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ABSTRACT. A set D of vertices of a graph G is a total dominating set if
every vertex of G is adjacent to at least one vertex of D. The total domi-
nating set D is called a total co-independent dominating set if the subgraph
induced by V(G) — D is edgeless. The minimum cardinality among all total
co-independent dominating sets of G is the total co-independent domination
number of G. In this article we study the total co-independent domination
number of the join, strong, lexicographic, direct and rooted products of graphs.

1. INTRODUCTION

Throughout this article we consider simple graphs G = (V(G), E(G)) of order n
and size m. That is, graphs that are finite, undirected, and without loops or
multiple edges. Given a vertex v of G, N(v) represents the open neighborhood of v,
i.e., the set of all neighbors of v in G, and the degree of v is §(v) = |N(v)|. If
d(v) = n — 1, then we say that v is a universal vertex of G. The minimum and
mazximum degrees of G are denoted by 0(G) and A(G), respectively. By G[D] we
denote the induced subgraph of G on D C V(G). By the union of two graphs
G U H we mean the disjoint union. In particular, kG = U¥_,G is a disjoint union
of k copies of a graph G. We use the notation [k] for the set of integer numbers
{1,...,k}.

Given a graph G, a set D C V(G) is a total dominating set of G if every vertex
in V(G) is adjacent to at least one vertex in D. The total domination number of G
is the minimum cardinality among all total dominating sets of G and is denoted
by 7:(G). A v(G)-set is a total dominating set of cardinality v,(G). For more
information on total domination we suggest the relatively recent survey [I5] and
the book [I6]. A set of vertices is independent if it induces an edgeless graph.
The independence number of G is the cardinality of a maximum independent set
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of G and is denoted by a(G). An independent set of cardinality a(G) is called an
a(G)-set. A set S of vertices of G is a vertex cover if every edge of G is incident
in at least one vertex of S. The wertex cover number of G, denoted by B(G),
is the smallest cardinality among all vertex covers of G. We refer to a 5(G)-set
in G as a vertex cover of cardinality 5(G). The following well-known result, due
to Gallai [12], states the relationship between the independence number and the
vertex cover number of a graph.

Theorem 1.1 (Gallai, 1959 [12]). For any graph G of order n, 5(G) + a(G) = n.

The theory of domination and independence in graphs has attracted the atten-
tion of many researchers since several years ago. The number of works, results and
open problems in this area span a wide range of directions, from highly theoretical
aspects and various practical applications, to a large number of connections with
other topics in graph theory itself and in some external areas. One can easily notice
these facts, by simply making some specialized searches in well-known databases
like MathSciNet, Scopus or JCR. The idea of studying a variant of a dominating
set whose complement is independent has previously been explored, for instance,
in the Ph.D. thesis [19], although it was probably introduced earlier.

In recent years, a reborn interest has arisen in research concerning connections
between domination and independence in graphs. One of the ideas behind this
interest comes from a Roman domination structure whose “complement” has in-
dependent properties. Particular and remarkable cases are observed in [T}, [§] for
co-independent Roman domination, in [2] for co-independent double Roman dom-
ination, and in [7], [I8] for co-independent total Roman domination. Other similar
parameters not related to Roman domination are [3, 4, [IT]. It is then our goal here
to continue making some contributions to this topic which concerns dominating sets
whose complements form an independent set. We remark that some of the articles
referenced above use the term “outer-independence” instead of “co-independence”.

A total dominating set D of a graph G without isolated vertices is called a
total co-independent dominating set (or TC-ID set for short) if the set of vertices
V(G) — D is independent. The total co-independent domination number of G is
the minimum cardinality among all TC-ID sets of G and is denoted by ¢ coi(G).
A TC-ID set of cardinality v, ¢0:(G) is a v,c0i(G)-set.

The total co-independent domination number of a graph G has been introduced
in [23], where a few of its combinatorial properties were considered. Among them,
a couple of almost trivial bounds in terms of a(G) and the order of G were proved
for ;. coi(G). The following result is an example of this.

Theorem 1.2 ([23]). For any graph G of order n without isolated vertices we have
Vt,c0i(G) > n — Q).

In addition, exact values for some families of graphs were presented in [23].
We mention rYt,coi(Pn) =n- ’V%—‘a ’Yt,coi(cn) =n—- L%Jv ryt,coi(Kn) =n—1and
Yt,coi(Ks,t) = min{s, t} + 1, which we use later in Section

The parameter of total co-independent domination number was studied also
in [5] for the case of trees, and in [6] from a combinatorial and complexity point
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of view. Until now, and to the best of our knowledge, this parameter has not
been studied for product graphs. In this sense, it is our goal to make several
contributions to this topic of total co-independent domination, and so, to begin
studying the join, direct, strong and lexicographic product graphs, and the rooted
and corona product graphs. We end this section with an easy general result that
will come in handy later for the rooted product.

Lemma 1.3. Let H be a graph of order n > 3 different from the star graph. If H
has a universal vertex v € V(H), then i coi(H) =n — a(H).

Proof. Let v be a universal vertex of H. If V(H) — {v} is a 7 coi(H)-set, then
a(H) =1 and H =2 K,, and the result follows. Otherwise, let A be an arbitrary
a(H)-set. Clearly, v ¢ A and the set V(H) — A induces a connected subgraph
of H with at least two vertices, because v is a universal vertex and H is not a

star. Moreover, V(H) — A also totally dominates H because v is universal. Hence,
Vi, coi(H) <n — a(H). Theorem completes the proof. O

2. THE JOIN, THE LEXICOGRAPHIC AND THE STRONG PRODUCTS OF GRAPHS

The join graph G V H of the graphs G and H is the graph with vertex set
V(GVH)=V(G)UV(H) and edge set E(GV H) = E(G)UE(H)U{uv : u €
V(G), v € V(H)}. The following simple lemma is a part of folklore, and it can be
found for instance in [22].

Lemma 2.1 ([22]). For any two graphs G and H,
a(GV H) = max{a(G),a(H)}.

