REVISTA DE LA UNION MATEMATICA ARGENTINA
Vol. 62, No. 2, 2021, Pages 423-432

Published online: December 3, 2021
https://doi.org/10.33044/revuma.1783

A GENERALIZATION OF PRIMARY IDEALS AND STRONGLY
PRIME SUBMODULES

AFROOZEH JAFARI, MOHAMMAD BAZIAR, AND SAEED SAFAEEYAN

ABSTRACT. We present *-primary submodules, a generalization of the concept
of primary submodules of an R-module. We show that every primary submod-
ule of a Noetherian R-module is *-primary. Among other things, we show that
over a commutative domain R, every torsion free R-module is *-primary. Fur-
thermore, we show that in a cyclic R-module, primary and *-primary coincide.
Moreover, we give a characterization of #-primary submodules for some finitely
generated free R-modules.

1. INTRODUCTION

Throughout this paper, all rings are commutative with identity and all modules
are unital. A proper ideal I of a ring R is called a prime (resp. primary) ideal if
whenever ab € I, where a,b € R, then either a € T or b € I (resp. a € [ or b € I
for some positive integer n). The notions of prime and primary ideals have been
generalized to modules by various authors ([3], [4] and [6]). Let R be a ring, M
an R-module and N a submodule of M. The annihilator of the R-module % is
denoted by (N : M). A proper submodule N of M is called prime (resp. primary)
if whenever rm € N, where r € R, m € M, then either m € N or r € (N : M)
(resp. m € N or r™ € (N : M) for some positive integer n). For more details about
prime and primary submodules one can see [2], [5], [7], [I1] and [12]. For a proper
submodule N of an R-module M and a € R, set (N :pr a) ={m € M | am € N}.
It is easy to show that (N :j; a) is a submodule of M. Following [I], a proper
submodule N of M is said to be classical primary, if abm € N, where a,b € R,
m € M, implies that am € N or b"m € N for some n € N.

Strongly prime submodules have been introduced and studied in [8] and [9].
According to [8], a proper submodule N of an R-module M is said to be strongly
prime provided that (Rz + N : M)y C N, for z,y € M, implies that either x € N
ory e N.

In this paper we introduce and investigate x-primary submodules, which are a
generalization of primary ideals and strongly prime submodules.
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Definition 1.1. A proper submodule N of an R-module M is called *-primary
(resp. *-prime) if (Rx + N : M)y C N for z,y € M implies that either y € N or
(Rz+ N : M)" C (N : M) for some k € N (resp. y € N or (Rz+ N : M) C (N :
M)). If the zero submodule of M is x-primary, M is called x-primary. Moreover
the R-module M is called fully x-primary provided that every proper submodule
of M is x-primary.

We have the following diagram which shows the relationship of strongly prime,
prime, primary, *-prime and %-primary submodules.

strongly prime =—- prime = primary
4

*-prime =—> *-primary

We give an example which shows that the classical primary submodule and
x-primary submodules are different. Considering Q as a Z-module, we observe
that Z is a x-primary submodule which is neither a classical primary nor a primary
submodule. Moreover, for some prime number p, the submodule pZ @0 is a classical
primary submodule of Z®Z which is not a #-primary submodule (see Example.

In the next example we show that the class of x-primary submodules is quite
different from the class of strongly prime submodules and the class of primary
submodules.

Example 1.2. (a) Consider Q as a Z-module. For every proper submodule N of
Q, we have (N : Q) = 0. So all proper submodules of Q are *-prime and hence
x-primary (one can easily extend this fact to divisible modules over a domain).
We know that Q has no nonzero prime (primary) submodule; therefore it has no
nonzero strongly prime submodule.

(b) #-primary submodules of the Z-module Z,, are exactly the primary ideals of
the ring Z,.

(¢) If (N : M) =m is a maximal ideal of R, then N is a s-primary submodule.
In particular, if N is a maximal submodule of M then N is a *-primary sub-
module. Moreover, if M is a finitely generated module in which for every proper
submodule N of M, (0: M) = (N : M), then N is a #-primary submodule.

