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A RICCI-TYPE FLOW ON GLOBALLY NULL MANIFOLDS
AND ITS GRADIENT ESTIMATES

MOHAMED H. A. HAMED, FORTUNE MASSAMBA, AND SAMUEL SSEKAJJA

ABSTRACT. Locally, a screen integrable globally null manifold M splits through
a Riemannian leaf M’ of its screen distribution and a null curve C tangent to
its radical distribution. The leaf M’ carries a lot of geometric information
about M and, in fact, forms a basis for the study of expanding and non-
expanding horizons in black hole theory. In the present paper, we introduce a
degenerate Ricci-type flow in M’ via the intrinsic Ricci tensor of M. Several
new gradient estimates regarding the flow are proved.

1. INTRODUCTION

Let M be a compact m-dimensional Riemannian manifold on which a one pa-
rameter family of Riemannian metrics ¢(t), ¢ € [0,T], T < T, where T, is the
time where there is (possibly) a blow-up of the curvature, is defined. We say that
(M, g(t)) is a solution to the Ricci flow if it is evolving by the following non-linear
weakly parabolic partial differential equation (see [I]):

O0igij(x,t) = —2Ricyj(x,t), (z,t) € M x[0,T],

with g;;(z,0) = ¢;;(z), where Ric;; (z, t) is the Ricci curvature tensor of the evolving
metric g;;(x,t). This evolution system was initially introduced by Hamilton in [12].
The evolution equation for the metric tensor implies the evolution equation for the
curvature tensor R in the form 0;R = AR + @, where A denotes the Laplacian
operator on M and @ is a quadratic expression ¢ of the curvatures. In particular,
the scalar curvature R satisfies ;R = AR + 2|Ric|?, so by the maximum principle
its minimum is non-decreasing along the flow. By developing a maximum principle
for tensors, Hamilton [I2] proved that the Ricci flow preserves the positivity of the
Ricci tensor in dimension three and of the curvature operator in all dimensions;
moreover, the eigenvalues of the Ricci tensor in dimension three and of the curvature
operator in dimension four are getting pinched pointwisely as the curvature gets

2020 Mathematics Subject Classification. Primary 53E10; Secondary 53C40, 53C50.

Key words and phrases. Null manifold, Screen integrable distribution, Ricci-type flow.

Mohamed H. A. Hamed and Samuel Ssekajja would like to thank the Simons Foundation
through the RGSM-Project for financial support. This work is based on research supported
wholly/in part by the National Research Foundation of South Africa (grant numbers 95931 and
106072).

327


https://doi.org/10.33044/revuma.1874

328 M. H. A. HAMED, F. MASSAMBA, AND S. SSEKAJJA

larger. In [22], Perelman used Ricci flow and its surgery to prove the Poincaré
Conjecture. In the papers [I] and [II] the authors used Ricci flow coupled to heat-
like equations to study some gradient estimates. For more information about the
classical Ricci flow, see [T}, [2] [6], [12], 22} 23] and references therein.

When the underlying manifold M is null (sometimes called degenerate or light-
like), one may not define, in the usual way, the Ricci flow associated to the degen-
erate metric g on M. In fact, it is well known (see [7]) that, in general, there is
no Ricci tensor on M via the null metric g. When M is embedded into a semi-
Riemannian manifold M as a null hypersurface, special classes of M do exist with
induced symmetric Ricci tensors. For instance, in [I0] the authors show that null
hypersurfaces C[M]° of genus zero exhibit an induced Ricci tensor. As the Ricci
flow is an intrinsic geometric flow, one need not know much about the ambient
space in which M is embedded. In [I4], Kupeli studies null manifolds using a
factor bundle approach and proves the existence of many geometric objects on M
by taking the assumption that M is stationary, i.e., the normal bundle of M is a
Killing distribution, which ensures a Levi-Civita connection on M. In fact, a sta-
tionary M is the same as a globally null manifold studied by Duggal in [§]. A screen
integrable globally null manifold M is locally a product manifold of a leaf M’ of
its screen distribution and a null curve C tangent to the normal bundle of M. The
leaves M’ are fundamental in studying expanding and non-expanding black hole
horizons in mathematical physics; see for instance [14} 21I] and references therein.
As the intrinsic Ricci tensor of M is symmetric on M’, we introduce a degenerate
Ricci-type flow on M using such a Ricci tensor and investigate its properties in
terms of the associated gradient estimates.

The theory of null submanifolds of a semi-Riemannian manifold is one of the
most important topics of differential geometry. More precisely, null hypersurfaces
appear in general relativity as models of different types of black hole horizons [7,
10, 21]. The study of non-degenerate submanifolds of semi-Riemannian manifolds
has many similarities with that of Riemannian submanifolds. However, in case the
induced metric on the submanifold is degenerate, the study becomes more difficult
and is strikingly different from the study of non-degenerate submanifolds [7]. Some
of the pioneering works on null geometry is due to Duggal-Bejancu [7], Duggal-
Sahin [10], and Kupeli [T4]. Such works motivated many other researchers to pursue
the study of null submanifolds, for example [6], [7, [9] 14} [T6] 17, 18] 19, 20] and many
more references therein. The rest of the paper is organized as follows. In Section
we review the basics on globally null manifolds. In Section [3]we define a degenerate
Ricci-type flow evolution on a globally null manifold and give some examples. In
Sections[d]and 5] we develop several gradient estimates for the degenerate Ricci-type
flow.

2. GLOBALLY NULL MANIFOLDS

We recall the basic concepts on globally null manifolds (for more details, see [§]
and references therein). Let (M, g) be a real m-dimensional smooth manifold where
g is a symmetric tensor field of type (0,2). We assume that M is paracompact. For
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x € M, the radical or null space of T,, M is the subspace, denoted by Rad T, M,
defined by (see [I3] for more details)

RadT,M = {E, € RadT,M : g(E,,X) =0, X € T,M}. (2.1)

The dimension, say r, of RadT, M is called the nullity degree of g. RadT,M is
called the radical distribution of rank r» on M. Clearly, g is degenerate or non-
degenerate on M if and only if > 0 or r = 0, respectively. We say that (M, g) is
a null manifold if 0 < r < m.

In this paper, we assume that 0 < r < m. Consider a complementary distribu-
tion S(T'M) to RadTM in TM. We call S(TM) a screen distribution on M, and
its existence is ensured by the paracompactness of M. It is easy to see that S(T'M)
is semi-Riemannian. Therefore, we have the decomposition

TM = S(TM) & Rad T M.

