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SPECTRAL DISTANCES IN SOME SETS OF GRAPHS

IRENA M. JOVANOVIC

ABSTRACT. Some of the spectral distance related parameters (cospectrality,
spectral eccentricity, and spectral diameter with respect to an arbitrary graph
matrix) are determined in one particular set of graphs. According to these
results, the spectral distances connected with the adjacency matrix and the
corresponding distance related parameters are computed in some sets of trees.
Examples are provided of graphs whose spectral distances related to the ad-
jacency matrix, the Laplacian and the signless Laplacian matrix are mutually
equal. The conjecture related to the spectral diameter of the set of connected
regular graphs with respect to the adjacency matrix is disproved using graph
energy.

1. INTRODUCTION

The problems related to the Manhattan spectral distance of graphs were posed
by Richard Brualdi at the Aveiro Workshop on Graph Spectra 2006 (see [14]).

Let G; and G be two non-isomorphic graphs on n vertices whose spectra with
respect to some graph matrix M are mq(Gg) > ma(Gg) > -+ > m,(Gi), k =1, 7.
The M -spectral distance o (G, G;) between G; and G is the Manhattan distance
between their M-spectra:

om(Gi, Gy) =Y Imy(Gi) —my(Gy)].
s=1

In this paper, the spectral distances are considered regarding the adjacency ma-
trix A, the Laplacian L = D — A and the signless Laplacian matrix Q = D + A,
where D is the diagonal matrix of vertex degrees. The characteristic polynomial
Pg,(z) = det(zI — A) of G; is the characteristic polynomial of its adjacency ma-
trix A, while the eigenvalues of G; connected with the adjacency matrix A are
denoted by )\1(G1) Z )\Q(G,) Z s Z /\n(Gi)-

Let I be a family of indices, and G = {G; : i € I} a set of non-isomorphic
graphs of order n. The M-cospectrality of G; € G is cs}! (G;) = min{on (Gy, Gj) -
G; € G,1 # j}, while the M-cospectrality measure of the set G is esM(G) =
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max{csy (G;) : G; € G}. In [9], the M-spectral eccentricity of G;, seccy (G;) =
max{on (G, G;) : Gj € G, i # j}, and the M-spectral diameter of G, sdiam™ (G) =
max{secc} (G;) : G; € G}, are also introduced.

Two problems, originally presented in [I4], are: Investigate csg (G;) for spe-
cial classes of graphs G, and search for a good upper bound on cs™(G). Some
results related to these problems can be found in [I], [9], [10] and [8], while
in [2] the problem related to cs™ (G), regarding the spectral distance o 4(G;, G;) =
St (As(Gi) — As(G5))? was completely solved. Namely, the authors proved that
cs?(G) = 2, for n > 2, whenever cs?(G) is computed with respect to any ¢P-norm,
for 1 < p < oo, and cs4(G) = 1, with respect to the £°*°-norm.

Further, in [9] the following is conjectured:

Conjecture 1.1. Let Ry and Ry be the graphs having the maximum A-spectral
distance among the connected reqular graphs of order n. Then, one of them is the
complete graph on n vertices.

In this paper, the parameters of spectral distances, namely the M-cospectrality,
the M-spectral eccentricity and the M-spectral diameter, will be computed in some
particular sets of graphs, and Conjecture will be disproved.

The notation common for spectral graph theory is used in the paper. In that way,
P, is the path on n vertices, C,, is the cycle of order n, K, is the complete graph
on n vertices, while K ,, is the star of order n + 1. For the complete multipartite
graph on p parts and k vertices in each of them, i.e. for the complete p-partite
graph, the expression Kk, k... koOr Ky is utilized.

——

The complement of G is denoted by G. The graph G; U G; means the disjoint
union of the graphs G; and G, while the disjoint union of k copies of the same
graph G is labeled by k£ G;. The join G;VG; of disjoint graphs G; and G is the
graph obtained from G; U G; by joining each vertex of G; to each vertex of Gj.
The following result will be used in some proofs in Section 3.

Theorem 1.2 ([5, Theorem 2.1.8]). If G; is a r;-regular graph with n; vertices,
and G is a rj-reqular graph with n; vertices, then the characteristic polynomial of
the join G;VG; is given by

PG7‘, (‘T)PG, (‘T)

PGiVGj(x) = (17 — TZ)(I —T‘j)((x - Ti)(l' - rj) - nln])

The coalescence G; - G of two graphs, G; and Gj, is a graph obtained from
G; UG by identifying a vertex u of G; with a vertex v of G;. To prove some of the
statements in Sections 2 and 3 of the paper, it is necessary to recall the following
statement related to the graph operation of coalescence.

Theorem 1.3 ([5, Theorem 2.2.3]). Let G; - G; be the coalescence in which the
vertex w of G; is identified with the vertex v of G;. Then

PGi'Gj (iC) = Pg, (x)PGj*ﬂ(‘r) + PGi*u(x)PGj ({E) - xPGi*U(‘r)PGj*v(m)’
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The energy E(G;) of the graph G; with respect to the adjacency matrix is defined
as B(Gy) = 3220 [Xs(Gi)l.

For the remaining notation and terminology, the reader is referred to [4] or [5].

The paper is organized as follows: in Section 2, some of the parameters of the
M-spectral distances (the M-cospectrality, the M-spectral eccentricity, and the
M-spectral diameter) are determined in one particular set of graphs. According
to these results, the A-spectral distance related parameters in some sets of trees
are computed. In Section 3, some examples of graphs whose A-, L- and @Q-spectral
distances are mutually equal are provided, while in Section 4, Conjecture is
disproved using graph energy.