(d) In the Z-module Z @& Z, submodules of the form 0 & mZ, mZ & 0 and
pZ & qZ are not x-primary, where p,q are distinct prime numbers and m € Z.
((Zz(1,q+ 1) +pZ ®qZ : ZS Z)(1,0) C pZ & gZ, (1,0) ¢ pZ & qZ and no power of
(Z(1,q+ 1)+ pZ © qZ : Z & Z) is contained in pgZ).

In Section 2, we show that in a Noetherian R-module, every primary submodule
is x-primary (Proposition; we also show that torsion free R-modules over com-
mutative domains are x-primary (Proposition. In Section 3, we show that for
any cyclic R-module M and submodule N of M, we have that N is strongly prime
if and only if N is a *-primary submodule with ﬁ a reduced ring (Proposi-
tion. Moreover, we show that over a cyclic R-module the *-primary submodules
are precisely primary submodules (Theorem [3.2)). Finally, we investigate *-primary

submodules of a free R-module M of rank 2 (Proposition and Theorem [3.9).
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2. *-PRIMARY SUBMODULES

In this section we obtain necessary and sufficient conditions under which a sub-
module N of M is x-primary.
For a submodule N of an R-module M set

ZInM)={ye M| (Rz+ N : M)y C N for somez € M\ N}.

Proposition 2.1. Let M be an R-module and N a proper submodule of M. The
following are equivalent:

(1) N is a *-primary submodule of M.

(2) For every submodule L of M and x € M, if (Rt + N : M)L C N then
LCN or(Re+N:M)" C(N:M) for somen € N.

(3) For eachy € Zny(M)\ N and x € M\ N such that (Rt + N : M)y C N,
there exists an n € N such that (Rx + N : M)*(M) C N.

(4) For each x € M, either w is a nilpotent ideal or (N : (Rx + N :
M))=N.

(5) A& is a *-primary R-module.

Proof. (1= 2) Let (Rz+ N : M)L C N and L ¢ N. Then there exists [ € L\ N
such that (Rx + N : M)l C N. Now by (1), we have (Rz + N : M) C (N : M)
for some n € N.

(2 = 3) Assume that y € ZN(M)\ N,z € M\ N and (Rx+ N : M)y C N. Set
L = Ry. By (2) there exists a positive integer n € N such that (Rx + N : M)™ C
(N : M) or, equivalently, (Rt + N : M)"M C N.

(3= 4) For x € N it is clear that W is a nilpotent ideal. Assume that
x € M\ N and (N :p; (Rx+N : M)) € N. Then there exists y € (N :ps (Rz+ N :
M))\ N. Therefore (Rz + N : M)y C N, and hence y € Zy(M)\ N. By (3),
(Re+ N : M)" C (N : M) for some n € N, which implies that W is a
nilpotent ideal.

(4 = 1) Suppose that y,x € M are such that (Rz + N : M)y C N and y ¢ N.

By hypothesis, % is a nilpotent ideal, and hence for some positive integer n,

(Rt + N :M)"C (N:M).

(1 = 5) Let (8% M) (y+ N) = 0. Since RﬁN &~ Rw_i_N, (Rx + N :

M)(y+ N)=0. Then (Rz + N : M)y C N. By (1),wcgoty€Nor (Rz + N :
M)”Q(N:M)forsomeneN.Soy—&—N_Oor(M:%) C(0:35).

(5= 1) Let (Rx+ N : M)y C N. Then (R””JFN'M)(erN)fO By (5) w
have y + N = N or (%:%)"g(o:%). Hence y € N or (Rx + N : M)"
(N : M).

Dlﬁ
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Proposition 2.2. Let M be an R-module and N a submodule of M with Zn (M) #
M. The following statements hold:
(1) If (N : M) is a primary ideal of a Noetherian ring R, then N is a x-primary
submodule.
(2) Zn(M) = N if and only if (N : M) is a semiprime ideal of R and N is a
x-primary submodule.

Proof. (1) Let (Re+ N : M)y C N,y ¢ N and (Re + N : M)" ¢ (N : M) for
every n € N. We have (Rz+N : M)(Ry+N : MM C (Rx+N : M)(Ry+N) C N.
Then (Rzx + N : M)(Ry+ N : M) C (N : M). Since (N : M) is a primary ideal
of R, we have (Ry+ N : M) C (N : M). So (Ry+ N : M)M C N and this is a
contradiction.