The associated quadratic form of ¢ is a mapping h : T, M — R given by h(X) =
9(X,X), for any X € T, M. In general, h is of type (p,q,7), where p+q+r =m
and ¢ is the index of g on T,,M. We use the following range of indices: I, J €
{1,...,¢}, A, Be{q+1,....,q+p}, a,8€{1,...;r},and a,b € {r+1,...,m},
i,7€{1,...,m}.

Throughout the paper we consider I'(Z) to be a set of smooth sections of the
vector bundle =.

Using a well-known result from linear algebra, we have the following canonical
form for h (with respect to a local basis of T, M):

q p+q
=) WP Y W
I=1 A=qg+1

where w', ..., wPt9 are linearly independent local differential 1-forms on M. With

respect to a local coordinate system (z?), the above relation leads to

q q+p
=— z:(o.)l)2 + Z (W2, h=gydride’, rank|gi;| =p+q <m,
I=1 A=q+1
q+p
9ij = 9(0;,0;) Zwlwl + Z wlij‘,
A=q+1
since w! = w!/dr’ and w? = wida’.

Suppose that Rad T M is an integrable distribution. Then it follows from the
Frobenius theorem that the leaves of RadTM determine a foliation on M of
dimension 7, that is, M is a disjoint union of connected subsets {L;} and at
each point # € M, M has a coordinate system (U,z), where i € {1,...,m}
and L; NU is locally given by the equation z* = ¢%, a € {r+ 1,...,m} for
real constants ¢?, and (z%), o € {1,...,r}, are local coordinates of a leaf L of
RadTM. Consider another coordinate system (U,Z%) on M. The transforma-
tion of coordinates on M, endowed with an integrable distribution, has the special

form 0 = dz* = %dmb + gfa dz® = ggi dz®, which implies g%a = 0, for all
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ac€{r+1,...,m} and o € {1,...,r}. Hence the transformation of coordinates
on M is given by

fazfa(xly..qxr)a EaZja($T+17"'a‘rm)' (22)

As g is degenerate on T'M, by using (2.1) and the canonical form for h we obtain
9aB = Yaa = Yaa = 0. Thus, the matrix of g with respect to the natural frame {0;}

becomes
( ) _ Or,r Or,mfr
91] - Omfr,r gab(xlv e 7$m) ’

By the coordinates in (2.2)), one can show that
Oagap =0, foralla,be{r+1,... m}, ac{l,...,r}, (2.3)

holds for any other coordinate system adapted to the foliation induced by Rad T'M.
We will suppose, therefore, that holds. Also, one can show that the screen
distribution S(T'M) is invariant with respect to the transformation in (2.2).

Next, we assume that r = 1. Thus, the 1-dimensional nullity distribution
RadT'M is integrable. The following result was established in [§].

Theorem 2.1 ([8]). Let (M, g) be an m-dimensional null manifold, with Rad T M
of rank 1. Then, there exists a Levi-Civita metric connection V on M with respect
to the degenerate metric tensor g.

Let C' be a null curve in an m-dimensional null manifold (M, g), with m > 1 and
locally given by a* = 2*(t), t € I C R, i € {1,...,m}, for a coordinate neighbor-

hood U on C. Then, the tangent vector field % = (%, ey %) on U satisfies

g(%,%) =0, ie., gijdd—f% = 0, where g;; = ¢(0;,0;) and 4,5 € {1,...,m}.
Denote by T'C' the tangent bundle of C, which is a vector subbundle of TM and
has rank 1. It is easy to see that TC+ = {V € TM : g(V,E) = 0} = TM, where
E is a null vector field tangent over C'. Suppose that Rad TM is of rank 1. We
consider a class of null curves such that RadTM = TC and both are generated
by a null vector field E tangent over C. Let S(T'M) be the complementary screen

distribution to Rad T'M. Then, we have
TM =RadTMLS(TM)=TCLS(TM),

where L means the orthogonal direct sum. It follows that S(T'M) is the transversal
vector bundle of C in TM. Suppose that S(T'M) is Riemannian and m = 3; we
obtain the differential equations

VeE = EE7 VW, = -k E+ ]{33W2, VW, = —koE — kSWh (24)

where h and {k1, k2, k3} are smooth functions on I and {Wy, W5} is an orthonormal
basis of I'(S(TM))y. We call F = {4 = E, W;,W,} a Frénet frame on M along C
with respect to the screen distribution S(T'M). The functions {k1, ko, k3} and the
differential equations are called curvature functions of C' and Frénet equations
for F, respectively. The result can be generalized for higher dimensions. It is
important to mention that for any m, the first Frénet equation for F' remains the
same. Now we show that it is always possible to find a parameter on C' such that
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h = 0, using the same screen distribution S(TM). Consider another coordinate

neighborhood U* and its Frénet frame F'*, with & NU* # (. Then, -4 = L. 4
Writing the first Frénet equation in for both F' and F* and using the

above transformation, we obtain d%si*t? +h ( dt )2 = h*4L  Consider the differential

dt dt
2 7 .
d‘i,fz — h* d‘ff* = 0, whose general solution comes from

t* s
t= a/ exp (/ h*(t*)dt*) ds+b, a,beR. (2.5)
0 S0

t

equation

It follows that a solution of , with a # 0, may be taken as a special parameter
on C such that h = 0. Denote such a parameter by p = %, where we call ¢ the
general parameter as given in , and p a distinguished parameter of C. Then,
the first Frénet equation is given by V 4 % = 0 and, therefore, C is a null geodesic
of M with respect to the distinguished parameter p. Since the first Frénet equation

is the same for any m, the following holds.

Theorem 2.2 ([8]). Let C be a null curve of a null manifold M, with Rad T M
of rank 1 and Riemannian screen distribution. Then, there exists a distinguished
parameter p with respect to which C is a null geodesic of M.

In view of the above theorem, the author in [8] defined globally null manifolds
as follows.

A null manifold (M, g) is said to be a globally null manifold if it admits a single
global null vector field and a complete Riemannian hypersurface.

As a consequence, the following characterization holds on globally null manifolds.

Theorem 2.3 ([8]). Let (M,g) be a globally null manifold. Then, the following
assertions are equivalent:

(1) The screen distribution S(TM) is integrable.

(2) M = M' x C" is a global product manifold, where M' is a leaf of S(TM)
and C' is a 1-dimensional integral manifold of a global null curve C in M.

(3) S(TM) is parallel with respect to the metric connection V on M.

As an example, we have the following.

