(;zz>>

S Y s, YOO A2 4 k4 1)
1<k kot e Vit 1711 - (1/2)20+0+2) '

O

We get, using the same notations as before,

3 @ \/('+1)\/(i+p+1)(1— (1/2)2(—k+p)+2)
1<k—p e A= /272 (1 = (1220072 — k4 p+ 1
1<k
Z T V= (1/2)272) /(1 = (1/2)2@EP+2(i 4+ k + 1)
1<k - Vi+ Vi +p+ I(1 — (1/2)20+k)+2)

1<k—p

= E agak—pUsi k,p-

1<k
1<k—p

ﬂi+p7i =

A computation shows that

lim i* 0= ) @par—pk(k —p).
e 1<k k—p

We recognize the general element &, 4, », of the matrix of the Toeplitz operator T| 7

on the Hardy space of the unit disk with fdeﬁned by ]?(vz) =37 ar2". Obviously
the condition [§'(¢?)| < |f’(¢??)| a.e. on the unit circle is the same as |¢/| < |f/|
a.e. on the unit circle. The condition f’ € H? is equivalent to Y k2[ax|? < oo and
this is satisfied if f = > ° ak% is bounded on (/3. Using similar methods we
obtain the following theorem.

Theorem 4.2. Let f =Y " arX and g = Y7 bp2x be analytic and bounded on
Ch)2. If Ty5 is hyponormal then |g'| < |f'| a.e. on the unit circle.

If we set fa(z) = Y. 2%arz", then f} € H? is equivalent to Y. k22%%|a;|? < .
In this case, |g5| < |f4| a.e. on the unit circle is equivalent to |¢’| < |f’] a.e. on
{z :|2| =1/2}. Let (p;;) denote the matrix of the Hardy space Toeplitz operator
Tjsy)2- Using the same notations we can show the following lemma, the proof of
which is omitted.

Lemma 4.3. hm i257i7p,7i = Pi+p,i-
i—00

We obtain our second main result.
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Theorem 4.4. Let f = > " akzik and g = Y.7° bkzik be bounded on C, /o, with
S k227 |ay|* < co. If Tyyg is hyponormal then Y k*22%|by|? < oo and |g'| < |f']
a.e. on{z:|z| =1} U{z:|z| = 1/2}.

An application of the maximum modulus principle allows us to describe the
normality of Tt 5 under the condition of univalence.

Corollary 4.5. Let f => 7" ak% and g =>7" bkzik be analytic and univalent in
an open set containing C1/3. Then Ty, g is normal if and only if g = cf, where c
is a constant with |c| = 1.

We list two more results which are shown using methods similar to the ones used
for the previous theorems.

Theorem 4.6. Let f =17 arz" and g = Y7 bp—x be bounded on C1 /5. Assume
that > k%|ag|® < oo. If Tyig is hyponormal then Y k2?|bi|?> < oo and |¢'(e?)| <
|f' ()| a.e. on the unit circle.

Corollary 4.7. Let f = Y 7% apz* and g = Y77 b Jr be bounded on C' /5. Assume

that f and g are univalent in an open set containig Cy/o. Then Ty 5 is normal if
and only if g = cf for some constant ¢ with |c| = 1.

Theorem 4.8. Let f =37 apz” and g = Y 7" b= be bounded on Cyjo. If Ty iz
is hyponormal then " k?22%|b|> < oo and |g'(3€)| < | f'(3€™)| for almost all 6.

Corollary 4.9. Let f = > " apz" and g = Y77 bp2x be bounded on C/5 and
assume that Ty 5 is hyponormal. The following holds:

i) 3 k222F|bg|? < 0o and |g'(5€)| < |f/(3€)| for almost all 6.

ii) If f' € H? then |g'(e?)| < |f'(e')| a.e. on the unit circle.
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