Theorem 2.2. Let G and H be any graphs with nx = |V(X)| and mx = |E(X)]
for X e {G,H}. If mg > mpy, then V¢ c0i(GV H) equals

ng +ny —max{a(G),a(H)} +1, if (mg>mpyg=0Aa(G) <ng AJG)=0)
vV mg =0;
ng +ny —max{a(G),a(H)}, otherwise.

Proof. By Lemma and Theorem we obtain the inequality v c0i(G V H) >
ng + nyg —max{a(G),a(H)}.

Let Ag be an a(G)-set and let Ay be an «(H)-set. Notice that Dg = V(G V
H) — Ag and Dy = V(G V H) — Ag are TC-ID sets of G V H whenever both
G and H, respectively, contain at least one edge. In this case 7y c0i(G V H) <
min{|Dg/|, |Du|} = ng + ng — max{a(G),a(H)}. Therefore the equality follows
when mg > 0 and mg > 0.

Suppose next that mg > 0 and mpy = 0, which means that a(H) = ng and
H = K, for some positive integer t. Again Dg is a TC-ID set because mg > 0. If
a(G) > ny, then we have v, co;(GV H) < |Dg| = ng +ng — a(G) = ng +nyg —
max{a(G),a(H)} and equality holds again. So, let a(G) < ng =t. If §(G) > 0,
then Dy = V(QG) is a TC-ID set because V(G) contains no isolated vertex. In this
case Vi, coi(GVH) < |Dy| = ng =ng+ny —t =ng+nyg —max{a(G),a(H)} and
equality holds again. If §(G) = 0, then Dy = V(G) is not a TC-ID set because Dy
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is not a total dominating set of GV H. Notice that V(H) is the unique o(G V H)-
set because a(G) < ny and every independent set of G V H is contained either in
V(G) or in V(H). Therefore, V¢ co;:(GV H) > ng + ny — max{a(G),a(H)}. On
the other hand, the set V(G) U {h}, for some h € V(H), is a TC-ID set of GV H
of cardinality ng + 1 =ng +ng —t+ 1 =ng + ng — max{a(G),a(H)} + 1 and
we have v, c0i(G V H) = ng + ng — max{a(G),a(H)} + 1.

Finally, let my = mg = 0, which means that G = K, and H = K,. Again
D¢ and Dy are not TC-ID sets of GV H because V(H) and V(G), respectively,
are not total dominating sets of G vV H. As before, the inequality 7, .0:(G V H) >
ng + ny — max{a(G),a(H)} follows. The equality Vi co;(GV H) = ng + nyg —
max{a(G),a(H)} + 1 now follows from the fact that V(G) U {h}, with h € V(H),
and V(H) U {g}, with g € V(G), are TC-ID sets of GV H. O

Let G and H be two graphs. The lezicographic product of G and H is the graph
G o H whose vertex set is V(Go H) = V(G) x V(H), and (g,h)(¢',h') € E(Go H)
if and only if g¢’ € E(G) or (g = ¢’ and hh/ € E(H)). The set G" = {(g,h) : g €
V(G)} is called the G-layer through h, and similarly, H9 = {(g,h) : h € V(H)} is
called the H -layer through g. Clearly, subgraphs of GoH induced by G and HY are
isomorphic to G and H, respectively. The map pg : V(G) x V(H) — V(G) defined
by pc((g,h)) = g is called a projection map to G. The map py is defined similarly.
Notice that Ko o H = H V H presents a connection between the lexicographic
product and the join of graphs.

In order to obtain the total co-independent domination number of the lexico-
graphic product of two graphs, we need the following result.

Theorem 2.3 ([13]). For any two graphs G and H, a(G o H) = o(G)a(H).

It is straightforward to observe that G o H is connected whenever G 2 K; is
connected. Moreover, if G is not connected, then one can treat every component
of G o H separately with respect to V¢ coi(G o H). Hence, we can assume that G is
connected.

Let G be a graph without isolated vertices. By Z(G) we denote the set of
all maximal independent sets of G. By a maximal independent set we mean an
independent set which is not contained in any other independent set (notice that
any maximum independent set is maximal, but the contrary is not always true).
The set Dg = V(G) — Ag is a dominating set of G for any Ag € Z(G) because of
the maximality of Ag. Denote by D the set of all isolated vertices from G[Dg¢].
Finally, let A be a minimum subset of Ag such that A7, dominates DF,.

Let G = Co, = vy ...v9gv1. There are exactly two maximum independent sets
in Z(G), namely Ag 1 = {vs; : ¢ € [k]} and Ag 2 = {ve;—1 : ¢ € [k]}. Without loss of
generality we may assume that Ag = Ag 2 because Ag; and Ag 2 are symmetric.
It is easy to see that one possibility is AL, = {vy; : @ € [k/2]} if k is even, and
AL ={vg ri e [(k—1)/2]} U{vg} if k is odd.
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Theorem 2.4. Let G be a connected graph of order ng and let H be any graph of
order ng. If H 2 K, then

'Yt,coi(G © H) =ngnNyg — OZ(G)OZ(H)
Moreover, if H = K,, then

Teoi(Go H) = min {|Delnm +[Ag[}

Proof. Let I be an a(G o H)-set. Notice that V(Go H)— I is a TC-ID set of Go H
whenever H 2 K;. By Theorem we obtain vy ¢0i(Go H) < |[V(Go H) — I| =
ngng —a(Go H) =ngng — a(G)a(H). The equality follows by Theorem [1.2| and
Theorem 2.3