Example 2.4. Let (R}, g) be the Minkowski spacetime with metric ds? = —dt? +
dr? 4+12(d6?* +sin? §d¢?), for a spherical coordinate system (¢, 7, 6, ¢), which is non-
singular if we restrict 0 < r <00, 0 < 0 <7, 0 < ¢ < 2mw. It is well known that
Minkowski spacetime is globally hyperbolic. Take two null coordinates v =t + r
and v =t —r (u > v). Then, we have

1
ds* = —dudv + Z(u —0)2(d6* + sin® 0d¢?), —oo < u,v < 0. (2.6)

The absence of the terms du? and dv? in implies that the two hypersurfaces
{v = constant}, {u = constant} are null. Denote one of these null hypersurfaces
by (M, g), where g is the induced degenerate metric tensor of g. A leaf of the
2-dimensional screen distribution S(T'M) is topologically a 2-sphere with complete
Riemannian metric dQ? = r2(df? + sin? fd¢?), which is the intersection of the
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two hypersurfaces. Since by definition a spacetime admits a global timelike vector
field, it follows that both its null hypersurfaces admit a single global null vector
field. Thus, there exists a pair of globally null manifolds, as null hypersurfaces of
a Minkowski spacetime.

Remark 2.5. Globally null manifolds were also studied by Kupeli [14], under the
name of stationary singular semi-Riemannian manifolds.

3. A DEGENERATE RICCI-TYPE FLOW

Let (M, g) be a null manifold and S(TM) be its screen distribution. A globally
null manifold (M, g) is said to be a screen integrable globally null manifold if its
screen distribution S(T'M) is integrable.

Let (M, g) be a screen integrable globally null manifold and (M’, ¢’) be a leaf
of S(T'M) such that ¢’ = g|pr, immersed in M as a non-degenerate submanifold.
Denote by P the projection morphism of TM into S(T'M). Let R denote the
curvature tensor of M with respect to the metric connection V on M. If R’ is the
curvature tensor of M’ with respect to the connection V' on M’, then, in view
of [14, p. 48], we have

R(X,Y)Z' = PR(X,Y)Z,
forall X, Y, Z € I(TM) with Z’ = PZ. The intrinsic curvature tensor R of (M’ g')

is then given by R(X',Y")Z' = R'(X,Y)Z', where X’ = PX, Y’ = PY, and
Z' = PZ, for all X,Y,Z € I'(TM). R satisfies the usual properties of Riemannian
curvature tensors (see [T4, Theorem 3.2.10]). Note that R is tensorial with respect
to its entries, hence for any x € M, (R(X’,Y’)Z’), depends on the values of
X'\ Y',Z' € T,M'. Moreover, the associated curvature-like tensor of type (0,4) is
given by
RX'\Y',Z! W) =g (R(X",YNZ',W"),

where X' Y, Z! W' € T(T, M").

Let (M,g) be a screen integrable global null submanifold. Then, the Ricci
tensor Ric’ of M’ is defined by Ric (X', Y’) = trace{Z’ — R(Z',X")Y'}, for all
X' Y' Z" € T(T;M'). The corresponding scalar curvature Scal’ € C°°(M’) of
(M',g") is defined by Scal’ = trace(Ric’). For a function f € C°°(M), we will
denote by f = f|u- its restriction to M’. Recall that for a smooth function f,

we define a symmetric 2-tensor VQf by vzf(X/,Y’) = XY'f - (VxY)f =
Hess(f)(X’,Y"), from which we define the Laplacian Af of f as Af = trace WQ? =
g “b(ﬁzf)ab. Notice that Af = div(V f), where V f denotes the gradient of f and
div(-) denotes the divergence operator on M’.

For more details of curvature properties on globally null manifolds, see Kupeli’s
book [14]. In view of the above background, we define a degenerate Ricci-type flow
on (M, g) as follows.

Definition 3.1. Let (M, g) be a screen integrable globally null manifold, and let
(M',¢" = glam) be a leaf of S(TM). A degenerate Ricci-type flow of (M, g) is
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a family {¢'(¢)}tes of Riemannian metrics on (M’,¢’), parametrized by a time
interval I C R and evolving by

drg (t) = —2Ric'(¢'(1))-

In harmonic local coordinates around a point x € M, the Ricci tensor at x is
Ric,,(z) = —3Ag!, (). Thus, a degenerate Ricci-type flow resembles a heat flow
evolution.

Next, we will give some examples of degenerate Ricci flows.

Example 3.2. Let (M,g) be a globally null manifold and let ¢ : M — R;”rz
be an isometric immersion of M into R""? as a null hypersurface. Then, by the
definition of globally null manifolds, M is embedded in R?"‘Q as totally geodesic
hypersurface. As R72 is flat, we notice that M is flat as well (see [7] for more
details). Consequently, the intrinsic curvature R vanishes and each leaf M’ is flat.
Thus, the flat metric on M’ has zero Ricci curvature, so it does not evolve at all
under the degenerate Ricci-type flow.

Example 3.3. Consider the globally null manifold (M, g) of Example Each
leaf M’ of S(T'M) is a 2-dimensional sphere of radius r; the metric is given by
g = r2¢", where ¢ = d6? + sin? 6dp? is the metric on the unit sphere. The
sectional curvatures are all 1/r2. Thus for any unit vector field X’ € T'(TM'), we
have Ric'(X’, X') = 1/r?. Therefore, Ric’ = T%g' = ¢”, so the degenerate Ricci-
type flow equation becomes an ordinary differential equation 8;¢’ = —2Ric’, from
which we obtain d(;:) = —2. Solving this ODE gives r(t) = \/RZ — 2t, where Ry
is the initial radius of the sphere. Notice that the degenerate Ricci-type flow of
(M, g) will become singular at ¢t = (1/2)R3. At this time, the leaf M’ has collapsed
to a point.

The existence and uniqueness of degenerate Ricci-type flows can be established
in the same way as in the classical Ricci flow, as well as the associated geometric
evolution equations for the induced objects associated to curvature (see [2, p. 90]
for more details).

As each leaf M’ is Riemannian, we can define the distance function on M’ in
a natural way. For a point p € M’, define d(x,p) for all x € M’, where d(-,-) is
the geodesic distance. It is important to note that d is only Lipschitz continuous,
that is, everywhere continuous except at the cut locus of p and on the point where
x coincides with p. One can easily see that |Vd| = ¢’**0,ddyd = 1 on M'/{{p} U
cut(p)}. Let d(z,y,t) be the geodesic distance between x and y with respect to the
Riemannaian metric ¢’(t); we define a smooth cut-off function ¢(x,t) with support
in the geodesic cube

Qopr = {(z,y) € M' x (0,T] : d(x,y,

t)
for any C?-function ¢ on [0,00) with 1(s) = 1 for s € [0,1]
s € [2,400] (see [I] for more details). Furthermore, 9'(s) <
and %

< 2p},
[0,1] and ¥(s) = 0 for
0 //( ) > _617
< cq, where c1,co are constants such that <p( ,t) = Y(d(z,p,t)/p) and
<p|92p,T =1
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As in [I], let M’ be a complete n-dimensional leaf of the integrable screen dis-
tribution S(T'M) of a null manifold (M, g) whose Ricci curvature is bounded from
below by Ric’ > (n — 1)k, for some constant k& € R. Then the Laplacian of the
distance function satisfies

(n — 1)Vkcot(VEkp), k>0,
Ad(z,p) =4 (n—1)p~ 1, k=0,
(n — 1)y/]k| coth(vVkp), k < O0.