(2) Let Zn(M) =N and (Rx+ N : M)y C N, where z,y € M. If z € N, we
are done. Otherwise, y € Zy(M) = N. Consequently, suppose that Zn (M) # N.
There exists y € Zy(M) such that y ¢ N. By definition of Zn (M) there exists
x € M\ N such that (Rz + N : M)y C N. Then (Rz+N :M)" C (N : M)
and semiprimeness of (N : M) implies that (Rz + N : M)M C N. Therefore
ZNn(M) = M and this is a contradiction. O

Proposition 2.3. Let M be an R-module and m be a mazimal ideal of R. Then
m"M is a x-primary submodule of M (m"M # M, n € N).

Proof. Let (Rx + m"M : M)y C m"M. If (Rx + m"M : M) C m, then
(Rx +m™M : M)"M C m"M. So (Rx+m"M : M)" C (m"M : M). If (Rx +
m"M : M) ¢ m, then there exists a € (Rz + m™M : M) such that a ¢ m. So
ar +b=1,b € m. Hence 1 = 1" = (ar +b)" = b™ + sa for some s € R. Thus
y = b"y + say, and therefore y € m™ M. O

In the next proposition we will consider the basic properties of x-primary sub-
modules under module homomorphisms.

Proposition 2.4. Let M and M’ be R-modules, K C N C M and f : M — M’
an epimorphism. The following statements hold:
(1) If N’ is a *-primary submodule of M', then f=1(N') is a *-primary sub-
module of M. (f(M) ¢ N’).
(2) If N is a x-primary submodule of M with ker f C N, then f(N) is a
x-primary submodule of M'.
(3) N is a *-primary submodule of M if and only if % is a x-primary submodule
of %

Proof. (1) Let (Rz + f~Y(N') : M)y C f~1(N’), where z,y € M. We claim
that (f(Rz) + N’ : M) f(y) € N'. Let r € (f(Rx) + N’ : M’). Then f(rM) C
f(Rx)+ N'. So for every mg € M there exists 19 € R such that f(rmg—roz) € N'.
Hence rmg € f~Y(N') + Rx. Therefore rM C f~Y(N') + Rz. So ry € f~1(N'),
rf(y) € N', and hence (f(Rz)+ N : M)y C N. Since N’ is a *-primary submodule
of M’, we have that f(y) € N’ or (f(Rz)+ N': M’)" C (N’ : M) for some n € N.
Hence y € f~Y(N') or (Rx + f~*(N'): M)" C (f~*(N') : M).
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(2) Let (Rm} + f(N) : M")mb C f(N), where mj,m5 € M’. Then there
exist my,me € M such that m{ = f(m1), mh = f(msa). We claim that (Rm; +
N : M)mg C N. Let r € (Rm; + N : M); then rf(M) C Rf(m1) + f(N).
By assumption, rf(mz) € f(N). So f(rms — ng) = 0 for some ny € N and
hence rmy € N. Since N is a x-primary submodule, we have that my € N or
(Rmi+N:M)" C (N : M) for some n € N. So m/s = f(ma) € f(N) or
(Rf(my1)+ f(N): M')" C (f(N): f(M)) for some n € N.

(3) It is clear by (1) and (2). O

Corollary 2.5. Let M, N, My and Ms be R-modules.

(1) If f : M — N is an epimorphism and Rad(M) a x-primary submodule,
such that ker f C Rad(M) and Ra+([]\/1) is a semisimple R-module, then
Rad(N) is a x-primary submodule of N.

(2) Let N1, N be submodules of My, Ma. Then Ny, Ny are x-primary if and

only if Ny & Ms and My & Ny are x-primary submodules of My & M.

In Proposition the surjectivity of f is necessary. For example, consider
the homomorphism ¢ : Z — Q via ¢(x) = x. The submodule 6Z is a x-primary
submodule in Q, but it is not *-primary in Z. For the homomorphism f : Z — Z&Z
via f(x) = (z,0), we have 2Z < Z is a *-primary submodule but f(2Z) = 2Z &0 <
Z @ Z is not a x-primary submodule. Also the condition kerp C N is necessary.
For example, for the surjective homomorphism ¢ : Z — Zg, the zero submodule of
Z is *-primary but the submodule ¢(0) = 0 < Zg is not #-primary.

