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TRIANGULAR SPHERICAL DIHEDRAL F-TILINGS:
THE (r/2,7/3,7/4) AND (27/3,7/4,7/4) FAMILY

CATARINA P. AVELINO AND ALTINO F. SANTOS

ABSTRACT. We classify all the dihedral f-tilings with spherical triangles (g, D %)
and (2%, T %), and give the combinatorial structure, including the symmetry
group of each tiling.

1. INTRODUCTION

Let S? be the sphere of radius 1. By a folding tiling (f-tiling, for short) of
the sphere S? we mean an edge-to-edge finite polygonal tiling 7 of S? such that
all vertices of 7 satisfy the angle-folding relation, i.e., each vertex of 7 is of even
valency and the sums of alternating angles around each vertex are equal to 7.

Folding tilings are intrinsically related to the theory of isometric foldings of
Riemannian manifolds, introduced by S. A. Robertson in 1977 [8]. In fact, the
edge-complex associated to a spherical f-tiling is the set of singularities of some
spherical isometric folding.

A spherical f-tiling 7 is called monohedral if every tile of 7 is congruent to one
fixed set X; it is called dihedral if every tile of 7 is congruent to either of two fixed
sets X and Y.

The classification of f-tilings was initiated by Ana Breda [2], with a complete
classification of all spherical monohedral (triangular) f-tilings. Later on, in 2002,
Y. Ueno and Y. Agaoka [9] have established the complete classification of all tri-
angular monohedral tilings of the sphere (without any restrictions on angles).

The study of all dihedral spherical f-tilings whose prototiles are an equilateral
triangle and an isosceles triangle was presented in [4]. For a list of all dihedral
f-tilings of the sphere by equilateral and scalene triangles see [3]. The study of
f-tilings by isosceles triangles and scalene triangles started recently; see [IJ.

Robert Dawson has also been interested in special classes of spherical tilings;
see, for instance, [5l 6] [7].
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In this paper we shall discuss dihedral f-tilings of S? with prototiles the spherical

triangles
T T 2r
T = ) 75:(7a777) d T/: o Y 40 4 |
B0)=\357) = 3°4°1
Observe that the right triangle T is half of the triangle T"; this can be seen bisecting
T’ through the angle 2 (Figure .
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FIGURE 1. The spherical prototiles T' and T’

We shall denote by Q(T,7T") the set, up to an isomorphism, of all dihedral
f-tilings of S? whose prototiles are T'and T”. Using spherical trigonometry formulas,
we conclude that the edge lengths of T" are

3 6
b = arccos 3 €= %, and d = arccos %, (b+d=m/2).

A. Breda proved in [2] that T is the prototile of exactly two spherical f-tilings

while there is no monohedral f-tiling with prototile 7”. In this paper we show that

combining the spherical triangles T and T’ we obtain a wide family of dihedral

f-tilings.
2. F-TILINGS BY TRIANGLES (3,7,6) AND (2,2, T)
We begin by stating the main result of this paper.
Theorem 2.1. Let T = (8,7,0) and T' = (%” 7 %) be spherical triangles with
)

B=%5,vy=%andd=7. Then Q(T,T') = {F;,1 <i < 8}, where the F;’s are the

non-isomorphic f-tilings illustrated in Figure[3
The angles around vertices are listed in Figure

Proof. In order to get any dihedral f-tiling 7 € Q (T,T"), we find useful to start
by considering one of its local configurations, labeling the tiles according to the
following procedures:
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FI1GURE 3. Distinct classes of congruent vertices

(i) We begin the configuration of an f-tiling 7 € Q (T, T") with two adjacent
triangles both congruent to 7" and labeled by 1 and 2 (Figure E[); then we
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label with 3 a triangle T, adjacent to T" (observe that there exists such
triangle since the f-tiling is dihedral).

(ii) For j > 4, the location of tile j can be deduced from the configuration of
tiles 1,2,3,...,7—1 and from the hypothesis that the configuration is part

of a complete f-tiling (except in the cases indicated).
As both triangles have an identical angle, to simplify the exposition we will

consider the angles of T as (f3,7,0) instead of (7, %, %), in order to distinguish

whether an angle 7 refers to T" or T".