Throughout, we will impose boundedness conditions on the Ricci curvature of the
metric. Note that when the metric evolves by the degenerate Ricci-type flow,
boundedness and sign assumptions are preserved as long as the flow exists. So
also the metrics are uniformly equivalent. If —p;g’ < Ric’ < pog’, where ¢'(t),
t € (0,T], is a degenerate Ricci flow, then

efpng’(O) <g) < 67P2Tg’(0).

4. SOME GRADIENT ESTIMATES

In this section, we discuss the localized version of gradient estimates on the heat
equation perturbed with curvature operator under both forward and backward
degenerate Ricci-type flow. The estimate under backward action of degenerate
Ricci-type flow is related to the local monotonicity for heat kernels and mean
value theorem of Ecker, Knopf, Ni, and Topping in [II]. They worked in general
geometric flow, and we follow their approach.

Let (M, g) be a screen integrable globally null manifold and (M’', ¢ = g|a) be
a leaf of the screen distribution S(T'M). We consider the conjugate heat equation
coupled to the backward and forward degenerate Ricci-type flow, respectively, as
follows:

(0y — A + Scal Yu(z,t) =0, (0y — A + Scal Yu(z,t) =0, (4.1)
an .
0ig' (x,t) = 2Ric (z, 1), 0ig' (x,t) = —2Ric'(,1).
Throughout this paper, we denote by | -] the norm on M’ with respect to ¢'.

Suppose that u = u(z, t) solves the conjugate heat equation and satisfies 0 < u < A
in the geodesic cube Qa, C M’ as defined by

Qapr = {(z,t) € M" x (0,T] : d(z,y,t) < 2p}.

We set w; = O;w, w;; = 0;0;w, and so on, for some smooth function w on M’,
where 1 < 4,5 < n. Then we have:

Theorem 4.1. Let (M,g) be a screen integrable globally null manifold and let
(M',¢') be aleaf of S(TM). Suppose that (M',g'(t)) (with t € (0,T]) is a complete
solution to the backward degenerate Ricci flow with Scal’ > —p1, Ric’ > —p2, and
W Scal/H < ps, for some constants p1,pa,ps > 0. Let u = u(z,t) be any positive
solution to the heat equation defined in Qq, 1 C (M’ % (0,T]) satisfying 0 < u < A.
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Then, there exist absolute constants c1,co depending on n such that

| Vul| A 1 1
2 < <1 +1In (u)) (t + cop1 +4p2 + 2p3 + 2 (,001\//)2 + 02)).

Proof. Let f =In%. It is easy to see that 1 — f > 1. Let ¢ = ||ﬁln(1 — f)||2 =
1l
1=z
of fasOf = Af + vaHQ — Scal’. Next, we compute the evolution equation of ¢.
To that end, differentiating ¢ with respect to ¢ and using the evolution equation
of f, gives

Then, a straightforward calculation using (4.1)) gives the evolution equation

B [ N Y [ [
" ((1f)2 “G-pr A (+2)
On the other hand, the term 6t( Hﬁf“z) is given by
[V III) = (0ug")if 051 + 29 (V, V1 f)
— —2Ric}; 8 f0; f + 29/ (Vf,.V(Af + |V f||" = Seal’)) 3

— —2Ric); ViV, f + 20 (V1,VAS) + 20 V£,V |[V£|P)
—2¢'(Vf,V Scal’),

in which we have used (4.1) and the evolution equation of f. Applying (4.3)) to
(4.2) and using the evolution equation of f, gives

~2Ric,; ViV f + 20 (V1. VAF) +2¢ (Y, Y |[Vf||) — 20/ (V1. ¥ Seal’)

s e
2051 @F [V ~ Sea)
(1—f)
_ 2RV 2ih 20 (VEV[VAP)  29/(V4V Seal)
(1-1/)? (1—f)2 (1- f)2 e

o[ VrPAr 2T 2seat [T
Q=52 A=f)? a=r2
In view of the Bochner—Weitzenbock identity (see [I1] for details), we have that

A(Hﬁf“z) =—2f% 429 (Vf,VAf) + 2Ricj; fifj, so that ([4.3) reduces to

= 112
@ = A) [V £
= 212 1+ 20 (V1, V|V - 20/ (V 1,V Scal') — 4Ric}, Vi fV; f.  (4.4)
Next, we compute A¢. To that end, a direct calculation gives

<. _ 20(V/VV/) +2||vf||2vf _ 2fifi i 2121

(1—-/)? Q=5 (@=p 1=

(4.5)
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Applying the definition of A and relation (4.5)), we get

ao= ((fjjf)) ¥ ((fJEQ?JﬁS)j

_ 2fiifij + fifijs n 41— f)fifij I n Afifiili +212f; n 62 f7(1—f)
(1= f)? (1= f)* (1-f)3 (1—1f)°

o 2fZ 2fifij; | Afifiifi | Afifili | 202 fi 612 f7

- a-prta-ppr T a-pr T a-p ta-

from which we deduce that

2Ricy; fif; N 2f; figi N 2g'(€fﬁ||ﬁf||2) ~ 2¢/(V/,V Scal')
(1—f)? (1—f)? (1-1)? (1= f)?

L2 v 2 Scal’ il 25 2fifiy  Afifil
(1—f)3 (1-1)3 (1= @1-=f2 @1-f)3
Afifiifi 61217

1= a-pHr

(0 — D)o =

(4.6)
Rearranging the terms in gives
2fifiifi TS}
9 — Ao — 2 3J3 J
( t 7)(;5 (1 f) {fzj _ f + (1 _f)2}
2R1C fZ 2f]f]]2 2fifijj
f)? -2 (- 17
oy (4.7)
4flf”fj - 4f2f2 L2 VLYV
f? -f? (1—=f)
29'(Vf,V Seal’)  2Seal' [VF||" , 2[[97]]
(1—1)? (1=7r)? Q=12

We can simplify some terms in the braces of (4.7) further. The first term becomes

. 2 2 2fzfzjfj fZij2 _ 2 ( flfj >
Tyge {f” Ta-pta-py T a-pe ity

Using the Ricci identity on the next three terms we have

C2Ricy fifs | 2fifii  2fifi; _ ARIC fify
I=r2  a=52 @Q-=f)7? (1=f) "
since the Ricci identity implies that f;fj;: — fifij; = fi(fisi — fiji) = — RiCQj fifj-
Also

Afifii fi AfRf7 -2 ([ 2fifi
RN

A= a-pt 1

N 21215

2
1—f)2 (1_f)3>1_fg(vfav¢).

