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INTERPOLATION THEORY
FOR THE HK-FOURIER TRANSFORM

JUAN H. ARREDONDO AND ALFREDO REYES

ABSTRACT. We use the Henstock—Kurzweil integral and interpolation theory
to extend the Fourier cosine transform operator, broadening some classical
properties such as the Riemann—Lebesgue lemma. Furthermore, we show that
a qualitative difference between the cosine and sine transform is preserved on
differentiable functions.

1. INTRODUCTION

We shall deal with real Banach spaces denoted by X and with their complexifi-
cation given by X +iX. Also, given two Banach spaces X and Y, we denote by
L(X,Y) the Banach space of all bounded linear operators T' : X — Y with the oper-
ator norm given by [T z(x,yy = sup {||T'(z)[|y : ||z||x < 1}. For any T' € L(X,Y)
we define

T(x+iy) :=T(x) +iT(y)  (z,y € X).
It follows that [|T|z(x,y) = ||T||£(X+iX,y+iy). This procedure has been used by
several authors [24] 2], [17].
We recall that for any p € [1,00) and X C R, the symbol £!(X) denotes the
space of all Lebesgue measurable functions f : X — R with

1flleo = ( /. f(x)lpd:v>1/p <o

Moreover, we denote by W, = {f : R = R | f(z) = 0 a.e.} = the subspace of
LP(X) on which ||-||z» vanishes. Tt is known that ||-||z» is a seminorm for all
p € [1,00) and induces a norm on the quotient space £P(X)/W,, under which it
is complete. We will denote this space with respect to its norm by LP(X), [27].
Similarly, for p € [1, 00) we define £7(X,C) and LP(X,C) by considering functions
f: X—=>C.
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For p =00 and f : X — R, we define ||f|« as the essential supremum of |f|,
and £°(X) is the vector space of all Lebesgue measurable functions f for which
|l fllo < oo. Similarly, we define L>(X), £2°(X,C) and L>*(X,C). If A C X
is a Lebesgue measurable set and m denotes the Lebesgue measure, then given
a Lebesgue measurable function f defined on A such that m(X\A4) = 0 we will
denote by the same symbol f the trivial extension of f to a (measurable) function
on X. Furthermore, for a function f € LP(X) or f € LP(X,C), we will call by
the same symbol f the (unique) element that defines this function in LP(X) or
in LP(X,C), respectively. Also, the characteristic function of a set E is given by
xe(z) =1if x € E and zero otherwise.

If f belongs to L'(R) N LP(R), the Fourier transform is defined for every real
number s as

Fo(f)(s) = / % f() du

R

:/Rcos(sx)f(x)d:v—i/sin(sx)f(x)dx (1.1)

R

= Fp()(s) —iFy(F)(s),

where the integral is taken in the Lebesgue sense. JF and JF, are called Fourier
cosine and Fourier sine transforms, respectively. Furthermore, by interpolation

theory, the operator F,(f) is extended to LP(R) for p € [1, 2] as a bounded operator
Fp: LP(R) — LY(R)
with
IFp(Nlp < 2ll fllg,
where 1/p+1/¢ =1 and

1 ifp=1,

Yo = e
! (%ﬁ(%%)gp% if1<p<2.

The value of v, is given by the Hausdorff-Young inequality [25], the sharp Hausdorff—
Young inequality [5, 29], [15, Theorem 5.7] and [3].

For any unbounded subset X C R, the space C,(X) denotes the complex val-
ued continuous functions on X vanishing at infinity [25]. We denote the space of
bounded variation functions by BV (R) and by BVy(R) the subspace of functions
vanishing at infinity, [12 [4 BI]. Also BVy(R,C) is the corresponding complexifi-
cation of BV,(R).

In [30] the Henstock—Kurzweil integral was employed to study the Fourier trans-
form. In [20, 22] it was proved that makes sense as a Henstock-Kurzweil
integral on BVy(R). In fact, we have the following statement in [23].
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Definition 1.1. The HK-Fourier transform exists for every s # 0, and is defined
by
Frk : LYR) + BVy(R) — Coo (R\{0}),

Fur(f)(s) = /OO e f(x) du,

—0o0
where the integral is in the Henstock—Kurzweil sense. Analogously, we define the
HK-Fourier cosine transform F¥, and the HK-sine Fourier transform F3, as in

D).