If Ny £ M; and Ny S M, are x-primary, then we cannot always say that
Ny @& Ny S My @ M is a s-primary submodule. For example, for every prime
number p € Z, the submodule pZ & 0 S Z & Z is not a *-primary submodule.

Fact 2.6. Let M be an R-module and N; and N> submodules of M.

(1) If the intersection of two submodules is a *-primary submodule, then not
all of them are necessarily *-primary; consider for example M = Z & Z,
N1y = 0 2Z, No = 2Z ® 0. Also, the intersection of two *-primary
submodules is not necessarily x-primary; for example, take Zg as a Z-

module. (2), (3) are *-primary. But (2) N (3) = (0) is not a *primary
submodule.

(2) The property of being *-primary in submodules of M is not preserved under
isomorphism (for example, M = Z, Ny = 6Z, Ny = 27).

Proposition 2.7. Let M be an R-module such that for submodules A, B and C
of M we have A+ (BNC)=(A+B)N(A+C); N a x-primary submodule of M ;
and K a submodule of M such that K ¢ N and (Rz+ N : K) = (Rt + N : M) for
every x € M. Then K N N is a *x-primary submodule of K.

Proof. Let (Rx + (KN N) : K)y C KNN, where x,y € K and y ¢ K N N.
Then y ¢ N. We claim that (Rx + N : M)y C N. Let r € (Rx + N : M); then
rK CRx+ N. SorK C (Re+N)N(Rzx+ K) = Rx+ (KN N). Hence ry € N.
Since N is a #-primary submodule, (Rxz + N : M)" C (N : M) for some n € N. So
(Re+N:M)"C(NNK : K),and thus (Rx+ (KNN): K)" C (NNK : K). O
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In what follows, *-primary submodules of a Noetherian ring are investigated.
Proposition 2.8. Let R be a Noetherian ring and M an R-module. The following
statements hold:

(1) Primary submodules of M are x-primary.
(2) For a submodule N of M, if \/(N : M) is a maximal ideal of R, then N is
a x-primary submodule of M.

Proof. (1) Suppose xz,y € M and (Rx+ N : M)y C N. Since N is a primary

submodule, y € N or (z1,za,..., ) (Rx-l—N M) C /(N :M). Then there
exist ki, ka,...,k, € N such that e (N M), ..., 2k € (N : M). Then
(xR + N : M)* C (N : M) for some k € N.

(2) It follows from (1). O

In general, the converse of Proposition (1) is not true (see Example [1.2)).

Corollary 2.9. Let M be a Noetherian R-module. Then every primary submodule
of M is x-primary.

For an R-module M and a submodule N of M, if (N : M) is a maximal ideal
then it is clear that N is x-primary. The following example shows that in general

if (N : M) is a prime ideal of R, we cannot expect N to be a *-primary submodule
of M.

Example 2.10. Let M = Z ® Z as a Z-module and N = 2Z & 0. The ideal
(N : M) = 0 is a prime ideal of Z but N is not a #-primary submodule. For
(Z(2,2)427230 : ZOZ)(1,0) C 2Z®0, (1,0) ¢ 2Z®0 and powers of (Z(2, 2)+2Z@0 :
Z @ 7Z) are nonzero.

A nonzero module is a compressible module if it can be embedded in each of its
nonzero submodules.

Theorem 2.11. Let R be an integral domain, M an R-module and N a proper
submodule of M. If % is a torsion free or compressible module, then N is a *-prime
(x-primary) submodule. Moreover, T(M) S M is a *-primary submodule.

Proof. Let L be a submodule of M and « € M such that (Rz+ N : M)L C N and
L ¢ N. Then (B2xX . 3) (L) = N. If & is torsion free, then (ZZEN . M) —
0. Hence (Rt + N : M) =0 C (N : M). If & is compressible, there exists
a monomorphism f : % — # Now (Rz + N : M)f (%) C N implies that
(Re+ N :M)M CN. Thus (Re+ N : M) C (N : M). O

Corollary 2.12. Let R be an integral domain and M a torsion free R-module.

