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ON BAER MODULES

CHILLUMUNTALA JAYARAM, UNSAL TEKIR, AND SUAT KOC

ABSTRACT. A commutative ring R is said to be a Baer ring if for each a € R,
ann(a) is generated by an idempotent element b € R. In this paper, we extend
the notion of a Baer ring to modules in terms of weak idempotent elements
defined in a previous work by Jayaram and Tekir. Let R be a commutative ring
with a nonzero identity and let M be a unital R-module. M is said to be a Baer
module if for each m € M there exists a weak idempotent element e € R such
that anng(m)M = eM. Various examples and properties of Baer modules are
given. Also, we characterize a certain class of modules/submodules such as
von Neumann regular modules/prime submodules in terms of Baer modules.

1. INTRODUCTION

In this paper, we focus only on commutative rings with nonzero identity and
nonzero unital modules. Let R denote such a ring and let M denote such an
R-module. For each a € R, the principal ideal generated by a will be designated
by (a). R is said to be a von Neumann regular (for short, VN-regular) ring if for
each a € R there exists # € R such that a = a?z [20]. Note that R is a VN-
regular ring if and only if for each a € R, (a) = (e) for some idempotent element
e € R. The concept of VN-regular ring and its generalizations have been widely
studied in many papers and have some applications to other areas such as graph
theory. See, for example, [13], [I5] and [I7]. In [I4], Kist gave a generalization of
VN-regular rings, called Baer rings, as follows: a ring R is said to be a Baer ring
if for each a € R, the annihilator ann(a) = {r € R : ra = 0} of a is generated by
an idempotent element e € R. It is easy to see that every VIN-regular ring is also a
Baer ring, but the converse is not true in general. For instance, consider an integral
domain R that is not a field. Then clearly R is a Baer ring but not a VN-regular
ring. We note here that some authors studied Baer rings under different names
such as principally quasi Baer ring and P.P. ring. For details, one can consult [6],
[8] and [9].
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Our aim in this article is to extend the notion of a Baer ring to modules, and to
investigate the relations between Baer modules and VN-regular modules. For the
sake of completeness, we now give some notions and notations which will be fre-
quently used in this paper. Let IV be a submodule of M, let K be a nonempty subset
of M and let J be a nonempty subset of R. The residuals of N by K and J are
defined as (N :g K) ={a€ R:aK CN}and (N :;py J)={meM:JmC N},
respectively. In particular, we use anng(N) to denote (0 :r N). M is called a
faithful module if annr(M) = (0). Also, M is said to be a multiplication mod-
ule if each submodule N of M has the form N = IM for some ideal I of R [5].
For more information about multiplication modules, we refer the reader to [I]
and [7]. M is called a torsion free module if the set of all torsion elements
T(M) = {m € M : anng(m) # 0} = (0). Also, M is said to be a torsion
module if T(M) = M. Otherwise, we say that M is a non-torsion module, that is,
there exists m € M such that anng(m) = 0. In [I2], Jayaram and Tekir extended
the notion of an idempotent element in rings to modules in terms of weak idem-
potent elements and they studied VN-regular modules. An element e € R is said
to be a weak idempotent element if em = e?m for each m € M, or equivalently,
e —e? € anng(M). Also, M is said to be a VN-regular module if for each m € M
we have Rm = aM = a?M for some a € R [12]. The authors in [I2, Lemma 3 and
Theorem 2] showed that a finitely generated R-module M is a VN-regular module
if and only if for each m € M there exists a weak idempotent element e € R such
that Rm = eM.

An R-module M is said to be a Baer module if for each m € M there ex-
ists a weak idempotent element e € R such that anngp(m)M = eM. Among
various results in this paper, in Section 2 we give basic properties of Baer mod-
ules. In particular, we show that simple modules, torsion free modules, second
modules and finitely generated VN-regular modules are Baer modules (see Exam-
ple Example Example and Proposition . Also, we characterize
Baer modules in terms of the Baer property of the factor ring R/anng(M) (see
Theorem . Section 3 is dedicated to the study of o-submodules, Baer sub-
modules and m-submodules. Let N be a submodule of M. It is said that N is a
o-submodule of M if m € N implies that (N :g M) + anng(m) = R. It is easy to
see that o-submodules of the R-module R are the exactly pure ideals of R—recall
that an ideal I of R is said to be a pure ideal if for each a € I there exists b € T
such that a = ab. We give some characterizations of Baer modules and VN-regular
modules in terms of o-submodules (see Theorem and Theorem . Also,
we determine the conditions under which Baer modules and VN-regular modules
are equivalent (see Theorem . Moreover, in Proposition we characterize
prime submodules in terms of Baer modules. Also, we study the prime submodules
of Baer modules (see Proposition . Finally, we determine when the lattice
(M) of all o-submodules of M is a Boolean lattice (see Proposition . In the
last section, we investigate the Baer property of polynomial modules and power
series modules (see Corollary .
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2. CHARACTERIZATIONS OF BAER MODULES

Throughout this paper, R will always denote a commutative ring with nonzero
identity and M will denote a unital R-module.

Definition 2.1. An R-module M is said to be a Baer module if for each m € M,
anng(m)M = eM for some weak idempotent e € R.

Example 2.2. Every simple R-module M is a Baer module. If m € M, then either
Rm =0 or Rm = M. This implies that anng(m) = R or anng(m) = anng(M).
Thus we have anng(m)M = 1M or anng(m)M = 0M. In particular, the Z-module
Z,, is a Baer module for each prime number p.

Proposition 2.3. Let n > 1 be an integer. Then Z, is a Baer Z-module if and
only if n is square free.

Proof. (<=): Assume that n is a square free integer. Then there exist distinct
prime numbers pi,pe,...,p, such that n = pyps---p,.. Let 0 # m € Z,. If
ged(m,n) = 1, then anng(m) = p1ps - - - prZ and so anng(m)Z, = 0Z,. So suppose
that ged(m,n) # 1. Then we may assume that m = kpips - p; for some k € Z
with ged(k,n) = 1 and 1 < ¢ < r. Thus we have Zm = Zpips - p: and so
anng (M) = pgt1 - - - prL, which implies that anng(m)Z,, = pry1 - prZy. Now we
show that pyy1 - prZy, = eZ, for some weak idempotent e € Z. Consider the
following system of equations:

Pey1---prr =1 (mod py)
Pyt prr =1 (mod p2)

Pey1---prr =1 (mod py).

