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A CANONICAL DISTRIBUTION ON ISOPARAMETRIC
SUBMANIFOLDS II

CRISTIAN U. SANCHEZ

ABSTRACT. The present paper continues our previous work [Rev. Un. Mat.
Argentina 61 (2020), no. 1, 113-130], which was devoted to showing that
on every compact, connected homogeneous isoparametric submanifold M of
codimension h > 2 in a Euclidean space, there exists a canonical distribution
which is bracket generating of step 2. In that work this fact was established
for the case when the system of restricted roots is reduced. Here we complete
the proof of the main result for the case in which the system of restricted roots
is (BC)yq, i.e., non-reduced.

1. INTRODUCTION

We present here the second part of the paper [4] devoted to indicating some
properties of compact, connected homogeneous isoparametric submanifolds of Eu-
clidean spaces of codimension h > 2. It is well known (see [5]) that all compact,
connected, isoparametric submanifolds of Euclidean spaces of codimension h > 3
are homogeneous. On the other hand, in codimension h = 2 there are infinitely
many non-homogeneous examples. Here we study the case of those spaces in which
the restricted roots form the non-reduced system ® (go, ag) = (BC'),. This case was
not included in [4], where only reduced systems of restricted roots were considered.

The compact, connected homogeneous isoparametric submanifolds of Euclidean
spaces of codimension h > 2 (considered here and in [4]) are the principal orbits of
the tangential representations of the compact, connected, irreducible, symmetric
spaces. In Table [l in the next section, the reader can find the symmetric spaces
whose tangential principal orbits are the isoparametric submanifolds considered
here. We shall use the notation and basic facts from [4], Sections 2-5] and, hoping
that the reader has the opportunity to take a look at that work, we shall not
repeat these facts here (except for necessary notation and formulae). Recall that
the theorem to be proved is:

Theorem 1.1. On any compact, connected, homogeneous isoparametric submani-
fold (for a real simple noncompact Lie algebra go) there exist a smooth completely
non-integrable (i.e., bracket generating) step 2 distribution © C T (M™), canoni-
cally associated to the manifold.
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A distribution ® of r-planes (n > r > 2) in a connected manifold M™ is smooth
[6, p. 41] if for any p € M™ there is an open set A containing p and r smooth
vector fields {X7,...,X,} defined on A such that X; (¢) € ©(¢g) and D (¢q) =
spang {X; (¢)}, 1 < j <r, forall ¢ € A. The distribution © is said to be completely
non-integrable of step 2 if for every point p € M"™ the above vector fields defined
in A satisfy, for all ¢ € A,

spallp {Xj(Q)v [kaXj] (Q) 11 <F, Jj< T‘} = Tq(M)7

i.e., the generated real vector space coincides with the tangent space. The distri-
bution © = D (2) mentioned in the theorem is defined in [4, Section 5]. In our
present situation the system of restricted roots is ® (go, ag) = (BC'), and the proof
of Theorem is naturally divided into three parts by the nature of the restricted
roots.

This paper is organized as follows. In the next section we indicate, in Table [I]
the symmetric spaces whose tangential representations contain the isoparametric
submanifolds concerning us here. In Section [3| we recall the root system (BC),
(compare [2, p. 475, 3.25]) and in Section [4] we present the required four lem-
mata about the relation between the roots of g§ and their restricted counterpart
® (go, ap). In Section |5| we recall required notation introduced in [4], and in Sec-
tion@the formulae, from [4], needed in the proof of Theorem Finally Section
contains the proof of Theorem itself.

We include also an Appendix with proofs of the lemmata in Section 3, for the
spaces in Table [1| but restricting the sizes of the root sistems (BC), only to the
case ¢ = 2. This is intended to be an example of the way to obtain the required
lemmata for the spaces in Table [T}

2. THE SPACES CONSIDERED

In Table[T]we indicate the list of the symmetric spaces whose tangential principal
orbits are the isoparametric submanifolds considered in the present paper. They
are the spaces for which the corresponding systems of restricted roots are non-
reduced, that is, ® (go,a9) = (BC), (for n > 1). We indicate only the compact
spaces; they can, of course, be replaced by their corresponding non-compact duals.

3. THE SYSTEM (BC),

As mentioned above, we consider here the case in which ® (go,a9) = (BC),4. So
we start recalling the system (BC'),. We use the description in [2, p. 475, 3.25], for

this non-reduced system of roots. The roots (written in terms of a set {e1,...,e4})
are:

e ey, 1<i<j<g,

+¢g;, £2¢, 1<4<q.

A system of simple roots A (go,a0) = {A1,...,A;} is defined by A\, = (e; — €i41)
(1<i<g-—1)and Ag = €¢. We write down all the positive roots in terms of the
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TABLE 1.

non-reduced space ® (go, ao)

Alll SU(p+q)/SU(p) xU(g) (p>q) (BC),

ALV SU(p+1)/SU(p) xU1)) (p>1) (BC)

c1I Sp(p+4q)/Sp(p) x Splg) (p>q)  (BC)q

DIII SO(2p)/U(p), p > 1, odd (BC)1 1y

EIIT Es/ (SO(10)T) (BC)s

FII F,/S0(9) (BO)y
simple ones. The double roots are

2, =2(N\ ...+ A1+ A), 1<j<q,
and the others are
gg=N+ . F A1+ A, 1<j<gq,
gi—egj=N+...+ 1), 1<i<j<q, (3.1)

5i+5j:(>\i+~--+>\j—1)+2(/\j+-~-+/\q); 1<i<j<q.

4. REQUIRED LEMMATA

As in [, for o in ® (g,h) or P (go,a9) we write |a| = « if « € & (g,h) (resp.
®F (g0, a0)) and |af = (—a) if (—a) € 7 (g, h) (resp. DT (go, a0))-

Recall that Q is the subset of ®* (gg, ag) consisting of the roots of odd height,
while I' = (I)+ (go, Clo) - Q.