We say “HK-Fourier transform” in order to emphasize the use of the Henstock—
Kurzweil integral [30]. Moreover, Frx (f)(s) is pointwise defined and is continuous
except at zero; see example 3(d) in [30]. Note that Fyx is well defined because
the Henstock—Kurzweil integral contains the Lebesgue integral, [I4, [19]. F; can be
seen as an extension of the HK-Fourier transform restricted to BV, (R),

Frx : BVo(R) — Coo (R\{0}).

Moreover, F,, is an extension of Fi, so that F, is an extension of Frx.
The relation between F, and Fpx was first studied in [23], while the operator
Fi was studied in [3]. This work builds on these references.

2. HENSTOCK—KURZWEIL FOURIER TRANSFORM

The space of Henstock—Kurzweil integrable functions defined on an interval I is
denoted by HAK(I). This space is a seminormed space with the Alexiewicz semi-

norm, defined as
d
/ f(z)dx| : [, d] CI}.

The quotient space HK/W(I) will be denoted by HK (I), where W(I) is the sub-
space of HK(I) for which the Alexiewicz seminorm vanishes [7]. The completion

will be denoted by HK (I) and its complexification will be written as HK (R,C).
We study the HK-Fourier cosine transform defined by

[1fll3¢xc = sup {

o0

e (F)(s) = / cos(sz) f(z) dz (s #0).

— 00

Notice that for s = 0 and f € BVy(R), F§x(f)(0) might not be defined. Also, we
have that

FL()(s) = Fr(f)(s) (2.1)
for all f € LY(R)NBVy(R) and s € R. However, a partial result about the question
of continuity at s = 0 was proved in [3, Theorem 1]. In fact, 7§ is bounded while

Fik is not. Actually, Theorem 1 and Proposition 3 in [3] imply the following
statement.
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Theorem 2.1.
(i) The HK-Fourier cosine transform is a bounded linear operator from BVy(R)
into HK(R).
(ii) The Fourier transform is a densely defined closed operator from L*(R) into
HK(R).

We shall show that differences and similitudes between the Fourier cosine and
Fourier sine transforms also hold on the classical Sobolev space WHH(R). It is
expected that these transforms are bounded operators with the same domain and
codomain for functions with enough smoothness, for example as in the Schwartz
space [25]. See also [16].

3. INTERPOLATION THEORY

We consider a couple (X,Y") of complex Banach spaces such that X and Y are
continuously embedded in a Hausdorff topological vector space V, i.e., X C V and
Y C V with continuous inclusion. This couple is called a complex interpolation
couple. In this case the intersection X NY is a linear subspace of V, and it is a
Banach space under the norm

[vllxny = max{]|v]|x, [[v]y}.
The sum X +Y ={z+y: 2 € X,y € Y} is a linear subspace of V and it is
endowed with the norm
[vllx+y =inf{llzllx +lyly 2 € X,y €Y,z +y =0}

Remark 3.1. It follows from [I8] that the space X +Y is isometric to the quotient
space (X xY)/D, where D = {(d,—d) € XxY :d € XNY}. Since V is a Hausdorft
space, D is closed, so X +Y is a Banach space. Moreover, X and Y are continuously
embedded in X + Y.

Throughout this section we shall consider S = {z € C: 0 < Re(z) < 1} and we
shall use the complex space X +Y and the space F(X,Y) of functions f : S — X +Y
holomorphic on the interior of the strip S and continuous up to its boundary, such
that the maps ¢ — f(it) and ¢t — f(1+1it) are continuous from the real line into X
and Y, respectively. Therefore, F(X,Y) is a Banach space with the norm given by

| Flle = max {sup £ sup | £+ z‘t>|y} < co.
teR teER

These facts can be consulted in [I8, Ch. 2], [6, Ch. 4], [9, Ex. 2.6.6], [28, Ch. 2],
[13, Ch. 4] and [I0, 1-4].

Definition 3.2. For every 6 € (0, 1), the space [X,Y]y consists of all a € X +V
such that a = f(#) for some f € F(X,Y) and the norm on [X, Y]y is

lallg) = nf{[|fllr : £(0) = a, f € F(X,Y)}.