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



RICCI-TYPE FLOW ON GLOBALLY NULL MANIFOLDS 337

Similarly, we have 2(1— f)~2¢'(Vf,V HﬁfHQ) =2¢'(Vf,V¢), and then the second
to the last three terms gives

CAfifiif Af2 13 29/(§f7§”§f”2)

- a-pi 't a-ype
_ 2 gV, Vo) +2¢ (Vf, V) = 2f "(Vf, Vo).

-7
Putting all these together in , we get
_ 2 fif; ) 2f e
Oh—Ap=———=|Fi — Vf,V
0 -0 =2 (Fo+ £222) - 2o 9170
ARic, fif;  2¢/(Vf,V Seal)) 25l |VF|° 2|V
(1—f) (1—f)? (1= (1—-/f)3
Then, using the curvature conditions we are left with the inequality
2f 2
< ———9¢(Vf,V 4
(0 —A)g < — 7Y gV, Vo) + =) T P10+ 4p2g (4.8)

+2pg0t — 21— ).

Next, we apply a cut-off function in order to derive the desired estimate. To that
end, let 1 be a smooth cut function defined on [0, c0) such that 0 < 1(s) < 1, with
P (s) <0, ¢"(s) > c1, and [¢/|?/1b < —ca, for some constants ¢q, ca > 0 depending
on the dimension of the manifold only. Let us define a distance function d(p, x)
between the point p and z such that ¢(x,t) = o(d(p, x,t)) = ¢ ( (@)D )/,0) for
a smooth function ¢ : M’ x (0,7] — R. It is easily seen that o(z, t) has its support
in the closure of Qa, 7. We note that op(x,t) is smooth at (y,s) € M’ x (0,7T],
whenever point y does not either coincide with p or fall in the cut locus of p,
with respect to the metric ¢'(y, s). In what follows, we consider the function ¢
defined in Qs, 1 x [0,00) is C? at the maxima. This assumption is supported by
a standard argument by Calabi known as Calabi’s trick (see [4] for more details).
This approach is used in [5]; see also [I1], [23]. Therefore, we obtain

Vel® _ 1) HWH dp
© p2p - pz’ ot

and by the Laplacian comparison theorem (see [I] for more details), we have

< cap1, (4.9)

"
'Ad " ||Vd c c
Ap = L [ve) > —(n—1)/pz coth(\/p2p) — 5, (4.10)
p P p P
which implies that —Ap < p%(cl V/P2p coth(\/pzp) + c2).

Let (x9,to) be a point in Qa, 1 at which F' = ¢ attains its maximum value.
At this point we have to assume that F' is positive. Note that if FF = 0 then
oP(xg,to) = 0 and hence, ¢(z,t) = 0, for all z € M such that d(x,zo,t) < 2p.
This yields Vu(z,t) = 0 and the theorem will follow trivially at (x,t). The approach

Rev. Un. Mat. Argentina, Vol. 62, No. 2 (2021)



338 M. H. A. HAMED, F. MASSAMBA, AND S. SSEKAJJA

here is to estimate (9 —A)(tF') and do some analyses on the result at the maximum
point. To that end, we have

(O = A)(tF) = F + (0 — A)(p9)
=F —2tg' (Vp, Vo) + tp(0; — A)p + tp(0, — A)gp.
Note that at the maximum point (zg, tg), we have by the derivative test that
AF(xg,t0) =0, 0¢F(x0,t0) >0, and AF(xg,tp) <O0. (4.12)

Taking tF on M’ x (0,T], we have (0; — A)(tF) > 0, whenever (tF') achieves
its maximum. Similarly, by this argument, we have V(¢¢)(zo,to) — V(o to) =
©Vé(x0,t0), which means pV¢ can always be replaced by —¢V. By ([@.8), (4.11)),

and , one has
F—=2tg' Vo, Vo) +to—2f(1— )¢ (Vf, Vo) +2(1— f) " p1o
+4p26+ 2p30% +2(1— £)o* +td(9 — A)p > 0.

Taking 0 < ¢ <1 and noticing that 7 f < 1, the last inequality becomes

F —2tg' (W,V(wcb)) 21?” <p|}
¥ ¥
+ t{2p1F + 4poF + 2psF% +2(1 — f)F?}
=2f(1— )" |VI[Ve| ¢ +te(d: — A)e > 0.

Applying the relation 2p3F? < p3F + ps (see [IT] for details) and using Young’s
inequality, we derive

(4.11)

2
( ) 2 f2
=t(l—- f)F +tF—
pPPl—f
Notice also that by the bounds given in ) and (| -7 we have

t(0; — A)g < to (chl += (clﬁ coth (y/pzp) + 62)>
< to <ch1 + %(m\/ﬁﬁ 02)).

Putting these together and dividing through by (1— f), while noticing that ﬁ <1
and f < 1, we have

Vol s
—2tf(1— )71 ||V ||W||¢<t¢<H ik *H ‘ 1Jif>

C
F— 2tp—§F +t(2p1 + 4pa + p3)F + tps

—|—tFp——tF2—|—t¢ <02p1+p (pcl\ﬁ—FcQ)) > 0.
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Therefore, we have

1
tF? < F +t(2p1 +4p2+ p3)F + 1t <62p1 + ?<p01\/p2 + (32)) F

C
—t=F + tps.
P

Then,

1 1
F?<F {t + cap1 +4p2 +p3 + ﬁ(pcn/m + 02) + ps} + ps3.
From here we can conclude that

1 1
FSngCzpl+4P2+P3+\//73+E(P01\/p>2+02>

at (xo,tp). Therefore,

= .2 1 1
VA" <@—5)? (t + cap1 + 4p2 + 2p3 + E(Pcl\/ﬁ-ﬁ- 02)>,
which completes the proof. O

The boundedness assumption may be weakened in the case of the forward de-
generate Ricci-type flow. Therefore, we have the following.

