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SIMPLE, LOCAL AND SUBDIRECTLY IRREDUCIBLE STATE
RESIDUATED LATTICES

MOHAMMAD TAHERI, FARHAD KHAKSAR HAGHANI, AND SAEED RASOULI

ABSTRACT. This paper is devoted to investigating the notions of simple, local
and subdirectly irreducible state residuated lattices and some of their related
properties. The filters generated by a subset in state residuated lattices are
characterized and it is shown that the lattice of filters of a state residuated
lattice forms a complete Heyting algebra. Maximal, prime and minimal prime
filters of a state residuated lattice are investigated and it is shown that any
filter of a state residuated lattice contains a minimal prime filter. Finally, the
relevant notions are discussed and characterized.

1. INTRODUCTION

The notion of a state is an analogue of probability measure. Such a notion plays
a crucial role in the theory of quantum structures which generalizes the Kolmogorov
probabilistic space. Forty years after the appearance of MV-algebras [2], states of
MV-algebras (MV-states) have been introduced by [I7] as maps from any MV-
algebra to the real unit interval [0, 1] satisfying a normalization condition and a
generalized version of the finite additivity law of classical probability measures.
This notion was introduced as an averaging process for formulas in Lukasiewicz
logic and also as a special case of a state on a D-poset [14]. Since MV-algebras with
state are not universal algebras, they do not automatically induce an assertional
logic. The papers [7] and [§] presented an algebraizable logic using a probabilistic
approach, and its equivalent algebraic semantics is precisely the variety of state MV-
algebras. The concept of a state BL-algebra was introduced by [4], as an extension
of the concept of a state MV-algebra. The paper [11] introduced the notion of
state operators on residuated lattices and investigated some related properties of
such operators. Recently, [13] and [19] defined and studied some properties of
generalized state operators on residuated lattices and non-commutative residuated
lattices, respectively. The present work is greatly motivated by the the ones above
and a desire to extend these investigations to residuated lattices. Our findings
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show that the results obtained by [3] can also be reproduced and improved via
state residuated lattices.

This paper is organized in four sections. In Section 2] some definitions, properties
and results relative to residuated lattices and state residuated lattices are recalled.
We illustrate them by some examples of residuated lattices which will be used in
the following sections of the paper. Also, it is shown that the filter lattice of a state
residuated lattice forms a complete Heyting algebra and the set of principal filters of
a state residuated lattice 2l is a sublattice of the filter lattice of 2(. In Section [3] the
notions of maximal, prime and minimal prime filter of a state residuated lattice are
investigated and two fundamental theorem are given for prime and minimal prime
filters (Theorems[3.§and [3.11]). Furthermore, it is observed that any filter of a state
residuated lattice contains a minimal prime filter (Corollary . In Section
the notions of simple, local and subdirectly irreducible state residuated lattices are
investigated. It is proved that a good state residuated lattice 2, is simple if and
only if 2 is simple as a residuated lattice (Proposition . Local state residuated
lattices are characterized by means of nilpotent elements (Corollary and it is
shown that a good and faithful state residuated lattice 2(, is local if and only if
2 is local as a residuated lattice (Corollary . Finally, subdirectly irreducible
state residuated lattices are characterized and it is shown that a good and faithful
state residuated lattice 2, is subdirectly irreducible if and only if 2 is subdirectly
irreducible as a residuated lattice (Corollary .

2. PRELIMINARIES

In this section, we recall some definitions, properties and results relative to resid-
uated lattices and state residuated lattices which will be used in the following. For
a survey of residuated lattices we refer to [I2] and for a survey of state residuated
lattices we refer to [I9]. The results in this section are original, unless otherwise
stated.

2.1. Residuated lattices. An algebra 2 = (A;V,A,®,—,1) is called a commu-
tative residuated lattice if £(A) = (A;V, A) is a lattice, (4;®,1) is a commutative
monoid and (®, —) is an adjoint pair, i.e., a®b < ciff a < b — ¢, for all a,b,c € A.
A commutative residuated lattice with a constant 0 (which can denote any element)
is called a pointed commutative residuated lattice or a commutative full Lambek al-
gebra (FL, algebra). If 1 is a top element of £(2), then 2 is called a commutative
integral residuated lattice. An FL, algebra 2 in which (4;V,A,0,1) is a bounded
lattice is called a FL¢, algebra. An FL., algebra is sometimes called a commu-
tative bounded integral residuated lattice. In this paper, by a residuated lattice we
mean an FL., algebra. A residuated lattice 2l is called nondegenerate if 0 # 1. For
a residuated lattice 2l and a € A we put —a := a — 0. We denote by RL the class
of residuated lattices. Following the results of [I], we deduce that the class RL
is equational, hence it forms a variety. A residuated lattice %A is called a divisible
residuated lattice if it satisfies the divisibility condition

div) 2O (r = y)=x Ay.
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We denote by DRL the class of divisible residuated lattices. Obviously, the class
DRL is equational. Hence it forms a subvariety of the variety RL. A residuated
lattice 2 in which z ® y = 2 A y (or equivalently, z? = z) for all x,y € A is called
a Heyting algebra or pseudo-Boolean algebra [20]. Obviously, any Heyting algebra
is a divisible residuated lattice.