Let now H = K, and let first Ag € Z(G), together with Dg and At Every
vertex outside of (Dg x V(H)) has a neighbor in (Dg x V(H)), because D¢ is
a dominating set of G. However, if g € D§, then (g,h) € (Dg x V(H)) has no
neighbor in (D¢ x V(H)). Hence, to obtain a TC-ID set we need to add some
vertices. Since Af, dominates vertices from D, we see that (Dg x V(H)) U (Ag x
{h}) is a TC-ID set of G o H for any h € V(H). Therefore, Vi coi(G o H) <
ming ez {|Dalng + |Agl}. Let now D be a 74 coi(G o H)-set. The set Dy, =
pi (D) is a total dominating set of G because H = K. Also for A=V (GoH)—D,
Ag = pe(A) is an independent set of G, since A is an independent set in G o H.
Let AL, = A¢ N Dy, and let D = Dy — Af,. We will see that every vertex g € Ag,
is adjacent to some vertex ¢’ € D¢, which is an isolated vertex in the subgraph
of G induced by Dg. If this does not hold, then we obtain a contradiction with D
being a ¢, coi (G o H)-set because D —{(g, h)} would be a TC-ID set of Go H, where
(g9,h) € A. Now, notice that |D N HY| > 1 for every g € A}, and |[DNHY| = ny
for every g € Dg. Therefore, we have at least |Dg|ng + |Af| vertices in D. As
D¢, Ag and Af, have the desired properties for every ¢ ¢,i(G o H)-set D, we have
Vt,coi(G 0 H) > miny ez {|Dalnmg + |Ag]}. Combining both inequalities yields
the stated equality. O

Notice that Z(G) contains all maximal independent sets, which are not neces-
sarily a(G)-sets. We are not aware of any example where a maximal independent
set (that is not an «a(G)-set) would yield a better result in Theorem than an
a(G)-set.

The strong product of the graphs G and H is the graph G X H, with vertex
set V(GR H) = V(G) x V(H), and two vertices (g, h) and (¢',h’) are adjacent in
G K H if and only if, either

e g=¢ and hh' € E(H) or
e h="1" and g¢’ € E(G) or
e g¢' € E(G) and hh' € E(H).

Notice that GX K; = G o K;. Also, G X H has isolated vertices whenever both
G and H have isolated vertices. By H~ we denote the graph obtained from H by
deleting all isolated vertices. The upper bound 7,(G X H) < ~v,(G)v:(H) follows
from a result in [20]. The independence number a(G K H) is the basis for the
so-called Shannon capacity; see [I4, Chapter 27.1].
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Theorem 2.5. Let G and H be graphs of order ng and ng, respectively. If G has
no isolated vertices and H has iy isolated vertices, then

’Yt,coi(G X H) = ng(nH — iH) — Oé(G X Hi) + Z.H"Yt,coi(G)'

Proof. First notice that G H = GX H~ UigG. We need ¢ ¢0;(G) vertices in a
Vi,c0i(GR H)-set D for every component of GX H that is isomorphic to G. Hence,
D contains ig7;,coi(G) vertices outside of GXK H ™.

Let A be an a(G X H™)-set and let D~ = V(GK H~) — A. Since A is a
maximum independent set, D~ is a dominating set of G X H~. Next we show
that D~ is also a total dominating set of G X H~. Let (g,h) € D~. Notice
that there exists a vertex ¢’ € V(G) such that g¢' € E(G) and there exists a
vertex h' € V(H™) such that hh/ € E(H™). In GX H—, the subgraph induced
by S ={(g,h),(g,h'),(¢g',h), (¢, ')} is a complete graph K4, so |SN A| <1, and
consequently |[S N D~| > 3, implying that |[N((g,h)) N D~| > 2. Hence, D~ is a
total dominating set of G X H~, and therefore a TC-ID set of G X H~ as well.
Consequently, v;.coi(GRH ™) < |D7| =ngng —ig) —a(GRH™).

By Theorem we get the equality V¢ cos(GRH ™) = ng(ng—ig) —a(GRH ™).
Together with all the components of GX H isomorphic to G, we obtain the desired
result. O

3. THE DIRECT PRODUCT OF GRAPHS

The direct product of two graphs G and H is the graph G x H, with vertex set
V(GxH)=A{(g9,h) : g € V(G), h € V(H)}, and two vertices (g, h) and (¢’,h’') are
adjacent in G x H if and only if g¢’ € E(G) and hh' € E(H). The direct product
can be considered as a subgraph of the strong product. It has the special property
that every edge from G x H projects to edges in both factors G and H, and it is
therefore often considered as the most natural graph product. On the other hand,
this brings several problems. Even connectivity is not trivial among direct products.
Indeed, G x H is a connected graph if and only if both G and H are connected and
at least one of G and H is non bipartite. Moreover, if both G and H are bipartite,
then G x H has exactly two components (see [25] and also [14]). In addition, and
important in our case, G x H has isolated vertices if and only if at least one of G
and H has isolated vertices. G- and H-layers are defined as in the lexicographic
product. However, one must note that any layer induces a graph without edges.
This already implies the lower bound o(G x H) > max{«a(G)|V(H)|,a(H)|V(G)|}.
A remarkable upper bound for a(G x H) can be found in [24]. Some bounds and
exact results on (G x H) can be found in [9, 10, 20, 21].

It is easy to see that Kp ¢ X K, s & Ky g5 U Kps gr. Since Kprgs = Kpr V K g
and Kpg gr = fps \Y, fqr, we can use Theorem to obtain

Vt,coi(Kp,q X Ky s) = min{pr, ¢s} + min{ps, ¢r} + 2. (3.1)

We next present an upper bound for 7 c.;(G x H) from the independent set
perspective. Let G be a graph without isolated vertices. Recall that Z(G) is the
set of all maximal independent sets of G, that Dg = V(G) — Ag is a dominating
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set of G for any Ag € Z(G), and that Af, is a minimum subset of Ag such that
A?, dominates the set (denoted by D¢,) of all isolated vertices of G[Dg¢].

Theorem 3.1. For any two graphs G and H without isolated vertices of order ng
and ng, respectively,

Vieoi(G x H) < min {|Dglny + [Ag|yi(H), |Dulne + [Ax[7:(G)}-
AG€eZ(G),
Ap€T(H)

Proof. Let Ag be any maximal independent set of a graph G and let Ty be a
ve(H)-set. We will show that S = (Dg x V(H)) U (AL X Ty) is a TC-ID set of
G x H. The set V(G x H) — S is independent because pg(V(G x H) — S) C Ag
is independent.