Theorem 4.2. Let (M,g) be a screen integrable globally null manifold and let
(M',¢") be aleaf of S(TM). Suppose that (M',g'(t)) (witht € (0,T]) is a complete
solution to the forward degenerate Ricci-type flow with Scal' > —p1 and ||v Scal'H <
ps3, for some constants p1, p3 > 0. Let u = u(x,t) be any positive solution to the
heat equation defined in Qa, 1 C (M’ x (0,T]) satisfying 0 < u < A. Then there
exist absolute constants c1,ca depending on n such that

<12 2
Vu A 1
H u2H < (1+1n (u)> <t+c2p1+2p3+;§>.

Proof. The proof of this theorem is similar to that of Theorem The disparity
between the estimate inequalities in Theorem [.1] and Theorem [4.2] arises through
their respective proofs, which we show as follows. Similary, set f = In% and

= 2
¢ = Hvln(l — f)||2 = ‘le_];')‘z Notice that ¢’(t) evolves by the forward degenerate

Ricci flow, where the inverse metric evolves as d;(¢'"/) = 2 Ric; and then

|V 1I[*) = 2Ric}; Vif V5 f + 29 (V1. V AL + 29 (V1Y |VS])
— 29 (Vf,V Secal');
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hence, the counterpart of is
2fifij I Lf7
oot (g 2]

a7 1 T
2 RICW fzfj 2f;fiji 2fifijj

*{ 2 <1—f>2}

4fszfj Af2f? +2g’(Vf7VHVfH2)}

R T S (R O
. 2g<Vf,VScal)_2Swl’||ﬁf||2+ il
(-5 a=pr Ta-gp

Now, using the Ricci identity, some braced terms vanish. Then we can conclude

that
- fif 2f o
(at—éw——(l 7 5 (fis + jf) — =59 (V£ V)

ARic, fif;  2¢/(Vf.V Seal)) 25l |Vf|° 2|V

(1—=5) (1—f) (=52 1-f3
Using the curvature conditions, we are left with the following inequality as in (4.8]):

2 2
(0= 806 < ~ 12 (T1V6) + g+ 200t =201 = 1)
The rest of the proof follows as in that of Theorem a

5. GRADIENT ESTIMATES ON FORWARD HEAT EQUATION

Let (M, g) be a screen integrable globally null manifold and let (M’, g') be an
n-dimensional complete Riemannian integral manifold of the screen distribution
S(TM) without boundary. Next, we discuss space-time gradient estimates for
positive solutions of the forward heat equation along the degenerate Ricci flow.
More precisely, we consider

0ig' (z,t) = —2Ric'(z,t), (z,t) € M' x (0,T), (5.1)

coupled to
(A —0)u(z,t) =0, (z,t)e M x(0,7]. (5.2)
As mentioned in [I], in general, our degenerate version of the estimates is also a
local one and obtained in a geodesic cube. We will show how this local estimate

can lead to achieving a global one. We start by proving the following lemma, which
is useful for this section. Let us define the geodesic cube

Q2p,T = {(,I,t) S M’ x (O7T] : d(l‘,ﬁﬁmt) < P}

Lemma 5.1. Let (M,g) be a screen integrable globally null manifold and let
(M',q") be a leaf of S(TM). Suppose that (M',q'(t)) is a complete solution to
the forward degenerate Ricci flow in some time interval (0,T], and —p1g’ < Ric’ <
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p2g’, for some positive constants p1 and ps. For any smooth positive solution
u € C1 (M’ x (0,T]) to the heat equation in the geodesic cube Qa, 1, it holds that

(A= 8)G =~ 29 (V1,VG) (VS]] = aduf) - 2atp |91
2 _ 2
+ (VAP — o) = S5 1 + 2,

where f =Inu, G = t(||§f||2 —adif), and a > 1 are given such that ]% + % = é,
for any real numbers p,q > 0.

Proof. We have AG = t(é”ﬁf“z — alAd,f) and 0,G = (H?J‘H2 — adif) +
0 ( ||ﬁ f ||2 — adf). In local coordinates and using the Einstein summation con-

vention, we have, by Bochner—Weitzenbock’s identity, A HVfH = 2f2 St 2fif+

2 RIC” fif;. By the hypothesm of the lemma that ¢'(x,t) evolves by the degenerate
Ricci flow, we have &, ( HVfH ) = (0:g""9)0i fO; f + 29" 0; f0;0.f = 2Ricy; fifj +
2fifri. Similarly, O(Af) = (9:9')0;0; f + ¢ 0;0;0,f = QRIC” fi; + AOLf),
which implies that A(9:f) = 0:(Af) — 2Ric§j fij. With the above computations,
we obtain

AG =t (2 2+ 2fi fii + 2Ric;; fifj + 2aRic; fij — ady(Af))
> 1| (2 + aRic; fiy) + 2fifi5 = 201 [|VS]|” — adu(AF)]

at an arbitrary point (z,t) € Qa, 7.
On the other hand, ,G = ( Izils —a&tf) +t (2Ric) fif; +2fifui — DD f).

Note that f = Inw implies the evolution 0;f =
Therefore, we have

(A= 0)G =t |2} + 2aRic); fiy) + 2f; f15: = 201 [V f|” = adu(A )]
~ V51 = aduf) + 1o ([ V" = adus)]
= t(?ffj + 2« RiC/ij fz]) — 29’(?]“, ﬁG)
— (IV£]” = adrf) = 2atp: |V
1

Now choosing any two real numbers p,q > 0 such that l + l = —, we can write

(J,‘, t) S Q2p7T.

1
2 2 —|—2aRlch”— » 2j—|—2a<q 2 +R1C”f”> 2? w_*R /2

where we have used completing the square to arrive at the last inequality. Also by
the Cauchy—Schwarz inequality, (Af)? = Hg’ ”8 0; f H <n holds at an arbitrary
point (z,t) € Qap1; therefore, we have f% > L(Af)2. We can also write the
boundedness condition on the degenerate RlCCl curvature as —(p; +p2)g’ < Ric; ;i <

n(p1 + p2)?, since the Ricci curvature tensor is

(p1 + p2)g’ so that sup HRlcmH
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symmetric. Therefore, we have

. 2a ang
2t( 223 + 2« RIC;]- fij) > n—pt(éf)2 — Tt(pl + p2)?.
Hence the desired result. Our calculation is valid in the cube Qs 7. O

Next, we state and prove a degenerate version result for local gradient estimates
(space-time) for the positive solutions to the heat equation in the geodesic cube
Qo1 of bounded Ricci curvature manifolds evolving by the degenerate Ricci-type
flow.