The following remark provides some rules of calculus in a residuated lattice
which will be used in this paper.

Remark 2.1 ([I2], Proposition 2.2]). Let 2 be a residuated lattice. The following
conditions are satisfied for any z,y, z € A:

(r) z0@EVz)=(@oy)V(oz);

(re) zV(y©z)>(xzVy o(zVz).
Example 2.2. Let 4g = {0,a,b,¢,d, 1} be a lattice whose Hasse diagram is given
by Figure |1, Routine calculation shows that 2 = (4g; V, A, ®, —,0,1) is a resid-
uated lattice where the commutative operation “©” is given by Table [ and the
operation “—” is defined by x — y = \/{a € A¢ | z ©® a < y}, for any z,y € Ag.

®]0 a b c d 1 °
000000 0] ‘1
;‘gaOaa‘ d\
b‘gOab‘ Tb
C‘ECC‘ c ®
d|d d| a
11 0
TABLE 1 FIGURE 1

Example 2.3. Let Cs = {0,a,b,¢,d, 1} be a lattice whose Hasse diagram is given
by Figure 2| Routine calculation shows that € = (Cg; V, A, ®,—,0,1) is a resid-
uated lattice where the commutative operation “®” is given by Table |2| and the
operation “—" is defined by z =y =\/{a € Cs | x ©® a < y}, for any =,y € Cs.

Example 2.4. Let A7 = {0,a,b,¢,d,e,1} be a lattice whose Hasse diagram is
given by Figure [3] Routine calculation shows that 20y = (A7;V, A, ®,—,0,1) is a
residuated lattice where the commutative operation “®” is given by Table [3] and
the operation “—” is defined by x — y = \/{a € A7 | t®a < y}, for any z,y € As.

Let 2 be a residuated lattice. A non-void subset F' of A is called a filter of 2 if
x,y € Fimplies x®y € F and xVy € F for any x € F and y € A. The set of filters
of 2 is denoted by % (). A filter F' of 2 is called proper if F' # A. Clearly, F is a
proper filter if and only if 0 ¢ F. For any subset X of A the filter of 2 generated
by X is denoted by .%(X). For each z € A the filter generated by {z} is denoted
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@‘Oabcdl °
000000 0] ‘1
al0 0 0 0 a .
b[0 0 0 b /\‘b
C‘QOC‘ \ l
d|o d| " a
Y 0
TABLE 2 FIGURE 2
®|0 a b ¢ de 1 :
00000 O0O0 O] /
;\aaaaaa\ 3 e
b|lb a b a b /
cla a ¢ ¢ b\/c
dlb ¢ d] .
e‘e e‘ l
L[] 0
TABLE 3 FIGURE 3

by % (z) and called principal filter. The set of principal filters of 2 is denoted by
PF(A). Recall [10, Definition 41] that if 2 is a complete lattice, an element a € A
is called compact provided that a < \/ X, for any X C A, implies that a < \/Y for
some finite Y C X. According to [5], (:#(2();N,Y,1, A) is a complete lattice whose
compact elements are exactly the principal filters of 2I.

Remark 2.5. Recall [10, §5.7] that a complete lattice 2 is called a frame if it
satisfies the join infinite distributive law (JID), i.e., for any a« € A and S C A,
anV/S=\{aAs]|se S} Itis well known that a complete lattice is a Heyting
algebra if and only if it is a frame. According to [9], for any residuated lattice 2A,
the complete lattice .# () is a frame. So (Z(2A);N, Y, <,0,1) is a Heyting algebra
where F— G =VY{H € () | FNH C G}, for any F,G € Z ().

The following proposition has a routine verification.
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Proposition 2.6. Let 2 be a residuated lattice and F be a filter of A. The following
assertions hold for any x,y € A and X C A:

(1) F(F,X)=FVYZ(X)={acA| fOox10---Oz,<a, fEF x1,...,2, €

X,n>1};

(2) F(F,x)NZF(F,y)=%(F,zVy);

(3) = <y implies F(F,y) C Z(F,z);

(4) F(F.a)Y F(Fy)=F(Fany)=F(Frzoy) =F(Fay);

(5) PZF) is a sublattice of F ().

Let 2 be a residuated lattice. We define the distance functions d(a,b) = (a —
b) ® (b — a), for any a,b € A. With any filter of a residuated lattice 2 we associate
a binary relation =r on A by

(a,b) € =F if and only if d(a,b) € F.

The binary relation = is an equivalence relation on A. = is called the equiv-
alence relation induced by F'. In the following, for any a € A, the equivalence class
a/=r is denoted by [a]p.

2.2. State residuated lattices.

Definition 2.7 ([I9]). Let 2 be a residuated lattice. A mapping v : A — A is
called a state operator on 2l if it satisfies the following assertions:

(s1) v(0)=0;

(s2) v is monotone;

(s3) v(z—vy)=v(z)—=vizAy);
(s4) v(v(z) ©v(y)) =v(z)Ov(Yy);
(s5) v(v(z)Vr(y) =rv(z)Vr(y);
(s6) v(v(z)Av(y)) =v(z) Av(y).

