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CLASSICAL SIMPLE LIE 2-ALGEBRAS OF ODD TORAL
RANK AND A CONTRAGREDIENT LIE 2-ALGEBRA
OF TORAL RANK 4

CARLOS R. PAYARES GUEVARA AND FABIAN A. ARIAS AMAYA

ABSTRACT. After the classification of simple Lie algebras over a field of char-
acteristic p > 3, the main problem not yet solved in the theory of finite
dimensional Lie algebras is the classification of simple Lie algebras over a
field of characteristic 2. The first result for this classification problem ensures
that all finite dimensional Lie algebras of absolute toral rank 1 over an al-
gebraically closed field of characteristic 2 are soluble. Describing simple Lie
algebras (respectively, Lie 2-algebras) of finite dimension of absolute toral rank
(respectively, toral rank) 3 over an algebraically closed field of characteristic 2
is still an open problem. In this paper we show that there are no classical
type simple Lie 2-algebras with toral rank odd and furthermore that the sim-
ple contragredient Lie 2-algebra G(F4,,) of dimension 34 has toral rank 4.
Additionally, we give the Cartan decomposition of G(Fy,q).

INTRODUCTION

The classification of the simple Lie algebras over an algebraically closed field
of characteristic p with p € {2,3} is still an open problem. In characteristic 2,
S. Skryabin showed in [I0] that all simple Lie algebras on an algebraically closed
field of characteristic 2 have absolute toral rank greater than or equal to 2 (see
also [3]). Later, A. Premet and A. Grishkov classified Lie algebras of absolute toral
rank 2. They announced in [2] (work in progress) the following result: All finite
dimensional simple Lie algebras over an algebraically closed field of characteristic 2
of absolute toral rank 2 are classical of dimension 3, 8, 14 or 26. In particular, every
finite dimensional simple Lie 2-algebra over a field of characteristic 2 of (relative)
toral rank 2 is isomorphic to Az, Gy or Ds. When the absolute rank is greater
than or equal to 3 the problem of classification is still open. The main obstacle in
this problem is the lack of examples.

In this paper we calculate the toral rank of the classical simple Lie 2-algebras of
type X; € {A;, By, Cy, Dy, g2, fa, €6, ¢7, es }, i.e., quotients of Chevalley algebras over
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a field of characteristic 2, modulo the center. As a consequence, we obtain our first
main result:

Theorem 1. There are no classical type simple Lie 2-algebras of odd toral rank.
In particular, there are no classical type simple Lie 2-algebras of toral rank 3.

V. Kac in [7] showed that for p > 3 every simple finite dimensional contragredient
Lie algebra is isomorphic to one of the simple Lie algebras of the classical type.
If p = 2, this is no longer true and the classification of simple finite dimensional
contragredient Lie algebras is still considered an open problem. In the last section
we prove that the simple contragredient Lie 2-algebra of dimension 34 constructed
by V. Kac and V. Veisfeiler in [13] has toral rank 4 and we calculate the dimension
of the root spaces of this contragredient Lie algebra. More specifically, we have:

Theorem 2. The simple contragredient Lie 2-algebra of dimension 34 with Cartan
matrix

0100
a 0 1 O
Faar=| g 1 0 1 |
0010

which is denoted by G(Fy q), has toral rank 4. Furthermore, the Cartan decompo-
sition of G(F},,) with respect to the 4-dimensional torus T'(h) is

G(Fia) =T(h) & P e,
£eq
where G := (o, 8,7, A) is an elementary abelian group of order 16 and dimg (g¢) =
2, for all £ € G.

(The two theorems above are presented later as Theorems and respec-
tively.)

The only classical type simple Lie 2-algebras of toral rank 4 over an algebraically
closed field of characteristic 2 are the following: sl5(K), psls(K), spyo(K)?), and
sp1o(K)? /3(gl5(K)) (see Corollary [5.6). Theorem 2 gives us an example of a
non-classical simple Lie 2-algebra, which should be taken into account in future
investigations related to the problem of classifying the simple Lie 2-algebras of
toral rank 4.

In section 1 we present some basic definitions and well-known results that will
be used throughout the work. In Sections 2 and 3 we show that the linear special
Lie algebra sl,,+1(K) and the symplectic Lie algebra sp,,,, (K) over an algebraically
closed field of characteristic 2 are Lie 2-algebras, and we study the simplicity of
these algebras (Theorem [2.2]and . In section 4 we show that the orthogonal Lie
algebra o, (K )(1) is not a Lie 2-algebra. In section 5 we list all classical type simple
Lie 2-algebras, we calculate their toral rank, and we conclude that there are no
classical type simple Lie 2-algebras with odd toral rank. Finally, in the last section
we show that the simple Lie 2-algebra of dimension 34 constructed by V. Kac and
V. Veisfeiler in [I3] has toral rank 4, and we also give the Cartan decomposition of
this algebra.
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1. PRELIMINARIES

Throughout this paper all algebras are defined over a fixed algebraically closed
field K of characteristic 2 containing the prime field Ky and g is any Lie algebra of
finite dimension on K. We start with some basic definitions and known facts.