Next we show that S is a total dominating set of G x H. Let (u,v) be an
arbitrary vertex of G x H. If u € Ag, then there exists g € D¢ which is adjacent
to w in G because D¢ dominates G. There also exists h € V(H) which is adjacent
to v in H because H has no isolated vertices and (g, h) € S is adjacent to (u,v).
If u € Dg — D§, then u is not an isolated vertex from G[Dg¢]; let g € D(G) be a
neighbor of w in Dg. Again there exists a neighbor h of v in H, and (g,h) € S is
adjacent to (u,v). So, let u € D¢, be an isolated vertex in G[D¢]. By the definition
of A¢ there exists a neighbor g € Ay, of u. Also, since Ty is a total dominating
set of H, there exists a neighbor h € Ty of v. Hence (u,v) has a neighbor (g, h)
in S and S is a total dominating set of G x H. Therefore, S is a TC-ID set.

By symmetric arguments we can show that S’ = (V(G) x Dg) U (Tg x A%) is
a TC-ID set of G x H for an arbitrary maximal independent set Ay of H and a
~v¢(G)-set T¢;. Since the sets Ag, Ag, T and Ty were arbitrarily chosen, the upper
bound follows. O

Again we are not aware of any example where a maximal independent set (that
is not an a(G)-set) would yield a better result in Theorem [3.1] than an a(G)-set.

The bound of Theorem [3.1] performs rather well. We show this by the results
that follow until the end of this section. However, we do not obtain equality in all
cases. The smallest example is probably C5 x K3 = C19. We have 7; ¢0:(C10) =7,
but the bound from Theorem gives 8. Moreover, this is the smallest member
of the family Cgr_1 X Ko = Ciox_o, for an arbitrary positive integer k, for which
Vt,c0i(C12—2) = 8k — 1, but the upper bound from Theorem gives 8k. Another
example is C5 x C5, where it is not hard to check that

V(Cs x Cs) — {(g0, ho); (90, h1), (90, h2), (90, h3), (90, Pa); (92, ho), (92, ha), (93, h2)}

is a TC-ID set of C5 x C5, by taking gogi1g2939490 as the first cycle C5 and
hohihahshahg as the second C5. With this we have 7 c0;(Cs x C5) < 17, but
Theorem [3.3] gives 18.

We can use the example K, ; X K, ; to show that the bound of Theorem F)Zfl is
sharp. By some straightforward computations, one obtains from Theorem [3.1] that

Ve,coi(Kpg X Krs) <min{(r + s) min{p, ¢} + 2, (p + ¢) min{r, s} + 2}.
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With an additional analysis of the relationship > between p and ¢, as well as
between r and s, we obtain the same result as in .

We next study the total co-independent domination number of several examples
of direct products. They all show that the bound of Theorem is tight.

Proposition 3.2. For any integer numbers r >t > 2, v coi (K, x Ky) = r(t — 1).

Proof. On the one hand, from Theorem we have that v coi (K, X K;) > 1t —
a(K, x K;) = rt — max{r,t} = r(t —1). On the other hand, by Theorem [3.1
we obtain vy coi (K, x K;) < min{(r — 1)¢, (¢t — 1)r} = r(t — 1), which gives the
equality. O

Proposition 3.3. Let n,r,t > 2 be integers. If r > t, then v coi(Krt X Kp) =
nt + 2.

Proof. If n = 2, then K,; x K, is isomorphic to K,; x K; ;. Thus, we have
Vi,coi(Krt X K1 1) = min{r,t} + min{r,t} +2 =2t + 2 by . Hence, from now
on we may assume n > 3.

Let V. and V; be the bipartite sets of K, ; of cardinality » and ¢, respectively.
Let S be a v coi(Krp X Kp)-set and let S, = SN (V, x V(K,)) and S, = SN
(Vi x V(K,,)). Suppose first that V; x V(K,,) = S;. The set S; is independent
since V; is independent, and therefore S, # @ because S is a total dominating
set. If S, = {(g,h)}, then the vertices from V; x {h} have no neighbor in S, a
contradiction. Hence S, contains at least two vertices. This means that we have
Vi,coi(Kre X Ky) > nt + 2 in this case. We can ignore the symmetric condition
V. x V(K,) C S, because we obtain at least nr + 2 > nt + 2 vertices in |S|, a
contradiction with S being a v, cos(Kr ¢ X Ky,)-set when r > t.

Now we may assume that V; x V(K,,) # S; and V,. x V(K,,) # S,. Since any
two vertices (g,h), (¢’,h’) such that g € V;., ¢’ € V; and h # k' are adjacent, it
must happen, for the complement of S to be independent, that V. x (V(K,) —
{h}) C S, and V; x (V(K,) — {h}) C S; for some h € V(K,). Consequently,
S| = |Sr| +1Se) > (r+t)(n—1) =rn+tn—r —t. Sincer >t > 2 and n > 3,
it happens that rn —r — ¢t > rn — 2r = r(n — 2) > r > 2. Thus, again we have
Vi, coi(Krt X Kp) =|S| > tn + 2.

The other inequality ¢ coi(Kr X Kp) < min{tn +2,(n — 1)(r + )} = tn + 2
(since n > 3) follows from Theorem and the proof is complete. O

Proposition 3.4. For any integers r,t with r,t > 4,

g(t—i—l), ifr=0 (mod 4);
-1
(TT)(H-l)—i—t, ifr=1 (mod 4);
'Vt,coi(cr X Kt) - r
§(t+1)+1, ifr=2 (mod 4);
7”51(“1)*2, ifr=3 (mod 4).

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



TOTAL CO-INDEPENDENT DOMINATION NUMBERS 161

Proof. Let C, = gog1-..gr—190 (from now on, operations with the subindexes
of such vertices are done modulo r) and let V(K;) = {hy,...,ht}. Let S be a
Vt,c0i(Cr X Ki)-set and let A =V (C, x K;) — S. Note that if a vertex (g;, h;) does
not belong to S for some h; € V(K3), then all the vertices (g;—1, hr), (gi+1, he) for
every hy, hy € V(K;) — {h;} must belong to S (otherwise A is not independent).

Suppose first that there exists an edge between two vertices of pc, (A), that is, for
instance, (g, h;), (gi—1, h;) € A. By the reasons above, (K{"** —{(g;+1,h;)}) C S,
(KF —{(g0, 1)) © 5, (KI —{(gi_1,hy)}) € S and also (KF —{(g 2, h;)}) C
S for A to be independent. In such a case, there exist at most four vertices outside
of S in four consecutive layers K~ K/"~*, K{* and K}'*'. Since t > 4, we will
see that this does not give a minimum cardinality to .S and that it is better to have
a whole layer K" outside of S.