If 2 is a residuated lattice and v is a state operator on 2{, then the pair 2, =
(;v) is called a state residuated lattice or, more precisely, a residuated lattice with
internal state v. We denote by SRL the class of state residuated lattices. By [19]
Lemma 3.1], it follows that the class SRL is equational and so it is a variety. For
any state operator v on a residuated lattice 2, we set ker(v) = v (1). A state
operator v is called faithful if ker(v) = {1}.

Example 2.8. Let 2 be a residuated lattice. Clearly i4 is a state operator. So
2, , is a state residuated lattice.

Example 2.9. Let 2 be a residuated lattice and v be an idempotent endomorphism
of 2. Clearly v is a state operator. So 2, is a state residuated lattice.

Example 2.10. Consider Example 2.4 One can check that the mapping v :
A7 — A7 defined by v(x) =0 for z € {0,a,b,c} and v(z) =1 for x € {d,e, 1} is
a state operator.

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



370 M. TAHERI, F. KHAKSAR HAGHANI, AND S. RASOULI

Proposition 2.11. Let 2, be a state residuated lattice. The following assertions
hold for any x,y € A:

(s7) v(-w) = —w(x);

(s8) v(x) ©Ov(y) Sv(zOy);

(s9) v*(z) =v(z);

(s10) if  and y are comparable, then v(x — y) = v(x) = v(y).
Proof. Tt follows by [19, Proposition 3.6]. O

Lemma 2.12. Let 2, be a state residuated lattice. If v is faithful, then v(z) =0
implies that x = 0.

Proof. Let v be a faithful operator and v(z) = 0, for some z € A. Byit follows
that v(—z) = 1 and this implies that -2 = 1. So we have 0 < x < =—z = 0 and
thus the result holds. O

Let 2 be a residuated lattice. Following [19], Definition 3.7], a mapping v : A —
A is called a good state operator on 2 if it satisfies |(s1)l |(s4) |(s5)] [(s6)| and the
following assertion:

(g5) v(z—y)=v(z)—=v(y).

Let 2 be a residuated lattice and v be a good state operator on 2. The pair
A, = (A;v) is called a good state residuated lattice. By [19, Proposition 3.8] it
follows that if 2, is a good state residuated lattice, then it satisfies and
and so 2, is a state residuated lattice.

Proposition 2.13. Let 2 be a chain residuated lattice. Then any state operator
on A is good.

Proof. Tt is obvious by O

Lemma 2.14. Let 2, be a good state residuated lattice. The state operator v is
faithful if and only if it is injective.

Proof. Let v be a faithful operator and v(z) = v(y), for some z,y € A. Bywe
have v(z — y) = v(z) = v(y) = v(y) = v(y) = 1 and this ensures that ¢ — y =1
by the hypothesis of faithfulness of v. Analogously, we can obtain that y -z =1
and this shows that x = y. The converse is evident. O

Proposition 2.15. Let 2, be a good state residuated lattice. The following asser-
tion holds for any x,y € A:

vz ©y) =v(z)Ovy).
Proof. Tt follows by [19, Proposition 3.9]. O

Let 21, be a state residuated lattice. A subset F' of A is called a filter of 2, if
F is a filter of 2 and v(F) C F. The set of filters of 2, is denoted by Z (2, ).
It is obvious that {1}, ker(v),A € Z#(2,). One can easily check that if F is a
filter of 2 contained in ker(v), then F is a filter of 2,. For any subset X of A
the filter of 2, generated by X is denoted by .#%*(X), and when there is no
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ambiguity it is denoted by #¥(X). For any « € A, the filter of 2(, generated by
{z} is denoted by F¥(x) and called principal filter of 2,. The set of principal
filters of 2, is denoted by Z.F(2,). A congruence R of 2 is called a congruence
of A, (or, v-congruence) if (a1,a2) € R implies (v(a1),v(az)) € R. The set of all
v-congruences will be denoted by Con(2l,,). It is obvious that A 4, x(v) € Con(2A,),
where As = {(a,a) | a € A} and k(v) = {(a1,a2) € A% | v(a1) = v(az)}. By [19,
Proposition 4.10] it follows that if 2, is a state residuated lattice then there is a
lattice isomorphism between v-filters and v-congruences of 2A,,.

Example 2.16. Consider the state residuated lattices (g;i4,) from Example
(T6;ic,) from Example|2.3|and (A7;44,) from Example The set of their filters
is presented in Table [4]

‘ filters ‘
| As | {1}.{d,1},{a,b,d,1},{c,d,1}, As |
‘ Q:G ‘ {l}acﬁ ‘

|

‘ 27 ‘ {1}7{b7d,1}7{€,1},{@,[)76, d,671}7A7

TABLE 4

By [19, Proposition 3.6 s1g] it follows that if 2, is a state residuated lattice,
then v(2A) is a subalgebra of 2. Let A, be a state residuated lattice and F' be a
v-filter of 2,,. In the following, we set v (F) ={a € A | v(a) € F}.

Proposition 2.17. Let 2, be a state residuated lattice. The following assertions
hold:

(1) F e F ) implies v (F) e F(AU,);
(2) F e F,) implies FNv(A) =v(F) e F(v(A));
(8) F e F(w(A)) implies v (F) e Z(,).