(1) Every direct summand of M is x-primary.
(2) For every mazimal ideal m of R, the R-module M, is x-primary as an
R,,-module.
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3. *-PRIMARY SUBMODULES IN SOME FINITELY GENERATED MODULES

In this section we characterize *-primary submodules in cyclic modules. Also
we investigate s-primary submodules in the free R-module R & R.

Proposition 3.1. Let M be a cyclic R-module and N a submodule of M. The
following are equivalent:

(1) N is a x-primary submodule and ﬁ is a reduced ring.

(2) N is a x-primary submodule and (N : M) is a semiprime ideal of R.

(3) N is a strongly prime submodule of M.

Proof. (3 = 1) Let M = Rz and let N be a strongly prime submodule of M.
Let a+ (N : M) # (N : M) and n € N the smallest natural number such that
(a+ (N :M))" C (N : M). Then there exists 79 € R such that aroz ¢ N. We
have (Ra" 'z + N : M)aroxr C N. Since N is strongly prime, a" 'z € N. So
{(a"~1z) C N and this is a contradiction.

(1 = 2) and (2 = 3) are clear. O

Theorem 3.2. Let M be a cyclic R-module and N a proper submodule of M. The
following are equivalent:
(1) N is a primary submodule.

(2) N is a x-primary submodule.
(3) (N : M) is a primary ideal.
Proof. (2 = 3) Let M = Rz, ab € (N : M), aM ¢ N and b"M ¢ N for
every n € N. Then there exist rg,7; € R such that argx ¢ N, b"riz ¢ N.
We have (Rbm + N : M)argx C N for every m € M. Since N is a #-primary
submodule and argz ¢ N, (Rbm+ N : M)* C (N : M) for some k € N. So
(Rbx + N : M)kbx C N. Therefore b*bx € N and this is a contradiction.
(3=2)Let (Ry+ N : M)z C N and z ¢ N. Then there exist r, s € R such that
(Rrz + N : Rx)sx C N. Hence(Rrx + N : Rx)s C (N :2) = (N : Rx) = (N : M).
Since (N : M) is primary, (Rrz + N : Rz) C \/(N: M) and r* € (N : M)
for some k € N. Let tity---tx, € (Rrz+ N : Rx)k. Then tito---tp_1tprRx C
titg - tp_1(Rre+ N) Crtgtg- -t 1(Re+N) Cr?tyty - ty_o( Rro+N) C--- C
r*Rrz + N C N.
(3 < 1) Let N be a submodule of M = Rm. Then for every n € N, n = rm,
we have r € (N : M) and hence N = (N : M)M, which implies that every cyclic
module is multiplication, and we are done. O

Corollary 3.3. Let M be a cyclic R-module. Then M is x-primary if and only if

ann(M) is a primary ideal of R.

Fact 3.4. Let M be a finitely generated Z-module. Then M = Zp;n @Zpgq DD

Zp:‘k OPLOLD---DZ, where py,...,pr are prime numbers and g, s, ..., qx
—_———

n times

are positive integers. Obviously Z®Z @ --- @ Z is #-primary and Ly are fully
—_— ———— i

n times
x-primary for each 7.
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By means of the following proposition, which has an essential role in the re-
mainder of this section, we can determine some #-primary submodules of a finitely
generated free R-module F. We give its proof for the sake of completeness.

Proposition 3.5 ([I0, Proposition 2.3]). Let R be a domain and let {a;}?; C R
be such that R = Ray + Ras + - -+ Ra,,. Then R(ay,...,ay) is a direct summand
of the free R-module F = R™.

Proof. R = Ray + Ras + -+ + Ra,. Then there exist s1,ss,...,8, € R such that
1 =s1a1 + s2a9 + -+ + Spay. Let N = {(x1,22,...,2,) € F | s121 + Sgwa + -+ - +
$n&n = 0}. Consider the functions f : R — R™ defined by f(r) = r(aq,...,a,) and
g : R™ — R defined by g(r1,...,7) = s171+ 8272+ -+ 8,7, The homomorphism
(go f) is the identity. Then R(™ =1Im f @ kerg = R(ay,...,a,) ® N. O

In the following, we will study #-primary submodules in some finitely gener-
ated free modules; we get the same results obtained by Pusat-Yilmaz for prime
submodules in [I0].