If there are no edges between vertices of pc, (A), then the whole layer K7* can be
in A. In such a case, it must happen that K;*~', KJ"*' C S. Moreover, K;'">*NS #
§ and K/""> NS # (), because some vertices from K;*~* and K;*"> must dominate
vertices from K7~' and K;""', respectively. Furthermore, to dominate all vertices
from K{"~' and K" we need at least v;(K;) = 2 vertices from K;'~* and K],
respectively. Also, if KJ*~> or K/*** are not subsets of S, then K;"~* and K;/'**
must be in .S because v;(K;) = 2. We conclude that among any four consecutive K-
layers K{*~* K}"7* K/'* and K}’ at least two of them are completely contained
in S and in addition one of the other two contains at least v;(K;) = 2 vertices in S.
Since this is better than in the previous paragraph, we can ignore that option.

This means that for every i € {0,...,r—1}, [SN({gi—3, gi—2, gi—1, g: } XV (K}))| >
2t + 2. Therefore,

r—1

1
Vt,c0i(Cr X Ky) = | S| = ZZ 1SN({gi-3, gi—2, gi—1, 9i } x V (K¢))| =
i=0

rtED 5

Notice that in the above argument we can have also K", K7™ C S and K{"~* N
S =0 and K/"** NS = (. This also yields K;**, KJ"** C S for S to be co-
independent. In this case we have ounly 2t in S N {gi—s,gi—2,9i-1,9:}, but on
the other hand at least 3t vertices in S N {g;—4,gi—3,gi—2,9:—1}. Because t > 4
this approach gives more vertices in S and we can ignore it. Next we proceed by
analyzing four different situations.

Case 1: 7 = 0 (mod 4). Clearly, Ac, = {g2i—1 : @ € [r/2]} is in Z(C,) and, in
this case, Ay, = {gai—1 : 7 € [r/4]} is one option. By Theorem we obtain
Yt,c0i(Cr x Ky) < min{Z + 2° (¢ — 1)r + 0} = 5(t + 1), where the last equality
occurs since t > 3. The other inequality comes from , and we have the desired
equality in this case.

Case 2: =1 (mod 4). Now, Ac, = {g2i—1 : 7 € [(r—1)/2]} is in Z(C,.) and, in this

case, A¢, = {gai—1 :1 € [(r —1)/4]}. Clearly, |D¢, | = %1 and [A7 | = 7"21. For

these sets, Theoremleads 0 V¢, coi (Cr x Ki) < min {“271”4—@, (t—1)r4+0} =

1
Wléﬁ + t, where the last equality occurs since t > 4 and r > 3.
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For the lower bound, notice that the comments before allow us to claim that
there exist at least four consecutive K;-layers, all four of them having nonempty
intersection with S, because r = 1 (mod 4). Furthermore, among these four layers,
at least three of them are completely contained in S. One of them is treated

separately in the sum of (3.2]), and we get

r—1
1
Yt,coi(Cr X K) = |S| = 1 Z 1510 ({gi-3, gi—2, gi—1, 9i } x V(K3))|
i=0
—1)(2 2 —1 1
> )4(1 2, )2(t+ ) it

Case 3: r = 2 (mod 4). The set Ac, = {gai—1 : @ € [r/2]} is in Z(C,) and we
can choose Af = {gsi—3 : 1 € [(r +2)/4]}. For the set Ac, we have [D¢, | = 3
and |Ag | = ’“f. Now, by Theorem we obtain v; ¢ (Cr X Ki) < min{%t +
2(TT+2), (t —1)r +0} = £(t + 1) + 1, where the last equality is due to the fact that
t>4and r > 3.

For the lower bound, we use a similar argument as in Case 2. Now, there exist
at least five consecutive Ky-layers, all of them with nonempty intersection with 5,
because r = 2 (mod 4). Clearly, at least three of them are completely contained
in S. (Notice that one layer with empty intersection with S is possible among
them, however this yields that the remaining four are completely contained in S,
which is not optimal as t > 4.) We deal with two of them separately in the sum of

(3-2), and obtain

r—1
1
Vt,coi(Cr X Ky) = |S| = ZZ 150 ({9i-3,9i-2, i1, 9:} x V(EK4))]
1=0
> (r72)i2t+2) ft4o— r(t+1) 1

Case 4: r = 3 (mod 4). The set Ac, = {g2i—1 : ¢ € [(r — 1)/2]} is independent
and AL = {gai—1 : i € [(r — 3)/4]}. With this, | D¢, | = Zf* and also |AF, | = =32
Again by Theorem we get Ve, coi(Cr X Ky) < min {@—FQ(TT_?’), (t—l)r+0} =
%(t + 1) — 2, where the last equality holds because t > 4 and r > 3.

For the lower bound, there exist at least two consecutive K;-layers completely
contained in S, because r = 3 (mod 4). We consider them and one neighboring

layer separately in the sum of (3.2]) and get

r—1

1
’Yt,coi(Cr X Kt) = |S| = 1 Z ‘S N ({giff}vgif%giflvgi} X V(Kt))\
i=0
2(r—3)£(l2t+2)+2t:(r+1)2(t+1)_2' 0

The next proposition is stated without a proof because one can use a similar
approach as in the proof of Proposition [3.4]
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Proposition 3.5. For any integer numbers r,t with r > 7 and t > 3,

S(t+1), if r=0 (mod 4);

=l + 1), ifr=1 (mod 4);
’Vt,coi(Pr X Kt) = :

I2(t+1) + ¢, if r=2 (mod 4);

IEt+1)+t+2, ifr=3 (mod4).

4. THE ROOTED AND CORONA PRODUCTS OF GRAPHS

Given a graph G of order n and a graph H with root vertex v, the rooted product
G o, H is defined as the graph obtained from G and H by taking one copy of G and
n copies of H, and identifying the ith vertex of G with the vertex v in the ith copy
of H for every i € [n]. If H or G is isomorphic to K, then G o, H is equal to G
or H, respectively. In this sense, to obtain the rooted product G o, H, hereafter
we only consider graphs G and H of order at least two. For every x € V(G), H,
will denote the copy of H in G o, H containing z. A formula for the independence
number of rooted product graphs can be found in [I7].