Theorem 5.2. Let (M,g) be a screen integrable globally null manifold and let
(M’,q") be a leaf of S(TM). Suppose that (M’',¢'(t)), with t € (0,T], is a com-
plete solution of the degenerate Ricci-type flow such that the Ricci curvature
is bounded in Qs 1, i.e., —p1g'(z,t) < Rid'(x,t) < pag/(x,t) for some positive
constants p1 and pa, with (x,t) € Qopr C (M’ x (0,T]). If a smooth positive
function uw € C*L1(M' x (0,T)]) solves the heat equation in the geodesic cube
Qap 1, then for any given a > 1 with %Jr% = é and all (z,t) € Qap 1 x (0,T1], the
following estimate holds:

= .12 an a? 1
sw {[[VSI —e0uf} < SEF ool (o T4 o+ )
r€Q2, T t P (a - 1) t

” (5.3)
a’np

NETCE)

an
p1+ 7(/)1 + p2)v/P4,

where ¢ is an arbitrary constant depending only on the dimension of the leaf.

= |12
Proof. Let f =Inwu and G = t(||§f||2 — adif). Then, %G = M —ast. We use
the approach of applying a cut-off function and estimating (A — 9;)(tpG) at the
point where the maximum value for (pG) is attained, as we did in Theorem 4.1

We have the following:
(A = 0 (tpG) = 2tVpVG — oG + tp(A — 9;)G + tG(A — dy)gp. (5.4)

Suppose that G attains its maximum value at (xg,t9) € M’ x (0,T] for tg > 0.
Since (pG)(x,0) =0 for all x € M, we have by the derivative test that

ﬁ((JDGY)(QSOJO) =0, %(‘PG)('IOJO) >0, A(WG)(IO’tO) <0, (55)

where the function (pG) is being considered with support on Qs, v x (0,7] and
we have assumed that (pG)(zo,to) > 0, for ¢, > 0. By (5.5) we notice that

(A —8)(¢G) < 0. Using (5.4), (5.5)), and Lemma 5.1} we have
0> (A —8)(teG) = 2tVpVG — oG + ts@{ —-2¢'(Vf,VG) - ( V7] - oz@tf)

_ 2 _ 2 R
—2atp, |[V£|* + n—Zt( ¥ £|* - atf) - %tp} FG(A — 8y,
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where p = p1+p2. Note also that V@ can be replaced by —GV, by the condition
V(¢G) = 0. Therefore, we have

0 < 2tVeVG — oG + 2tV fV o G

2 _
+tw{£t(|\vﬂf—atf) — 2atp V| —qutp}
~to( [V = atus) + G - ae,
from which we get
0< ol ;f” G — 260G — 2 ||V 1| |Vl &
2 — 2 _
+t<p{nzze(||vf||2_atf) — 2atp, ||V _O‘;qtp}
+1G(A — Op)p.

As we have noted earlier, Calabi’s trick and the Laplacian comparison theorem
allow us to do the following calculation on the cut-off function depending on the
geodesic distance, since we know that the cut locus does not intersect with the

= 2
. v —~
geodesic cube —M > —;%, Ap > —%,/pl — ;—%7 and —ﬁ > —cop — 2,

7 € (0,T). Hence, tG(A — )¢ > tes (—%1/,01 -1 _1_ ﬁ), where we have
taken c3 to be the maximum of ¢y, co, so our computation becomes

0>— 2t%G — 260G — Qt\/f V5] oG
) _
—&—tap{r;t(HVsz—at )" = 2atp: |74 —qutp}
1 1 1
+t03 <p\/p>1 27_,0) G.
Multiplying through by ¢ such that 0 < ¢ < 1, we have

0> —2¢°G — 2t@ IVf]| 3G

2
LI - v0us) = anpus? 9517 - 5t} 5
1 1 ~
+t03<p\//71p27_ >(90G)

Using a standard argument from Lie and Yau [I5] (see also Schoen and Yau [23] and
references therein), we let y = ¢ ||WfH2 and Z = pd, f to have ¢? va’|2 =py <y,
and y2 (y — az) = @2 Hﬁf“ (¢ vaHQ — O f) =1 vaH ©%G. Noting that

-7 = -0+ 2 20y ary )
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and

Cy 1
(y—2)* = nppry — np p; Y2 (y — az)

1 «
— E(y —az)’ + ( pe y? — npp1y> (5.8)

" <2(O‘gl)y - np\/);;yé) (y — az),

(0%

and also using the inequality az? — bz > —% (a,b > 0), we have

a—1, a’n?p?p?
- > d 5.9
oz U TTPPYZ ey (5.9)
2(a—1) Ve 1 caa’n?p?
—_ Yy — 2> - 5.10
P Al e L po v (5.10)

Putting together (5.7)—(5.10), the second and the third terms in the right hand
side of ([5.6) are further calculated as follows, using t(y — az) = pG:

212 (a an?q ny/C2 1
{(yZ)Qommy P — y?(yw)}
n |p 4 p

3

2t2 1 5 « n’pp? coa®n?p an?q . 9
A= ) - (e o0 + 1002 )}
Hencea by ‘ ’
282 (1 9 a’n’pp? 2t caa®n?p ang
2 Sy — ARy 2= P o) ) — 222502
U (o )~ o (G vo) - 5402}

1 1 1
+tes <—p\/f71——T—P> (¥G) = 2¢°G < 0.

vV

Since t(y — az) = G, we have

2 c o’ 2 ~
0>(90G)2+[p§t(— b —p\/pT—l—pT—p?p)—l}(soG)

anp (a—1)
043”?0% 2, QNg o o
— (e Ty
(%a—n2*'2 pw)

where ¢4 is a constant depending on n. We see that the left hand side of the last
inequality is a quadratic polynomial in (¢G); then using the quadratic formula and

the elementary inequality 1/1 + a2 + p?2 < 1+ a + p yields

3 2
anp — anp P P 9~ anp ( 2apy g q
G < — 4+ —cq4t v/ — — t+2p2pt, [ —
pG < n +4p284 <(a_1)+p P1+T+pp)+ 1 (a_l—l-p@\/;)

3 2 2
anp — anp po P 2~ a“nppr an 1
= — + —cq4t — ————1t+ —1p2./pq.

1 +4p204 ((a_1)+7+pp)+2(a_l)+2 P2/Pq
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Recall that we picked up ¢(x,t) such that 0 < ¢ < 1 and, in particular, p(z,t) =
1 in Qg, 7, and since (zo,%p) is a maximum point for (¢G) in Qa, 1, we have
G(z,7) = (pG)(z,7) < (pG)(x0, ). Hence

2

1 anp  an ap P 9n a’np on_a
“G(x,t) < 2P A0 L AL B N
(Ot s = +@>4<( YRR T T WA

for all x € M such that d(z,z0,7) < p and 7 € (0,T], and this completes the
proof. O

Let (M,g) be a screen integrable globally null manifold. Let (M’,¢’) be an
n-dimensional compact (or noncompact without boundary) leaf of S(T'M) with
bounded Ricci curvature. Using Lemma[5.1] and local gradient in Theorem [5.2] we
now present global estimates for the pomtlve solutions to the heat equation when
the metric g’ evolves by the degenerate Ricci-type flow.