1.1. Simple Lie 2-algebras. The concept of Lie 2-algebra, introduced by N. Ja-
cobson (see [5]), is as follows:

Definition 1.1. A Lie 2-algebra is a pair (g, [2]) where g is a Lie algebra over K
and [2] : g — g, a — al?l is a map (called 2-map) such that:
(1) (a+ )P =al 4 b2 4 [q,8], foralla,beg;
(2) M) =X2aP forall \€ K, a € g;
(3) ad(bi?) = (ad(b))?, forallbec g.
If the center 3(g) of g is zero and a 2-map [2] : g — g exists, it is unique. A Lie
2-algebra (g, [2]) is called a simple Lie 2-algebra if g is a simple Lie algebra on K.

Example 1.2. Let A be an associative algebra and let Lie(A4) be the Lie algebra
with bracket [x,y] = xy — yx for z,y € Lie(A) associated with A. Then, Lie(A)
is a Lie 2-algebra with al?l := 2. In particular, Lie(End(V)) := gl(V) is a Lie
2-algebra, where End(V) is the associative algebra of K-endomorphisms on V.
Example 1.3. Let b : V x V — K be a bilinear form and consider the subset
g(V,b) of gl(V) defined by

g(V,b) :={f € gl(V) : b(f(u),v) + b(u, f(v)) =0 for all u,v € V}.

It is easy to prove that (g(V,b),[2]) is a Lie subalgebra of (gl(V),[2]). Moreover,
for f € gl(V) and v,w € V, we have

b(fP(v),w) = b(f(F(v)).w) = b(f(v), F(w)) = b(v, F(f(w))) = b(v, &) (w)).
So, (g(V,b),[2]) is a Lie 2-subalgebra of (g(V), [2]).

For our purposes, it will be useful to have the matricial version of g(V,b). Given
A € gl,(K), we consider

g(A) ={X cgl,(K): XTA=AX}.

Let © = {v1,v9,...,v,} be a basis of V and assume that A € gl,(K) is the

Gram matrix of b with respect to the basis O, that is,
aij = b(’l}i,Uj), ]. é ’L,] S n.

Then, the Lie isomorphism Tg : gl(V) — gl,,(K) (which sends every f € gl(V) to
its matrix To(f) relative to ©) maps g(V,b) onto g(A).
Two matrices A, B € gl (K) are said to be congruent if there is S € GL,(K)
such that
STAS = B.

In this case, the map g(A) — g(B) given by X — S™1XS is a Lie 2-isomorphism.
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1.2. Maximal tori and toral rank.

Definition 1.4. Let (g,[2]) be a Lie 2-algebra. An element ¢ € g is said to be a
toral element if 2] = t. A 2-subalgebra t of (g, [2]) is called toral (or a torus of g)
if the 2-mapping is invertible on {t.

Any toral subalgebra of g is abelian and admits a basis consisting of toral el-
ements (see e.g. [5l Theorem 13, p.192]). A torus t of g is called mazimal if the
inclusion t C t with t’ toral implies t' = t.

Let (g, [2]) be a simple Lie 2-algebra over an algebraically closed field K and let
h be a Cartan subalgebra. The set of toroidal elements in h generates a torus. We
denote this torus by the symbol T'(h). The torus T'(h) is maximal in (g, [2]) (see
[1, Lemma 4]).

Definition 1.5 (See [12]). The toral rank of a Lie 2-algebra (g, [2]) is
MT(g) := max{dimg () : t is a torus in g}.

2. THE SPECIAL LINEAR LIE 2-ALGEBRA (sl,1(K),[2])

In this section we consider the Lie algebra consisting of matrices of trace zero
over K, and we study some properties concerning the simplicity of this algebra.

It is a known fact that the commutator of the Lie general algebra gl,, ,(K) is
a Lie subalgebra of gl,, ,(K). This algebra is called the special Lie algebra, and it
is denoted by sl,,11(K). That is,

sl 1 (K) = [gl, 11 (K), gl 1 (K)).

It is easy to prove that

sl 1 () = {A € gl (K) : tr(A) = 0}.
A basis for sl,,11(K) is the following:

hi =€k +ept1,0+1, kE=1,...,m ej, t1#j=12,...,n+1.