2. SPECTRAL DISTANCES IN SOME SETS OF TREES

The triangular inequality implies the following result.

Proposition 2.1. Let G = {G1,Ga,...,G )} be the set of non-isomorphic graphs
on n vertices, and let m1(Gyg) > ma(Gg) > -+ > m,(Gg), k = 1,2,..., f(n), be
the M -spectra of these graphs with respect to some graph matrix M. Then
(1) om(Gi, Gj) < om(Gi, Gi) + om(Gr, Gj), for any three G;, G, Gy from G.
(2) oG, Gyom) < X1 our(Ge, Gar). O

It is obvious that the equality in in Proposition is attained if the graphs
G;, Gj and G, are mutually cospectral, or if G, is cospectral with one of the graphs
G; or Gj. One more case in which the equality in in Proposition is attained
is given by the next proposition.

Proposition 2.2. Let G1,Gs,...,Gfy) be the sequence of non-isomorphic graphs
of order n such that ms(G1) > ms(G2) > -+ > my(Gymy) or ms(Gr) < my(Ga) <
- <my(Gyy), for each s =1,2,...,n. Then

O’M(Gi7Gj) + O’M(Gj,Gk) = O’M(Gi,Gk), for1<i<j<k< f(n) (21)

Proof. Since |ms(G;) — ms(Gj)| + |ms(G5) — ms(Gr)| = |ms(Gi) — ms(Gyr)|, for
each s =1,2,...,n, the proof follows. O

Remark 2.3. The examples of graphs which are presented in Proposition [2.2| and
their A-spectral distances are given by Theorem [2.5, Theorem [2.12] and Proposi-
tion

The spectral distance related parameters on the set of graphs of equal order,
regarding an arbitrary graph matrix, whose spectral distances satisfy the equality
stated in Proposition have been computed by the following proposition.

Proposition 2.4. Let G = {G1,Ga,...,G )} be the set of non-isomorphic graphs
of order n and let M be an arbitrary graph matriz. If the M -spectral distances of
graphs from the set G satisfy (2.1)), then the parameters of M-spectral distances on
the set G are:
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(1) CS]gV[(Gz) = Hlin{O'M(Gi,G¢+1),O'M(Gi_1,Gi)}, fOT’ 1<i< f(n), and in
particular

ng(Gl) = O'M(G1, Gg),

esg (Gym) = ou(Gmy—1: Gm);
(2) secc(G;) = max{or(Gs,Gp(ny) om(G1,Gy)}, for 1 < i < f(n), and in
particular
secc]g\/[(Gl) = seccg(Gf(n)) =om(G1,Grn));
(3) sdiam™ (G) = oar(G1, G fn))-
Proof. For fixed 1 <i < f(n)—2 and for each i +1 < j < f(n) — 1, from (2.1 one
can get:
M(Gi, Giy1) < om(Gi, Gige) < om(Giy Gigs) < -+ < om(Gi, Gny)s
ie.

iy 2 on (G G) = o (G, G

and

i+11§nja§Xf(n) om(Gi, Gy) = o (Gi, Gpny)-

For fixed 2 < i < f(n) — 1 and for each 1 < j < ¢ — 1, one finds oy (G1,G;) >
UM(Gj7Gi)' Since JM(Gqu(n)) > UM(Gi+1aGf(n))a for 1 < { < f(’fl) - 27 one
gets

M(G1,G ) 2 om(Ga, Gpny) = om(G3,Gyny) = - 2 om(Griny—1, G gn))-

Now, the spectral eccentricities and the spectral diameter can be determined.
For fixed 3 < j < f(n) and for each 1 < i < j—2, the following inequality holds:

om(Gi, Gj) > om(Gig, Gj),
wherefrom one obtains
om(G1,Gj) > om(Ge,Gj) > om(Gs,Gj) > -+ - > om(Gj-1,Gy),
and the cospectralities can be calculated. O

Theorem 2.5. Let T° = {K1,} UT be the set of trees of order n + 1, where
n > 3 and T is the set of trees with n — 1 pendant vertices. The parameters of the
A-spectral distances of graphs from the set T° are given by Proposition[2.7}

Proof. Let G1,Gs,...,Gn be the sequence of graphs given by G1 = Ki, and
Gi = K17n7i+1 'Kl’ifl, fori = 2, 37 ey [%1 . This means that T = {GQ, ey G[%“ }
Using Theorem [I.3] one finds the characteristic polynomial of G; with respect to
the adjacency matrix:

Pg,(x) =2" 7% (2* —na® + (n—i)(i — 1))
Then, the spectrum of G; is +\(G;), £ X2(G;), and [0]" 73, where \(G;) =
\/ +1/n?2 —4(n—i)(i — 1) and \2(G;) \/f 1/n? —4(n—1i)(i —1). It can
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be checked that Ai(G;) > A (G;) and X2(Gi) < A ( ) for 1 <i<j<[%] s
the A-spectral distance between G; and G, 1 <4 <[%], is
n+1
(G, Gj) Z IAR(G Gl = 2(M(Gi) = M(G))) +2(%2(G)) = Aa(Gh))-

O

Remark 2.6. It is obvious that the parameters of the A-spectral distances of
graphs from the set 7 are also given by Proposition [2:4]

The graphs from the set 7° for n = 7 are presented in Figure[l] Their adjacency
eigenvalues (rounded to two decimal places) are: Spect(Gp): 2.65, [0]°, —2.65;
Spect(Gy): 2.49, 0.90, [0]*, —0.90, —2.49; Spect(G3): 2.36, 1.20, [0]*, —1.20, —2.36,
and Spect(Gy): 2.30, 1.30, [0]*, —1.30, —2.30. So, the A-spectral distances between
these graphs are approximately equal to: 04(G1,G2) = 2.12, 04(G1,G3) = 2.98,
O'A(Gl, G4) = 330, UA(GQ, Gg) = 086, UA(GQ, G4) = 1.18 and UA(Gg, G4) = 0.32.