Remark 3.3. The space X NY is dense in [X,Y]y and [X, Y]y is isomorphic to
the quotient space F(X,Y)/My, where 9y is the subset of F(X,Y") consisting of
the functions vanishing at z = 6. Moreover, 9y is closed (see [6] [18]).
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Theorem 3.4. The space [X,Y]y is a Banach space and an intermediate space
with respect to (X,Y), i.e

XNYCX,)YjpCcX+Y

with continuous inclusion.

Remark 3.5. It follows from [I8, Corollary 2.8, Proposition 2.10] that for each
6 € (0,1),

(X7Y)0,1 C [X, Y]g C (X, Y)g’om
where the spaces (X,Y )y, are defined by the real method of interpolation. See
also [6, Theorem 4.7.1].

Theorem 3.6. Let (X1,Y1),(X2,Y2) be complex interpolation couples. If T be-
longs to L(X1,X2) N L(Y1,Ys), then the restriction of T to [X1,Y1]p belongs to
L([X1,Y1]g, [X2,Y2]g) for every 6 € (0,1). Moreover,

HTH[:( X1,Y1]e,[X2,Y2]0) < ||T||£(X1 X2)||T||9£(Y1,Y2)'

In order to construct the interpolation space of L*(R) and BVy(R) we consider
the space £1(R) N BV, (R) with given norm ||-||L1(R)HBVO(R) := max{||||z1, |l BV }-

Lemma 3.7. L1(R) N BVy(R) is a Banach space with the given norm.

Proof. Since BV)(R) is a Banach space, then given a Cauchy sequence (f,,)n>1 on
LY(R) N BVy(R) there is f € BVy(R) such that

[fn = fllBv =0 (n — o0).
This yields uniform convergence of the sequence to f. Similarly, there exists [ f] €
L'(R) such that )

an - fHLl —0 (n — OO)
It follows that there exists a subsequence (fp, )k>1 of (fn)n>1 converging pointwise
a.e. to f; see [27,[8]. From the fact that (f,)n>1 converges uniformly to f, we get
that f(z) = f(z) a.e., yielding f € £}(R) and
lim / |fr(x) — f(z)|dz = 0. O

n— oo

On the product space L£}(R) x BVy(R) with given norm |(f,9)|lcixpv, =
| fllzr + llgll BV, we consider the quotient space (£'(R) x BVy(R))/D where D :=
{(f,—F) € L'(R) x By(R) : f € L(R) N BV,(R)}. So, we set

L'(R) + BVy(R) := (L' (R) x BVy(R))/D.

Therefore, if a € L}(R) + BVy(R), then it is an equivalence class given by a =
(f,9) + D. Nevertheless, we shall write a = f 4 ¢ to simplify notation. Also, we
define

= h h
lallermy, o=, int_If = lles + llg + blav.

This is a norm, by standard arguments. Then we consider the completion of the
space L1(R) + BVy(R), denoted by L£}(R) + BVy(R). In addition, on the product
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space L'(R) x BVy(R) with the usual norm ||([f], 9)llz1xnv, = I[f]llL: + 9l BV,
we make
D' ={([f],-f) € L'(R) x BW,(R) : f € L}(R) N BVy(R)}.
Due to £L*(R) N BV;(R) being complete, D’ is closed in L!(R) x BVy(R). We define
L'(R) + BVy(R) = (L' (R) x BVy(R))/D’.

Thus the sum space L!(R)+ BVy(R) is a Banach space with the quotient norm [26].
Its elements are equivalence classes of the form a = [f+g] = ([f], g)+D'; however,
we will just write a = f + g. We have the following characterization.

—

Proposition 3.8. The space L'(R) + BVy(R) is isometric to L(R) + BVy(R).
Proof. | € £\(R) yields [f] € L'(R) with |[flls+ = Ilfllgr. Conversely, if [f]
belongs to L!'(R) then there is f € L!(R) such that f = f a.e. Then, for each
a=(f,g)+D € LYR) + BVy(R), we define a = ([f],g) + D" in L*(R) + BVs(R).
We get

|(f,9) + DllzrsBv, = (h,ilgeD If — hllcr +|lg + hllBv
= 1 f _h ) h
B8 IS = Bl + llg + kil

= I([f1.9) + D'l L1+ Bv-
Therefore, the map a +— a from £!(R) + BVy(R) into L'(R) + BVy(R) has dense
range, due to £!(R) being dense in L!(R). The map extends to an isometry from the

completion £1(R) + BVy(R) onto L' (R) + BVy(R), implying the Proposition. [

Therefore, we have characterized the real space L!(R) + BVy(R). The complex-
ification space of this space is given by

L'(R,C) + BVy(R,C) := (L' (R) + BV,(R)) +i(L'(R) + BV, (R)).