Let us consider the 2-map [2] : 5l,41(K) — s, 1 (K) given by A2l .= A2,
Remark 2.1. The Lie 2-algebra sly(K) is not simple, since

sly(K)Y = [sly(K), slo(K)] = span{h; }

and therefore sly(K)(") is a nontrivial ideal of sly(K). In the next theorem we
consider the case where n > 2.

Theorem 2.2. The special Lie algebra sl,+1(K) has the following properties:
(1) (slp41(K),[2]) is a Lie 2-algebra.
(2) If n>2 and (n+1) 20 mod 2, then sl,,11(K) is a simple Lie 2-algebra.
(3) psly,, (K) :=slo, (K)/3(gly, (K)), n > 2, is a simple Lie 2-algebra.

Proof. In order to prove (1), it is enough to see that s, (K) is closed by the 2-map
[2]: slp41(K) — sl,41(K). But this is an immediate consequence of the fact that
tr(A2%) = tr(A)?, for all A € sl,,1(K).
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Let us prove (2). Firstly, we show that if (n + 1) #0 mod 2, then

8l 1 (K) = sl 1 (K) @ 3(gl, 41 (K)).
Indeed, if A € gl,,,;(K) and tr(A) = A, then

A A
A=(A-——I, —— Iy,
( n+1 +1)+n—|—1 1

where (A — 251,11) € sly1(K) and 25101 € 3(gl,41(K)). If A € sl (K) N
3(gl, 1 (K)), then A = A, 4q and tr(A) = (n + 1)A = 0. Since n + 1 is not a
multiple of 2, we have A = 0. Therefore, 5,1 (K) N 3(gl,,(K)) = {0}. Now, let
I be an ideal of sl,,11(K). Then

(90, (), 1] = [slp11 (K) @ 5(8l,41 (K)), 1]
=[5l 1 (), I] + [3(g0041 (X)), 1]
CI+0=1.

Therefore, I is also an ideal of gl,,(K'). However, the only ideals of gl,, (k) contained
in sl,, 11 (K) are {0} and sl,, 1 (K) (see [6]). Then, I = {0} or I = sl,,11(K). Hence,
sl,41(K) is a simple Lie 2-algebra.

We now prove (3). If (n 4+ 1) = 0 mod 2, then 3(gl,,,(K)) C sl,41(K) is an
ideal of sl,,41(K). Therefore, s, 1(K)/3(gl,,1(K)) is a Lie 2-algebra with 2-map
given by

(x4 3(gl, 1 (F)) 2 = 2B 4 5(gl, 1 (K)), for all @ € sl,4q(K).

Now, if .J is another ideal of s, 1 (K)/3(gl, 1 (K)), then J = I/3(gl,, 1 (K)), where
I is an ideal of sl, ;(K) and 3(gl,,,(K)) € I. Suppose that I # 3(gl,,(K)).
Then, by direct computations, we find that eg; € I, with k # [, and by using the
identities

lers er] == exr +eu, k#U

(€kt1s €1 k+1) = €pt1k41 T e, kF#I,

we obtain hy = eg p+ept1,6+1 € [ forall k =1,2,...,n. Therefore, I = sl,,41(K),
and sl,, 41 (K)/3(gl, 41 (K)) is a simple Lie 2-algebra. O

Recall some well-known facts about quadratic forms over an algebraically closed
field of characteristic 2 and their corresponding Lie algebras. Let V be an n-
dimensional vector space over K, and let b : V x V' — K be a non-degenerate
symmetric bilinear form. This means that b(x,y) = b(y,x), for all z,y € V, and
b(x,V) = 0 implies x = 0. A non-degenerate symmetric bilinear form b is called
symplectic if b(x, ) = 0 for all z € V. Otherwise, it is called an orthogonal bilinear
form.
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3. LIE 2-ALGEBRAS (g(V,b), [2]) WITH b A SYMPLECTIC BILINEAR FORM

In this section we study the simplicity of Lie 2-algebras which preserve a bilinear
symplectic form over K.

Let b: V x V — K be a symplectic bilinear form. From Example we have
that g(V,b) is a Lie 2-algebra. We denote this algebra by sp(V,b), and call it the
symplectic Lie 2-algebra. In [8 Theorem 19] it is shown that the dimension of V' is
even, that is, n = 2m, and there exists a basis § of V in which b has Gram matrix

0 I
Jom = o,

The Lie 2-algebra sp(V,b) is isomorphic to the Lie 2-algebra

g, (K) = g(Jo2m) = {( Z abT ) ta,b,c € gl (K), with b, c symmetric}7

which has dimension 2m? + m and a basis consisting of the following elements:

di == ey + emti,m+i 1<¢<m
@ij i= €ij + Emjme+is L<i,j<m,i#j;
bij 1= €ij+m + €jitm, 1<i<j<m,i#j;
bi == €; itm, 1<i<mg
Cij = €itm,j T €jtm.i, 1<i<j<m,i#7j;
Ci '= €itm,is 1<i<m.