AP

FIGURE 1. Trees from the set T°

I3

Let T* = {Go,Gl,...,G
is even, Gy = K, and

} be the set of graphs of order n + 1, where n > 4
(Kin—i- K3) - K3)---)- Ky, for 1 <i < %. Here,

1w

for fixed i, by the graph operation of coalescence, a vertex of the j-th graph Ks is
identified with a pendant vertex of the graph (((K1,,—; - K2) - K3)---) - K3, which

j—1
is adjacent to the vertex of the maximum degree (i.e. n — ) in this graph, for each
1 < j <. It can be noticed that the graphs from the set 7* are such trees that
G; has i vertices of degree 2, one vertex of degree n — i and n — ¢ pendant vertices.
The graphs from 7* for n = 8 are presented in Figure [2|

In order to determine the characteristic polynomials of the graphs from the set
T* regarding the adjacency matrix, one can use Gﬁ.’”) to denote the graph G; whose

order is m, i.e. Ggm) = ((K1,m-1-i-K2) - K3) -+ ) - Ko, where m is an odd positive

i
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s

FIGURE 2. Trees from the set T*

integer, and Ggm_j), 1 <j <m —1-—2i, to denote the graph obtained from GZ(-m)
by deleting j vertices of degree 1. Therefore, both Ggm) and GE’"‘J ) have i vertices
whose degree is equal to 2.

Lemma 2.7. The characteristic polynomials of the graphs from the set T*, with
respect to the adjacency matriz, are given by the recurrent formula

PGE)TLH)(:E) = Px,, (z) = (2 —n)a""!

(2.2)

. n
PGE,LH)(.%‘) = xPGET_L)l (x) — PGECLID(J;)’ 1< < 5

Proof. Since GE"H) = ((K1n—i-K2) - K2)--+) - Ko, ie. GE"H) = Gz(ﬁ)l - K, where
a vertex of Ko is identified with a pendant vertex of Ggﬁ)l which is adjacent to the
vertex of the maximum degree in this graph, according to Theorem [I.3] one can
get:

PGETL-H) (CE) = PGEi)l (l‘) PK1 (33) + PGE:;I) (lL’) PK2 (CU) — LL‘PG(n_l) (33) PKl (CL’)

i—1
= :IZPGEi)l (l‘) - PGETLIU(Z')

O

The explicit formula for the characteristic polynomial of GEHH)

below.

is presented

Lemma 2.8. The characteristic polynomial of the graph ngH), 1<i< 3, from
T* with respect to the adjacency matrix is

i i )
PGEnH) (:,C) = Z(—l)k (k’) 2k PG[()n—i—k+1) (1‘)

k=0

Proof. The following equality holds:

0
_1)0 0-0
(-1) <0) x PGénH) (x) = PGénH)(:c),
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where it is supposed that (8) = 1. Further, one finds:

z Py (z) — PGEZU (x)

i—1

_ k i—1 i—k )
= ];)(—1) ( k > X Png,—1+1—k) (I)
= i1
_1\k+1 - i—1—k )
+ ’;)( 1) < . ) z P ()
A i—1 i—1 ‘
=z’ PG((]n—i-H) (:E) + ;(*1)’c < k ) xlik PG(()n—i+1_k-) (.’t)

1—1 .
. 1 —1 .
+ (—1)l PGén—2i+1)(x) + E (—1)]c (kj _ 1) $Zik PGénf'H»lfk)(x)
k=1

1—1 .
. . 17 .
=z PG((]n—i+l) (l’) + (_1)1 Pngfzin) (x) + kg_l(—].)k (k) l’lik PGE)nfiﬁ»lfk) (SL’)

= Z(—l)k (k) l'z_k PG[()n—i+1—k) (ZL') = PG(n+1)(£E). O

Lemma 2.9. The adjacency eigenvalues of the graph GYLH), 1<i< 3, from the
set of graphs T* are: [1]*~1, [0]*~HD  [—1]"=1, and four eigenvalues which are

the roots of the polynomial QZ(»”—H)(I) =z'+ (—n—1+14)2? + (n —2i).

Remark 2.10. The adjacency spectrum of the graph G(%nﬂ) is /% +1, 1],
0, [-1]L.

Proof. The characteristic polynomial of ngﬂ) regarding the adjacency matrix is

1
1
_ .n-3 k 2(1—k) (.2
PG§71+1)(-/E) =z ,;_0(_1) (k) 227R) (22 —n 414 k)

so the spectrum of G§n+1) consists of n—3 eigenvalues which are equal to zero, while

the remaining four eigenvalues, different from +1, are the roots of the polynomial
(n+1)
1 ().
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8 IRENA M. JOVANOVIC

The characteristic polynomial of G(2n+1) with respect to the adjacency matrix is

2
PG<n+1) ="? Z ( ) 227 (22 —n 424 k)
k=0

2" (2% — nat + (2n — 5)x? —n +4)
2" (2 = 1) (2 + (—n + 1)a2® + (n - 4))
n n+1
>(@® 15 (@),
Therefore, the spectrum of Ggﬂﬂ) is [0]"®, 1, —1, while the remaining four eigen-
values are the roots of the polynomial Q(Q"H) (z).