Theorem 5.3. Let (M,g) be a screen integrable globally null manifold and let
(M',4'(t)) be a complete leaf of S(TM). Assume that ¢'(t) solves the degenerate
Ricci-type flow equation such that its associated Ricci curvature is bounded for all
(x,t) € M’ x (0,T]. Let u = u(z,t) > 0 be any positive solution to the heat
equation . Then we have, for —p1g'(z,t) < Ric'(z,t) < pag’(z,t) and a > 1
with & + ¢ =

a’

IVul®  w _ amp  aPap

_ ot < -
S T T )”1+ (o1 p2) VP

u

for all (x,t) € M’ x (0,T]. Moreover, if we assume that M’ has non-negative Ricci
curvature in the case of a compact manifold, i.e., for 0 < Ric'(z,t) < pg’(z,t), we
have
V> w  anp
a2t <« _|_ — /14,
u? RETEEY p

for all (xz,t) € M’ x (0,T] and o > 1 with%JrE =1

Proof. Set f = Inu and allow G to remain as before. At the maximum point
(zo,t0) € M’ x (0,T], we will show that a new function

~ a’np an
G=G— ——tpp — —t 5.11
a1 (p1+ p2)v/Pa (5.11)

satisfies the inequality
2
anp a’np an

< —F+ ——t —t . 12
G < 1 +2m_1)m+-2(m+wﬁvM (5.12)

It suffices to prove that G < anp for any (xzg,tg) € M’ x (0,T]. We now show
this by contradiction. Suppose that G > anp and G has its maximum at the point
(z0,t0); then we know that VG(mO,tO) =0, AG(mO,tO) <0, atG(:vo,to) > 0, and
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(A — 8,)G(z0,t0) < 0. Then, by Lemma. we have 0 > (A — 9,)G > (A — 9,)G.
Note that

— 1 /G\° 2a-1) — G ~1)2 —
(e -0 = 25 (2) + 2221w (2 ) + S 1w
By the expression ,
02 (A= 0)G = =2V1VG+ o [VS = 01)” = ([T - adus)

— 2atgpy HﬁfH2 - %to(m + p2)?.

Following the calculation in Theorem we obtain
G _anp a’np
Dl Qi T T N
to 4t0 2(0{ 1)p1 + 2 (pl +P2) q,
after letting p tend to co. Consequently, we have the inequality
2ty (G e, a’np an 9
0o>—\|—] ——— | =7/—— —
2 o <t0> R T L (p1+p2)°V/Pq |
resulting in a quadratic inequality, and since from (5.11))

G G a’np an 9
Wt + mpl + 7(01 + p2)°\/pd,
we obtain )
2
2to g _g_ anp o1 <0,
anp \ to to 2(a-—1)
Using the quadratic formula, we have

G anp 4anp
< —<1
to — 4ty { + +(a—1)p1}’

which obviously implies that G< anp, a contradiction with the assumption (5.12)).
By definition of G, we therefore have

N Ut é ozznp
t() - 'LL2 u t() 2(0[ 1)

The desired estimate follows since ty was arbitrarily chosen. O

prt+ = 5 % + p2)\/Pq

The case o = 1 leads to the following result, in which we choose p = ¢ = 2.

Theorem 5.4. Let (M,g) be a compact screen integrable globally null manifold

and let (M, ¢'(t)), with t € (0,T], be a complete leaf of S(TM). Assume that g'(t)

solves the degenerate Ricci-type flow equation , and also that 0 < Ric'(z,t) <

pg'(x,t) for a positive constant p > 0 and for all (x,t) € M’ x (0,T]. Let u =

u(x,t) > 0 be any positive solution to the heat equation , Then, the estimate
[Vul* _ w

7—<— n
u? u_2t+p
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holds, for all (z,t) € M’ x (0,T].

Proof. As before, set f =Inu and G = ¢( Hﬁf”z — 8, f). Fix 7 € (0,T] and choose
a point (zg,tg) € M’ x (0,7] where G; attains its maximum on M’ x (0,7]. Now
we can show that

G($07t0) S to’l’Lp + g (513)
If to = 0, then G(zg,t9) = 0, for every x € M. From this, we can get estimate

(5.13). Next, we can assume that ¢ty > 0. Lemma and the conditions on the
Ricci curvature of M lead to the inequality

- — 2WwG?* G t
(A—0)G > —2g(Vf,VG) + 2T 2 02

Recall that G attains its maximum at (zg,%o) [3]. This gives
0 —
éG(xo, to) < O7 &G(xo,to) > 0, VG(xo,to) =0.

Then, the estimate

2
QEQ_Q_ ton P2 <0
nto to 2(1-p)

holds at (xg,tp), and the quadratic formula yields

n / 4ptt
< —<1 1 .
G(xo,t0) < 1 { + + a 7p)/)

Now recall that (zo,tp) is a maximum point for G on M’ x (0,7]; from this fact,
we can get that

G(fE,T) < G(l’o,to) < topn + g <Tpn-+ 27

for all z € M. Therefore, the estimate

I

Vol w o
u? U = pn 27

holds at (z,7), for any 7 € (0, 7. O

Corollary 5.5. Let (M,g) be a screen integrable globally null manifold and let
(M’,q") be a complete leaf of S(TM). Assume that ¢'(t) solves the degenerate
Ricci-type flow equation such that its Ricci curvature is bounded for all (x,t) €
M’ x (0,T]. Let uw = u(x,t) > 0 be any positive solution to the heat equation ,
and 0 < u < A. Then, for —pi1g'(z,t) < Ric'(z,t) < pag'(z,t), there exists an
absolute constant C' such that

t|Vul|* < CAQ+pT)  in M x (0,T).

Also, we have the following.
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Corollary 5.6. Let (M,g) be a screen integrable globally null manifold and let
(M',g") be a complete leaf of S(T'M). Assume that (M’,g'(t)) is a complete solution
of the degenerate Ricci-type flow (5.1]) such that the Ricci curvature satisfies
_plgl(xat) S RiC/(.’IJ,t) S P29/($at)7
for all (x,t) € M’ x (0,T]. Let u = u(x,t) be any positive solution to the heat
. 0111
equation (5.2)). Then, for a > 1 with St = s we have
[Vul”  w _ anp
u? uw — 4t

for all (z,t) € M’ x (0,T] and an absolute constant c(n) depending only on n.

+ c(n)a’(p1 + p2),
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