The Lie bracket of sp,,,(K) is given in Table [l where the elements of the
diagonal are results of the 2-map in the elements of their rows and corresponding
columns.

di a;; bi; Cij bi ¢
di | di ag bi; Cij 0 O
a;j | a;; 0 0 0 0 ay
bij | bi; 0 0 di+d; 0 ay
cij | ci; 0 di+d; 0 aj; 0
by | 0 0 0 aij 0 d
C 0 ¢y aij 0 di O

TABLE 1. The Lie 2-algebra sp,,,, (K).

We now calculate the derived algebras of sp,,,,(K), and then we show that the
second derived algebra is a simple Lie 2-algebra whenever 2 does not divide m and
m > 3.

Remark 3.1. For m = 1, we have sp,(K) = span{dy, b12, o1} = sl2(K). Then
spy(K)W = span{hi} = 3(gly(K)) and  spy(K)® = {0},
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and for m = 2, we have sp,(K) = span{dy, da, a1z, as1,b12,b1,ba, c12,¢1,c2}. By
direct computations, we obtain
sp,(K)") = span{dy, d, a12, az1, bi2, c12},
sp,(K)® = span{d; + da, a12, a21, b1z, c12},
spy(K)® = 5(gly(K)),
o0, () = {0}.
Therefore, if m = 1,2, then sp,,,(K) is a solvable Lie 2-algebra.
Lemma 3.2. If m > 3, then

0 span B0 = { (4 ) sbic At (K), 0 € gt (0,
(2) spg,, (K)?) = {( ‘CL a[} ) 2 b, ¢ € Al (K), tr(a) = o},
(3) 5p2m(K)(3) = 5p2m(K)(2)7
where Alt,,(K) is the set of alternating (m X m)-matrices with entries in K.

Proof. To prove (1), we set g := {( CCL al;« ) :b,ce Altm(K)}. By direct cal-

culations, we show that sp,,,(K)") C g;. Now, we show that g; C sp,,, (K)M.
Given a = (z;;) € gl,,(K), we have

a 0 m m
( 0 of ) = Y @i b el + D wiy [bis cij) € 5pay, (K) 1.
i=1 i#j
Let us consider the linear map ¢ : gl,,(K) — Alt,,(K) given by a — a + a”.
Since Ker(¢) = {a € gl,,,(K) : a is symmetric} and
1 -1
dimg (Im(p)) = m? — m(m; ) _ m(m2 ) dimge (Alty (K)),
we conclude that Im(p) = Alt,,,(K). That is, ¢ is a surjective map. Then, given
b € Alt,,(K) there exists a € gl,,,(K) such that a + a” = b. Hence,

<8 8)(8 HoaT>KS GOT)(S é)]eﬁme(K)(l)_

Similarly, we prove that ( (c) 8 ) € 5Py, (K)1). Therefore, g1 C sp,,, (K)D).
To prove (2), let g = {( Ccl al; ) :b,c € Alt,, (K), tr(a) = 0}. We will prove

that sp,,,(K)?) = go. From the description of sp,,,(K)™) in (1), we deduce that
the Lie algebra sp,,,(K)(") is generated by a;;, bij, cij, and d; for 1 < 4,5 < m.
Therefore, sp,,,(K)?) = [sps,, (K)M), spy,, (K)M] is generated by aij, bij, cij,
and d; + d; for 1 <4,7 < m. Since all of these elements belong to g, we conclude

that sp,,, (K)? C gy. The other inclusion is established reasoning as in the proof
of (1).
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Finally, we prove (3). In the proof of (2), it is shown that sp,,, (K)® is generated
by d; + d; for 1 <14, j < m. Therefore,

52, (K)® = span{[x,y] : 2,y € {aij,bij, cijrdi +dj : 1 <, 5 < m}}.
From Table |I|, we conclude that
g, (K)®) = span{ag;, bij, cij, di +dj 1 1 < i, j <m} = spy,, (K)P. g

Lemma 3.3. Let I be a nontrivial ideal of 5py,,(K) ). Then cij,bi; & I, for all
7.