Lemma 4.1. Let us assume that ® (go,a0) = (BC),. Given v € T' C &+ (go, ap)
which is not a double root, we can find n # & in Q@ C ®* (go,a0) such that
v =mn+0d and |n — 4| is not a root of T (go, ap).

Proof. We may assume that ¢ > 2 because in (BC);, T' = {2)\1}. To prove the
Lemma, we have to consider the roots in (3.1). Those in I' (written in terms of the
simple ones) have an even number of coeflicients equal to 1, while those in £ have
an odd number of them. Then « € I must have at least two coefficients equal to 1.
So we may suppress the simple root of lower index (call it 1) and calling J the sum
of the remaining terms we have obviously v = n + § and | — J] is not a root of
(BC),. This completes the proof of Lemma O

The proofs of the following three lemmata are obtained by inspection in the
pairs (<I>Jr (g,h), (BC)q). We include in the Appendix an example of the proof of

Lemmata [£.2] [£.3] and [£.4]
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Lemma 4.2. Given A € T C ®* (go, a9) = (BC), (which is not a double root),
by Lemma there exist two Toots n # & in Q C ®* (go,a0), such that X\ =n+§
and |n — 8| is not a root of ®* (go, ap). Then for any root vy € p~1 (\) C &+ (g,h)
there exist roots o € p~1 (n) and B € p~' () such that v = a + .

Let us consider now the case in which A € I' C @ (go,a9) = (BC)q is a double
root (¢ > 1). Then we have two possibilities, which are considered separately in
the following two lemmata.

Lemma 4.3. Assume that A\ € T, X = 2u, and u € 2, and let v € p~1 (). Then
there exist roots o, 8 € p~1 (1) such that o # B and v = a + B.

Lemma 4.4. Assume that A € I', A = 2u, and p € I'. Since p € T is not a
double root, by Lemma there exist two roots 1 # & in Q C ®T (go,a0), such
that jp =n+ 8 and |n — 6| is not a root of ®* (go,a9) = (BC)y. Then for any root
v € p~Y(N) there exist roots a; # B1 € p~t(n) and ag # B2 € p~1(d) such that
aj + ay and By + Ba belong to p~t(u), and furthermore v = a1 + as + 1 + Ba.

5. BASIC NOTATION

In order to avoid repetitions on the notation and basic facts we appeal to the
patience of the reader and expect that he/she has the opportunity to take a look
at [4, Sections 2-5], where the essential notation is introduced. We shall indicate
the numbers of the formulae there in the corresponding references.

We start with the tangent space [4, Eq. (3.1)] at the basic point E of our ho-
mogeneous isoparametric submanifold M = Ad (K) E and recall the basis =, (A)
of the subspaces po x, where A € T (go, ag) [4, Eq. (4.8)]:

Ee (N ={W,, Uy, Vot o€ p ' (Nr,s v €p (N} (5.1)

where p~! (\)g is the set of real roots (a = a”) with image A\ by restriction (p :
®(g,h) — T (go, a9)) to ag and p~* (\)g is the subset of the set of complex roots
(o # %) with image A by p, formed with one element of each pair {«a, a”} [4, §4.1].
The vectors Wy, shall be considered only for the real roots a € ®(g,h) and they are
determined by the equalities

lfko(zl, Va:O, Wa:Uom
(5.2)
fhy=—1, Uy,=0, Wy=V,,

where the integers k, are associated to the roots a € ®(g,h) and are defined in
[4, Egs. (4.1)-(4.3)].

Each of the tangent vectors at E in =, (\) generates a corresponding local field
Wk, UF, V{ around E as in [4, Eq. (5.1)]; for instance, for Ug, the local field U5’
is defined by

UL (Ad (exptL) E) := Ad (exptL) Us, forall L€ S (0, g) L tel0,1), (5.3)

and similarly for Vg and W,.
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6. KNOWN FORMULAE

We need to recall also some of the formulae established in [4, Appendix|. For
roots A, u € Q C ®* (go,a0), 6 € p~1 (N), and ¢ € p~! (1) we have the identities

O0ms)Uite) + A (Ta(Hy)) = [UF US](B) = [Vi7, V] (B),

(6.1)
8()\,;1,,6,@)‘/(5+<p) + A()\,u) (Ta (TQ)) = [U{, V:’] (E) + [V(SFa Uf} (E)7

Hy =2 (kscso,—p (T—so4p — Tso—p) — kipCs,— o (Ts—p0 — T—6497)) » (6.2)
T2 =24 (kgc(go,_g, (thga_g; + x—é"—&-g&) — k¢C57_WU (3;‘5_900 + 1‘_5+<Pa)) s

where k,, is defined in [4, Eqgs. (4.1)—(4.3)] and the involved functions of (A, i, 9, ¢)
and (A, 1) are, respectively,

A
Otnmsg) = (2¢50) (A(E)AL(E)

(AB) - u(EB)
A“’”‘( NE(E) )

(6.4)

We have to add the case in which (6 + ) is real and both § and ¢ are complex.
Again X\, pp € Q C T (go,a0), 6 € p~' (A\)¢, and ¢ € p~* (u)¢. In this case, from
(6.1) and having (5.2)) in mind we have

ko) =1,
G(A,u,5,<p)w(5+§0) + A(k,u) (Ta (Hl)) = I:Usta Ugf] (E) - [‘/;?Fv VgpF] (E)a (6 5)
k(s+o) = (=1), '
On b Wiste) T Ao (Ta (T2)) = [UF VI (B) + [V, UL ] (B).
It is important to notice that when we have
either H;=0=T, or Ax,) =0 (6.6)
then (6.5)) reduces to
0w _[WRUE - B
(Ap,6,0) YV (5+) [U{,Vj] (E) + [V(;F,Uf} (E). :

We need also the case in which both § and ¢ are real. That is A\, up € Q C
®T (go,a0), 0 € p ' (N)g, and ¢ € p~! (u)g. We must recall also that in the

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



496 CRISTIAN U. SANCHEZ

present case [4, Eq. (8.1)] yields ksk, = k(;4,) and formulae (6.5) become
k(5+tp) =1, ks =k, =1,
O 5.0 Wiste) + Ao (Ta(Hr)) = Wi, W] (E),
k(§+¢) =1, ks =k, = -1,