It can be assumed that in the adjacency spectrum of the graph Gl(nH) there are
n— 2l —1 eigenvalues which are equal to zero, [ —1 eigenvalues which are equal to 1,
I — 1 eigenvalues which are equal to —1, and that the remaining four eigenvalues
are the roots of the polynomial

() = 2t + (—n— 14+ D)a® + (n — 21), (2.3)
i.e. that the characteristic polynomial of the graph Gl(nﬂ) is
n— — n+1
Py (2) =@ @D (22 — 1)1 QY (1), (2.4)

The characteristic polynomial of the graph G according to ([2.2)), satisfies the

relation

l+1

PG(n+1)( ) = mPGE") (33) - PGL(W,A)(JC),

1+1

wherefrom, by using (2.4), one can get

P (@) = 2" 27 (22 = 1) (220" (0) - Q" V(@)

I+1

Considering ([2.3)), the previous relation becomes:

PG(n+1)(x)
I4+1
=" 232 ) (@ (n+ -2t + (2n—2-30)2® —n+2+2])
=" A3 D@t —-n)2? +n—20-2)
n—20— n+1
=" @ = 1) QT (@),

which means that the statement is proved by using the principle of mathematical
induction. (]
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SPECTRAL DISTANCES IN SOME SETS OF GRAPHS 9

The roots of the polynomial QE”H)(x) are

N _\/(n+1—i)+\/(—n—1+i)2—4(n—2i)
1 — ) )

\/(n—i—l—i)—\/(—n—1+i)2—4(n—2i)

Ty = 9 )
I3 = —T1,
Ty = —X2.

By direct computation, it can be checked that z; > 1 and z2 < 1, i.e. z3 < —1 and
ry > —1.

In [13], the authors consider the graphs Gi; (1 < k <) and Gg—_1 41, defined
as follows: let G be a connected graph with at least two vertices and let v be an
arbitrary vertex. Gy is the graph obtained by coalescing G with two new paths,
Piy1 and Qpy1, precisely Pry1 : v(2 vo)viva -+ vp and Quy1 1 v(E vo)urug - uy,
by identifying an end vertex of P41 and an end vertex of @Q;y1, both with the
same vertex v(2 vg) of G. Then, Gg_1,41 = Gk — Vk—1Vk + w V. In this regard,
the authors state the following lemma from [12].

Lemma 2.11 ([I8] Lemma 2.1]). Let G be a connected graph on n (n > 2) vertices

and v(£ vg) be a vertex of G, and let Gy (I > k > 1) be the graph defined as
above. Then,

M(Grp) > M (Gr—1,441)-

It can be noticed that for each 0 < i < § — 1, the graph GE"H) from the set
T* is, in fact, the graph Gy, for k = | = 1, where v(£ vp) is the vertex whose
degree is n — i in G;. Therefore, GZ(-T{I)(: Gk—1,+1) is obtained from GZ(-"H)
in the manner described above. So, according to Lemma [2.11] it follows that
MG > A GV, for 1< i< < 2

Now, the A-spectral distances of the graphs from 7* are

04(Go,Gi) =2 (Vn+1—M(Gi) + (i — 1) + Ma(Gy)), 1<i<
CTA(Go,G%) =2 (\/TL+ - Al(G%)) +n— 2;
UA(Gi,Gj) =2 (Al(Gi) — )\Q(GZ‘) — /\1(Gj) + )\Q(Gj) + 45— i), 1<i<j< g;

n.
27

04(Gyy G ) =2 (Al(Gi) — Xa(Gi) = M(Ga) + g —i) L 1<i< g

By direct computation, one can verify that the A-spectral distances between graphs
from the set T* satisfy (2.1). In that way, the following theorem has been proved.

Theorem 2.12. The parameters of the A-spectral distances of graphs from the set
T* are given by Proposition [2.7) O

The adjacency eigenvalues of graphs presented in Figure [2| (rounded to two
decimal places) are: Spect(Gp): 2.83, [0]7, —2.83; Spect(Gy): 2.68, 0.91, [0]®,
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10 IRENA M. JOVANOVIC

—0.91, —2.68; Spect(G>): 2.52, 1, 0.79, [0]3, —0.79, —1, —2.52; Spect(G3): 2.38,
[1]2, 0.59, 0, —0.59, [—1]%, —2.38, and Spect(G4): 2.24, [1]3, 0, [-1]3, —2.24.
Therefore, the A-spectral distances between these graphs are approximately equal
to: UA(Go,Gl) =212, 04(Go,Ga) = 4.2, 04(Gy, G3) = 6.08, O'A(GQ,G4) = T7.18,
O'A(Gl,GQ) = 208, O'A(Gl,Gg) = 3967 O'A(G1,G4) = 506, O'A(GQ,G?,) = 188,
O’A(GQ, G4) = 298, and O'A(Gg, G4) =1.1.

The following lemma and conjecture appear in [9].

Lemma 2.13 ([9, Lemma 5.1]). If T), is an arbitrary tree of order n, then
UA(Tru Kl,nfl) S UA(Pna Kl,n71)~

Conjecture 2.14 ([9, Conjecture 4]). The A-spectral distance between any two
trees of order n does not exceed 04(Pp, K1 pn—1).