Proof. Let 1 < ¢ # j < n be fixed. If ¢;; € I, then for all k¥ # j the relations
[cij, bij] = di +dj, [di + dj, ai] = aix, [di + dj, cix] = cir, and [d; + dj, bix] = bi
imply that a;i, bk, d; + di belong to I for all 1 < k < m. Since I is an ideal of
S, (K)?) for all I,k with [ # k we have that [a;, cik] = ¢, [bir, cir] = ag, and
[d; +dy, bi] = by, belong to I. Therefore, I = sp,,, (K)?), which is a contradiction.
Similarly, if we suppose that b;; € I, we arrive at a contradiction. Hence, ¢;;,b;; ¢ I
for all 4, j.

Theorem 3.4. Letb: V XV — K be a symplectic bilinear form and let sp(V,b)
be the sympletic Lie algebra associated to b. Suppose that dimg (V) =n > 4. Then
(1) (sp(V,b)?,2) is a Lie 2-algebra.
(2) If 4| n, then sp(V,b)@ /3(gl(V)) is simple.
(3) If 41 n, then sp(V,b)?) is simple.

Proof. The proof of (1) is completely based on the definition of the algebra Alt,, (K),
so we omit it. Let us prove (2). If 4 | 2m, then 3(gly,,(K)) C sps,, (K)>
is an ideal of sp,,,(K)®). Let J be an ideal of sp,,,(K)® /3(gly,,(K)); then
J = I/3(gly,,(K)), where I is an ideal of sp,,,(K)?) and 3(gls,,(K)) C I. Suppose
that I # sp,,,(K)?. By Lemma we have ¢;;, bj; ¢ I; therefore, given o € I
there exists a = (a;;) € gm (K) with tr(a) = 0 such that

_(a O
“=Lo o )

Now, since I is an ideal of sp,,,(K)?), we get

[, X] € I, forall X € sp,,, (K)?.

0 b
“=(10)
where b := e;; + €j; € Alt,,,(K), we have a;; = 0 for i # j and a;; = aq; for all .
Then o = a;ilom € 3(gl2m<K)) Hence, I = 3<g[2m(K)) and 5p27n(K>2/3(g[2m(K)>
is simple.

To complete the proof, we prove (3). Let I be an ideal of sp,,, (K)®), I #
$Po,, (K)(?). Reasoning as in the proof of item (2), we get a = A, with m odd.
As tr(a) = 0, we have A = 0. Then o = 0 and I = {0}. Therefore, sp,,, (K)? is
simple. O

In particular, for
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4. L1E 2-ALGEBRAS (g(V,b),[2]) WITH b AN ORTHOGONAL BILINEAR FORM

In this section we show that the Lie algebra which preserves the orthogonal
linear form over K is not a Lie 2-subalgebra of gl,, (K).

Suppose that b : V x V — K is an orthogonal bilinear form, and let o(V,b) be
the Lie 2-algebra associated to b.

In [8, Theorem 20] it is shown that there exists a basis 8 of V' in which b has
Gram matrix D = diag(dy,ds,...,d,), where 0 # d; € K for all i; therefore, the
matricial algebra g(D) corresponding to the Lie 2-algebra o(V,b) is given by

Q(D) = {A S g[n(K) : diaij = djaji, 1 S ’L,j S 7’L}
Since K is an algebraically closed field, we have that K? = K, that is, every element

of K is a square. This fact implies that we can take the diagonal matrix D as the
identity matrix I,,. So,

on(K) :=g(I,) = {A € gl,,(K) : Ais symmetric}
is a Lie 2-algebra with basis {e;;} U {é;; := e;; + €5}, 1 < i < j <mn, and whose
Lie bracket is given by
6, ei5] = &ij, 1<i<j<n.
[€is, €rr] =0, i #k.
[€ij, Eki] = Oin€ji + 0urj + Ojui + Oy, foralli < j k<l

Moreover’ 622] =e; + €jjs and dlmK(Un(K)) = TL(7L2+1) .

Lemma 4.1. o, (K)® = Alt,,(K) and dimg (0, (K)M) = n(nT_l)

Proof. Based on the definition of o, (K) it is very easy to prove that o, (K)®*) C
Alt,, (K). Now, the matrices €;; := e;; + e;;, where 1 <1 < j < n, form a basis of
Alt, (K), and &;; = [€1, ex;] € 0,(K)D) for all i, j, Then, o0, (K)1) = Alt,,(K) and

dim e (0, (K) D) = dim e (0, (K)) — n = 21 =

Remark 4.2. A direct calculation shows that éfj = ey + ejj, for i # j. Then,
éfj ¢ 0,(K)M. Therefore, 0,(K)") is not a Lie 2-algebra with respect to the
2-map [2] : 0,,(K) — 0,(K) defined by a — a?.