Similarly, we define the real space L*(R) + HK (R) and its complexification

L>(R,C) + HK (R,C). We will consider complex spaces and omit the symbol
(R, C) to simplify notation. Furthermore, for the complex interpolation couples

(L', BV;) and (L™, HK) (3.1)

we say that T is a bounded linear operator from (L, BVj) to (L, 17}\() if and only
if T £L(L' + BV, L + HK) such that T € £(L', L) and T € £(BVy, HK).
We say that the complex spaces 2 and B are intermediate spaces between the
couples in if and only if
L'NBV,CcACL'+BV, and L*NHKCBCL®+ HK.
2 and B are called interpolation spaces with respect to the couples in if
and only if 2 and B are intermediate spaces with the following property: T €
L(L' 4+ BVy, L™= + I/{T() implies that the restriction of T' to 2 belongs to L(2,B).
From Theorem we have the interpolation spaces [L*, BVylg and [L°°, HK lo
with respect to (L', BVp) and (L°°7I?I\() for each 6 € (0,1). We deal with the
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operators F7 and F§, given in (1.1) and Definition and their extensions to
the complexification of the spaces. We use the same symbols for the extended
operators. Then we define the operator

35 : L'(R,C) + BV,(R,C) — L™(R,C) + HK(R,C)
S1(f +9)(s) = FL(f)(5) + Frrx (9)(s).

Formula (3.2) is well defined on £'(R) + BVy(R). By interpolation theory, §
is extended to L'(R) + BVy(R) for each s # 0. Thus, from Theorem and
Theorem [3.6] we conclude that

(3.2)

35 € L([LY, BVylo, [L>, HK]p).
The following estimate for its norm is valid:
1-6

185 2zt Bvolo i, mkle) < NFENEL oo 1 Farc N2 (mve, iy < €7

for every 6 € (0, 1), where

¢ =4rSi(r) and Si(z) = % /0 ' Siny(y) dy. (3.3)

Furthermore, from Remark we have that
(L', BVo)o1 C [L', BVolo C (L', BVo)p,00
holds for each 6 € (0,1).

Proposition 3.9. For f € [L', BVpy, the formula

B = [ coslsa)f(w)da
holds true pointwise almost everywhere and the Riemann—Lebesgue lemma is satis-
fied: F5(f)(s) = 0 as |s| = oo.
Proof. If f = f1 + fo = f1 + fo belongs to L' (R, C) + BV, (R, C), then
(fi—fi,fo—fo)eD'.

This yields f, — f1 = fo — fo with f; — fi € L'(R,C) and f, — fo € BVy(R,C).
Since Ff and F§ coincide on L*(R,C) N BVy(R,C) due to (2.1)), we conclude
that
Fi (1) + Fiire(fo) = Fr (1) + Fiare (fo)-

As a consequence, the value of §$(f)(s) does not depend on the representation of
f € [LY, BVq)o, for each 6 € (0,1). From Theorem [3.6] for every f € [L', BV;)o,
there exist f; € L'(R,C) and fo € BVy(R,C) such that f = f; + fo and for each
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s # 0,
$1(f)(s) = F°(f1 + fo)(s)

= Fi(f1)(s) + Fiax (fo)(s)
= / cos(sx) f1(x) dx + / cos(sz) fo(x) dx

. - (3.4)
- [ cos(sx) (fi(x) + fo(x)) dx

_ / " cos(sa) f(x) da.

—00
Then, (3.4) establishes that the HK-Fourier cosine transform on [L!, BVj]g has an
integral representation. From the Riemann-Lebesgue lemma [2I, Lemma 2] we
conclude that F§(f)(s) = 0 as |s| — oc. O

In [IL 8], the Sobolev spaces W1P(R) are defined and for their complexification
WP(R,C) := WHP(R) + iWP(R) we have the next statement.
Lemma 3.10. For each 6 € (0,1),
WHHR,C) C [LY(R,C), BVp(R,C)ly
with continuous inclusion.