Proof. Tt follows by [19, Proposition 4.2]. O

Proposition 2.18. Let 2, be a state residuated lattice and F be a filter of A,,. The
mapping v/F : AJF — A/F defined by v/F(a/F) = v(a)/F is a state operator
on A/F.

Proof. Tt follows by [19, Proposition 4.3]. O

Remark 2.19. The state residuated lattice (A/F;v/F) in the above proposition
shall be called the quotient state residuated lattice and denoted by 2, /F.

Proposition 2.20. Let 2, be a state residuated lattice and X be a subset of A.
Then F¥(X) = F(X Uv(X)).

Proof. Tt follows by [19, Proposition 4.4]. O
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Corollary 2.21. Let A, be a state residuated lattice, F' be a filter of A, and
z,y € A. The following assertions hold:

(1) F(x) = F(xov(x)) = F(xAv(z) = F(z,v(z) = F(2) L.F (v(2));
(2) FY(F,z)=Z(FU(zov(z)))={ac A| f@(x@u(x) <a, fEF, n>1};
(3) Zfil?<y then 7% (y) € F"(x);
(4) F(v(z)) € F"(x).

Proof. Tt follows by [19, Corollary 4.5]. O

Proposition 2.22. Let 2, be a state residuated lattice. Then (F (U, );N, Y, {1}, A)
is a complete sublattice of F ().

Proof. Let F be a subfamily of .Z(2,). Obviously we have NF € .Z#(2,). Also,
we have v(UF) = Uperv(F) C UF and so by Proposition it follows that
v(YF) = v(F(UF))

=v(F(UFUv(UF)))

=v(F"(UF))

C FY(UF)=ZF(UF)=VF.
This shows that % (2(,,) is a complete sublattice of the complete lattice % (). O
Corollary 2.23. Let 2, be a state residuated lattice. F(2,) is a frame.
Proof. 1t follows by Remark and Proposition [2.22 O

Corollary 2.24. Let 2, be a state residuated lattice and x,y € A. The following
assertions hold:

(1) Fr(x)NF (y) = F(@Vy,zVu(y),viz)Vyviz) V()
(2) ff”( VY F(y) = F (@, y,v(x),v(y));
(3) Frxoy) € F(x) YT (y).

Proof. l By distributivity of the lattice .% (), Proposition and Corol-
lary we have the following sequence of formulas:
T ()N F¥(y) = F(xov(r))NF(yoviy))

(F(2) Y. F(v(2)) N (F(y) L F(v(y)))
= (ZF(@)NF(y) Y (F(x)NF(v(y)))

Y(Z(w(x)NF(y)) L (F(v(z)NF(v(y))

=F(@Vy) Y F(xVr(y)LFv(z)Vy) YF(v(z)Vr(y)
=ZF(xVy,zVr(y), vz )\/% (x) v(y))-

By Proposition and Corollary we have the following sequence

of formulas:

T (@)Y F(y) = F(x,v(x) ¥ F(y,v(y))
= Z(x,y,v(z),v(y))-
It is a direct consequence of Corollary [2.21|(1)| and O
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Corollary 2.25. Let 2, be a state residuated lattice and x,y € A. The following
assertions hold:

(1) Fr(z)NnF ' (y)=F"(z0v(x)V(yov(y));
(2) Fr(z)Y.FV(y)=F"(xzOy).

Proof. By Proposition [2.21|(1)| we have Z"((z O v(z))V (yoOr(y))) = F(z O

v()Vyovy))YZr((zov)V(yov(y)))). By Proposition and

we have

F(zov(@)Vyory))=F(xov)nFyory))
= (F (@) Y. F(v(x)) N (F(y) L F(v(y)))
= (F(x)NF(y) L (F(z) NF(v(y)))
V(Z(v(z) N F(y) Y (F(v(x)NF(v(y)))
=FaVy) Y ZF(xVr(y)YF(z)Vy)
V.7 (v(x) Vr(y)
=Z(xVyzVuiy),vixz)Vyviz)Ve(y).

On the other hand, by Proposition we have Z (v((z 0O v(z))V(yoOr(y)))) C
Z(v(z) V v(y)). So the result holds by Corollary [2.24](1)]
It follows by Corollaries [2.21)(3)| and [2.24](3)! O

Corollary 2.26. Let 2, be a state residuated lattice. Then P.F () is a sublattice
of F(A,).

Proof. Tt follows immediately by Corollary O

3. MAXIMAL, PRIME AND MINIMAL PRIME FILTERS

In this section, the notions of maximal, prime and minimal prime filters of a state
residuated lattice are investigated. Let 21, be a state residuated lattice. Recall that
a proper filter M of 2, is called mazimal if it is not strictly contained in any filter
of A, [19]. We use Max(2l,) to denote the set of all maximal filters of 2,,.

Proposition 3.1. Any proper v-filter of a state residuated lattice A, can be ex-
tended to a mazximal v-filter.

Proof. Tt follows by [19, Proposition 4.12]. O

The following proposition characterizes maximal filters of a residuated lattice.

Proposition 3.2. Let 2, be a state residuated lattice. For any proper v-filter M,
the following assertions are equivalent:

(1) M is a maximal v-filter;
(2) if x ¢ M, there exists an integer n such that —(v(z))™ € M.