O o) Wis+e) T Ao (Ta(Hy)) = — (Wi, WL (E),

kGro)y = (1), ks =1, ky = —1, (68)
O0mdie) Wisro) + A (Ta (1)) = W5, W] (B),
kGro)y = (=1), ks = =1, k, =1,
O0nsns0) Wist) + Mgy (Ta(T2)) = Wi, W] (E).
Here again we have that if holds then can be reduced to
Onus, )Wty =L [Wf, Wf] (E). (6.9)

7. Proor or THEOREM [I.]]
Let us take A € T and recall the basis ([5.1)) of pox.

Remark 7.1. It is important to observe that in order to prove Theorem [I.T] it is
enough to show (for each A € T') that the vectors of the basis Z,(\) of pox C Tr(M)
may be computed as a sum of brackets of local fields (defined around E) that belong
to the distribution D (£2). So this is the objective here.

To that end, we divide our considerations into three cases which require some-
what different procedures, namely

(A) X is not a double root,
(B) A=2p €T and p € Q,
(C) A=2peT and peT.

7.1. Case (A). Let us take A € I' (which is not a double root) and consider the
basis (5.1)) of pox. For this A € T, take v € (p_l ()\);E) and consider U, V, for our
chosen 7. By Lemma there exist roots 7 and ¢ in Q C ®* (go, ag) such that

n#d, A=n+0d, |n—34| isnotarootof ®T (go,ap). (7.1)

Furthermore, by Lemma for the root v € p~1(\) there exist roots a € p~t (n)
and 3 € p~!(8) such that v = a + 8. Then we have U, = Uta+s), Vo = Viats)
and so formulae (6.1)) (replacing the actual roots) are:

Oms.0.0)Uiats) + AmayTa(Hy) = [UL, US| (E) = [V, V5] (EB), (7.2)
O 5,00 Viars) T AmayTa(To) = [U3, V5] (B) + [V, U5 ] (E).

Let us study now the terms H; and T3 (see (6.2)) and (6.3])), for the pair of roots
(o, B). They are:

H1 = 2kacaa’,5 (.”L',QUJ’,ﬂ — .’L'aofﬁ) — 2kﬁca’,ﬁa (l’a,ﬁa — $,a+50)7
Ty = 2ikacar,—p (Tas—p + T tp) = 2ikpca,—po (Ta—pe + T—atp)-
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In our present situation we have
|8 —a’] and |o — 8] are not roots of ®(g,h). (7.3)

In fact, since i and § satisfy and o € p~1 (n), B € p~t (), if |3 — 7| were
a root of @ (g,h) then p (|8 —a’|) = |n — &| would be a root of ®* (g¢, ag), which
is not the case by (7.1)). Similarly, |a — 37| is not a root of @ (g,h). This clearly
yields H; = T = 0 and going back to we see that Uy = Uia1g), Vi = Viasg)
are sums of brackets (evaluated on E) of local fields defined around E that belong
to the distribution ® (Q).

It remains to consider the case of ¢ € (p™'(A\)g) for our taken A € T' C
®* (go,a0). We have the vector W, and again there exist two roots n and ¢ in
Q C T (go, ) satisfying and roots £ € p~t(n), w € p~!(d) such that
¢ =&+ w. Then we have the following possibilities:

(i) £ and w are both real roots of ® (g, h);

7.4
(ii) £ and w are both complex roots of ® (g, bh). (74)

(In the case (ii), ¢ = €7 + w is another decomposition of ).
Let us consider the case (i) in ((7.4). We see, by the argument above, that (7.3])
holds in this case and it takes the form

(£ —w) and (w — &) are not roots of ® (g, h).

Now, we see (for the roots (§,w)) that formulae and yield Hy =T, =0,
and then holds. Then we may write W, = W, using formula (for
the roots ({,w)) and therefore the vector W, is a bracket (evaluated at E) of local
fields defined around E that belong to the distribution © (Q).

On the other hand, in the case (ii) of we have that holds for the pair
of complex roots (§,w), which again yields H; = T = 0. Then by formulae
(for ¢ = £ + w) we have that also in this case W, is a sum of brackets (evaluated
at E) of local fields that belong to the distribution ® (€2). This completes the proof
of Theorem in Case (A).

7.2. Case (B). Let us take A € I a double root, A = 2u with p € Q, and consider
again the basis for pgy. As above we have to consider the two situations
p€pt(Ngand y€p~! (A)e.

We shall take first ¢ € p~'(A\)g. Then we have to consider the vector W,,. By
Lemma there exist roots a, B € p~1 () such that o # B and ¢ = o + 3, and
we have then (for a and () the alternative , that is, either o and 8 are both
real or they are both complex roots.

Let us assume that o and 3 are both real. Then since «, 8 € p~! (i), recalling
we have A(, ) = 0, which means that holds and then we may again use
(for (o, B) instead of (9, ¢)) to write W, as a bracket (evaluated at E) of local
fields defined around E and belonging to the distribution ® (Q).

Let us assume now that o and B are both complex roots. Since o, 3 € p~* (1)
(a # B) we again have, by , that A, ) = 0, which means that holds in
this situation too and we may use formulae (with («, B) instead of (9, ¢)) and
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also here the vector W, is a sum of brackets (evaluated at E) of local fields defined
around E and belonging to the distribution © ().

Continuing in Case (B), we consider now the possibility v € p~! (X\)¢. By
Lemma there exist roots a, B € p~! (u) such that a # 8 and v = a + 5. We
have to look now at U, = Un1p), V5 = Viayp). Recalling (6.1), since o, 3 €
p~ ! (i), we have again A,y = 0 and once more holds. Then takes the
form

Ouinc)Uiars) = UL, UF ] (B) = [V, VE'] (B),
Ouinas)Viars) = [Ua Vi ] (B) + [Va, U5 | (B),
and therefore the vectors U, = U(a+43), V5 = Via4p) are sums of brackets (evaluated
at E) of local fields defined around E belonging to the distribution © (2). This
completes the proof of Theorem [1.1]in Case (B).