By the Chinese remainder theorem, we can find a solution s € Z for the above
system. Note that ged(s,p;) = 1 for each 1 < i < ¢. Now, put pi1---prs = e.
Let ord(e) denote the order of € in the additive group of Z,,. Then note that
ord(e) = ord(pir1 -~ pr) and s0 pia1 - - - Prly = €ZLy. Since e = 1 (mod p;) for each
1 <i <t, we have e? — e € anng(Z,), showing that e is weak idempotent. Thus
the Z-module Z,, is a Baer module.

(=): Let n > 1 be a nonsquare free integer. Without loss of generality, we may
assume that n = p{™* - - p& for some prime numbers pq, pa, ..., p, such that ag > 2
and o; > 1 foreach 2 < ¢ <r. Putm = p?1*1p32 -+-pyr. Then anng(m) = p1Z
and so anng(m)Z,, = p1Z,. Assume that p1Z, = eZ, for some weak idempotent
e € Z. This implies that e = kp; for some k € Z. Since ord(e) = ord(py), we
have ged(e,n) = p; and so ged(k,p;) = 1 for every 1 < i < r. Since e —e? =
kp1(1 — kp1) = 0 (mod n), we conclude that p; divides (1 — kp1), which is a
contradiction. Thus the Z-module Z,, is not a Baer module. O
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Example 2.4. Every torsion free R-module M is a Baer module. Choose a nonzero
element m € M; then it is clear that anng(m)M =0 = 0M.

Recall from [21I] that a nonzero submodule N of M is said to be a second sub-
module of M if, for each a € R, either aN = N or aN = (0). In particular, an
R-module M is called a second module if it is a second submodule of itself.

Example 2.5. (i) Let anng(M) be a maximal ideal of R and let m € M. Since
anng (M) C anng(m), we conclude that either anng(m) = anng(M) or anng(m) =
R. This implies that anng(m)M = 0M or anng(m)M = 1M. Hence M is a Baer
module. For instance, the Z-module Zs x Z5 is a Baer module, and also it is neither
a simple nor a torsion free module.

(ii) Every second R-module is a Baer module.

An R-module M is said to be a Ag-module if for each finite number of ideals
I, Ip,...,I, we have "\_,(I;M) = [ Nz, (L + annR(M))] M. By [7, Corollary
1.7], every multiplication module is an example of Ap-module. Also note that every

vector space is a Ag-module. Thus the class of Ag-modules properly contains the
class of multiplication modules.

Proposition 2.6. Let M be a A\g-module. The following statements are equivalent.

(i) M is a Baer module.
(ii) For any finitely generated submodule N of M, anng(N)M = eM for some
weak idempotent e € R.

Proof. (i) = (ii): Suppose that M is a Baer module and N is a finitely generated
submodule of M. Then we can write N = Rmy + --- + Rm,, for some mi,ms,
...,my € M. Since M is Baer, there exist weak idempotents e; € R such that
anng(m;)M = e;M for each ¢ = 1,2,...,n. This implies that anng(N)M =
(Ni_, anng(m;)) M. Since M is a Ap-module, we get
( ﬂ annR(mi)>M = ﬂ[annR(mi)M] = m e;M =ejeq e, M
i=1 i=1 i=1
by [12, Lemma 1 (iii)]. Thus we have anng(N)M = eM, where e = e1ea--- ¢, is a
weak idempotent element of R.
(if) = (i): It is clear. O

Recall that an R-module M is said to be a reduced module if, for a € R and
m € M, whenever am = 0 one has aM N Rm = 0. It is clear that an R-module
M is a reduced module if and only if a?m = 0 implies that am = 0 for each a € R
and m € M [16].

Proposition 2.7. Fvery finitely generated Baer module is a reduced module.

Proof. Suppose that M is a finitely generated Baer module and a?m = 0 for some
a € Rand m € M. Then a € anng(am) and so aM C anng(am)M = eM for some
weak idempotent e € R, since M is a Baer module. This yields am = em/ = e?m/
for some m’ € M. Then we get am = e*m’ = e(em’) = e(am) and so (1 —e) €
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anng(am), which implies that (1 — e)M C anng(am)M C eM. Thus we have
eM =eM+(1—e)M = M and so anng(am)M = eM = M. Now we will show that
anng(am) = R. Suppose to the contrary that anng(am) = R. Then there exists
a maximal ideal @) containing anng(am). Thus we get anng(am)M = M C QM
and so QM = M. Since M is finitely generated, by [4, Corollary 2.5] we get
1—r € anng(M) for some r € Q. As anng(M) C @, it follows that 1 € @, which
is a contradiction. Therefore anng(am) = R and hence am = 0. g

Proposition 2.8. Let M be a finitely generated R-module. If M is a VN-reqular
module, then M is a Baer module.

Proof. Suppose that M is a finitely generated VN-regular module. Choose m € M.
Since M is finitely generated VN-regular, Rm = eM for some weak idempotent
e€R. Ase—e?2canmp(M), we get (1—e)Rm = (1 —e)eM =0andso (1—e) €
anng(Rm). This yields (1 — e)M C anng(m)M. To show the reverse inclusion,
take r € anng(m) = anng(Rm). Then we have r(Rm) = r(eM) = (re)M = 0,
which implies that rem’ = 0 for each m’ € M. Let m’ € M. Then we conclude that
rm’ =rm/ —rem’ = (1—e)(rm’) € (1—e)M, which yields anng(m)M C (1—e)M.
Thus we have anng(m)M = (1 — e)M, where 1 — e is a weak idempotent in R.
Consequently, M is a Baer module. O

Definition 2.9. An R-module M is said to be an annihilator multiplication module
if for each m € M, anng(m) = anng(IM) for some finitely generated ideal I of R.

Note that every multiplication module is an annihilator multiplication module.
But the following example shows that an annihilator multiplication module is not
necessarily a multiplication module.