Proof. Tt follows by [19, Theorem 4.14]. O
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Corollary 3.3. Let 2, be a state residuated lattice and M be a maximal filter
of A,. Then the state operator v/M is faithful.

Proof. Let v/M(x/M)=1/M. So v(x)/M = 1/M and this implies that v(z) € M.
Assume that z ¢ M. Then by Proposition it follows that (—v(z))" € M,
for some integer n and so —w(xr) € M. This means that 0 € M and this is a
contradiction. So we have x € M and so /M = 1/M. This shows that the state
operator v/M is faithful. O

Let %A, be a state residuated lattice and « be a cardinal. A proper filter G of 2,
is called a-irreducible if for any family of filters F of cardinal o, G = (| F implies
G =F, for some F € F. A filter G is called (finite) irreducible if it is a-irreducible
for any (finite) cardinal «. A filter P is called prime if it is finite irreducible. It
is obvious that a proper filter P of 2, is prime if and only if P is 2-irreducible.
The set of prime filters of 2, is called the prime spectrum of 2, and denoted by
Spec(2,). Clearly, any maximal filter of 2, is irreducible and hence prime. The
next proposition characterizes prime filters of a state residuated lattice.

Proposition 3.4. Let 2, be a state residuated lattice. For any proper filter P
of A, the following assertions are equivalent:

(1) P is prime;

(2) FyNFy C P implies Fy CP or Fy C P, for any Fy, Fy € Z(2,);

(3) (zov(z)V(yov(y)) € P impliesxz € P ory € P, for any z,y € A.

Proof. Tt follows by [19, Proposition 4.18]. O

Proposition 3.5. Let 2, be a state residuated lattice and P be a proper v-filter
of A,. If {F € Z(,) | P C F} is a chain, then P is v-prime.

Proof. Let ¥ ={F € #(,) | P C F} be a chain. Assume that P is not v-prime.
So there exist z,y € A such that (z @ v(z))V(yoOv(y)) € P,z ¢ Pandy ¢ P.
Since F#Y(P,x), #"(P,y) € X, without loss of generality let #"(P,x) C .F"(P,y).
By distributivity of % (2,) and Corollary [2.25|(1), we have the following sequence
of formulas:
P=PYF((xov(x))V(yovy)))=PY(F (x)NF"(y))
= FY(P,x)NF"(P,y)
= Z"(P,zx).

This shows that x € P; a contradiction. Hence P must be a prime filter. O

Let 2, be a state residuated lattice. A nonempty subset € of A is called a
V-closed subset of 2, if z,y € € implies that (z ® v(z)) V (y ©v(y)) € €. The set
of V-closed subsets of 2, shall be denoted by € (,). Clearly, {1}, A € €(,).

Remark 3.6. (1) Tt is obvious that a filter P is prime if and only if P¢ := A\ P
is V-closed. Also, if T is a family of prime filters, then (UT")¢ is V-closed.
(2) A V-closed set € in [6, Theorem 3.8] and [I3|, Lemma 1] is defined as a
subset in which z,y € € implies z V y € €, but in Theorem [3.11] we show
that the complement of a prime filter must be a V-closed set.
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Let 2, be a state residuated lattice. It is obvious that (A; % (2(,)) is a closed set
system. The closure operator associated with this system shall be denoted by €.

Lemma 3.7. Let 2, be a state residuated lattice, F' be a filter of A, and z € A.
If¢"(x)NF #£0, thenx € F.

Proof. Tt is obvious that y € ¥¥(x) implies y < z. This proves the result. (]

Theorem 3.8 (Prime filter theorem). If € is a V-closed subset of a state residuated
lattice 2, which does not meet the filter F', then F' is contained in a filter P which
18 maximal with respect to the property of not meeting € ; furthermore P is prime.

Proof. Let ¥ = {G e F&,) | F C G, GNE = 0}. We can easily find that ¥
satisfies the conditions of Zorn’s lemma. Let P be a maximal element of ¥. Let
(xov(z)) V(yor(y)) € P and neither = ¢ P nor y ¢ P. By maximality of P we
have #¥(P,z)N%E # 0 and .ZF”(P,y)NE # 0. Suppose that a, € .F"(P,z)N% and

ay € FY(P,y)N€. By Corollary we get that (a; Ov(asz))V (ay ©Orv(ay)) €
P N %; a contradiction. O

Corollary 3.9. Let F' be a filter of a state residuated lattice A, and X be a subset
of A. The following assertions hold:

(1) if X ¢ F, there exists a prime filter P which is mazimal with respect to
the property of containing F and X ¢ P;
(2) F'(X) = {P € Spec(,) | X C P}.

Proof. Let z € X — F. By taking €”(z) and using Lemma it follows that
¢"(x) N F = 0. So the result holds by Theorem [3.8

Set 0 = {P € Spec(2,) | X C P}. Obviously, we have .Z"(X) C (o. Let
a¢ FY(X). By it follows that there exits a prime filter P containing .#"(X)
such that a ¢ P. This shows that a ¢ (o. O

Let 2, be a state residuated lattice and X be a subset of A. A prime filter P
is called a minimal prime filter belonging to X, or an X-minimal prime filter, if
{Q € Spec(2,) | X € Q C P} = P. The set of all X-minimal prime filters
of 2, is denoted by Minx (2,). A prime filter P is called a minimal prime filter if
P € Min; (2,). The following result is an easy consequence of Zorn’s lemma.