5. CLASSICAL TYPE SIMPLE LIE 2-ALGEBRAS AND THEIR TORAL RANK

W. Killing and E. Cartan showed that all simple Lie algebras over an alge-
braically closed field of characteristic zero is isomorphic to one of the classical Lie
algebras A, (n > 1), B,, (n >2), C,(n > 3), Dy(n > 4), or to the exceptional Lie
algebras ga, {4, ¢, €7, ¢g (see [5]). But in characteristic 2, it seems that many new
phenomena arise; for instance, these algebras are not necessarily simple, or some
of them are isomorphic, and therefore, the classification of simple Lie algebras in
characteristic 2 will differ from the classification of such algebras in characteristics 0
and p > 5. In this section, we calculate the toral rank of the simple Lie 2-algebra
of the classical type and we conclude that there are no classical type simple Lie
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2-algebras of odd toral rank. In particular, there are no classical type simple Lie
2-algebras of toral rank 3.

Definition 5.1. Given an irreducible root system of type X; and its corresponding
Chevalley algebra g(X;, K) over the field K, the quotient

8(Xi, K) == 9(X, K) /3(9(X1, K)),
where 3(g(X;, K)) is the center of g(X;, K), is usually called the classical Lie algebra
of type X;.

Remark 5.2. This definition is exactly the same as Steinberg’s [I1], but Steinberg
excluded some types of characteristic 2 and 3.

The simplicity of the classical type Lie algebras in characteristic 2 has been
determined by Hogeweij in [4], as indicated in the following proposition.

Proposition 5.3. Suppose that X is a Lie algebra which is not of type A, By,

Cy, or 4. Then g(X;, K) is a simple Lie 2-algebra.

We can summarize Proposition [5.3] Theorem and Theorem in the fol-
lowing corollary.

Corollary 5.4. The classical type simple Lie 2-algebras are:

(1) Type Ai:
(A, K) ~ sl (K), if21(1+1),1>1
o(A;, K) ~ psly_ 4 (K), if2]|(1+1),1>1.
(2) Type Dy:
(D, K) ~ spy (K) P, if I is odd;
(D1, ) = 5pyy (K)@ [3(alyy (K)), if L is even.
(3) Type g2:
9(02, K) = g(g2, K).
(4) Type eq:
g(es, K) = gles, K).
(5) Type er:
g(er, ).
(6) Type es:

9(287‘[{) = g(e87K)'

Theorem 5.5. Let g be a classical type simple Lie 2-algebra and let b be a Cartan
subalgebra of g. Then
MT(g) = dimg ().
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Proof. Let g be a classical type simple Lie 2-algebra. Then from Corollary [5.4] it
follows that g = g(X;, K) with X; # Ay, By, C}, f4. Hence, any quotient of the form

h(Xi, K) = h(X, K)/3(8(X), K)),

where (X, K) is a Cartan subalgebra of the Chevalley K-algebra g(X;, K), is a
Cartan subalgebra of g. Since h(X;, K) = span{h; ® 1 : h; € bx,} and hx, is
the subalgebra of diagonal matrices of sl 41 (K), we obtain (h; ® 1)l = h; @ 1,
for each h; € bhx,. Thus, the equality ([h; ® 1])I? = [h; ® 1] modulo 3(g(X;, K))
implies that h(X;, K) C T(h(X;, K)), and as T(h(X;, K)) C (X, K), we have
that h(X;, K) = T(h(X;, K)). Since any pair of Cartan Lie subalgebras of a finite-
dimensional classical type Lie algebra g over K are conjugate (see [9]), there exists
an automorphism o € Aut(g) such that h = o(h(X;, K)). Then, from [I, Lemma 5]
we obtain

T(h) = o(T(h(X, K))) = o(h(X;, K)) = b.
Then any Cartan subalgebra of a simple Lie 2-algebra g of classical type is a
maximal torus in g, and hence

MT(g) = dimg(h). O
The following is a direct consequence of Theorem [5.5

Corollary 5.6. The toral rank of the classical type simple Lie 2-algebras is:

(1) MT(4) =1, if2+(1+1),1>1;
(2) MT(A) =1-1, if2|(+1),1>1;
(3) MT(Dy) =1—1, iflisodd, > 3;
(4) MT(D;) =1-2, if [ is even, [ > 3;
(5) MT(g5) = 2

(6) MT(e) = 6;

(7) MT(e7) = 6;

(8) MT(eg) =8.

From this corollary, the next result follows.

Theorem 5.7. There are no classical type simple Lie 2-algebras of odd toral rank.