The next statement supports Conjecture 2.1}

Proposition 2.15. Let T,, and T be two trees of order n such that \;(T,) <
)\l(T;:) < 2/\1'(Tn), fO’f’i = 2,3, ey L%J Then O'A(Tn,T:) < O'A(Pn, Kl,n—l)-
Proof. The following equality holds:
oA(Tn, K1n-1) =2 (M (K1 pno1) — M (Th)) —2M(Th) + E(T)),
SO one can obtain:
L3]
oa(Tn,T) = 2|M(Tn) = M(T)[ 42 ) [Ai(Tn) — Ai(T57)]
i=2
15]
<2\ (Kino1) = M(To)| +2 ) IN(T)]
i=2

(S

K3

=2 (MK pno1) —M(T0) + ET,) —2M(T) = 0a(Th, Kin-1),
since A1 (K1,,-1) > M(T,) for every tree T, of order n. The previous inequality
together with Lemma [2.13] means that
O'A(Tn;T:;) < UA(TnaKl,n—l) < UA(PnaKl,n—l)- t
3. EXAMPLES OF GRAPHS WHOSE SPECTRAL DISTANCES WITH RESPECT TO THE

ADJACENCY, THE LAPLACIAN AND THE SIGNLESS LAPLACIAN MATRIX ARE
MUTUALLY EQUAL

In [I0], an example of a graph whose A-, L- and @Q-spectral distances are mutu-
ally equal is presented. Precisely, the following proposition has been proved.

Proposition 3.1 ([I0, Proposition 2.2]). Let O(G) stand for the application of
line and complement of a regular graph G an arbitrary number of times and in an
arbitrary order. Let G1 and G2 be r-reqular graphs on n vertices. Then

04(0(G1),0(G2)) = 04(G1,G2) = 01,(0(G1), O(Ge))
= 01(G1,G2) = 0g(0(G1),0(G2)) = 0¢(G1, Ga).
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SPECTRAL DISTANCES IN SOME SETS OF GRAPHS 11

In this section, some new families of graphs whose A-spectral distances are equal
to the corresponding L- and @-spectral distances will be considered. First, let us
recall that the graph Gs is an edges-deleted subgraph of the graph G if it is obtained
by deleting some edges of G; and that the following result holds.

Proposition 3.2 ([I0, Proposition 3.1]). Let G be a graph on n vertices. If Go
is obtained by deleting k edges from G1, then or,(G1,G2) = 0g(G1,G2) = 2k.

Proposition 3.3. Let Gy and Go be two graphs of order n such that Gs is an
edges-deleted subgraph of G1, and e(G1) — e(G2) = k, where (G;), i = 1,2, is the
number of edges of the graph G;. Let the A-spectra of these graphs be A\ (G;) >
X (Gy) > - > M(Gy), i = 1,2, and let T C {1,2,...,n} be the set of indices i
such that )\Z(GQ) 2 )\z(Gl) If Zie] ()\Z(GQ) — )\Z(Gl)) = /{3, then

oa(G1,G2) = 0(G1,G2) = 0g(G1,G2) = 2k.

Proof. The spectral distance between G; and G5 regarding the adjacency matrix
is equal to

0a(G1.G2) = Y (Ni(G2) = X(G))+ D (M(Gh) = Xi(Ge))

i€l i€{1,2,...n}\I

=23 (Mi(G2) = \i(G1)) + D Ai(Gr) = > Ni(Ga)
el i=1 =1

= 2k,

since the sum of the adjacency eigenvalues of a graph is equal to zero. The remain-
ing two equalities follow from Proposition [3.2 (]

Let K = {Go,G1, ..., Gy} be the set of graphs of order n+1 such that Gy = K1,
and G; = Ky (n—im) - Hi, i = 1,2,...,q. Here, H; = K;ViK,,; by the graph
operation -, the vertex of maximum degree in the graph K ;) is identified
with the vertex of maximum degree in the graph H;; n = 0 (modm), i.e. n =mgq
for ¢ € ZT; n > m and m > 1. Graph G5 from K for n = 16 and m = 4 is presented
in Figure

To prove Proposition which is related to the adjacency spectral distances of
graphs from the set I, one needs the following results.

Corollary 3.4 (Interlacing Theorem, [5, Corollary 1.3.12]). Let G be a graph with
n vertices and eitgenvalues Ay > Ay > --- > X, and let H be an induced subgraph
of G with m vertices. If the eigenvalues of H are puy > ps > -+ > Uy, then
)\n—m-',-i < i < )\i; 1= 1,2,...,m.

Proposition 3.5 ([5, Proposition 1.3.10]). If G —uv is the graph obtained from a
connected graph G by deleting the edge uv, then A\ (G —uv) < A\1(G).
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FI1GURE 3. Graph G, from K for n = 16 and m =4

Proposition 3.6. The following holds:

(1) Let Gi, G; and Gy, be three arbitrary graphs from the set IC, such that
1<i<j<k<gq. Then the A-spectral distances of these graphs satisfy

&)
(2) The A-, L- and Q-spectral distances of graphs from K are mutually equal
form = 2.

Proof. By applying Theorem [I.2] the characteristic polynomial of the graph H; =
K1 ViK,,, with respect to the adjacency matrix, can be obtained:
Py, (z) = (x —m+ 1) (x4 1) 7D (2= (m—1)z—im). (3.1)
According to Theorem the characteristic polynomial of the graph G;, re-
garding the adjacency matrix, is

Pg,(z) = 2" " (x = (m = 1)) (2 + 1) "D Qi(w),

where Q;(z) = 2 — (m — 1) 22 — nx + (m — 1) (n — im). Let 21,22 and z3 be the
roots of the polynomial Q;(z).