Lemma 3.10. Let F be a filter of a state residuated lattice A,. If € is a V-
closed subset of A, which does not meet F', then € is contained in a state V-closed
subset € of A, which is mazximal with respect to the property of not meeting F.

The following theorem gives a fundamental characterization of minimal prime
filters in a state residuated lattice.

Theorem 3.11 (Minimal prime filter theorem). Let F be a filter of a state resid-
uated lattice A,,. A subset P of A is an F-minimal prime filter of A, if and only if
Pe (the complement of P in A) is a V-closed subset of 2, which is maximal with
respect to the property of not meeting F.
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Proof. Let P be a subset of A such that P¢ is a V-closed subset of 2, which is
maximal with respect to the property of not meeting F'. By Proposition [3.8] there
exists a prime filter @ containing F which does not meet P°. So @ is contained
in P. By Remark [3.6](1), Q¢ is a V-closed subset of 2, containing P¢ and we have
Q°NF = 0. So by maximality of P¢ we deduce that P® = Q° and this means that
P = (. This shows that P is a prime filter and moreover that P is an F-minimal
prime filter.

Conversely, let P be an F-minimal prime filter of 2,. By Remark pe
is a V-closed subset of 2,. By using Lemma we can get a V-closed subset €
of A, which is maximal with respect to the property of not meeting F. By the
case just proved, €€ is an F-minimal prime filter which does not meet P¢ and this
implies that ¢ C P. By hypothesis € = P¢, and this shows that P¢ is a V-closed
subset of 2, which is maximal with respect to the property of not meeting F'. O

Corollary 3.12. Let A, be a state residuated lattice, X be a subset of A and P
be a prime filter containing X. There exists an X-minimal prime filter which is
contained in P.

Proof. By Remark [3.6](1)] P¢ is a V-closed subset of 2, such that PN.#"(X) = {.
By Lemma we can obtain a V-closed subset ¢ of 2, containing P¢ which is
maximal with respect to the property of not meeting &#"(X). By Theorem
%° is an Z#Y(X)-minimal prime filter which is contained in P. Consequently, ¢
is an X-minimal prime filter which is contained in P. O

The following corollary should be compared with Corollary

Corollary 3.13. Let F be a filter of a state residuated lattice A, and X be a subset
of A. The following assertions hold:

(1) If X ¢ F, there exists an F-minimal prime filter m such that X ¢ m;
(2) ZF¥(X)=Minx(2,).

Proof. It is a direct consequence of Corollary and Corollary

Set ox = {P € Spec(2,) | X C P}. By Corollary 3.9|(2)] it is sufficient
to show that (YMinx(2(,) = (Nox. It is obvious that (Jox C [\ Minx (2, ). Let
a € Minx () and P be an arbitrary element of ox. By Corollary there
exists an X-minimal prime filter m containing in P. Hence, a € m C P and this
states that ((Minx (2,) C Nox. O

Example 3.14. Consider the state residuated lattices (2g;i4,) from Example
(T6;ic,) from Example and (2A7;i4,) from Example The set of their max-
imal, prime and minimal prime filters is presented in Table [5]
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| prime filters |

‘ Maximal ‘ ‘ Minimal ‘

‘ 2[6 ‘ {aabada1}7{cad71} ‘ {dal} ‘ {1} ‘

| ¢ | {1} | {1

|27 | {abcdel} | | {b,d,1},{e,1} |
TABLE 5

4. SIMPLE7 LOCAL AND SUBDIRECTLY IRREDUCIBLE STATE
RESIDUATED LATTICES

In this section we study the notion of simple, local and subdirectly irreducible
state residuated lattices and find relations between them. Recall that for a residu-
ated lattice 2 and a € A we put a” := a ® - ©® a (n times), for any integer n. An
element a € A is called nilpotent if a™ = 0, for some integer n. The set of nilpotent
elements of 2 is denoted by ni(2A). It is easy too see that ni(2A) is an ideal of £(2).
In the following, we set in(2A) = A\ ni(2A).

A residuated lattice 2 is called simple if .#(A) = {{1}, A} (see Figure [4)).
A residuated lattice 2( is simple if and only if ni(2) = A\ {1}, [I5, Lemma
1.1]. Following [11], Definition 3.20] a state residuated lattice 2, is called sim-
ple it 7 (A,) = {{1}, A}.

Proposition 4.1. Let A, be a state residuated lattice. U, is simple if and only if
v(A) is a simple residuated lattice and v is faithful.

Proof. Tt follows by [19, Corollary 4.7]. O

FIGURE 4. The filter lattice of a simple state residuated lattice

Corollary 4.2. Let 2, be a simple state residuated lattice. Then for any 1 # a €
A, v(a) € ni(2A).