Proposition 3.6. Let R be a commutative ring and F = R a finitely generated
free R-module. The following statements hold:

(1) If R is a domain and {a;}?; C R such that R = Ra; + Raz + - -+ + Rap,
then R(ay,...,ay) i a x-primary submodule of F.
C1

C2
(2) Let {c1,¢2,...,cny CF and A= | . |. If Rdet(A) is a maximal ideal

Cn
of R, then N = Rcy + Rcg + - - - + Rey, is a x-primary submodule of F.
Proof. (1) By Proposition we have that ﬁ 2~ N is a torsion free module;
then by Theorem the submodule R(aq,...,a,) is *-primary.
(2) By [10, Proposition 3.7] Rdet(4) C (N : F') C y/Rdet(A). Since Rdet(A)
is a maximal ideal of R, (N : M) is too, and therefore N is #-primary. O

Proposition 3.7. Let R be a commutative ring and let a;,b; € R (i = 1,2) be
such that R = Rby; + Rby. Then R(ay,as) + R(b1,b2) is a x-primary submodule of
F = R® R if and only if R(a1bs — asby) is a primary ideal of R.

Proof. There exist elements s1, s5 € R such that 1 = s1b7 + s2b2. Then by Propo-
sition[3.5) F = L & L', where L = R(by,bs) and L' = {(2,y) € F | s1z + sy = 0}
We have R(—s2,81) € L'. Now F = L + R(—s2,s1). It follows that L' =
(LNL)+ R(—s2,51) = R(—$2,51). Now F = L& L and N =L@ (NnL)
give that £ = L R(=s2.51) o & Thus by Proposition N is a *-primary
submodule of F' if and only if Rd is a primary ideal of R.

N = NnL’ — Rd(=s2,51)

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



PRIMARY IDEALS AND STRONGLY PRIME SUBMODULES 431

In the above proposition the condition that {b1,b2} is a spanning set of R is a
necessary condition. For, set F' = Z@®Z, N = Z(6,6)+Z(15,15); then (Z(1,2)+N :
Z®7Z)(1,1) C N, (1,1) ¢ N and 3™ # 0 for every n € N.

Corollary 3.8. In the Z-module Z ® Z, the submodule Z(a1,az2) such that ay,as
are coprime is a x-primary submodule.

The converse of Proposition (2) is generally not true. For consider F' = Z®7Z
and N = Z(2,6)+Z(1,3). By Proposition the submodule N of F' is a *-primary
submodule but the zero ideal is not maximal.

Theorem 3.9. Let R be a Noetherian domain and R(det A) a nonzero primary

ideal of R, where A = (Zl 22). Then N = R(a1,az2) + R(b1,bs) is a *-primary
1 02

submodule of R @ R.

Proof. Let (R(z1,22) + N : R® R)(y1,y2) C N and (R(z1,22) + N: R&R)" ¢
(N : M) for every n € N. Since R is a Noetherian ring, there exists r €
(R(z1,72) + N : R® R) such that 7¥ ¢ (N : M) for every k € N and 7(y1,y2) € N.
Then 7(y1,y2) = s1(a1,az2) + s2(by1,bs) for some elements s; € R (i = 1,2).

ay az\ _
by b2> = (s1,82)A. Then
b1 b2

r(y1,y2)adj A = (s1,82)Aadj A = (s1,s2)det A. Let adj A = <
ba1  bao

r(y1,y2) (bll b12> = (s1,82)D, where D = det A. So r(y1b1j + y2b2;) = Ds; €

In matrix notation, we have r(yi,y2) = (s1,582)

> . Then

bar  baa
(D) for j = 1,2. Since (D) is a primary ideal of R, (y1,y2)B = D(t1,t2). Therefore
(yl,yg):t1(a1,a2)+t2(b1,b2) € N. O
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