According to Corollary [3:4] as K,, is an induced subgraph of G;, for each 1 <
1< q, M(Kp) =m—1< M (G;). Since Q;(m —1) = —im (m — 1) # 0, it follows
that A\ (G;) >m — 1, so x1 = M (G;), for 1 <1i <gq.

Graph H; is an induced subgraph of G;, for each 1 < ¢ < ¢, and from (3.1
it follows that its A-spectrum is hy = 3 (m —14+/(m—-1)2 +4im> >m—1,
[m — 1)i=1, [—1]i0m=D) py = 1 (m—l— (m—1)2—|—4im) < —1. Applying
Corollary [3.4] results in:

)\n+1(Gi) < )\zm+1(Hz) =hy < —]., for1<i< q. (32)
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For i = q, K1Vq K,,—1 is an induced subgraph of G,. Since
P, Vg 1 (1) = (@ =m+2)"" (@ + 1)1 (2% — (m - 2)z —q(m - 1)),

the A-spectrum of K1VqK,, 1 consists of the following eigenvalues: [m — 2|71
[—1)em=2) g =1 (m —24/(m—2)2+4q(m— 1))7 where g1 > m — 2, and

go = % (m —2— \/(m —2)24+4q(m— 1)), where go < —1. So, reapplying Coro-
llary 3:4] results in
)\n+1(G ) < )‘1+q(m 1)<K1qum,1) < —1. (33)
From ) and ( ., 23 = Apa1(G;) < —1 is finally found.
Since QZ( ) =(m—-1)(n—im)>0and Q;(m—1)=—im(m—1) <0, for each

i # g, the eigenvalue x5 of the graph G; is in the interval (0, m — 1).

If i = ¢, then Qq(z) = z (22 — (m — 1)z —n), which means that the ad-
jacency spectrum of G, is 5( —1+/(m—1)2 +4n) m — 1]97 [-1]"79,
%(m,1, (m—1)2 +4n).

According to Proposition z1(Gy) < 21(Gy), i.e. M(Gi) < M (Gy) is found,
where 1 < ¢ < j < ¢g. The functions Q;(z) and Q,(x) differ only in the positive
coefficient with 2° and they have no common points, which means that one of
them is the expansion (shrinking) of the other in a certain interval. The function

Qi(x), 1 <i < g, is positive in the interval (xo,x3), it is monotonically increasing

on (—oo% (m— 1—+/(m—-1)2 +3n)), and it attains the maximum for z =

3 (m —1—+/(m—1)2 —|—3n>. Hence,

0 (;<m—1— (m—1)2+3n)> > Q, (; (m—1- (m—1)2+3n>>,

3 (m —1—+/(m—-1)2+ 3n>. Therefore, z3(G;) > z3(G;), ie.
)\n—i-l(Gj) > >\n+1(Gi)7 forl1 <i< 7 <gq.
For G;,G; € K, where 1 < i < j < g, the following holds:

> (M(Gi) = Ae(Gy)) = (m — 1) (j —4) (3.4)

ke{n—(m—-1)j+1,....n—(m—1)i+1}

and also z3 <

and
m(m—1)

e(G)) —e(Gi) = f(j —1). (3.5)

The relations and and Proposition imply that the A-, L- and
Q-spectral distances of graphs from the set K are mutually equal for m = 2 (see
Figure {4)).

Otherwise, the A-spectral distance of graphs G; and G, for 1 <i < j <gq, is
equal to

0a(Gi, Gj) =2(m —1)(j — 1),
wherefrom it can be checked that (2.1) is satisfied. O
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FIGURE 4. Example of graphs whose A-, L- and Q- spectral dis-
tances are equal

There are examples of graphs such that the A-spectral distance between them
and their edge-deleted subgraphs is equal to a small constant. For example, in [9]
it was proved that o 4(C,, ) = 04(Ch, Cr, —e) = 2, while in [I] it was proved that
oa(Ky, K, —e) =2, for n > 2. Here, G — e stands for an edge-deleted subgraph
of the graph G. A similar situation, which holds in the case of the complete
multipartite graph and its edge-deleted subgraph, is described by Proposition [3.9]
However, two statements relevant for proving this proposition will be presented
first. The reader who needs to be reminded of the adjacency spectrum of the
complete multipartite graph is referred to [4, p. 73].

Theorem 3.7 (Interlacing Theorem for Complete Multipartite Graphs, [6] The-
orem 1]). The n — 1 negative eigenvalues \p_pi2,...,Ap of a complete n-partite
graph K (p;) = Kp, ps,....pns 0f order p =31 p;, with n partition numbers p; and
t distinct partition numbers D;, satisfy the inequalities
p1 < *)\p—n+2 g D2 § A;f)—n—i-i?o S P3 S o S Pn-1 S *>\p S DPn-
Moreover, for t — 1 of the negative eigenvalues A} (i = 2,...,t), the strict inequal-
ities
Pr<—A <Py <A} < <Py <A <Dy

hold, and together with \1 they are the roots of the equation

t _

nip;

Theorem 3.8 (J4, Theorem 6.7]). A graph has exactly one positive eigenvalue if
and only if its non-isolated vertices form a complete multipartite graph.
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Proposition 3.9. Let G = K« be the complete p-partite graph of order n = pk,
and let M (G —e) > Xao(G —€) > -+ > A\ (G — €) be the A-spectrum of the graph
G — e such that \o(G — €) + Ap—pt2(G — €) = 1 — k. Then the following holds:

04(G,G—¢)=0(G,G—e) =0g(G,G —e) =2.
Proof. The graph G* = K, | . .., of order n —1, is an induced subgraph of
b b )

p—1
the graph G — e. According to Theorem the A-eigenvalues of G* are A1 (G*),
0"~ 1P X\_p+1(G*) € [—k,—(k — 1)] and [—k]P~2. By using Corollary it
can be found that the A-eigenvalues of G — e are [0]"7P~2 and [—k|P~3. For the
greatest and the smallest eigenvalue, the following inequalities hold: A1 (G —e¢) > 0
and A\, (G —e) < —k. Since G — e, according to Theorem is not a complete
multipartite graph, Ao(G —e€) # 0, i.e. Ao(G —€) € (0, \(G*)]. Also, Ap—p41(G —
€) € [A—pt1(G*),0] and \,,_p12(G—e) € [—k, Ap—p+1(G™)]. Since the A-spectrum
of G is known, one can easily obtain:

o(G,G —e)

=M(G) = M(G =€)+ X2(G = €) = An—ps1(G — €) + A_ps2(G — €) = Au (G — )
=k (k(p—3) = (G — ) = Aups2(G — €)) + 22(C — €) + Au—py2(G — )
=2(k+X(G—e)+ Ap2(G—e)) =2.

The remaining two equalities follow from Proposition O

Let G be a graph with vertex set V(G). The partition V(G) = ViUV, U--- UV,
where U stands for the disjoint union, is an equitable partition if every vertex in
Vi has the same number of neighbours in Vj, for all 4,5 € {1,2,...,k} (for more
details see e.g. [B, p. 83]).

The following statements, used in Remark below, were proved in [5].

Corollary 3.10 (5, Corollary 1.3.13]). Let A be a real symmetric matriz with
spectrum Ay > Ao > -+ > A, Given a partition {1,2,...,n} = A;UAU---UA,,
with |A;] = n; > 0, consider the corresponding blocking A = (A;;), where A;j is an
n; X n; block. Let e;; be the sum of the entries in A;; and set B = (e;;/n;) (note
that e;j/n; is the average row sum in A;;). Then the eigenvalues of B interlace
those of A.

Theorem 3.11 (|5, Theorem 1.3.14]). Let A be any matriz partitioned into blocks,
as in Corollary . Let us suppose that the block A;; has constant row sums
bij, and let B = (b;j). Then the spectrum of B is contained in the spectrum of A
(taking into account the multiplicities of the eigenvalues).

Remark 3.12. It can be checked that o4 (K, ny, Knyny, — €) # 2, for ny # na.
Namely, let V(K,,, n,) = X UY be the set of vertices of the graph K, ,,, where
X=Az;|1<i<m}, Y ={y;|1<j<mna}, n1 <ng, and let e = z1y; be one of
its edges. Then the partition {Cy, Cy, Cs,Cy} of the set of vertices of Ky, n, — €,
where Cy = {z1}, Co = {xa,...,2n, }, C3 = {y1} and Cy = {y2,...,Yn, }, is an
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16 IRENA M. JOVANOVIC

equitable partition with the quotient matrix

0 0 0 ng—1
0 1 77,27].
TL1—]. 0 0
ng—1 0 0

Q=

_ o O

The i-th row and column of @ correspond to Cj, i = 1,2,3,4. The characteristic
polynomial of the matrix Q is q(x) = z* — (nyny — 1) 2% + (ny — 1) (ny — 1), while
its eigenvalues are

17172 ==+

1 2
%\/nlng —1- \/(1 — ’fllTlQ) — 4(711 — 1)(7’1,2 — 1)

and

1
T34 = iﬁ\/nmz — 14 /(1 —nin)? —4(ny — 1)(ng — 1).

According to Theorem these eigenvalues are also the A-eigenvalues of the
graph K, », —e. Since K, n,—1 is an induced subgraph of K, ,, — e, from Co-
rollary it follows that in the A-spectrum of K, ,, — e there are n; +ng — 4
eigenvalues which are equal to 0. Since

UA(Knh’ﬂz s Knh’ﬂz - 6)

— 9\ /ns — %\/nm 1+ /T =) — 4 = D(ma — 1)
2
V2

it follows that o4 (Ky, ny, Knyne —e€) =2 only if nqy > 1 and ny = no.

+ ’I’Llng—l— \/(1—n1n2)2—4(n1 —1)(77,2—1),

Proposition 3.13. Forn > 2 and m > 2, the following holds:

0A(Kn VK m, (K — e)VEy, m) = 2.
Proof. By applying Theorem [I.2] one can easily obtain that the A-spectrum of
K, VK, consists of the following eigenvalues: xq, [0]*™~2 [-1]""!, 2o and
[—m], where z1 5 = ((n +m—1)£+/(n—1)2+2m@Bn+1)+ mQ).

The adjacency matrix A((K,, —e)V K, m) of the graph (K, —e)VK,, , has the
blocking as follows:

o J J
A((Kp — ) VEpm)=| J J—1 J
J T A(Kmm)

where J is the all-1 matrix, while I is the identity matrix. Therefore, the quotient
matrix ¢ which corresponds to the matrix A((K,, — e)VEK,, n) is

0 n—2 2m
Q=1 2 n—-3 2m |,
2 n—2 m
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while the characteristic polynomial of the matrix @ is
q(x) = —2® + (n+m —3) 2% + (mn +2n + 3m — 4) x + 2nm.