6. A (CONTRAGREDIENT) SIMPLE LIE 2-ALGEBRA OF DIMENSION 34
AND TORAL RANK 4

In this section we show that the contragredient Lie 2-algebra G(Fy,,) constructed
by V. Kac and V. Veisfeiler (see [I3]) has toral rank 4, and we obtain the Cartan
decomposition of this algebra.

Definition 6.1. Given an (n x n)-matrix A = (a;;) with elements in K, we denote

by é(A) the Lie algebra determined by the system of generators e;, f;, h;, ¢ =
1,...,n, and the system of relations

lei, fi] = dishj,  [hi,hj] =0, [hi,ej] = aizej, [hi, fi] = —aij f;, (6.1)
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for 1 <4, <n. Weset dege; =1, deg f; = —1, and degh; = 0,i=1,2,...,n.
Thus, the algebra G(A) becomes a graded Lie algebra, G(A) = P,cz G;. Let J(A)
be a maximal homogeneous ideal in G(A) such that J(A) N (G_, & Gy & Gy) = 0.
The Lie algebra G(A) := G(A)/J(A) is called a contragredient Lie algebra and A
is its Cartan matrix.

In [13], V. Kac and V. Veisfeiler considered the algebra
G(Fia) = G(Fya) /T (Faa),

where

F4aZ:

)

oo o
O~ O
— O R~ O
O = OO

a € K\{0,1}, and J(Fy,) is the only maximal homogeneous ideal in G(Fj ) such
that

J(F47a) N span{hl, hg, h3, h4} = 0,
J(Fu,q) Nspan{e;, f;} = 0.

They proved that G(F),,) is a simple Lie 2-algebra of dimension 34 with Cartan

matrix Fy o, with a € K'\{0,1} (see [I3, Proposition 3.6]). We now prove that this

Lie 2-algebra has toral rank 4 and, furthermore, we give its Cartan decomposition.
From (6.1]), we conclude that

b := span{h; := h; + J(Fyq) i€ Iy}

is a Cartan subalgebra of G(F, 4). We now explicitly describe the maximal torus
T'(h) consisting of toroidal elements in b.

Since h[12] € span{hy, ha, h3, ha} (Cartan subalgebra of é(F47a)), we have h[12] =
01h1 + d2ho + dshs + dshy, and by using the relations (6.1) we obtain

0 = [h1, [h1,e1]] = 01]h1, e1] + O2[ha, e1] + d3]hs, €1] + Oa[ha, e1] = d2aeq,

which implies that §o = 0. Similarly, we obtain d5 = d3 = §, = 0 and §; = 1. So,
W2 = .
We also find h?] = hg, hf] = hy, and h[22] = ahs + ahy, where a = a + 1.
Let ty := xhy + yhy, with x,y € K. If the equality t[22] = t5 holds true, then z,y
satisfy the system of equations
ar® + =0
{ax2+y2+y=07

whose solution set is
11 1 a
0,070317 Ty ) Ty .
foonon. (5:2)(65)}
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The first two solutions give t3 = 0 and t5 = hy, respectively, and with the last two
solutions we obtain t, = %(hg + hy) and ty = %(hg + ahy). Since %(hg + hy) =
L(hy + ahyg) — hy, we have

T(b) := span{hy, h3, ha, 2 (ho + ha) + J (Fua)}
and dimg (7T'(h)) = 4. This fact shows that MT(G(Fy,)) = 4.

We now find the Cartan decomposition of G(Fy,) with respect to T'(h). By
definition of the ideal J(F},), the elements e;, f;, and h;, for 1 < ¢ < 4, do not
belong to J(Fy,). Therefore, the classes &; = e; + J(Fua), f; = fi + J(Fua),
and h; = h; + J(Fy,), for 1 < i < 4, belong to a basis for G(Fy,). Now, to
complete a basis for G(Fy,,), we consider the product xy := [z, y]. The products
xy, where z and y are generators of G(Fy,) and at most one of them does not
belong to {e;, f; : 1 < i <4}, are members of span{h;,e;, f; : 1 <1i < 4}. Thus, the
only products of two generators that give us new generators are e;e; and f; f; with
i < j. So, the elements p;; = e;e; + J(Fy,) and Gi; = fif;j + J(Fa,q) with ¢ < j are
also generators of G(F} ), which are linearly independent with e;e; + J(Fy ) and
fifj + J(Fuq). Reasoning in a similar way we obtain that the elements (ejesz)es,
(ere2)eq, (ere3)es, (e2e3)eq, ((erez)es)es modulo J(Fyo) and (fif2)fs, (fife)fa,
(f1f3) fa, (f2f3)fa, ((f1f2)f3f)a modulo J(Fy,) complete a basis for G(Fy,). We
denote this basis by .