7.3. Case (C). Here A € T is a double root, A\ = 2u and p € I'. Since p € T
18 not a double root, by Lemma there exist two roots 7 # § in  such that
p=mn+0d and |np — 4| is not a root of T (go, ap). Also, by Lemma for the root
v € p~1()), there exist roots a; # 1 € p~1(n) and ag # B2 € p~ 1 (§) such that
aj + ag and B1 + B2 belong to p~! (u) and v = a1 + as + B1 + B2. In principle
we may have that either v € p=! (A\)g or v € p~* (A)¢. In order to simplify our
notation we set

a2 = (a1 +az) € p~t (1), Bra=(Bi+P2) €p" (n).

We have to study again the vectors of the basis (5.1)) for our A € I'. But before
doing this, we are going take a look at U,,,, Va,,, Ug,,, and Vg,,. For the roots
involved, we have the following possibilities:

(a) aw,frz € p~ ' (w)g, an.Br€p™ (Mg, az B2 €p ! (d)g
(b) a127612 S p_l (:U’)]R7 alaﬁl S p_l (n)Rv 052762 S p_l (5)]Ra
(€) a1z, P12 € p~ (), a1, Br € p7 (M), a2, B2 € p7' (O)c
Let us start taking v € p~! (2u)¢; then we are in situation (a) and considering

again the basis (5.1), we have to study the vectors U, and V. But first we take a
look at the vectors Uy,,, Va,,, Up,,, and Vg,,.

7.3.1. Situation (a). By (6.1)) (with (a1, a2) instead of (8, ¢)) we have
Oms.ar.a2)Uars + Aoy Ta (Hy) = [UL UL T(E) = [VE, VL] (E),

a1? Vo

(7.5)
e(nvé’al’O‘Q)VO‘lZ + A(ﬂﬁ)Ta (TQ) = I:U(f;l’V(f;:I (E) + |:‘/0¢F17 Ulfz:l (E)

The extra terms H; and T, have expressions similar to (6.2]) and (6.3 (with (a1, as)
instead of (9,¢)). That is,
Hl = Qkalcai’,fag (1.70(?4'052 - ﬁaffoq) - 2ka20a1,7o¢g (xoqfag - x7a1+ag) )

T2 = 2ika1 coz'i',fozg (xaffag + xfozi'+o¢2) - Qikagcal,fag (xalfag + $,a1+ag) .
(7.6)
For Ug,, and Vp,, we have similar expressions (with § instead of «).
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Since ay, f1 € p~t (1), ag, B2 € p~1(8) (with A =7+ and | — §| not a root
of T (go, ap)) we see, in the same way as above in (7.3), that
|a2 - Oé(ﬂ ) ‘Oél - Oég| ) ‘ﬂ2 - ﬂf| , and |ﬂ1 - /Bg| are not roots of ¢ (ga h) ) (77)

and, once again, this yields Hy = To = 0 (for (a1, a2) and (81, 52)). So the extra
terms in (7.5)) vanish.

Since the roots 1, d, a1, as, f1, B2 are fixed, in order to simplify notation we may
set

a=O(sa1,0) F 0 0=0(506,) F 0, (7.8)
and hence, for Uy,,, Va,,, Us,, and ng, 9) yields
aUa,, = [UE UL ] (E [Vafj,va2] E),
aValz - I:U‘fl’voi} + [Voq’ ] E (7 9)
bUs,, = [Ug, Ug, ] (B) = [Vi. Va, ] (B), '
0V, = [Us,, Vi, ] (B) + [Vi,, Ug,] (B).

Now we have to make an important remark.

Remark 7.2. For a diffeomorphism ¢ between two open sets in a manifold, one
has the definition of p-related smooth fields (see for instance [0, p. 41, 1.54]).
By the definition (5.3)) used to generate the local fields U ,» we see that

UL (Ad(exptL) (E)) = Ad (exptL) (UL, (E))
(and similarly for UL, VI and V. ,). Then, since the brackets of ¢-related smooth

a2’ "o

fields are p-related (see [6, p. 41, 1 55]), we may write
[UE UL (Ad (exptL) (E)) = Ad (exptL) ([UF, UE) (B),

aq? a?

[VEVE] (Ad (exptL) (E)) = Ad (exptL) ([V.5 VFJ( )

1) "o 1) "o

Then extending locally around E the vector Uy,, as in (5.3) (with 6 = aq2) to
the local field UZ | that is,

0512 (

Ad (exptL) E) := Ad (exptL) Ua,,, forall L €S (o, g) L telo,1),

and by defining similarly, locally around E, the fields VO(F1 2, Ué‘; ,» and Vﬁfj ,» We see
(by [0, p. 41, 1.55]) that we may extend the four lines in ) to local equalities of

fields around E and write

anig (U2, U] = [Vai Vas]

C%12 [Ugl ) VCZ] + [VIXF;’ ]
(7.10)

bUﬁm [Uﬁﬁ UﬁQ} [Vﬁl ) Vﬁ2]

bVBlz = [UB1’V52] [Vﬁl’ Uﬂ2] )
where the fields on the left side and the brackets on the right side are evaluated at
the same point in a neighborhood of E.
Now we go back to our root v € p~! (2u)¢. We take U, and V, members of the
basis ~ Since v = a1z + B2 (au2, B2 € p~ ' (1)) we have for Uy = Ulay34810)
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and V, = V{q,,44,,) expressions such as (6.1)) with (6.2) and (6.3 with the roots
a2 and B12. Now, for convenience, we introduce the notation

0= e(#vﬂyamﬁm) 7é 0

and observe that in the equalities (6.1) we have Ay ,y (defined in (6.4)) which in
this situation is A, ) = 0.
Then we see that in our present situation the equalities (6.1)) become

éU’Y = [U£27 U/iz} (E) - [Va€27vﬁ€2] (E)
GV'Y = [U£2,Vﬁ}:2] (E) + [Viz’Ugm] (E)