Proof. First we recall that WH1(R) C £1(R) N BVy(R). From [4, Theorem 7.5] we
have

[ull Linpv, = max{|lull £, [Jull By }
< lullpr + [lullsv
= [lullr + [lu/]| 22
= Jlullwra.
If u belongs to WH1(R, C), from [I8, Proposition 2.4] we get
[ulljg) < max{{lullz, [lullBv} < [lullwi @),

for every 6 € (0,1). O
Corollary 3.11. For u € WHL(R,C), §$(u) belongs to HK (R, C).

The proof of Corollary follows from the fact that W11(R) C BVy(R), and
then by Theorem [2.1

iy (W (R)) € HE(R).
Therefore, the range of the Sobolev space W1 (R, C) under the HK-Fourier cosine
transform is contained in HK (R, C). Explicitly,
F (WH(R,C)) C HK(R,C). (3.5)

The Fourier cosine and sine transforms are continuous operators on L?(R,C),
while their qualitative differences appear even on the space of functions W (R, C)
that have a degree of regularity. In the following example we show this difference.
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Example 3.12. Let us define

1
. ifze(01],
h(z) := { 2 —log(x) ifze ]
0 ifx > 1.
For each z € (0,1), we have
1
W)= -
= B TogP

We extend h over R as an odd map. Also, we consider an even function ¢ € C°(R)
such that 0 < ¢(z) < 1, with ¢(z) = 1 for |z| < 1/2 and vanishing for |z| > 1.
We define f(x) := h(x)p(x), for all z € R. Thus, f is an odd map belonging to
WHYR) ¢ LY(R) N BVy(R) and

Fhr(f)(s) =2 /OOO sin(sz) f(z) dz, for all s > 0.

We analyze the convergence of the Henstock—Kurzweil integral:

/ " Fane(£)(s) ds. (3.6)

For any fixed s > 0, the map x — sin(sz) belongs to HK[0, M] for 0 < M < oo,
and we have

| sin(s-)|| grio,a) = sup
O<u<v<M

v 2
/ sin(st) dt‘ <-.
w s

Thus, for 0 < b < oo, we get from Lebesgue’s dominated convergence theorem,
Fubini’s theorem and Hake’s theorem [4]:

b %) M )
/ / sin(sx) f(z)drds = lim I_Lb(bx)
0o Jo

M—o0 0 x

M . by
/0 1= cosbe) p ) gy = /0 lcy()s(y)f@/b)dy.

X

f(z)dx.

In fact,

Now, for § = 1/4,

b1 o 51— cos b1 _ cos
/;@f(y/b)dy:/ 1y(y)f(y/b)dy+/ 1y(y)f(y/b)dy'

0 Y 0 5
(3.7)
Since f(y/b) — 0 as b — oo, we have that

§
1— .
im [ 22 p ) ay = 0.
b—o0 Jq Yy

For the second integral on the right side of (3.7) we have
b b b
1 — cos(y f(y/b —cos(y
[ gy = [ gy [Py ay = 1+
) Y s Y 5 Y
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Integrating by parts,

lim I, — lim _/éb_sin(y) (blyf’(y/b) f(y/b)> dy

b— oo b—oo y2
[ sin(bt) F sin(y) £ (y/b)
s sin(bt) ,, _ sin(y) f(y
S L
/b s

By Lebesgue’s dominated convergence theorem we conclude that

b o; ’ b .
lim/é wdy: lim/ —Sm(y>f(y/b)dy:O.

b—oo by b—oo J5 y2

Therefore the limit of I3 is zero. Writing explicitly the integrand of the integral I
we get

1/2 1 ()
1 p(u
L=| —= — 7 d
! /u[2—1og(u)} + / u[2 — log(u)] u
5/b 1/2
and
1/2
i /;d _
booo u[2 — log(u)] =
5/b

Therefore, the integral in (3.6) does not exist and Fj(f) does not belong to
HK(R). In conclusion,

Fs(whhy =F(Wh) = Fi (WHH(R)) € HK(R). (3.8)

Then, the HK-Fourier sine transform remains unbounded on W11(R), in contrast
with relation (3.5). Also, in [3, Example 1] it was established that

Fix (BVo(R\W(R)) & HK (R).