Example 2.10. (i) Every torsion free module is an annihilator multiplication mod-
ule. Let M be a torsion free R-module and let m € M. If m = 0, then anng(m) =
R = anng((0)M). Otherwise, we would have anng(m) = 0 = anng((1)M). Also
note that a torsion free module need not be a multiplication module. For instance,
the Z-module Z[i] (Gaussian integers) is an annihilator multiplication module but
not a multiplication module.

(ii) Every simple module is an annihilator multiplication module.

Lemma 2.11. FEvery finitely generated Baer module is an annihilator multiplica-
tion module.

Proof. Let M be a finitely generated Baer module and let m € M. Then we have
anng(m)M = eM for some weak idempotent e € R. This implies that eM + (1 —
e)M = anng(m)M+(1—e)M = M. Now we will show that anng(m)+(1—e) = R.
Suppose to the contrary that anng(m)+ (1 —e) = R. Then there exists a maximal
ideal @ containing anng(m) + (1 — e). Then we have QM = M. By [4, Corollary
2.5], we get (1—r)M = 0 for some r € Q). Since 1—r € anng(M) C Q, weget 1 € Q,
which is a contradiction. Thus we have anng(m)+(1—e) = R. Thenr'4+(1—e)x =1
for some ' € anng(m) and x € R. This implies that e = er’ + ¢(1 — e)x and so
e € anng(m)+anng(M) = anng(m). Then we conclude that (e) C anng(m). Now
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take " € anng(m). Thus we have /(1 —e)M C anng(m)(1 —e)M = 0 and hence
r"”(1 —e) € anng(M). This implies that r” = r"e +1"(1 —e) € (e) + anng(M).
Thus we have anng(m) = (e) +anng(M). Since anng((1—e)M) = (e)+anng(M),
we get anng(m) = anng((1 — e)M). Therefore, M is an annihilator multiplication
module. O

Proposition 2.12. Let M be a finitely generated R-module. If M is a Baer
module, then M is an annihilator multiplication module and R/anng(M) is a
Baer ring.

Proof. Suppose that M is a finitely generated Baer module. Then by Lemma [2.11
M is an annihilator multiplication module. Let a + anng(M) € R/anng(M). To
prove that R/anng(M) is a Baer ring, we need to show that ann(a +anng(M)) =
(€) for some idempotent € € R/ anng(M). It is easy to see that ann(a+anng(M)) =
annpg(aM)/anng(M). Since M is finitely generated, it follows that M = Rm; +
Rmgy + -+ + Rm,, for some my,ma,...,m, € M and so aM = R(amy) +--- +
R(am,,). This implies that anng(aM) = (., anng(am;). As M is a finitely gen-
erated Baer module, a similar argument as in the proof of Lemma [2.11] shows that
anng(am;) = (e;) + anng(M) for some weak idempotent e; € R. This implies
that anng(am;)/anng(M) = (e; + anng(M)). Then note that e; +anng (M) is an
idempotent of R/ anng(M) and so

n

anng(aM)/anng(M) = ﬂ anng(am;)/anng (M)

~.
—

|

@
Il
-

[anng (am;)/ anng(M)]

Il
IDE

[(e; + anng(M))]
= (e1ey---e, + anng(M)) = (e + anng(M)),

<.
Il

where e = ejez -+ - e, and e + anng (M) is an idempotent of R/ anng(M). O

Proposition 2.13. Let M be an annihilator multiplication R-module and let
R/anng(M) be a Baer ring. Then M is a Baer module.

Proof. Let m € M. Since M is an annihilator multiplication module, we have
anng(m) = anng(IM) for some finitely generated ideal I = (aq,aq,...,ay) of R.
This implies that anng(m) = anng(a1 M + -+ + a, M) = (), anng(a; M). Since
R/anng(M) is a Baer ring, for each a; € R we have ann(a; + anng(M)) =
anng(a;M)/anng(M) = (e;) + anng(M)/anng (M) for some weak idempotent
e; € R. This yields anng(a;M) = (e;) + anng(M). Then we have anng(m) =
1y annalaM) = 1 () + anna(M)). Since (V. ((e:) + ang(M)) = () +
anng(M), where e = ejey---e, is a weak idempotent of R, we conclude that
anng(m)M = eM, which completes the proof. O
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In the following theorem, we give a characterization of Baer modules in terms
of Baer rings.

Theorem 2.14. (i) Let M be a finitely generated R-module. Then M is a Baer
module if and only if M is an annihilator multiplication module and R/ anng(M)
is a Baer ring.

(ii) Let M be a finitely generated multiplication R-module. Then M is a Baer
module if and only if R/ anng(M) is a Baer ring.

Proof. The proof follows from Proposition [2.12] and Proposition [2:13] O

Proposition 2.15. Suppose that M;’s are finitely generated R;-modules for all
i€ A. Then M = [],cn M; is a Baer R = [[,c A Ri-module if and only if M; is a
Baer R;-module for each i € A.

Proof. Let [[;,ca M; be a Baer [],. o Ri-module and let m; € M; for some j € A.
Consider the sequence

Ni)ieA =

e {1
Then note that anng((ni)ica) = [[;c anng, (n;), where anng,(n;) = R; for all
1 # j. Since M is a Baer R-module, we have

anng((n;)iea)M = H anng, (n;) H M;
ieA €A
= (€i)iea H M;
i€EA
= [T leirs]
i€EA
for some weak idempotent (e;);ea of R. Also, it can be easily shown that e; is a
weak idempotent of R; for all j € Aand [, a[eiM;] = [];ca anng, (i) [[;,en M €
[I;calanng, (n;)M;]. This implies that e;M; C anng, (m;)M;. Let r € anng, (m;)
and put

(rJiea =4 " 120
1, i .

Then (r;)iea € anng((n;)ica) and so
(ri)ieaM = [ [riMi] € anng((ni)iea)M = ] lesMi),
i€eA icA

so we have rM; C e;M;, which implies that anng, (m;)M; C e;M;. Thus we
have anng, (m;)M; = e;M;. Conversely, assume that M; is a Baer R;i-module
for each i € A. Let (m;)iea € [[;ca Mi. Then for each i € A, anng, (m;)M; =
e;M; for some weak idempotent e; € R;. Since M; is finitely generated, we have
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anng, (m;) = (e;) + anng, (M;) and so (e;) C anng, (m;). Also note that

anng((m;)iea)M = H anng, (m;) H M;

iEA 1EA
C [1lanng, (mi)ds] = T le:M]
iEA IEA
= (ei)iea [ M-
iea

On the other hand, since (e;)ica € [[;ca anng, (m;) = anng((m;)iea), we have
that (e;)ica [[;ea Ms € anng((m;)iea)M. Thus, anng((m;)iea)M = (€i)icaM.
Since (e;)ica is a weak idempotent of R, [],. o M; is a Baer [],. o Ri-module. O

Recall from [3] that a submodule N of M is said to be a pure submodule if
IM NN = 1IN for each ideal I of R.