Now we may replace the fields inside the bEackets on the right side of by
their expressions in . By doing this for OU, in we see that the bracket
[Ulflz,UéiJ in the first term (using and multiplying by ab # 0) is

ab [Utfm’ UﬁFm] = [G’Utiz’bU,glz]

=+ [[U3,, U] (U5 Us )] = (U2 U] Ve Vil (712)
= (Vi Vaal s [0, Us ] + [V Vazl s Ve Vi ]

(e SRR e%>) 1) " ag

(7.11)

By proceeding similarly with the second term [VF Vi 2} in the first line of

@12?

we have
ab [VOLII2’V5€2] = [avaljz’bvﬁ€2]
= [[UZ:Var) U5, V1] + (s Vs ] [V, U, 1] (7.13)

+ [V Uaa] s [UB Vi )] + [Vas Uaa] s (Ve U )

Now by ezpanding the brackets in each of the four terms in (7.12) and (7.13]) and
computing the difference of the expanded expressions (dividing by ab) we finally
obtain the first line of (7.11). That is,

Oéz’VBIZ]

5)
(ab) U, = ~2 U5 V] ~2 (U5 VE] - 2 U5 VE] 2 [UF

—2[Val, Ug] =2 Ve, Ug ] — 2 Vil Ug] — 2 [V, U]
where all brackets should be evaluated at E.
By computing similarly (using again (7.10))), the second identity in (7.11) turns

out to be
(2)) V,=2[UL . Uf]+2[UL UL +2 (UL UL ] +2 (UL UL

=2 [V Vi) = 2 [V, Vi - 2 [V Vi) - 2 [V

F
Vﬂl] ’
where all the brackets should be evaluated at E. Then we see that (%) U, and
(%) V, are linear combinations of brackets (evaluated at E) of fields in the distri-

bution. These formulae are valid for situation (a) and v € p~* (A)¢.

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



CANONICAL DISTRIBUTION ON ISOPARAMETRIC SUBMANIFOLDS IT 501

Then we have the proof of the theorem in the situation (a).
Let us take now v € p=! (2u)g; then we have to study situations (b) and (c).

7.3.2. Situation (b). We have

(b) a127ﬁ12 S ;0_1 (I’L)R7 alaﬁl S p_1 (n)R7 0427ﬁ2 S p_l (6)]R
Here we start by considering a2 € p~! (1) with ag € p~! (n)g and as € p=t (0)g,
and we have that

laa —af|, Jea —a5], |B2 = A7[, and [B1 — B5] are not roots of ® (g, b) .

By (7.6) and (7.7) (since |a; — as] and |B2 — 57| are not roots) we have that this
yields Hy = T = 0 (for (a1, a2) and (1, B2)) and hence we may use (6.9), which
for the present roots takes the form

Om,5,01,00) Wiar) = & [Wi,WfQ] (E).

This identity extends locally as we did to get (7.10) and recalling (7.8) we may
write
F F yF
Wi,y =+ [Wa,, Wa,], (7.14)
where both sides are evaluated at the same point around F.
Proceeding similarly for 812 € p=! (g, B1 € p~ (), and B2 € p~ 1 (§)y we
have
F F i F
bW(512) =1 [Wﬁl’Wﬁz] : (7'15)

Now consider v = (a2 + f12) € p~ (2u)g, With a2 € p~1 (u)g and B2 €
p~! (1. Here we have as above A, ,) = 0 and lets us use again and

write
F F
6(%#7&127512)W((a12+512)) == [Walngﬁlg] (E)
Now setting

A= 9(#»#»012,512)

ab ’

by replacing (7.14) and (7.15) and expanding we see that
AW((Q12+512)) =+ ([WF W,@F1] + [WF Wbi] + [WF

[ 3R o1 ag?

(7.16)

Wil + [Wa,, W5 1)

Then, for v € p=1 (2 (A1 + X2))g, in the present situation (b) the vector AW, is
a linear combination of brackets (evaluated at E) of fields in the distribution.

7.3.3. Situation (c). We have

(c) ai2, 812 € p~H (pp, a1,B1 €p (Mg, @z, B2 €p ' (6)e
We start by considering a1a € p=! (), with a1 € p™! ()¢ and as € p~1 (§)¢.
Here we have to apply naturally formulae but since |a; — | is not a root we
see that this yields H; = T, = 0 (for (a1, @2)) and hence we may use (6.7)) (with
(1,0, a1, az) instead of (A, i, d, ) which, replacing the roots, takes the form
{ [Ua, Ua ] (B) = [V Vil ] (B)

a1 U Qg

vl VE(E)+ [VEUE ] (B).

Q1) " Qg

@(77,5,0417112)Wt112
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This identity extends locally as we did to get (7.10) and recalling (7.8) we may

write

ayr Vaz
(U8 Vaa] + Vi Uaa]
where both sides are evaluated at the same point around F.

Proceeding similarly for Bi12 € p=! (u)g, B1 € p~t ()¢, and B2 € p~ 1 ()¢ we
have

awl

a1z T

F 1iF1 _ [/F yF
{[Ual,UaJ [Var Vil 717)

(O8]

(U5, Uzl = Vi Vi)

(7.18)
(U5 Vi) + [V3,, Us,] -

F
bWs,, = {
Since we are now in situation (c) we have we have to consider v = (a1 + f12) €
p~t(2(1)g, with a1z € p=! (u)g and B12 € p~* (1)r. Then we have again A, ) =

0 and lets us use (with (u, , aq2, B12) instead of (A, u,d, ¢)) and write
@(H,M,alz,ﬁlz)WV == [WF Wéjz] (E)

12’

Proceeding as above we may replace each factor of the bracket [aW(fl 2,bWé‘; 2]

by any one of the two lines in and respectively, and expanding pa-
tiently (using ) we obtain the vector AW, as a linear combination of brackets
(evaluated at E) of fields in the distribution.

This completes the proof of Theorem

8. APPENDIX

We include here as an example a proof of the lemmata in Section [4] for the spaces
in Table [2 For simplicity we consider only the root system (BC),. Note that for
EIII this is no restriction. We hope that this will serve as an example.