We need to introduce the following definitions. A near total co-independent
dominating set, abbreviated near-TC-ID set, of a graph G, relative to a vertex v,
is a set D C V(G) satisfying the following:

(i) v e D;
(ii) V(G) — D is an independent set;

(iii) every vertex u € D — {v} is adjacent to at least one vertex in D.

The minimum cardinality among all near-TC-ID sets of G relative to v is called
the near total co-independent domination number of G relative to v, which we
denote as Ynt coi(G;v). A near-TC-ID set of G relative to v with cardinality
Vnt,coi(G5v) is called a Vg coi(G;v)-set. Notice that every TC-ID set of G that
contains v is a near-TC-ID set of G relative to v.

Next, we present a useful result.

Theorem 4.1. Let G be a graph of order at least three without isolated vertices.
If v e V(G), then

Vt,c0i(G) — 1 < Vit coi(G; V) < Vt,0i(G) + 1.
Furthermore,
(a) if there is a 7yi,coi(G)-set that contains v, then Ve, coi(G)—1 < Ynt coi (G5 ) <
’Yt,coi(G);
(b) if v does not belong to any Vi coi(G)-set, then Vi,coi(G) < Ynt,coi(G;v) <
Vt,coi(G) + 1.

Proof. Let D be a Yni,coi(G;v)-set. Suppose there exists a 7y coi(G)-set S that
contains v. We have V1 c0i(G;v) < Vt.c0i(G) because v € S. If D is also a TC-ID
set of G, then v; ¢oi(G) < |D| = Vnt,coi(G;v), which implies that vy c0i(G5v) =
Yi.coi(G). If D is not a TC-ID set of G, then N(v) N D = 0. Let u € N(v) and
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notice that D’ = D U {u} is a TC-ID set of G. So, V¢,¢i(G) < |D'| = |D|+1 =
Ynt,coi(G; ) + 1, which completes the proof of (a).

To prove (b), we assume that v does not belong to any 7 .:(G)-set. Let S be
a Ve, coi(G)-set. As v ¢ S, the set S" = S U {v} is a near-TC-ID set of G relative
to v. So ’Ynt,coi(G;’U) < |S/| = |S| +1= ’Yt,coi(G) + 1

Now, suppose that Vni coi(G5v) < Vi,c0i(G). Recall that D is a ynt coi(G;v)-
set and let w € N(v). Notice that D” = DU {w} is a TC-ID set of G, so that
’Vt,coi(G) < |DN| = |D| +1= ’Ynt,coi(G;’U) + 1. Thus, we obtain P)/nt,coi(G;’U) =
Yi,c0i(G) — 1, and hence D" is a 7, ¢0:(G)-set containing v, which is a contradiction.
Therefore, Yut,coi(G;v) > Vi,c0i(G) and the proof of (b) is complete. By (a) and
(b), the inequality chain follows. O

Lemma 4.2. If D is a Vt,c0i(G 0y H)-set, then
'Vt,coi(G Oy H) Z Z PYnt,coi(H; l’) + Z ’Yt,coi(H)'
€V (G)ND z€V(G)—D
Proof. Let x € V(G). If © € D, then V(H,)N D is a near-TC-ID set of H, relative
to z, which implies that |V (H;)ND| > vt coi(H;z). I & ¢ D, then V(H,)ND is a
TC-ID set of H, because D is a TC-ID set of Go, H. So |V (Hy) N D| > ¢, coi(H).
Therefore,

Veoi(Goy Hy= > |V(H,)ND|+ > |V(H,)ND|

zeV(G)ND zeV(G)-D
Z Z P)/nt,coi(H;x) + Z ’Yt,coi(H)‘ D
zeV(G)ND zeV(G)—D

Theorem 4.3. Let G be a graph of order n > 2 without isolated vertices. For any
graph H of order at least three with root v and without isolated vertices,
’Yt,coi(G Op H) S {n(ryt,coi(H) - 1)a n'yt,coi(H)7 n(’yt,coi(H) + 1) - OZ(G)}
Furthermore,
(i) Zf "Ynt,coi(H; U) = FYt,coi(H) -1, then 'Yt,coi(G Oy H) = n(’Yt,coi(H) - 1);
(11) Zf ’)/nt,coi(H; U) = PYt,coi(H); then "Yt,coi(G Oy H) - n’}/t,coi(H);

(1il) if Ynt,coi(H;0) = Vt,coi(H)+1, then vt coi(Goy H) = (71, coi(H)+1)—a(G).
Proof. Let D be a 7y, coi(G o, H)-set. We consider three cases.

Case 1: Ynpcoi(H;v) = Yic0i(H) — 1. Let Sy be a i coi(H;v)-set (which
contains v). We obtain S by taking a copy of Sy in every copy of H. Such a set
is a TC-ID set of G o, H of cardinality nynt,coi(H;v) = n(7V¢,c0i(H) — 1). Hence,
Vt,c0i(G 0y H) <n(Vt,c0i(H) —1). By Lemma we obtain

P)/t,coi(G Oy H) Z Z "Ym&,coi(H;x) + Z 7t,coi(H)

2€V(G)ND 2V (G)—D
> Z ('Yt,coi(H) - 1) + Z 'Yt,coi(H)
2€V(G)ND 2€V(G)—D

= |V(G) N D‘(’Yt,coi(H) - 1) + |V(G) - Dh/t,coi(H)'
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Thus, we have
n(’)’t,coi(H) - 1) > |V(G) n D|(’7t,coi(H) - 1) + |V(G) - Dh’t,coi(H)

and —n > —|V(G) N D] follows. This holds only when V(G) N D = V(G). Hence,
Vt,c0i(G 0y H) = n(V¢,c0i(H) — 1), and (i) follows.