The function given in Example is a slight variation of one considered in [IT].
We can proceed in the same way to define the space L*(R,C) + BVy(R,C).
Therefore, we have the continuous inclusions

L*(R,C) N BVy(R,C) C [L*(R,C), BV5(R,C)]s € L*(R,C) + BV,(R,C),

for 0 < @ < 1. Now for the extended operators Fs and F¢, on L?(R,C) and on
BVy(R, C) respectively, we define the map

35 L*(R,C) + BVy(R,C) —s L*(R,C) + HK(R,C)
35(f +9) .= F5(f) + Fr(9)-
So, by Theorem we have
§5 € L(IL?, BVol, [L*, HE]p),
with the following estimate for its norm:
1-0

c c||1—0 c 6 0
||S2||L([L2,BV0}97[L27ITII\{]9) S ||f2H'C(L27L2)”FHK”,C(BVO,EI\() S (27T) z ¢ )
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for every 6 € (0,1) and € given by (3.3).
Similarly, for the operators 7 and Ff on LP(R,C) and on BVy(R, C) respec-
tively, we define

§¢: LP(R,C) + BV(R,C) — LI(R,C) + HK(R,C)
Sp(f) = Fp(fp) + Fric(9),

where f = f, + ¢ with 1/p+ 1/¢ = 1. This operator is a generalization of the
map considered in [3] Corollary 1]. For the couples given by X; = LP(R,C) and
Xo = LYR,C), with 1 <p <2 and Y1 = BV)(R,C) and Ys = I/{I\{(R,C) we have
from Theorem [3.6] that

§; € £(IL7, BVolo, [L%, HK],)
for every 6 € (0,1), and the following estimate for the norm:

c c||1—6 C 0
ng||£([Lp’BVO]8’[Lq,§I\{]9) S H‘Fp||[,(LP7L‘1)||‘FHK||L(

where € is given in (3.3).

For 1 < p < 2, the relation between §7,, §7 and §3 is given by the decomposition
of LP(R) in [23], which implies that for each f, + g € LP(R) + BV(R) there exist
fi € LY(R) N LP(R) and fo € L*(R) N LP(R) such that

fotg=(+ta+fa=f+(f2+9).
Corollary 3.13. For 1 <p <2, §5(f, +9) =35(/1 +9) +35(f2)-

< 1—9{9
BVy,HK) — Tp ’

Proof. This follows by taking a sequence (f,,)n>1 on LP(R) such that f, — f with
f = fi+ f2 € LP(R), and using that the sequence f,, = fi,, + f2,, has the property
fin — fi in the norm of L*(R), i = 1,2; see [23]. O

Proposition 3.14. For f € WYP(R) with 1 < p < 2, the formula
Fp(f')(s) = isFp(£)(s)

holds true pointwise almost everywhere.

Proof. If f € WLP(R) then f, f’ belong to LP(R) with f(z) — 0 as |z| — oo;
see [8, Corollary 8.9]. Next, for each n > 1, we let ¢, (2) := X|—nn)(®)f(x) and
Y (2) = X[=nm) [ (). So |l@n—fllzr — 0asn — oo, and there exists a subsequence
(¢ny)k>1 such that Fp(¢n, )(s) = Fp(f)(s) a.e. as k — oco. Therefore,

ng

Fp(f)(s) = lim Fp(en,)(s) = lim e " f(x) da
—00 k— oo —ng,
almost everywhere. Integrating by parts [8, Corollary 8.10], for each k > 1,
/ efzs:l)f/(x) dl’ — efzsazf(l,)

—nyg

" —/ —ise” " f(x) dx.

—ng —ng
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Thus,
Nk .
FAF)s) = Jim Fyn)(s) = Jim [ e (e da
k—o0 k—oo —ng
=is lim e~ f(z)dx = is Fp(f)(s)
k—o0 —ng,
almost everywhere. O

Proposition 3.15. If f € WP(R) with 1 < p < 2, then F,(f) € L'(R).

Proof. If f € W1P(R) then F,(f) belongs to LY(R) with 1/p + 1/q¢ = 1 and for
A={seR:|s| > 1} we get, by Proposition and Holder’s inequality,

[ as= [ |27 i
A A

< 1/ Ollzeay 1IFp(f)llzacay < oo,

with 1/p + 1/q = 1. Therefore, F,(f) € L*(R). O

As a consequence of Proposition the range of W1P(R), for 1 < p < 2, under
the action of the LP-Fourier transform operator is contained in L'(R). Explicitly,

Fp(W'P(R)) € L'(R) C HE(R).
This relation contrasts with ([3.8)).
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