The roots y1, Y2, y3 of the polynomial g(x) are eigenvalues of (K,, —e)V K, n,. The
other eigenvalues of (K, — e)VK,, ,, remain the same if J is subtracted from the
blocks of A((K,, — e)VK,, ) which are equal to J, and from the block which is
equal to J — I (for more details related to this subject, see [3]). Thus, one obtains:

0O O O 0O 0 0
A(K,—e)VKpm)=| O —I 0 and Q@ =[ 0 -1 0
O O AKmm) 0 0 m

The characteristic polynomial of the matrix Q" is ¢'(z) = (m — ) -z - (z + 1),
so the eigenvalues of A’ which are not the eigenvalues of Q' are [0]?"~1, [-1]"—3
and [—m]. Therefore, the A-spectrum of the graph (K,, — e)VK,, , consists of the
eigenvalues y1, y2,y3, [0]2"71, [-1]"73 and [-m)].

In what follows, the order of the eigenvalues y1,¥s,ys in the spectrum of the
graph (K,, — e)VK,, ., will be determined. One of them, say y;, is obviously the
index of the graph. Since K,,_1 VK, ,,, is an induced subgraph of (K,, — )V K, m,
according to Corollary the remaining two eigenvalues, y» and y3, may be in one
of the following intervals (each of y2 and ys3 in exactly one interval): [0, 4], [-1,0],
[25,—1] and [—m, x5], where

1
tha=75 (n—2+m+ V-2 +2m(Bn —2) + m?)

are the corresponding eigenvalues of the graph K,,_;VK,, ,,. Since the following
relations hold: ¢(0) = 2mn > 0, ¢(—1) = (m — 1)(n — 2) > 0, g(—m) = 2m (m? —
3m+2) >0,

(2m® — 6m + 5mn — (n — 2)?)

DN | =

q(xy) =

1
—5(2m—|—n—2)\/m2—|—(n—2)2—|—m(6n—4) <0,

q(x)) = % (2m2+(n—2)-(n—2+\/m2+(n—2)2+m(6n—4))>

+%(5n—6+2\/m2+(n—2)2+m(6n—4)) >0,

it can be concluded that ys € [z4, —1] and y3 € [—m, x5]. More precisely, as

q(xa) =1-=3m—n++/m2+(n—-1)2+m6n+2) <0

and g(—m) > 0, one obtains y3 € [—m, x3].
So, one finally finds:

TA(BnV K (K =€) VEn ) = |21 —y1|[+10— (=1)[+[(=1) —ya| +|z2 —ys| = 2.
(]
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4. ABOUT THE CONJECTURE RELATED TO THE ADJACENCY SPECTRAL
DISTANCES OF CONNECTED REGULAR GRAPHS

In [9], Z. Stani¢ posed the following six conjectures related to the A-spectral
distances of graphs:

Conjecture 4.1. The A-spectral distance between any two graphs of order n does
not exceed EM** = max{E(G) : G is a graph of order n}, i.e.
sdiam®(G,) = E™,
where G, is the set of all n-vertex graphs.
Conjecture 4.2. Let Ry and Ry be the graphs having the maximum A-spectral
distance among the connected regular graphs of order n. Then one of them is K,,
i.e.
sdiam?(R,,) = Secc%n (Ky),
where R, is the set of all connected regular graphs of order n.
Conjecture 4.3. Let By and By be the graphs having the maximum A-spectral
distance among the connected bipartite graphs of order n. Then one of them is
K130 b6 ) )
sdiam” (B,,) = seccg, (K= |2)),
where By, is the set of all connected bipartite graphs of order n.
Conjecture 4.4. The A-spectral distance between any two trees of order n does
not exceed o 4(Pp, K1n-1), i.e.
sdiam®(7,,) = 0 (P, K1 1),

where Ty, is the set of all trees of order n.

Conjecture 4.5. The following holds:
0945~ lim oa(Py,Z,) = lim oa(Wy,Z,) =3 lim oa(P,, W),
n—-+oo n—-+oo

n—-+oo

nglfoo 04(Con, Zon) = nglfoo 04(Con—1,Zon-1) = 2,

where Z,, and W, are, respectively, the snake graph and the double snake graph of
order n.

Conjecture 4.6. For any € > 0, there are graphs G1 and G2 having no common
eigenvalues such that o 4(G1,G2) < €.

Conjecture was disproved in [8], and now Conjecture will be considered.
Let R,, be the set of connected regular graphs of order n, and let G € R,, be a

r-regular graph whose adjacency spectrum is r = A1 (G) > A2 (G) > -+ > A\ (G).
One can easily verify that

oa(G Kn) =[n—1—7|+Y |-1-X(G) = E@),
i=2
where G is the complement of G, and G is (n — 1 — r)-regular. Also, G=0G.
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Since the energy E(G) of a graph G on n vertices is not greater than % (1+/n)
(see [I1]), one can conclude that
seccly (Kn) < = (1+/n),

which means, according to the statement given by Conjecture that
sdiam”(R,) < % (1+v/n).

|3

The generalized quadrangle G = GQ(3,9) (for more details about this kind of
graphs, see [7]) is the strongly regular graph with parameters (112, 30, 2, 10),
whose A-spectrum is 30, [2]%°, [-10]?!. Since

_ 112
04(G, G) = 690 > 648,648 ~ —= (1 + V112) > sece, . (K112),

and since both graphs, G = GQ(3,9) and its complement G, are connected, Con-
jecture is disproved.
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