Case 2: Ynt,coi( H;0) = 74, c0i(H). We construct, as in Case 1, a TC-ID set S of

G o, H of cardinality nynt coi(H;v) = nyt,coi(H). S0 Yt,c0i(G 0y H) < 1Yt coi(H).
Again by Lemma [£.2] we get

"Yt,coi(G Oy H) Z Z ’Ynt,coi(H; 3:) + Z P)/t,coi(H)

zeV(G)ND 2€V(G)—D
= Z ’Yt,coi(H)"' Z '-Yt,coi(H)
2eV(Q) 2€V(G)—D
- n’yt,coi(H)~

Hence, V¢, coi(G 0y H) = 1yt coi(H ), and (ii) follows.

Case 3: Yt coi(H; V) = Yi,c0i(H) + 1. By Theorem we know that v does not
belong to any 7 coi(H)-set. Let Sy be a vy coi(H)-set and let B be a §(G)-set,
which has cardinality n— a(G) by Theorem[L.1] We obtain the set S by union of B
and a copy of Sy in every copy of H. Since V(G) — B is independent, S is a TC-ID
set of G o, H of cardinality ny,coi(H) + (n — a(G)) = n(vt,coi(H) +1) — a(G). So
’yt,coi(G Ov H) S n(’yt,coi(H) + 1) - Oé(G)

Observe also that V(G)—D is an independent set, and so |V(G)ND| > n—a(G).
Hence, by Lemma [1.2] we have

’yt,coi(G Oy H) Z Z PYnt,coi(H; CL’) + Z ’Vt,coi(H)
zeV(G)ND zeV(G)—D

= Y e+ Y rewilH)
zeV(G)ND zeV(G)—D

= nYt,coi(H) + |[V(G) N D]

> Nt coi(H) + (n — a(G))

=n(Vt,coi(H) + 1) — a(G).

—_ ~—

Hence, V,coi(G 0y H) = n(vi,coi(H) + 1) — (G), and (iii) follows.

Therefore, 'yt,coi(Gov H) € {n(Vt,coi(H) - 1); th,coi(H)a n(Vt,coi(H)Jrl) 7O‘(G)}a
which completes the proof. O

A particular case of the total co-independent domination number of rooted prod-

uct graphs G o, H, specifically when H contains a universal vertex, is presented
below.
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Theorem 4.4. Let G be a graph of order ng > 2 with no isolated vertex and let
H be a graph of order nyg > 3. If H has a universal vertex v, then

H>~K,,:
/yt,coi(G Oy H) = na, 1,ty
nG(nH - a(H))v H K17t.

Proof. If H is a star graph with universal vertex v, then it is straightforward to see
that ¢ coi(Goy H) = ng. From now on, we assume that H is a graph different from
astar. So a(H) < ngy —2. As v is a universal vertex of H, there exists a v, coi(H)-
set S containing v and by Lemmal[L.3} v¢,c0i(H) = |S| = ng—a(H). Also, we notice
that every Ynt,coi(H;v)-set is a TC-ID set of H, and s0 V¢, coi(H) < Ynt,coi (H;0).
By Theorem [4.1] (a), it follows that Yy coi(H;v) = 7i,coi(H) and consequently
Vt,c0i(G 0y H) = nag7t,coi(H) by Theorem (ii). O

Let G and H be two graphs of order ng and ng, respectively. The corona
product graph G @ H is defined as the graph obtained from G and H by taking
one copy of G and ng copies of H and joining by an edge every vertex from the
ith copy of H with the ith vertex of G. Notice that any corona graph G ® H
can be presented as a rooted product graph G o, H', where H' = K1 V H and v
is the vertex of Kj. Also, observe that o(H') = «(H). Hence, Lemma and
Theorem [£.4] lead to the following result.

Theorem 4.5. If G is a graph of order ng > 2 with no isolated vertex, then for
every graph H of order nyg > 2,

ng, HgKh

coiG H) = —
Yeoi( G © H) {ng(nH—a(H)+1), H#%EK.

Acknowledgements. The authors are grateful to the anonymous referee for the
careful reading and valuable comments and suggestions that improved the presen-
tation of the paper.

REFERENCES

[1] H. Abdollahzadeh Ahangar, M. Chellali and V. Samodivkin, Outer independent Roman
dominating functions in graphs, Int. J. Comput. Math. 94 (2017), no. 12, 2547-2557.
MR, 3740665.

H. Abdollahzadeh Ahangar, M. Chellali and S. M. Sheikholeslami, Outer independent double
Roman domination, Appl. Math. Comput. 364 (2020), 124617, 9 pp. MR 3993956

2

[3] A. Cabrera Martinez, Double outer-independent domination number of graphs, Quaest.
Math. 44 (2021), no. 12, 1835-1850. MR, 4356810\

[4] A. Cabrera Martinez, J. C. Herndndez-Gémez, E. Parra Inza and J. M. Sigarreta Almira, On
the total outer k-independent domination number of graphs, Mathematics 8 (2020), no. 2,
article #194. https://doi.org/10.3390/math8020194.

[5] A. Cabrera Martinez, F. A. Herndndez-Mira, J. M. Sigarreta Almira and I. G. Yero, A note
on total co-independent domination in trees, https://arxiv.org/abs/2005.02185| [math.CO],
2020.

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)


https://mathscinet.ams.org/mathscinet-getitem?mr=3740665
https://mathscinet.ams.org/mathscinet-getitem?mr=3993956
https://mathscinet.ams.org/mathscinet-getitem?mr=4356810
https://doi.org/10.3390/math8020194
https://arxiv.org/abs/2005.02185

(6]

7
8]
9

[10]

(11]

[12]
[13
[14]
[15]
[16]
[17

(18]

(19]

20]

[21]
[22
[23]
[24]

(25]

TOTAL CO-INDEPENDENT DOMINATION NUMBERS 167

A. Cabrera Martinez, F. A. Herndndez Mira, J. M. Sigarreta Almira and I. G. Yero, On
computational and combinatorial properties of the total co-independent domination number
of graphs, Comput. J. 62 (2019), no. 1, 97-108. MR 3897420.