Lemma 2.16. FEvery pure submodule of a Baer module is also a Baer module.

Proof. Tt is obvious. O

Corollary 2.17. Let {M;};ca be a family of R-modules. Consider the following
cases:

Proof. (i) = (ii) and (ii) = (iii) follow from Lemma O

The following example shows that in Corollary the implication (iii) = (i) is
not always true.

Example 2.18. Consider the simple Z-module Z,,, where p; is the i-th prime
number. Then by Example the Z-module Z,, is a Baer module. Let M =
IL; Z,, and let

1, i=1;
(mi):{o, i1

Then it is easy to see that annz((m;)) = 2Z and also anngz((m;)) [ [, Zp, = 21, Zp,-
Since M is a faithful Z-module, note that the only weak idempotents of Z are 0
and 1. As anng((m;))M # OM and anng((m;))M # 1M, it follows that M is not
a Baer module.

Let M be an R-module and let S be a multiplicatively closed subset of R.
Then S~'M denotes the quotient module of M over the quotient ring S™!R. In
particular, if we take S = R — P for some prime ideal P of R, then we use Mp
(resp. Rp) to denote STt M (resp. ST'R).
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Proposition 2.19. If M is a Baer R-module, then S™'M is a Baer S~ R-module.

Proof. Let ™ € S~'M, where s € S, m € M. It is easily seen that anng-1p("%) =
S~1 (anng(m)). Since M is a Baer module, we get anng(m)M = eM for some weak
idempotent e € R. This implies that anng—1p(2)S™ M = S~! (anng(m)) S~'M =
S~Hanng(m)M] = S~1(eM) = $S~'M. Since e is weak idempotent in R, ¢ is
weak idempotent in S™'R. Thus, S~'M is a Baer S~!R-module. (|

Corollary 2.20. Let M be a Baer R-module. Then Mp is a Baer Rp-module for
each prime ideal P of R.

Let M be an R-module. Rx M = R& M, the idealization of the R-module M, or
the trivial extension of R by M, is a commutative ring with componentwise addition
and multiplication (r,m)(s,m’) = (rs,rm’+sm) for each r,s € R, m,m' € M [1§].
Also the set of all nilpotent elements in R x M is characterized as follows:

VOrwn = VO x M

(see [2] and [10]). So it is easy to see that R x M is a reduced ring if and only if
R is a reduced ring and M = 0. In this case, R x M is isomorphic to R.

Corollary 2.21. Let M be an R-module. Then
(i) R x M is a VN-regular ring if and only if R is a VN-regular ring and
M =0.
(ii) R x M is a Baer ring if and only if R is a Baer ring and M = 0.

Proof. Since VN-regular rings and Baer rings are reduced, the results follow from
the isomorphism R x 0 = R. O

3. 0-SUBMODULES, BAER SUBMODULES AND m-SUBMODULES

In this section, we characterize Baer modules and VN-regular modules in terms
of Baer submodules and o-submodules.

Definition 3.1. Let M be an R-module and let N be a submodule of M. Then
N is said to be a o-submodule if m € N implies that anng(m) + (N :g M) = R.
In particular, an ideal I of R is called a o-ideal if I is a o-submodule of the
R-module R.

Note that the o-ideals of R are precisely the pure ideals of R. It is easy to
verify that the set of all o-submodules is closed under arbitrary sum and finite
intersection.

Lemma 3.2. FEvery o-submodule is a pure submodule.

Proof. Let I be an ideal of R and let N be a o-submodule of M. Choose x €
IM N N. Then we can write x = rymq + --- + r,m,, for some r; € I and m; € M.
Since N is a o-submodule of M, we have anng(z) + (N :g M) = R. This implies
that 1 = y + s for some y € anng(x) and s € (N :g M). Then we conclude that
x=yx+sx=sx=ri(smy)+- - +ro(smy) € IN. Thus IM NN C IN. The
reverse inclusion always holds. O
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Example 3.3 (A pure submodule that is not a o-submodule). Consider R = Z,
M =7y x Z and N = Z3 x 0. First note that (N :g M) =0. Let m = (1,0) € N.
Then anng(m) + (N :g M) = 2Z # R and so N is not a o-submodule. Let
r € R. If r is even, then (r)yM N N = {(0,0)} = (r)N. If r is odd, we have
(r)YM NN =N = (r)N, that is, N is a pure submodule of M.

Let M be an R-module and let m € M. Then one can easily see that m €
annps(anng(m)) and anng(anny; (anng(m))) = anng(m).

Definition 3.4. Let M be an R-module. A submodule N of M is called a Baer
submodule if m € N implies that annys(anng(m)) C N.

A Baer submodule of the R-module R is exactly a Baer ideal of R. The reader
may consult [I1] for details on Baer ideals of commutative rings.

Lemma 3.5. Let M be an R-module. Then annys(anng(m)) is a Baer submodule
of M.

Proof. Let x € annys(anng(m)) for some € M. Then we have anng(m) =
anng(annys(anng(m))) C anng(z) and so annys(anng(x)) C annys(anng(m)).
Thus annjs(anng(m)) is a Baer submodule of M. O

We now characterize Baer modules in terms of Baer submodules and o-submod-
ules.

Theorem 3.6. Let M be a finitely generated R-module. Then M is a Baer module
if and only if every Baer submodule is a o-submodule.