FNE]
WA

ENE]
ENE]

FIGURE 4. Two triangles 7" must be adjacent by the larger side

Due to the symmetry of the configuration presented in Figure[4] we will consider
the two possible cases of adjacency illustrated in Figure

WA
wa

EE]
k]

I II

F1GURE 5. Distinct cases of adjacency

1. Consider firstly the case of adjacency I and a vertex surrounded by adjacent
angles %’T and §. Taking into account the available angles, we must have %’T +v=m
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as an alternated angle sum around such a vertex. However, there is no way to
satisfy the angle folding relation around this vertex, since § + p < m, for all p €
EREIL RS
2. Now we will consider the second case of adjacency. The vertex surrounded
by the cyclic sequence (%’r,fy, ...) must satisfy %’r + v = m and the initial local
configuration extends to the one illustrated in Figure [B}1. For convenience we may
also consider Figure [GH]I.

e

el
N

ENE]

FIGURE 6. Local configurations

With the labeling of Figure [6}1 at vertex v we have necessarily
91 = 5 or 91 = 0.

2.1 Suppose firstly that 6; = 3. It follows that v is a vertex of valency six and
the previous configuration gives rise to the one that follows (Figure .

F1GURE 7. Local configuration
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The cyclic sequence that surrounds v is (§, 5,9, 5,6,9), with 3+ + § = .

Now, the planar configuration extends to the one illustrated in Figure [8] where a
decision must be made about the angle 65, adjacent to tile 7.

F1GURE 8. Local configuration

Analyzing the edge lengths and the relation between angles, we have
™
92 =0 or 92 = Z

2.1.1 We begin by considering 62 = §. In this case the last configuration extends
in a unique way to close in a complete planar representation (Figure E[) We denote
this f-tiling by F;.

A 3D representation is given in Figure [I0}

2.1.2 Consider now 62 = 7. In this case the local configuration illustrated in
Figure [§ extends to give rise to the planar representation illustrated in Figure [T}
We denote this f-tiling by Fs.

A 3D representation is given in Figure [I2]

2.2 We shall consider here that 8; = §. The local configuration illustrated in
Figure [6}11 extends as follows (Figure [L3)).

With the labeling of Figure [I3] one has

2.2.1 We begin by considering 02 = 7. In this case the last configuration extends
to obtain the one in Figure I. Observe that we must choose §; = 6. In fact if
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F1GURE 9. Planar representation of F;

F1GURrE 10. 3D representation of F;
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FI1GURE 11. Planar representation of Fj

we consider ; = /8 then the set of tiles {12,9,6,5,11,10,13} leads to the same
f-tilings as the ones obtained with tiles {1,2,3,4,5,6,7}, in which §; = 8—a case
already studied. Therefore §; = ¢ in what follows; see Figure [14H1.

With the labeling of Figure [[4H1, we must have

93 = — or 93 =9.
2.2.1.1 Firstly consider that 63 = 7. Then the configuration extends as illus-
trated in Figure Note that the argument used for 6, also applies to 6. And so

we have also considered 6; = 4.
Once again we must have

2.2.1.1.11f 04 = 7 then we get the planar representation illustrated in Figure[T6]
We denote this f-tiling by F3
A 3D representation is given in Figure [I7]
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F1GURE 13. Local configuration

2.2.1.1.2 If 4 = § then we obtain the planar representation illustrated in Fig-
ure [I§ We denote this f-tiling by F;.

A 3D representation is given in Figure

2.2.1.2 Now we must consider #3 = ¢ (in Figure [[4}II). In order to fulfill the
angle folding relation everywhere we obtain the configuration below (Figure .

Again, we have to distinguish the cases

04 = — or 04 = 6.
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FIGURE 15. Local configuration

2.2.1.2.11f 04 = 7 then we get the planar representation illustrated in Figure
whose f-tiling we denote by Fs5.
A 3D representation is given in Figure

2.2.1.2.2 If 4 = § then we obtain the planar representation illustrated in Fig-
ure 23] We denote this f-tiling by F.
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FIGURE 16. Planar representation of F3

FI1GURE 17. 3D representation of F3
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FI1GURE 18. Planar representation of Fy

FI1GURE 19. 3D representation of Fy
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F1GURE 20. Local configuration

A 3D representation is given in Figure
2.2.2 Suppose here that 6 = § (see Figure[13]). The initial configuration extends
now to get the one illustrated in Figure 25]
We have to distinguish two situations:
T

03 =90 or 6?3:1.