TABLE 2.
non-reduced space @ (go, a0)
Al SU(p+2)/S(Up) xU2)(p>2) (BC),
ci Sp(p +2)/Sp(p) x Sp(2)(p >2)  (BC)s
DI SO(2p)/U(p), p =5, (BC)2
EIIT Es/ (Spin(10).T) (BC)2

In all cases we use the information from [2, p. 532-534]:
(BC)a Q={A, A, A1 +2X2}, T'= {1+ X2, 2X2, 2\ +2X2}.

The only root in I" which is not double is A = (A1 + Ag); then taking n = \; and
d = A2 we have that A =7+ d and | — 4] is not a root of ®* (go, ap), so the first
part of Lemma [£.2]is clear.
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8.1. The space AIII. To simplify notation we set » = p 4+ 3; then SU (p+2) =
SU (r — 1) and its Lie algebra is A,., so the simple roots are {a1,...,a,}. The set
of restricted roots is (BC)a, so we have simple roots m = {A1, A2}. Since p > 2, we
have r > 5. The restriction rule is

Qap = Apy  Qp_py1 = Ap, 1<h<2,
ap — 0, 3<k<r—-2,

and the multiplicities are
m(A1) =2, m(r) =2(r—3), m(2X\) =1.
The roots going to A are {a1, a,} and those with image Ao are

ag + -+ ag, 3<k<r—2
ag + -+ a1, 3§k§7"—1

The root in I’ which is not double is A = (A1 + A2) and this is image of the roots

ap+ag+ -+ ag, 3<k<r—2
Q4+ + Qo1 + o, 3<k<r-1,

so it is clear that for any root v € p=1 ((A1 + A2)) C ®* (g,h) we can find « €
p~t (A1) and B € p=t ()\2) such that v = a + 3; in fact,

artas+-+ap= () + (et +a), 3<k<r—2;

8.1
apt+tarrto=(agt+ o)+ (@), 3<k<r—1 ®.1)

Then we have Lemma for AIIL

The only root in €2 whose double is in I' is A;. Then since > 5 we have that
|p™* (A2)| = 2(r — 3) > 4 and there is only one root in v € p~! (2);); in fact it
isy = (g + -+ + a,_1), so we can chose two different roots a, 5 € p~! (\2) such
that v = a4+ B. In fact we may take

a=o0y+ - +oap B=oap+ -+, 2<k<r-—1.
Then we have Lemma [£.3] for AITI.
Now consider the double root A = 2 (A1 + A3), so v = 2u, with = (A1 + A2).
We have to find n # § in Q such that u = (A1 + A2) = n+J and |n — | is not a

root of (BC')4. Obviously we have to take n = A1 and 6 = Asg.
There is only one root in p~! (\), namely v = (a1 + - -+ + a,.). Now we have to

find @1 # B1 € p~ 1 (A1) and @o # Bo = p~!(A2) such that @1 + 2 and B1 + Bo
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belongs to p~1 (1) = p~1 (A1 + A2) and v = a3 + ag + B1 + B2. We take

¥1 = Q1,

B = ay,

o1 # B ep (M),

2 = (g + -+ ax), 3<k<r-2
B2 = (g1 + -+ 1), 3<k<r-1,

pa# Ba€pt(Na).
We have, by ,
o1+ @2 = (1) + (a2 4+ +ag) €p (A1 + A2),
Bi4 B2 = (ar) + (app1 4+ ar—1) € p 7 (A + X2),
and furthermore
1= (ot )
= () + (o2 + -+ ap) + (k1 + - + 1) + (o)
=1+ p2+ P11+ Po.
Then we have Lemma [£4] for AITI

8.2. The space CII (p > 2). For p > 2 the restricted roots form (BC),. Let us
set 7 = p + 2. The algebra of Sp(r) is C,.. Since p > 2 we have here r > 4.

Again the system of simple roots m = {aq,...,a,} and the roots of C, are
(1) eifej:Zak, 1<i<j<nm,
i<k<j
(2) e;+¢; = Zak+22ak+ar, 1<i<j<nm, (8.2)
i<k<j j<k<r
(3) 2¢;=2 > o +an, 1<i<r
i<k<r

We observe that for those roots of type (2) in (8.2) we have the particular case
j = r which are the roots

e; +e, = Z ap + o, 1<i<r.

i<k<r
The restriction rule is
O/,Qj'—))\j, 1f1§j§27
ag — 0, if either k is odd or k > 4.

The multiplicities are

m(A1) =4, m(r2) =4(r—4), m(2X) =3.
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The roots in p~1 (A1) are the four roots

az = (e2 —e3), a1 +az = (e1 —e3),
ag + az = (ex —ey), a1 +ag+ag=(e; —eyq).
We have in p~! (\2) the roots
€4 = €py1 = 0y + -+ Qp,
€3 —€hy1 = Q3+ Qg+ -+ Qp,
eatepr=ag+ - +ap+2(ap + ) +ar,
ez tept1=aztas+ - tap+2(app + o+ o) o,
4<h<r-1,
(if h = r—1 the factor of 2 is not present). The multiplicity of A, is m()A,) = 4(r—4).

The only root in T' which is not double is A = (A\; + A\3) and it is image of the
roots that contain as and a4 as terms with coefficient 1. They are

1) ei—ej= > o, i=1,2,3<j<m,
i<k<j

(2) eite= > o+2 > apta, i=1,23<j<r—1,
i<k<j j<k<r

(2") ei+e. = Z o, + o, i=1,2,
i<k<r

which we simplify to

(e1 —en), (e2 —en), 3<h<r,
(e1+en), (e2 +en), 3<h<r-—1,
(1 +er), (€2 +er), m(A1 + A2) = 4(r — 3).