Next, we calculate the weights for each element of the basis ® of é(F4,a) with
respect to
b1 := {h1, L(ho + h4), h3, ha},
which are:
e [e1,h1] = aj1e; = Oey,
[e1, g (R + ha)] = 5 ([ex, ho] + [er, ha]) = 5 (aer) = Lex,
le1, hs3] = azie; = Oey,
[e1, hy] = ag1e1 = Oey.
Then, the weight of e; is 5 := (0, 1,0,0).
° [eo hl] = aizez = leg,
[ea, g (ha + ha)] = 5 ([e2, ho] + [e2, ha]) = Oeo,
[e2, h3] = azaeq = leg,
le1, ha] = as1eq = Oe;.
Then, the weight of e is « + v := (1,0, 1,0).
e [e3,h1] = ajzes = Oes,
[e3, £ (ha + ha)] = =([es, ha] + [es, ha]) = Oes,
[e3, h3] = aszes = Oes,
[e3, ha] = aszes = les.
Then, the weight of €5 is A := (0,0,0, 1).
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o [e4, hi] = arses = Oey,

[
le4, a(hQ + hy)] = ([647 ha] + [e4, ha]) = Oey,
[ea, ha] = azseq = ley,
le4, ha] = agaeq = Oey.
Then, the weight of 4 is v := (0,0, 1,0).

By the similarity between the definitions of the brackets [h;, f;] = a;;f; and
[hi,e;] = aije;, we deduce that €; and f;, for 1 <4 < 4, have the same weight. On
the other hand, by using [ge, g,] C g¢+,, We obtain that the remaining elements of
® have the weights given in Table [2| where we use the notation p;;z = (e;e;)ex +
J(Fua)s Gige = (fifj)fr + J(Fua), Pr2za = ((erea)es)es + J(Fua), and Giazs =
((frf2)fa) fa+ J(Fia)-

Root space Basis Root

o o fi | Bi=(0,1,0,0)

Gatry 22, f2 a+v:=(1,0,1,0)

g €3, f3 A:=(0,0,0,1)

0y 1, fa 7 :=(0,0,1,0)

ot By P12, 012 at+f+v:=(1,1,1,0)
98+ D13, q13 B+ A:=(0,1,0,1)
9544 Pis, qua B+~:=1(0,1,1,0)
Gatytr D23, G23 a+v+X:=(1,01,1)
Jo Daa, Goa a:=(1,0,0,0)

9rx P31, Gz v+ A:=(0,0,1,1)
GatB+y+x  Diz3, Qiz3 a+pB+y+2:=(1,1,1,1)
Go+8 Diza, Giza o+ B:=(1,1,0,0)
9B+y+x Pisa; isa B+ +A:=(0,1,11)
ot D231, Gzza o+ A:=(1,0,0,1)
GatB+A D1234, qiozsa a+ B8+ A :=(1,1,0,1)

TABLE 2. Root spaces of G(Fy,).

Therefore, the Cartan decomposition of G(Fy,) with respect to T'(h) is

G(Fra) =T(0) & @ se.

£eG*

where G* = G\ 0 and G := (o, 8,7, A) is an elementary abelian group of order 16
and dimg (ge) = 2, for all £ € G. Hence, we have the following theorem.
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Theorem 6.2. The contragredient Lie algebra G(Fy ) on K with Cartan matriz
0

F4aZ:

)

O = O

0
0
1
0

oo O
—_ O =

has these properties:
(1) G(Fy,a) is a simple Lie 2-algebra of dimension 34;
(2) MT(G(Fya)) = 4;
(3) The Cartan decomposition of G(Fyq) with respect to T(h) is

G(Fia) =T(H) & P e,
€€G*

where G* = G\ 0 and G := {(«a, 8,7, \) is an elementary abelian group of
order 16 and dimg (g¢) = 2, for all £ € G.

Remark 6.3. The multiplication table of G(Fy,) on K is given in Table 3] where
the diagonal exhibits the elements z[2!, for each z € ®. For the sake of simplicity,
we denote each class T = 4G (F4q) by its canonical representative x. For instance,
we write e instead €7. Other notations are the following: hg := ahy + ho + hg + hy,
hiz := ahy + ha, and hz := ahy + ha + hs. With p; (resp., ¢;), we denote p;,i,is
(resp., Qi izis), Where 1 < iy < iy < i3 < 4 and 1,142, and i3 are different from 7.
For instance, ps is used instead of pi34.
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TABLE 3. Multiplication table of G(Fy,,).
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