Proof. Suppose that M is a Baer module and N is a Baer submodule of M. Let
m € N. Since N is a Baer submodule, we have annys(anng(m)) € N. As M
is a Baer module, we have anng(m)M = eM for some weak idempotent e € R.
Therefore anng(m) = (e) + anng(M). Also note that (1 — e)anng(m)m’ = 0
for all m’ € M and so (1 — e)M C annps(anng(m)) € N. This implies that
(1—e) C(N:g M) andso (e) +anng(M)+ (1 —e) = R Canng(m)+ (N :g M).
Thus we have anng(m) + (N :g M) = R, that is, N is a o-submodule of M.
Now assume that every Baer submodule is a g-submodule. For the converse, take
m € M. By Lemma annys(anng(m)) is a Baer submodule and also m €
annys(anng(m)). Then by assumption, annys(anng(m)) is a o-submodule and
so anng(m) + (annps(anng(m)) :g M) = R. Since anng(m)(annys(anng(m)) g
M) C anng(M), we have anng(m)M = eM for some weak idempotent e € R by
[12, Lemma 2]. Thus M is a Baer module. O

Theorem 3.7. Let M be a finitely generated R-module. Then M is a Baer
R-module if and only if every submodule N of M is a Baer R-module.

Proof. The “only if” part is clear. Assume that M is a Baer module and N is a
proper submodule of M. Let m € N. Then anng(m)M = eM for some weak
idempotent e € R. Note that e € R is also a weak idempotent with respect to the
R-module N. Since M is finitely generated, anng(m) = (e) + anng(M) and so
anng(m)N = eN, which completes the proof. O
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In the following theorem, we give a new characterization of VN-regular modules
in terms of o-submodules.

Theorem 3.8. Let M be a finitely generated R-module. The following statements
are equivalent.

(i) Ewvery proper submodule is a o-submodule.
(ii) Ewery proper cyclic submodule is a o-submodule.
(iii) M is a VN-regular module.

Proof. (i) = (ii) is obvious.

(ii) = (iii): Suppose (ii) holds. Let m € M. By assumption, we have anng(m) +
(Rm :g M) = R. Since anng(m)(Rm :g M) C anng(M), by [I12, Lemma 2]
we have anng(m) = (e) + anng(M) and (Rm :g M) = (1 —e) + anng(M) for
some weak idempotent e € R. So (1 —e)M = (Rm :g M)M C Rm. Also
m=1m =em+ (1 —e)m = (1 — e)m as em = 0, which implies that Rm C
(1 —e)M. Therefore, Rm = (1 — e)M and hence M is a VN-regular module.

(iii) = (i): Suppose that M is a VN-regular module and N is a submodule of M.
Let m € N. Then we have Rm = eM for some weak idempotent e € R. Since
(1 —e)Rm = 0, we conclude that (1 —e) C anng(m). On the other hand, it is
clear that (e) C (Rm :g M) C (N :g M). Thus we have (1 —¢) + (e) = R C
anng(m) 4+ (N :g M). Therefore, N is a o-submodule of M. O

Lemma 3.9. Let M be an R-module and let N be a submodule of M. The following
statements are equivalent.

(i) N is a Baer submodule of M.
(i) anng(m) C anng(m'), with m € N, implies that m’ € N.

(iii) N = | annpy(anng(m)).
meN

Proof. (i)=(ii): Suppose that N is a Baer submodule of M and anng(m) C
anng(m’) with m € N. Then we have

m' € annys(anng(m’)) C annys(anng(m)) C N,

since N is a Baer submodule.

(ii) = (iii): Let = € annps(anng(m)) for some m € N. Then we have anng(m) C
anng(z); by (i) we get # € N. Thus we have |J,,cy annys(anng(m)) € N. The
reverse inclusion always holds.

(iii) = (i): It is clear. O

By Proposition [2.8] we know that a finitely generated VN-regular module is
also a Baer module. But the converse is not true in general. For example, the
Z-module Zs x Zs is a Baer module which is not a VN-regular module. One
can ask the conditions under which a Baer module is a VN-regular module. The
following theorem gives an answer to this question.
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Theorem 3.10. Suppose that M is a finitely generated R-module. The following
statements are equivalent.

(i) M is a reduced multiplication module in which every submodule is a Baer
submodule.
(ii) M is a reduced multiplication module and for each m,m’ € M, anng(m) =
anng(m') implies that Rm = Rm/.
(iii) M is a VN-regular module.
(iv) M is a Baer module and every submodule is a Baer submodule.

Proof. (i) = (ii) follows from Lemma

(ii) = (iii): Suppose (ii) holds. By [12| Theorem 1 and Theorem 2], it is sufficient
to show that M = r?M for each r € R. Let r € R. Since M is a reduced
module, we have anng(rm) = anng(r?m) for all m € M. Then by (ii), we have
Rrm = Rr?m for all m € M and so we get rM = r2M, which completes the proof.

(iii) = (i): Suppose (iii) holds. Clearly, M is a reduced multiplication module.
Let N be a submodule of M and let m € N. Since M is VN-regular, Rm = eM for
some weak idempotent e € R. This implies that annys(anng(m)) = eM = Rm C
N. Thus N is a Baer submodule of M.

(iii) = (iv) follows from (i) and Proposition

(iv) = (iii): Assume that M is a Baer module and every submodule of M is a
Baer submodule. Let m € M. Since M is a Baer module, we have anng(m)M =
eM for some weak idempotent e € R. Since M is finitely generated, we conclude
that anng(m) = (e) + anng(M). As Rm is a Baer submodule, we conclude that
Rm C annps(anng(m)) = (1 —e)M C Rm and so Rm = €' M, where ¢/ =1 — e is
a weak idempotent element of R. Therefore, M is a VN-regular module. (|

Lemma 3.11. Let M be an R-module. If N is a prime submodule of M, then
M/N is a Baer R-module.

Proof. Assume that N is a prime submodule of M. Let m € M. Then it is easy
to see that anng(m + N) = (N :g m). If m € N, then anng(m + N)(M/N) =
(N:gm)(M/N)=R(M/N)=1(M/N). Assume that m ¢ N. Since N is a prime
submodule, we conclude that (N :p m) = (N :g M) and so anng(m+N)(M/N) =
(N :g m)(M/N) = (N :p M)(M/N) = 0p;/ny = O(M/N). Thus M/N is a Baer
R-module. d

Example 3.12. The converse of Lemma [3.11]is not necessarily true. By Proposi-
tion 2.3] the Z-module Zg is a Baer module. But 6Z is not a prime submodule of
the Z-module Z.