2.2.2.1 The first hypothesis (f3 = ¢§) leads us to the following configuration
(Figure [26)).

The regions inside the dark lines in Figure [26]and Figure [T are coincident. The
same happens with the tiles outside the dark lines (see the position of vertices A
and B in both figures). This means that the f-tilings obtained from these two
configurations are the same. That is, the choice of 6, = 7 and 04 = J in Figure
leads us to the previous f-tilings, namely F3 and F; (obtained in 2.2.1.1.1 and
2.2.1.1.2, respectively).

2.2.2.2 The second hypothesis (63 = %) leads us to the following configuration
(Figure [27).
Now, one has

9421 or 04 = 6.

2.2.2.2.1 If 64 = 7 we obtain the planar representation illustrated in Figure 28]
We denote this f-tiling by F7.
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FI1GURE 21. Planar representation of F5

F1GURE 22. 3D representation of Fj
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FI1GURE 23. Planar representation of Fg

F1GURE 24. 3D representation of Fg

Rev. Un. Mat. Argentina, Vol. 61, No. 2 (2020)



382 CATARINA P. AVELINO AND ALTINO F. SANTOS

F1GURE 25. Local configuration

FIGURE 26. Local configuration
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FI1GURE 28. Planar representation of F7
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A 3D representation is given in Figure 29}

FI1GURE 29. 3D representation of F7

2.2.2.2.2 Finally, if 84 = § we obtain the planar representation illustrated in
Figure 0] We denote this f-tiling by Fs.
A 3D representation is given in Figure
O

3. SUMMARY

In Table[I] is shown a list of all spherical dihedral f-tilings whose prototiles are
the spherical triangles T and T” of internal angles 3 = T, v = 3,0 =7 and %’r,
1> 1 respectively. Our notation is as follows:

e |V| is the number of distinct classes of congruent vertices.

e Ny and N, are, respectively, the number of triangles congruent to 7" and
T’ used in the dihedral f-tilings; note that Ny + 2Ny = 48.

e G(7) is the symmetry group of each tiling 7 € Q(T,T"); C, is the cyclic
group of order n; by D,, we mean the dihedral group of order 2n.

Concerning the combinatorial structure of each tiling obtained before, we follow
the notation used in previous papers.

Any symmetry of F; fixes N = (0,0,1) (and consequently S = —N). It is
generated, for instance, by the rotation RZ% (around the z axis) and the reflection
pY* (on the coordinate plane yoz), giving rise to a group isomorphic to D4 (the
dihedral group of order 8). The same applies to Fg.

The f-tilings > and F7 have only two vertices surrounded by angles 7, say the
north and south poles. The symmetries of F3 and F7 that fix the north pole are
generated by a reflection and by the rotation through an angle 4 around the zz
axis, Z% , giving rise to a subgroup isomorphic to D4. Now, the map p*¥ o R% is also
a symmetry of Fo, and so it follows that the symmetry group of F3 is isomorphic
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F1GURE 30. Planar representation of Fg

F1GURE 31. 3D representation of Fg
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f-tiling |V| N; N, G(7)

F1 7 32 8 D,

Fo 3 16 16 Dg

Fs 4 16 16 D,

Fu 6 24 12 Dy=Cy x(Co

Fs 4 24 12 Dg

Fe 6 24 12 Cs

Fr 4 16 16  Cox Dy

F3 6 32 8 Dy
TABLE 1. Combinatorial structure of the dihedral f-tilings of S
by triangles (3,%,%) and (37,7, %)

to Dg generated by p™¥ o R% and pY*, for instance. Concerning F7, we have that
p™¥ commutes the north and south poles and so G(F7) is isomorphic to Cz X Dy.

Any symmetry of F5 fixes N = (0,0,1) (and consequently S = —N) or maps
N into S (and consequently S into N). The symmetries that fix N are generated,
for instance, by the rotation RZ (around the z axis) and the reflection p¥* (on the
coordinate plane yoz), giving rise to a subgroup of F3 isomorphic to Dy = Cy x Oy
(the dihedral group of order 4). Now, the map ¢ = R% o p™ is a symmetry of Fj3
that permutes N and S allowing us to get all the symmetries that map N into S.
One has ¢3 o p¥* = p¥? o0 ¢ and ¢ has order 4. It follows that ¢ and p¥? generate
G(F3). And so it is isomorphic to Dy.

The study of the symmetry group of the remaining f-tilings is similar.
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