Proof. Let 1 # a € A. By Proposition it follows that v(a) # 1 and so there
exists an integer n such that (v(a))™ = 0. O

Proposition 4.3. Let 2, be a state residuated lattice and M be a proper filter
of . The following assertions are equivalent:

(1) A, /M is simple;

(2) M is mazimal.
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Proof. [-[] Let © ¢ M. So z/M # 1/M. By Proposition and Corol-
lary it follows that (v(z))"/M = (v(z)/M)" = (v/M(z/M))" = 0/M, for
some integer n. This implies that —(v(z))” € M and so M is a maximal filter by
Proposition 3.2

(2)={(1)f By Corollary it follows that the state operator v/M is faithful.
Now, let v(z)/M = v/M(x/M) # 1/M. So v(z) ¢ M. By and Proposi-
tion it follows that —(v(z))” = —(v(v(z)))” € M. Thus (v/M(x/M))" =
(v(z)/M)™ = 0/M and this shows that v/M (A, /M) is simple. So the result holds
by Proposition O

Let 2, be a state residuated lattice. It is obvious that if 2l is a simple residuated
lattice, then 2, is a simple state residuated lattice. The following proposition gives
a sufficient condition for a simple state residuated lattice to be a simple residuated
lattice.

Proposition 4.4. Let A, be a good and simple state residuated lattice. Then 2 is
simple.

0, for some integer n. Since 2, is good, by Proposition [2.15|it follows that v(z™) =
0, and since v is faithful (thanks to Proposition [{.1]), by Lemma it follows that
2™ = 0. Thus x € ni(2A) and this shows that 2 is simple. O

Proof. Let 2, be simple and 1 # z € A. By Corollary follows that (v(x))™ =

Following [3, Definition 4.1], a residuated lattice 2 is called local if it has exactly
one maximal filter, denoted by My (see Figure [5)). In [3, Proposition 4.4] it was
shown that 2 is a local residuated lattice if and only if in(2) is a filter of 2A.

FIGURE 5. The filter lattice of a local state residuated lattice

Recall that a local state residuated lattice is a state residuated lattice with
exactly one state maximal filter. This class of state residuated lattices are charac-
terized in [I1} Proposition 3.24].

Corollary 4.5. Let 2, be a state residuated lattice. The following assertions are
equivalent:

(1) A, is local;
(2) v(A) is local.
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Proposition 4.6. Let A, be a state residuated lattice. The following assertions
are equivalent:

(1) in(v(A)) is a filter of v(A);

(2) A, is a local state residuated lattice;

(3) wz,y € in(v(A)) implies t @y € in(v(A)), for any xz,y € v(A).

Proof. |(1)={(2)f It is obvious that in(v(A)) is a proper filter. Let F' be a proper
filter of v(A) and = € F. So we have .Z*(4)(z) C F and this implies that z €
in(v(A)). Thus F C in(v(A)) and this shows that in(v(A)) is the unique maximal
filter of ¥(A). So v(A) is a local residuated lattice. By Corollary |4.5|it follows that
2, is a local state residuated lattice.

(2)={(1)f By Corollary it follows that 2/, is a local state residuated lattice.
Let z € in(v(A)). So Z#¥4(z) is a proper filter of v(A). By Proposition it
follows that 2 € .#¥(4)(x) C My, . This shows that in(v(A)) C My,. The inverse
inclusion is evident and so we have in(rv(A)) = My, . Thus the result holds.

[]i] It is evident.
(3)P{(1)} Since 1 € in(v(A)), in(rv(4)) is nonempty. Let z € in(v(A)) and

y € v(A). Thus for any integer n we have 0 < 2™ < (z V y)™ and this shows that
z Vy € in(v(4)). O

Corollary 4.7. Any simple state residuated lattice is local.

Proof. Let 2, be a simple state residuated lattice. By Corollary [4:2]it follows that
in(v(A)) = {1} and so the result holds by Proposition O

Let 2 be a residuated lattice and F be a filter of 2. We set F'T = {a € A |
a®x=0,3r € F}. Elements of F'T are called orthogonal elements to F.

Lemma 4.8. Let U be a residuated lattice and F be a filter of A. The following
assertions hold:

(1) FT={acA|-acF};

(2) FT isan ideal of £(2).

Proof. Set U={a€A|-acF}. Ifac F', thena®x =0, for some x € F.
This implies that x < —a and so a € ¥. Conversely, a € ¥ implies that —a = z, for
some x € F, and this implies that a ® z = 0. So we have a € F''.

It is evident by O

Corollary 4.9. Let 2, be a local state residuated lattice. The following assertions
hold:

(1) For any x € v(A), z € ni(v(A)) or ~x € ni(rv(4));
(2) (in(v(A)" S ni(v(A));
(3) (in(v(4))" Nin(v(4)) =0.

Proof. Since x ® —x € ni(v(A)), it follows by Proposition [4.6(3)|

Let a € (in(v(A)))". By Lemma it follows that —a € in(r(A)) and
so by [(1)| we obtain that a € ni(v(A)).

(3)f It is evident. O
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Lemma 4.10. Let 2, be a good state residuated lattice and v be faithful. We have
in(2) = v (in(v(A))).

Proof. Tt is an immediate consequence of Lemma [2.12] Lemma [2.14] and Proposi-
tion [2.15] O

Corollary 4.11. Let 2, be a good state residuated lattice and v be faithful. The
following assertions are equivalent:

(1) 2, is local;

(2) 2 is local.