In the following Proposition we characterize prime submodules of finitely
generated modules in terms of Baer modules.

Proposition 3.13. Let M be a finitely generated R-module and let N be a proper
submodule of M. The following statements are equivalent.

(i) N is a prime submodule of M.
(ii) (N :r M) is a prime ideal and M/N is a Baer R-module.
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Proof. (i) = (ii) follows from Lemma

(ii) = (i): Suppose (ii) holds. Let rm € N with m ¢ N. Since M/N is a
Baer R-module, anng(m + N)(M/N) = e(M/N) for some e € R such that e —
e? € anng(M/N) = (N :g M). Since M/N is finitely generated and anng(m +
N)(M/N) =e(M/N), we get anng(m+N) = (e)+anng(M/N). This implies that
(N:gm)=(e)+ (N :g M). Since e(1 —¢e) € (N :g M) and (N :g M) is a prime
ideal, we get either e € (N :g M)or1l—ec (N :g M). If 1 —e € (N :g M), then
le(e)+(1—e) C(e)+ (N:g M)=(N:gm)and so m € N, a contradiction.
Thus we get e € (N :g M) and hence (¢) + (N :g M) = (N :g M) = (N :g m),
which implies that » € (N :g m) = (N :g M). O

Recall that a submodule N of M is said to be an essential (or large) submodule
if for each nonzero submodule N’ of M, N' N N # 0; or, equivalently, NN N =0
implies N’ = 0. Also a submodule N of M has a complement (or N is called a
complemented submodule) if there exists a submodule K of M such that N+ K = M
and NN K =0.

Proposition 3.14. Let M be a finitely generated multiplication Baer R-module.
Then every prime submodule is either essential or has a complement.

Proof. Suppose that N is a prime submodule of a finitely generated multiplication
Baer module M. Assume that N is not essential. Then there exists a nonzero
submodule N’ of M such that N N N’ = 0. This implies that N NaM = 0
for all a € (N’ :g M). Since N’ # 0, there exists ' € (N’ :g M) such that
oM # 0. As NNa'M = 0, we have o’M ¢ N. This implies that a'm’ ¢ N
for some m’ € M. Note that (N :g M) N (a’M :g M) C anng(M) and so
()(N :g M) C anng(M). Then we conclude that (N :g M)a’'m’ = 0, which
implies that (N :g M) C anng(a’m’). Since M is a finitely generated Baer module,
we have anng(a’m’) = (e) + anng (M) for some weak idempotent e € R. Thus we
have N = (N :g M)M C eM. Since e € anng(a’m’), we have e(a’'m’) = 0. As
N is a prime submodule, we have e € (N :g M) and so N = eM. Hence N has a
complement by [I2, Lemma 1]. O

Proposition 3.15. Let M be a finitely generated Baer module and let N be a
o-submodule of M. Then M/N is a Baer R-module.

Proof. Suppose that N is a o-submodule of M. Let m € M. Now we will show
that anng(m + N)(M/N) = e(M/N) for some element e € R such that e — e? €
(N :g M). Since M is a Baer module, we have anng(m)M = eM for some weak
idempotent e of R. As M is finitely generated, it follows that anng(m) = (e) +
anng(M). Now we show that anng(m+N) = (N :g m) = (e)+(N :g M). Itiseasy
to see that (e)+ (N :g M) C (N :g m). Let a € (N :g m). Then we have am € N.
Since N is a o-submodule, we get anng(am)+ (N :g M) = Randsoz+y =1
for some z € anng(am) and y € (N :g M). This implies that a = ax + ay. Since
axm = 0, we have ax € anng(m) = (e)+anng(M) C (e)+(N :g M). Thus we have
a=ax+ay € (e) + (N :g M). Therefore anng(m + N) = (e) + (N :g M), which
implies that anng(m + N)(M/N) = e(M/N)+ (N :g M)(M/N)=e(M/N). O
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Corollary 3.16. (i) Let M be a finitely generated Baer module and let N be a
Baer submodule of M. Then M /N is a Baer R-module.

(ii) Let M be a finitely generated Baer R-module and let P be a prime ideal of R
with (PM :g M) = P. If PM is a Baer submodule of M, then PM is a prime
submodule of M.

Proof. (i) follows from Theorem and Proposition while (ii) follows from
Theorem [3.6] Proposition [3.13] and Proposition O

Definition 3.17. Let M be an R-module and let N be a submodule of M. Then
N is called an m-submodule if N = (N :p M)M.

Note that M is a multiplication module if and only if every submodule is an
m-submodule (see [7]). Clearly, the set of all m-submodules of M is closed under
arbitrary sum. If M is a Ap-module, then this set is closed under finite intersection.
For each a € R, aM and IM (with I an ideal of R) are examples of m-submodules.
So if M is a A\g-module, then the set of all m-submodules forms a lattice.

Proposition 3.18. Let M be an R-module and let N be a submodule of M. Then

(i) If N is a o-submodule, then N is an m-submodule.
(ii) If N is a finitely generated o-submodule, then N is a complemented m-sub-
module.
(iii) If N is an m-submodule of M and (N :g M) is a o-ideal of R, then N is
a o-submodule of M.
(iv) Let M be a non-torsion module and let N be a o-submodule of M. Then
N is an m-submodule of M and (N :g M) is a o-ideal of R.
(v) Let M be a finitely generated Baer module which is also non-torsion. Then
N is a prime submodule and o-submodule if and only if N is an m-submodule,
(N :g M) is a o-ideal and (N :g M) is a prime ideal.
(vi) Let M be a Baer R-module. If N is an m-submodule of M, then N is a
Baer R-module.
(vii) Let M be a Baer R-module. If M is finitely generated and N is a Baer
submodule of M, then N is an m-submodule.

Proof. (i) Suppose that N is a o-submodule. Let m € N. Then anng(m) + (N :g

M) = R, which implies that a + b = 1 for some a € anng(m) and b € (N :g M).

Again m = am +bm = bm € (N :g M)M. Therefore, N is contained in (N :p

M)M and hence N = (N :g M)M.

