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LOCAL SUPERDERIVATIONS ON CARTAN TYPE
LIE SUPERALGEBRAS

JIXIA YUAN, LIANGYUN CHEN, AND YAN CAO

ABSTRACT. We characterize the local superderivations on Cartan type Lie
superalgebras over the complex field C. Furthermore, we prove that every
local superderivation on Cartan type Lie superalgebras is a superderivation.
As an application, using the results on local superderivations we characterize
the linear 2-local superderivations on Cartan type Lie superalgebras. We prove
that every linear 2-local superderivation on Cartan type Lie superalgebras is
a superderivation.

1. INTRODUCTION

Lie superalgebras, as a generalization of Lie algebras, came from supersymmetry
in mathematical physics. They have also promoted the development of Lie algebra,
combinatorial mathematics, vertex operator algebra, differential manifold, topol-
ogy, Lie groups, etc. Since all finite dimensional simple Lie superalgebras over an
algebraically closed field of characteristic zero consist of classical Lie superalgebras
and Cartan type Lie superalgebras, Cartan type Lie superalgebras have a place in
the Lie superalgebras. Cartan type Lie superalgebras over C are subalgebras of
the algebra of all superderivations of the exterior superalgebras. The structural
theory of these superalgebras has been playing a key role in the theory of Lie
superalgebras.

Local (super)derivations are very important notions in the research of (su-
per)algebras. The concept of local derivation was introduced in 1990 by Kadi-
son [II], Larson and Sourour [13], and these authors studied local derivations
of Banach algebras. In 2001 Johnson showed that every local derivation from a
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C*-algebra A into a Banach A-bimodule is a derivation [9]. Local derivations on
the algebra S(M,7) were studied deeply in the paper [I]. In recent years, local
derivations have aroused the interest of a great many authors; see [6, [8 20]. In
2016, Ayupov and Kudaybergenov proved that every local derivation on a finite-
dimensional semisimple Lie algebra over an algebraically closed field of character-
istic zero is a derivation [2]. In 2018, the same authors showed two properties
for solvable Lie algebras: one is that local derivation is different from any other
derivation, and the second is that there indeed exists a kind of algebras in which
each local derivation is a derivation [3]. In 2017, Chen, Wang and Nan mainly
studied local superderivations on basic classical Lie superalgebras, and proved that
every local superderivation on basic classical Lie superalgebras except for A(1,1)
over the complex number field C is a superderivation [5]. In 2018, Chen and Wang
studied local superderivations on Lie superalgebras q(n), and proved that every
local superderivation on q(n), n > 3, is a superderivation [4].

In this paper, we are interested in determining all local superderivations and
linear 2-local superderivations on Cartan type Lie superalgebras over C. Let L
be a Cartan type Lie superalgebra over C. The main result in this paper is a
complete characterization of the local superderivations on L: we show that every
local superderivation is a superderivation for a Cartan type Lie superalgebra.

The paper is organized as follows. In Section 2, we recall some necessary con-
cepts and notations. In Section 3, we establish several lemmas, which will be used
to characterize the local superderivations on Cartan type Lie superalgebras. In
Section 4, we determine all local superderivations on Cartan type Lie superalge-
bras. In Section 5, as an application, using the results on local superderivations we
determine all linear 2-local superderivations on Cartan type Lie superalgebras.

2. PRELIMINARIES

Throughout, C is the field of complex numbers, N the set of nonnegative integers
and Zz = {0,1} the additive group of two elements. For a vector superspace
V = V5@ Vi, we write |z| for the parity of z € V,, where o € Zo. Once the symbol
|x| appears in this paper, it will imply that = is a Zs-homogeneous element. We
also adopt the following notation: For the symbols z and y, put d,y =1 ifx =y
and 6,4 = 0 otherwise.

2.1. Lie superalgebras, superderivations. Let us recall some definitions rela-
tive to Lie superalgebras and superderivations (see [10]).