A. Cabrera Martinez, D. Kuziak and I. G. Yero, Outer-independent total Roman domination
in graphs, Discrete Appl. Math. 269 (2019), 107-119. MR 4016589\

A. Cabrera Martinez, D. Kuziak and I. G. Yero, A constructive characterization of vertex
cover Roman trees, Discuss. Math. Graph Theory 41 (2021), no. 1, 267-283. MR 4171002.

P. Dorbec, S. Gravier, S. Klavzar and S. spa‘capan7 Some results on total domination in direct
products of graphs, Discuss. Math. Graph Theory 26 (2006), no. 1, 103-112. MR 2230822.

M. El-Zahar, S. Gravier and A. Klobucar, On the total domination number of cross products
of graphs, Discrete Math. 308 (2008), no. 10, 2025-2029. MR, 2394471.

W. Fan, A. Ye, F. Miao, Z. Shao, V. Samodivkin and S. M. Sheikholeslami, Outer-
independent Italian domination in graphs, IEEE Access 7 (2019) 22756-22762. https:
//doi.org/10.1109/ACCESS.2019.2899875.

T. Gallai, Uber extreme Punkt- und Kantenmengen, Ann. Univ. Sci. Budapest. Eétvés Sect.
Math. 2 (1959), 133-138. MR 0131370\

D. Geller and S. Stahl, The chromatic number and other functions of the lexicographic
product, J. Combinatorial Theory Ser. B 19 (1975), no. 1, 87-95. MR 0392645,

R. Hammack, W. Imrich and S. Klavzar, Handbook of Product Graphs, second edition, CRC
Press, Boca Raton, FL, 2011. MR 2817074.

M. A. Henning, A survey of selected recent results on total domination in graphs, Discrete
Math. 309 (2009), no. 1, 32-63. MR 2474998,

M. A. Henning and A. Yeo, Total Domination in Graphs, Springer Monographs in Mathe-
matics, Springer, New York, 2013. MR 3060714.

D. Kuziak, M. Lemanska and I. G. Yero, Domination-related parameters in rooted product
graphs, Bull. Malays. Math. Sci. Soc. 39 (2016), no. 1, 199-217. MR 3439855,

Z. Li, Z. Shao, F. Lang, X. Zhang and J. B. Liu, Computational complexity of outer-
independent total and total Roman domination numbers in trees, IEEE Access 6 (2018)
35544-35550. https://doi.org/10.1109/ACCESS.2018.2851972,

C. Lowenstein, In the Complement of a Dominating Set, Ph.D. Dissertation, Technische
Universitdt Ilmenau, Germany, 2010. https://d-nb.info/1007949198 /34l

R. J. Nowakowski and D. F. Rall, Associative graph products and their independence,
domination and coloring numbers, Discuss. Math. Graph Theory 16 (1996), no. 1, 53-79.
MR, 1429806l

D. F. Rall, Total domination in categorical products of graphs, Discuss. Math. Graph Theory
25 (2005), no. 1-2, 35-44. MR 2152047,

D. Seinsche, On a property of the class of n-colorable graphs, J. Combinatorial Theory Ser. B
16 (1974), 191-193. MR 0337679.

N. D. Soner, B. V. Dhananjaya Murthy and G. Deepak, Total co-independent domination in
graphs, Appl. Math. Sci. (Ruse) 6 (2012), no. 129-132, 6545-6551. MR 2989791,

S. épacapan, The k-independence number of direct products of graphs and Hedetniemi’s
conjecture, Furopean J. Combin. 32 (2011), no. 8, 1377-1383. MR 2838023

P. M. Weichsel, The Kronecker product of graphs, Proc. Amer. Math. Soc. 13 (1962), 47-52.
MR, _0133816.

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)


https://mathscinet.ams.org/mathscinet-getitem?mr=3897420
https://mathscinet.ams.org/mathscinet-getitem?mr=4016589
https://mathscinet.ams.org/mathscinet-getitem?mr=4171002
https://mathscinet.ams.org/mathscinet-getitem?mr=2230822
https://mathscinet.ams.org/mathscinet-getitem?mr=2394471
https://doi.org/10.1109/ACCESS.2019.2899875
https://doi.org/10.1109/ACCESS.2019.2899875
https://mathscinet.ams.org/mathscinet-getitem?mr=0131370
https://mathscinet.ams.org/mathscinet-getitem?mr=0392645
https://mathscinet.ams.org/mathscinet-getitem?mr=2817074
https://mathscinet.ams.org/mathscinet-getitem?mr=2474998
https://mathscinet.ams.org/mathscinet-getitem?mr=3060714
https://mathscinet.ams.org/mathscinet-getitem?mr=3439855
https://doi.org/10.1109/ACCESS.2018.2851972
https://d-nb.info/1007949198/34
https://mathscinet.ams.org/mathscinet-getitem?mr=1429806
https://mathscinet.ams.org/mathscinet-getitem?mr=2152047
https://mathscinet.ams.org/mathscinet-getitem?mr=0337679
https://mathscinet.ams.org/mathscinet-getitem?mr=2989791
https://mathscinet.ams.org/mathscinet-getitem?mr=2838023
https://mathscinet.ams.org/mathscinet-getitem?mr=0133816

168 A. CABRERA MARTINEZ ET AL.

A. Cabrera Martinez
Universitat Rovira i Virgili, Departament d’Enginyeria Informatica i Matematiques, Spain
abel.cabrera@urv.cat

S. Cabrera Garcia

Universitat Politécnica de Valencia, Departamento de Estadistica e Investigacién Operativa
Aplicadas y Calidad, Spain

suicabga@eio.upv.es

1. Peterin

University of Maribor, Faculty of Electrical Engineering and Computer Science, Slovenia, and
Institut za Matematiko, Fiziko in Mehaniko, Ljubljana, Slovenia

iztok.peterin@um.si

I. G. Yero™

Universidad de Céadiz, Departamento de Matematicas, Escuela Técnica Superior de Ingenieria
de Algeciras, Spain

ismael.gonzalezQuca.es

Received: May 29, 2019
Accepted: October 27, 2020

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



	1. Introduction
	2. The join, the lexicographic and the strong products of graphs
	3. The direct product of graphs
	4. The rooted and corona products of graphs
	Acknowledgements

	References