We may write them as

(e1—ep) =(a1+az)+(es—en) =(e1 —e3) +(es—ep), 3<h<r,
(ea—ep)=(ag+az)+(ea—epn) =(ea—eq)+(es—ep), 3<h<r,
(e1+ep)=(a1+ag)+(es+ep)=(e1—e3)+(es+en), 3<h<r—1,
(eaten)=(azt+as)+(es+ep)=(ea—eq)+(ea+ep), 3<h<r-—1,
(e1+er) = (a1 +az) + (e3 +en) = (e1 — e3) + (e3 + en),

(e2 +€r) = (a2) + (es +en) = (e2 —e3) + (e3 + ep).

Then for any root v € p~1 ((A1 + A2)) there exist roots ¢ € p~! (A1) and 3 €
p~t(\2) such that v = a + 3.
Then we have Lemma [£.2] for CII.

Now we prove Lemma
Assume that A € I, A = 2y, and pu € Q, and let v € p~! (). Then there exist
roots a, B € p~t (i) such that a # 8 and v = a + B.
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The roots in p~! (2)\2) are the three roots
Si=estes=az3+2 Z g + Qr,

4<k<r

52 =2e4 =2 Z ag + Qp, (8.3)

4<k<r

53:263:2 Z g + Qp,
3<k<r

so we have m (2\2) = 3. Let us take now &; € p~! (2\2) in (8.3). We have to show
that there exist roots 7y, 81 € p~! (A2) such that n; # 31 and & = + B1. We
define, for

§1=e3+eg=a3+2 Z ay + ap,
4<k<r

the roots

M =e3—er—1 = a3+ E s,
4<s<r—1

Bl =este 1= Z as + ag.

4<s<r—1
Clearly m # 1 and
M+ 1= (ezj—1 —er—1) + (e25 + €r—1) = €251 + €25 = &1

Now, for
=24=2 ) ap+on,

4<k<r
we may take
N2 =€4 —€r_1= Z Qs,
25<s<r—1
Pa=e€st+er1= § as + ap;
25<s<r—1

then again 75 # B3 and
N2 + P2 = (€25 — €r—1) + (€25 + e,—1) = 2e95 = &o.

Now, for

f3=2e3=2 >  axp+a,
3<k<r

N3 =€3 —€r—1= § Qs

(2j—1)<s<r-—1

B2 =e3+e_1 = § o, + o,
(2j—-1)<s<r—1

we take
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and, once again, n3 # (3 and
N3 + B3 = (egj—1 —er—1) + (e2j—1 + €r—1) = 2e2j_1 = &3.

Furthermore, it is clear by the definitions of ns and 8, (for 1 < s < 3) that we

also have
p(ns) = Az = p(Bs).

Then we have Lemma (4.3 for CII.

Now we prove Lemma (4.4

We take A =2 (A1 +X2) (A €D, A =2u, and p € T with g = (A\; + X\2)). The
roots in p~1 (2 (A1 + A2)) are the three roots

LL=e1+e=a1+2 Z ag + o,

2<k<r
52:262:2 Z ak—f—a,,"
2<k<r
53:261:2 Z Oék—f—OéT,
1<k<r
m(2 ()\1 + )\2)) =3.
We set now for & = e + eo:
w1 = ez — ey, B1=e1 — ey,
wy = eq + e, P2 =e4— e,
w1 # B1 € p~H(M\), wy # Bo € p~H(N2).

Then we have
witwy=ey+e. €pt (M + X)),
BitBPa=er—er€pt(M+A),
and furthermore
w1+ B +we+ P =(e2te)+(e1—e)=e1+e=E.

Considering now & = 2es we set

w1 = () = ez — e3, b1 = (ag + az) = ez — ey,
wo = €3 + €, B2 =e4 — ey,
w1 # B1 € p~H (A1), wy # Bo € pH(N2).

Then we have

witws=ey+e €p AL+ A2),
Bi+ B =ea—er€p (A + Na),
and finally
w1 +wa+ B1+ B2 = (e2 +e;) + (e2 —er) = 2e2 = &a.
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Now for &5 = 2e; we define

wp = (a1 + a2) = ey — e, wy = €3 + e,
1= (o1 +as+a3) =€ —eu, B2 = e4 — e,
wi # P ep (M), wo # B2 € pH(N2).

Then we have
witws=e;+e €p AL+ A2),
Bi+ By =er—er€p (A + Na),
and finally
w1+ wa+ B+ P2=(er +e)+ (e1 —er) = 2e1 = &3.
Then we have Lemma [£4] for CII.

8.3. The space DIII (p = 5). The system of roots for SO (10) is Ds. In the
present case the restriction rule is

az — A1, (og,a5) — A2, (a1,a3) — 0,
and the multiplicities are
m(\;) =4, j=1,2; m(2X2) = 1.

We need to indicate the roots of Dy in the notation from Bourbaki. If {e;} is
the canonical basis of R® the roots are

*ejtep, 1<j<k<p
The number of positive roots is 20 and the basis is
Q1] = €1 — €3, Qg = €2 — €3, Q3 = €3 — €4,
Q4 = €4 — €5, a5 = e4 + es.

The positive roots for Dy are

1) e —ej = Z Qs 1<i<j<b;
i<u<g

(2) e; —es = Z O, 1<i<b;
i<u<b

(3)e; +e5 = Z Qqy + as, 1< <4
i<u<4

(4)6i+€j: Z Qy + 2 Z Qy +ag+as, 1<i<g <4,
i<u<jg j<u<4

The roots that go to A1 and Ay are respectively the four roots

() = ap = (e2 —e3) a1 +az = (e —e3)
! 042+Oé3:(62764) Ot1+012+0£3:(€1764)

T P R N
043+Oé4:(63—€5) Oég+0[5=(€3+€5) ’
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Now we consider the roots in p~! (A\; + \2). These are the roots containing
ag and ay with coefficient 1 or as and a5 also with coefficient 1, so they are

€2 —es =g+ az+ oy
e1—es =1+ a2+ az+ay
ey +e5 = g + a3+ as
e1+es =a1 +as+ as + as.

They may be writen as

ey —e5 =az +az+ag = (e2—e3)+ (e3 —e5)
e1—es=a;+as+az+ag=(e1 —eq) + (4 —e5)
estes =az+az+as=(ex—eyq)+ (es+es)
e1tes=a;tast+az+as=(e1 —eq)+ (es+es5).