Definition 2.1. A Lie superalgebra is a vector superspace L = Lg @ L7 with an
even bilinear mapping [-,-] : L x L — L satisfying the following axioms:

[a:,y] = 7(71)@"1}‘[1/71,]’
[z, [y, 2]] = [l 9], 2] + (=) W[y, [, 2]]

for all z,y,z € L.
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Definition 2.2. We call a linear map D : L — L a superderivation of a Lie
superalgebra L if it satisfies the equation

D([z,y]) = [D(),y] + (=1)""1/[z, D(y)]
for all x,y € L.

Write Derg(L) (resp. Derg(L)) for the set of all superderivations of parity 0
(resp. 1) of L. Denote

Der(L) = Derg(L) @ Dery(L).

2.2. Local superderivations and linear 2-local superderivations. Let us
recall some definitions relative to local superderivations and linear 2-local su-
perderivations (see [5] [I8]). Let L be a Lie superalgebra.

Definition 2.3. A linear map ¢ : L — L is called a local superderivation if for
every x € L, there exists a superderivation D, € DerL (depending on z) such that

¢(x) = Da(2).

Definition 2.4. A linear map ¢ : L — L is called a linear 2-local superderivation
if for any two elements z,y € L, there exists a superderivation D, , € DerL
(depending on z,y) such that ¢(z) = D, () and ¢(y) = Dy, (y).

A local superderivation ¢ of degree « of L is a local superderivation such that
¢(Lg) C Loyp for any § € Zs. Write LDerg(L) (resp. LDer;(L)) for the set of all
super-biderivations of degree 0 (resp. 1) of L. Denote

LDer(L) = LDerg(L) @ LDer;(L).

2.3. Cartan type Lie superalgebras. Let n > 4 be an integer and A(n) be the
exterior algebra in n indeterminates x1, xs, ..., x, with Zs-grading structure given
by |z;| = 1. One may define a Z-grading on A(n) by letting degz; = 1, where
1 <i<n. Write n =2r or n = 2r + 1, where » € N. Put [%] = r. Cartan type
Lie superalgebras consist of four series of simple Lie superalgebras contained in the
algebra of all superderivations of A(n):

= {zn:fia' | fi € A(n)}7

S50 4 Ao >oa) =0},

{ 1—ai29- - 2p) Zfiai | fi € A(n), iaz(fl) = 0} (n an even integer),
i=1

i=1

Du(f \fe@A } (n > 4),

m
| |
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where

Du(f) = (1)1 Zai(f)ai/y

i+r, if1<i< (2],
i =gi—r, i [3] <i<2[%],
i, otherwise.
One may define a Z-grading on W (n) by letting degxz; = 1 = — deg 9;, where

1 < i < n. Thus W(n) becomes a Z-graded Lie superalgebra of depth 1: W(n) =
EBEV:V_l W(n);, where £ = n — 1. Suppose L = S(n) or H(n). Then L is a
Z-graded subalgebra of W (n). The Z-grading is defined as follows: L = @ji Ly,
where L; = LN W (n); and

n—2, if L=.5(n),
{L = .
n—3, if H(n).
Put
& = z1@2 - 0,
S(n)_1 =spanc{0; — & | 1 <i < n},
S(n); = S(n);, fori> —1.
Then S(n) becomes a Z,-graded Lie superalgebra: S(n) = @fi_l S(n);, where

&g = n — 2. The 0-degree components of these superalgebras are classical Lie
algebras:

W(n)o = gl(n), S(n)= §(n)0 ~sl(n), H(n)y = so(n).

Let L = @,y Li be a Z-graded Lie superalgbra, Hy, be the standard Cartan
subalgebra of L, § € Hj} be the zero root, Ar be the root system of L. Let us
describe the roots of Cartan type Lie superalgebras. If L = W (n), we choose the
standard basis {e1,...,e,} in H}, and then

AL:{sil—l—“'—Feik—ei|1§i1<---<ik§n,1§i§n}.