Proof. [1)E{(2)} By Proposition in(v(A)) is a filter of v(A). So by Propo-
sition [2.17|(3)| it follows that v (in(r(A))) is a filter of A. Consequently, by
Lemma in(2) is a filter of A and so 2 is a local residuated lattice.

(2)E{(1)F Since 2 is local, in(2l) is a filter of 2[. By Lemma it follows that
v (in(v(A))) is a filter of A. Let y1,y2 € in(v(A)). So there exist x1,22 € A
such that v(z1) = y; and v(xs) = yo. This implies that x1,zo € in(2A) and so
1 © 22 € in(A). By Proposition we get that y; © yo = v(x1) O v(xg) =
v(z1 ©@xg) € in(r(A)) and this means that 2, is a local state residuated lattice by
Proposition O

Proposition 4.12 ([3, Proposition 4.9]). Any chain residuated lattice is local.

Corollary 4.13. Any chain state residuated lattice is local.

Proof. Tt is an immediate consequence of Proposition Corollary and
Proposition [£.12] O

Let 2, and ‘B, be state residuated lattices. A mapping h: A — B is called a
morphism, in symbols h : 2, — B, if it preserves the fundamental operations.
If h : A, — B, is a morphism we put coker(h) = h* (1). It is easy to check
that coker(h) is a filter of 2(,. Also, it is obvious that h is injective if and only if
coker(h) = {1}. For a family of state residuated lattices {2, }U{!, }ics a subdirect
representation of A, with factors Ql’u is an embedding h : A4, — [],; 2!, such
that each 7; o h is surjective. 2 is called a subdirect product of a family {2[;1}16 g if
there exists a subdirect representation of 2, with factors Qlf,

Lemma 4.14. Let A, be a state residuated lattice and F be a family of filters
of A,. If NF = {1}, then A, is a subdirect product of the family {A,/F}rcr.

Proof. Define h : A, — [[pcr20/F, by h(a)(F) = a/F, for any a € A and
F € F. It is easy to see that h is a morphism and coker(h) = (| F. So h is
an embedding. Also, for any F' € F, mp o h is the canonical projection, which is
surjective. Therefore, h is a subdirect representation. O

Corollary 4.15. Any state residuated lattice A, is a subdirect product of the family
{mu/m}mEMin(Ql) .

Proof. 1t follows by Corollary and Lemma [4.14] O
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Proposition 4.16. Any simple state residuated lattice is subdirectly irreducible.

Proof. 1t is evident. O

The following theorem characterizes subdirectly irreducible state residuated lat-
tices by means of subdirectly irreducible residuated lattices.

Theorem 4.17. Let A, be a faithful state residuated lattice. The following asser-
tions are equivalent:

(1) AU, is subdirectly irreducible;

(2) v(A) is subdirectly irreducible.

Proof. Tt follows by [19, Theorem 4.22]. O

Proposition 4.18 ([I8, Lemmas 4.1 & 4.2]). Let 2 be a residuated lattice. A is
subdirectly irreducible if and only if there exists an element 1 # a € A such that
for any 1 # x € A there exists a positive integer n for which x™ < a.

Corollary 4.19. Let 2, be a faithful state residuated lattice. The following asser-
tions are equivalent:
(1) 2, is subdirectly irreducible;
(2) there exists an element 1 # a € A such that for any 1 # x € A there exists
a positive integer n for which (v(z))™ < v(a).

Proof. Tt is an immediate consequence of Theorem [£.17 and Proposition {18 [

Corollary 4.20. Let 2, be a faithful subdirectly irreducible residuated lattice and
1#£xz €A Ifv(z)V(y) =1, for somey € A, then y = 1.

Proof. Let 1 # y be an element of A such that v(z) V v(y) = 1. Since 2, is
subdirectly irreducible and v is faithful, there exists an element 1 # a € A and an
integer n such that 1 = (v(x))" Vv (v(y))™ < v(a); a contradiction. So v(y) = 1 and
this implies that y = 1. O

Corollary 4.21. Let 2, be a good state residuated lattice and v be faithful. The
following assertions are equivalent:

(1) AU, is subdirectly irreducible;
(2) U is subdirectly irreducible.

Proof. |(1)={(2)f By Corollary there exists an element 1 # a € A such that

for any 1 # = € A there exists a positive integer n for which (v(z))" < v(a).
Consider @ € A and let 1 # x € A. By Proposition it follows that v(z") =
(v(z))™ < v(a) and this implies that 2™ < a by Lem So the result holds
by Proposition

(2)={(1)f By Proposition there exists an element 1 # a € A such that for
any 1 # = € A there exists a positive integer n for which #” < a. Consider a € A
and let 1 # x € A. So we have (v(x))™ < v(z") < v(a) and this implies that 2, is
subdirectly irreducible by Corollary [£.19] O
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Example 4.22. Consider the state residuated lattices (Ug;i4,) from Example
(T6;ic,) from Example and (A7;i4,) from Example We have as shown in
Table [6

‘ Simple ‘ Subdirectly irreducible ‘ Local ‘

| 2 | | v | |
(G| v | v | v ]
| 27 | | | v
TABLE 6
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