(ii) Let N be a finitely generated o-submodule. Suppose N = Rmj+Rma—+-- -+

n

Rm,,. Then anng(m;)+(N :g M) = Rforeachi=1,...,n. Let I = () anng(m;).
i=1

Then, clearly we have I + (N :g M) = R. Also I(N :p M) is contained in

anng (M), since I(N :g M)M C IN = 0. By [12, Lemma 2], I = (e) + anng(M)

and (N :g M) = (1 —e) + anng(M) for some weak idempotent e of R. Note

that (N :g M)M = (1 — e)M is contained in N. Also, if n € N then en = 0, so

n=(1-en € (l—eM and hence N = (1 —e)M. Therefore, by (i) and [12]

Lemma 1], N is a complemented m-submodule.
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(iii) Assume that N is an m-submodule and (N :gp M) is a o-ideal of R. Let
m € N. Then m = aymq + -+ + a,m,, for some a; € (N :gp M) and m; € M.
Since (N :g M) is a o-ideal of R, ann(a;) + (N :g M) = R for each i = 1,2,...,n.
Then () ann(a;) + (N :g M) = R, which implies that anng(m) + (N :g M) = R.

=1
Therefore, N is a o-submodule.

(iv) Suppose that T (M) # M and N is a o-submodule of M. Then by (i), N
is an m-submodule. Let a € (N :g M). Since M # T(M), there exists m € M
such that anng(m) = 0. As am € N and N is a o-submodule, we conclude that
anng(am) + (N :g M) = R. Thus ann(a) + (N :g M) = R. Therefore, (N :g M)
is a o-ideal of R.

(v) This follows from Proposition Proposition (iii) and (iv).

(vi) Suppose that N is an m-submodule of M. Let m € N. Since M is a Baer
module, anng(m)M = eM for some weak idempotent e € R. This implies that
eN =¢e(N :g M)M = (N :g M)eM = (N :g M)anng(m)M = anng(m)(N :g
M)M = anng(m)N.

(vii) This follows from Theorem and (i). O

Let M be an R-module. Then the set of all o-submodules of M, denoted by
o(M), is a lattice. Suppose that N, Ny are o-submodules of M. Then we define
their product as follows:

Nl.NQ = (Nl ‘R M)(NQ ‘R M)M

Since every o-submodule is pure and an m-submodule, it is easily seen that N1.Ny =
N1 N Ny for all Ny, Ny € U(M)

Recall from [12] that an R-module M is said to be a colon distributive module
if (N+K :g M) = (N :g M)+ (K :g M) for each submodule N, K of M.
We note that this notion was first studied by P. F. Smith in [I9, Lemma 3.1] as
a p-module. Note that by [I9, Theorem 3.8], a finitely generated module M is
a colon distributive module if and only if it is a multiplication module. In [I2]
Lemma 3 and Theorem 2|, it is shown that a finitely generated R-module M is a
VN-regular module if and only if M is colon distributive and for each m € M there
exists a weak idempotent element e € R such that Rm = eM.

Lemma 3.19. Let M be a colon distributive module. Then o(M) is a distributive
lattice.

Proof. Let K, L and N be o-submodules of M. Then L+ N is a o-submodule of M.
Thus K.(L+ N) = (K :g M)(L+ N :g M)M. Since M is a colon distributive
module, (L+N :g M) = (L :g M)+(N :g M),and so K.(L+N) = (K :g M)(L g
MM + (K :p M)(N :p M)M = K.L + K.N. Therefore (K + L) N (K + N) =
(K+L).(K+N)=KK+KL+KN+LNCK+ (LN)=K+(LNN),so
K+ (LNN)=(K+L)Nn(K+N). O
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The following proposition gives an equivalent condition for o (M) to be a Boolean
lattice.

Proposition 3.20. Let M be a colon distributive module. If M is a finitely gen-
erated module, then o(M) is a Boolean lattice if and only if every o-submodule is
finitely generated.

Proof. Since M is a colon distributive module, by Lemma o(M) is a dis-
tributive lattice. Assume that every o-submodule is finitely generated. Then by
Proposition every o-submodule is complemented and so o(M) is a Boolean
lattice. Conversely, assume that M is finitely generated and o(M) is a Boolean
lattice. Let N € o(M). Then N is a complemented submodule. Since M is colon
distributive, by [I2, Lemma 3|, N = eM for some weak idempotent e € R. Since M
is finitely generated, M = Rm; + Rmg + - - - + Rm,, for some my, ma,...,m, € M.
Then N = eM = R(em;) + R(emz) + --- 4+ R(emy). Hence N is finitely gener-
ated. (]

4. EXTENSION OF BAER MODULES

In this section, we study polynomial modules and power series modules over a
Baer module.

Proposition 4.1. Let M be a reduced \o-module. If M is a Baer R-module, then
M[X] is a Baer R[X]-module.

Proof. Suppose M is a Baer R-module. Let m(z) = mg +m1 X + -+ m, X" €
M([X], where m; € M and 0 < i < n. Suppose that r(x) = rg+7r X +-- -+, X" €
annp[x](m(z)). Then we have the following system of equations:
romop = 0
romi +rimo =20

roms +rimi +romg =20

remy, = 0.

Since romg = 0 = romy + r1mg, we have r3my + r1(romg) = 0 and so 13m; =
0. Since M is reduced, we have rgm; = 0. A similar argument shows that
ro € (j—oanng(m;). Similarly, we have r; € ();_,anng(m;) for each i = 1,2,
..., k. This implies that anngjx)(m(z)) = [ﬂ?:o anng(m;)][X]. Now put I =
Mo anng(m;). Since M is a Ap-module, we have TM = (j_olannp(m;)M]. As
M is a Baer R-module, for all j = 0,1,2,...,n we get anng(m;)M = e;M for
some weak idempotent e; € R. This implies that IM = (egpe; ---en)M = eM,
where e = egey - - - €, is a weak idempotent of the R-module M. Thus we have

annpx)(m(z))M[X] = I[X]M[X] = (IM)[X]
= (eM)[X] = eM[X].

Since e — €2 € anng (M), we have e — e? € anng(xj(M[X]) and so the R[X]-module
M][X] is a Baer module. O
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Lemma 4.2. Let M be an R-module. Consider the R[X|-module M[X]. Then
(i) ann i) (M[X]) = (anna(M))[X].
(ii) Ife(X) =eo +e1 X +eaX?+ -+ ex X* € R[X] is a weak idempotent of
the R[X]-module M[X], then ey is a weak idempotent of the R-module M
and e, ea, ..., e, € anng(M).