Then for any root v € p~1((A1 + A2)) C ®T (g, h) there exist roots ¢ € p~1(\1)

and 3 € p~1()\2) such that v = ¢ + 3.
Then we have Lemma for DIII.

Now we consider the root in p~! (2);). There is only one:
Y=es+es=az+as+as€p (2\).

To prove Lemma for DIIT we take v and have to find «, 3 € p~1 (\2) such that
a # f and v = a+ . Then we may take

o = as, 8 =as+ ay.
Then we have Lemma [£.3] for DIII.
Now we consider the roots in p=! (2(A\; + \2)). There is only one:
P (2(A 4+ A2)) = {a1 +2(a2 + a3) + as + a5}

Here 2(A1 + A2) € T and o = (A1 + A2) € I'. Since p is not a double root, by
Lemmawe have two roots A\; # A2 in §, such that = (A1 + A2) and [A; — Ag|
is not a root of (BC),. Then for any root v € p=* (2 (A1 + A2)) (only one here)
there exist roots @1 # 81 € p~1 (A1) and @2 # B2 € p~1 (A\2) such that o1 + ¢ and
B1+ B2 belong to p~t ((A1 + A2)), and furthermore v = @1 + @2 + B1 + B2. We take

p1=a1+ o+ a3 =(e1 —es) B1=a2+ az = (ez —eq)
o1 # B €p (M)
w2 =ag = (eq — e5) B2 = a5 = (e4 + €5)

2 # B2 € p~H(A2).
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We clearly have

o1+ @2 = (e1 —ea) + (ea —e5)
=aj+aztaztas=(e; —e5) € p (AL + A2),
B1+ B2 = (e2 —eq) + (es +e5)
=9 + a3+ a5 = (62 + 65) S p_l()\l + )\2),
and furthermore
01+ @2+ B+ B2 = (01 +az +az +ay) + (a2 + az + as)
:a1+2(a2+a3)+a4+a5.
Then we have Lemma (.4 for DIII.
8.4. The space EIII. We need the restriction rule from [2 p. 534]. We keep the

previous notation for (BC)2 but this means a change in names of the simple roots
from the indicated in the diagram in [2 p. 534].

(6%) (%)
= ? ()\17)\2)
Qg Q5 Oy Q3 Q7 Qg © @ e (O

Qg — A1, Q6,0 — Ag, 3,04, 05 — 0,

and the multiplicities are

m(A1) =6, m(X2) =8, m(2X\) =1

The roots in p~1 (1) and p~1(\2) are:
1 — A 1 — A
00000 00100 !
! A 1 A
01 100 Lo o110 !
1 — A 1 — A
01110 L op1 210 !
0 0
10000 ™™ o001 "M
0 0
110007 0001 1N
0 0
11100 7M™ o111 "M
0 0
11110 7M™ 1111 "N
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The roots in p=t (A\; + o) are:

1
1 110
1
1 1 11
1
11 2 1
1
1 2 2 1

There is only one root in p~! (2)2) and also one in p=* (2\g + 2);). They are:

0

—> A1+ Ao,

’—))\14-)\27

'—>)\1+A27

’_>)\1+)\27

0

1
2
3

1

2

0

1

1

1

— 29

DO = DD = e e e

2

1

— 2A2 + 2)\1

— A1+ Ao

’—))\14-)\2

— AL+ s

— A1+ Ag

511

In order to prove Lemma let us take now (A1 + A2). We have to show
that for any root v € p=t(A1 + X2) C ®T(g,h) there exist roots a € p~1()\;) and
B € p~t(A\2) such that v = a + . We can write each root going to A\; + Ao as a
sum of one going to A2 plus one going to A;.

(1) (A1 +A2) 1

(2) (A1 +A2) 0

(3) (A1 +A2)

—_

(4) (M + A2)
(5) (A1 +A2)
(6) (A1 + A2)

(7) (A1 +A2)

[t

(®) (A +A2)

1

1

1
1

1
1
1
1
1
1
1
2
1
2
1
2
1
2

2 1

—_
—_

0 0

OO OO0 OO0 OO0 HFO HFO +HOoO =Oo

1

1

_|_

_|_

0 0 0 0
0 0 0 0
0 0 0 0

e}
e}
N = N N= O O O O
=}
e}

1
01 210

Therefore we have shown that, for all roots v € ®%(g,h) such that p(y) =
(M + X2) € T, there exist two roots o and 8 € ®T (g,bh) such that p(a) and
p(B)eQand y=a+p.

Then we have Lemma for EIII
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Let us take now the proof of Lemma [4.3]

We consider the double root 2Xa (Mg € Q) and let v € p~1(2X2). We must show
that there exist roots ¢, 3 € p~1(u) such that o # 8 and v = o + (. Since there
is only one root in p~1(2)\z), this can be done by

0 0 0

11111 1000071011

—_
—_

Then we have Lemma (.3 for EIII

Finally we have to prove that Lemma [£.4] holds for EIIl and then we take
2X\2 + 2X;1. There is only one root in p~1(2(A; + A2)):

2
1 2 3 21

Here A = 2 = 2(A1 + X2) and g = (A + X2), A1 # A2 in Q, |A; — Ag| is not a
root of (BC')3. We have to show that for any root v € p=1 (2 (A1 + A2)) there exist
roots 1 # B1 € p~1 (A1) and g # B2 € p~t ()2) such that ¢ + @2 and By + Bo
belong to p~1(u) = p~1 (A1 + A2), and furthermore v = 1 + o + 1 + B2. There
is one root in p~1(2X\y + 2)1) indicated above. We take

— 2X2 + 2.

1 1
=000 00" M Pi=gq 91 9N
o1 7 B1€pt(N)

_ 0 — A Ba = 0 — A
2= 1 11 0 0 2727 900 1 1 2
0o # B2 € p 1 A2)

2 B 1 N 1

12321 000007701210

0 0
+ +

Then we have Lemma (4] for EIII
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