Proof. (i): It is clear.

(ii): Let e(X) be a weak idempotent of the R[X]-module M[X]. First note that
e2(X) = e + (2epe1) X + (2epe2 + €2) X2 + (2eges + 2e1e2) X2 + (2epeq + 2e1e3 +
e2) X%+ -+ e2 X% and thus e(X) — €2(X) = (eo — €2) + (e1 — 2e0e1) X + (e2 —
2e0eq — €2) X2 + (e3 —2e0e3 —2e1€2) X3 + -+ —e2 X% € (anng(M))[X] by (i). This
implies that eq—e2 € anng(M) and so e is a weak idempotent of the R-module M.
Since e; — 2ege; € anng(M), we get ege; — 2e2e; = e1(eg — e3) — ede; € anng(M);
thus we have e3e; € anng(M) and this yields ege; € anng(M). Then we have
e1 € anng(M). Similarly, we get eq, ..., e, € anng(M). O

Proposition 4.3. If M[X] is a Baer R[X]-module, then M is a Baer R-module.

Proof. Suppose that M[X] is a Baer R[X|-module and m € M. First note that
anngx](m) = (anng(m))[X]. Since M[X] is a Baer R[X]-module, we have that
annpx](m)M[X] = e(X)M[X] for some weak idempotent e(X) = eg + e1 X +
eaX? + - + e X* € R[X]. By Lemma (ii)7 we get e(X)M[X] = egM[X] =
(eoM)[X]. Thus we get

ann gx](m)M[X] = (anng(m))[X|M[X]
= (anng(m)M)[X]
= (eoM)[X].
Then we have anng(m)M = egM. Hence M is a Baer R-module. O

Theorem 4.4. (i) Let M be a reduced N\g-module. Then M is a Baer R-module if
and only if M[X] is a Baer R[X]-module.

(ii) Let M be a finitely generated A\g-module. Then M is a Baer R-module if
and only if M[X] is a Baer R[X]-module.

Proof. The proof of (i) follows from Proposition 4.1|and Proposition The proof
of (ii) follows from Proposition Proposition and Proposition |4.3 O

Let M[[X]] denote the set of all formal power series in X with coefficients in M.
Then M[[X]] becomes an R[[X]]-module with scalar multiplication

(ZazX‘><ZmZXZ) :Z ( ajmij>Xi,
i=0 i=0 i=0 \ =0
where Y a; X" € R[[X]] and Y m; X* € M[[X]]. To prove when the R[[X]]-module
i=0 i=0

M]J[X]] is a Baer module, first we give the following result. We omit the proof,
since it is similar to that of Lemma
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Lemma 4.5. Let M be an R-module. Then the following statements are satisfied
for the R[[X]]-module M[[X]]:

(i) ann gy (M{[X]]) = (annr(M))[[X]].

(ii) If e(X) = Yoy eiX" € R[[X]] is a weak idempotent of the R[[X]]-module
MI[X]], then eg is a weak idempotent of the R-module M and e; € anng (M)
for alli # 0. In this case, e(X)M[[X]] = (eoM)[[X]].

Proposition 4.6. Let M be an R-module. If M[[X]] is a Baer R[[X]]-module,
then M is a Baer R-module.

Proof. Suppose that M[[X]] is a Baer R[[X]]-module. Let m € M. First note
that annpxy(m) = (anng(m))[[X]]. Since M[[X]] is a Baer R[[X]]-module, we
have (anng(m))[[X]|M[[X]] = e(X)M[[X]] for some weak idempotent e(X) €
R[[X]], where e(X) = > ;2 e;X*. By Lemma (anng(m))[[X])|M[[X]] =
(eoM)[[X]]. Since anng(m)[[X]|M[[X]] C (anng(m)M)[[X]], we conclude that
eoM Canng(m)M. Let m’ € anng(m)M. Then m’ = rymy+romo+- - -+r,my, for
some r; € anng(m) and m; € M. For any r; € anng(m), we have r;m; = (r;+0X+
0X24- - +0X"+---)(m; +0X +0X%+---40X"+---) € (anng(m))[[X]|M[[X]] =
(eoM)[[X]]. Therefore r;m; € egM and so m’ = rymy +romgo+---+rpymy, € egM.
This implies that anng(m)M = egM and so M is a Baer R-module. O

Proposition 4.7. Suppose that M is a finitely generated Baer module and that
R/anng(M) has only finitely many idempotent elements. Then M[[X]] is a Baer
R[[X]]-module.

Proof. Let M be a finitely generated Baer module and assume that R/anng (M)
has only finitely many idempotent elements. Then M is a reduced module by
Proposition Let m(z) = Y 5oy m; X" € M[[X]]. Then note that

ann gy[x7 (M [ﬂ annp(m; } X]].

Since M is a finitely generated Baer module and R/anng(M) has finitely many
idempotents, we have that anng(m;) = (e;) +anng (M) for some weak idempotent
e; € R, where 1 < i < n. Then (2 anng(m;) = (e) + anng(M), where e =
e1es -+ - e, is a weak idempotent element of R. This implies that

ann gy (m () M{[X]] = ((e) + anng (M) [X]]M[[X]]
= (eM)[[X]].
Put e(X) =e+0X +0X?+---+0X" +---. Then e(X) is a weak idempotent of

the R[[X]]-module M[[X]] and also annpxj(m(x))M[[X]] = e(X)M[[X]]. Thus
MI[X]] is a Baer R[[X]]-module. O
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As a consequence of Theorem [£.4] Proposition [£.6] and Proposition [£.7] we have
the following corollary.

Corollary 4.8. Let M be a finitely generated N\g-module and let R/ anng(M) have
only finitely many idempotent elements. The following statements are equivalent.

(1]
(2]
(3]
(4]

(5]
[6]

[7]

(8]
(9]

[10]
[11]
[12]
[13]
[14]

[15]
(16]

(17]

(18]

(i) M is a Baer R-module.
(ii) M[X] is a Baer R[X]-module.
(iii) M[[X]] is a Baer R[[X]]-module.
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