The root systems of S(n) and S(n) are obtained from the root system of W (n) by
removing the roots g1 + - - - + &, — ;, where 1 < i < n. Finally if L = H(n), then

AL:{iEili---ieik|1§i1<---<z’k§ [g”

3. GENERAL LEMMAS

Let us now establish several lemmas, which will be used to characterize the
local superderivations on Cartan type Lie superalgebras. Put C = > | #;0; and

H(n) = {Du(f) | f € A(n)}. By [16], we have the following lemma.
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Lemma 3.1. Let L be a Cartan type Lie superalgebra. Then Der L = ad L', where

I if L=W(n),5(n),
L'={LacCC, if L = S(n),
H(n)® CC, if L=H(n).
Let L be a Cartan type Lie superalgebra. By Lemma [3.1] and a simple compu-
tation, we have A, = A and the following lemma.
Lemma 3.2. Let L be a Cartan type Lie superalgebra. Then L' is transitive, that
is, if a € P>y Ly and la, L' 1] =0 then a = 0.
Suppose L is a Cartan type Lie superalgebra. For i € Z and « € A/, we put
LDer(L)ixa = {¢ | ¢ is a linear map from L to L and there exists u’, € L; N L/,
such that ¢(z) = [ul, ] for all = € L}.

Then we have the following lemma.

Lemma 3.3. Let L be a Cartan type Lie superalgebra. Then the following conclu-
sions hold:

(1) If L # S(n), then LDer(L) = @  LDer(L)ixa.
1€L, €N

(2) If L = S(n), then LDer(L) = @  LDer(L)ixa-
iGZn,OAGAL/

Proof. (1) By Lemma we have the “2” part. Now we verify the “C” part. Let
¢ € LDer(L). For each z € L, by Lemma [3.1] there exists an element u, € L' such
that ¢(x) = [u,, x|, where u, € L’. Since L’ has the Z x Aj/-grading, we can write

Uy = Z uga,
1€Z, aGAL/
where ui® € L, . For i € Z and o € A/, we set
Pixal@) = [uy™, x].
A direct verification shows that ¢;xq € LDer(L);xo and
D dixal®) = Y [ub 2] = [ug, 2] = ¢(x).
€L, €A, €L, €A

(2) A similar argument as for L # S(n) works also for L = S(n). O

4. LOCAL SUPERDERIVATIONS OF CARTAN TYPE LIE SUPERALGEBRAS

In this section we shall characterize the local superderivations on Cartan type
Lie superalgebras. Let L be a Cartan type Lie superalgebra and {hy,...,h;} be

the standard basis of Hy. Set hg = 22:1 t'h;, where t is a fixed algebraic number
from C of degree bigger than [. Then we have the following propositions.

Proposition 4.1. Let L be a Cartan type Lie superalgebra and ¢ € LDer(L). If
¢(ho) =0, then ¢y, = 0.
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Proof. For any h; (i =1,...,1), there exists an element

n
T [ /
uwt = E g Q5 ey oo Thn sz, 05 € L)

1<k <<k <n j=1

k, € C, such that ¢(h;) = [u’, h;]. Then

i
where @ oy

n
¢(hi) = — S D ik wEk et ew =) (BT, - 2,05
1<k1<--<k;<n j=1

Ifl #1orl=1and ky # j, then there exists 1 < k < n such that (e, + -+ +
ek, —€;5)(hg) # 0. Put

hig = (epy + - +en, — €5) (i) hs — (g, + - +ex, — €5)(hi) .
Then there exists an element

n
ik __ ik /
w = Z Zajwklgu-’klxkl "'xklaj erL,

1<k <<k <n j=1
where ai*

vt € C, such that ¢(hiy) = [u®* h;1]. Thus ¢(hi) N Loy, 4otey,—2; =
0. On the other hand,

d(hir) = (epy, + - +en, — ) (hi)p(hi) — (ep, + -+ +ex, — €5) (hi)p(ha).

Hence

(eky + - +en — &) (he)(en, + -+ en, — &) (ha)alp
= (emy + -+ em — i) () (Ery + - +ew — ) (ha)ak
that is,
(eky + - +er, — &) (hi)al g, = (eny -+, — &) (hi)al g, g,

Then

!
#(ho) Z t'¢(h)

! n
- > S tak o (En et er — &) (hi)n, - w0

=1 1<k; <--<ki<n j=1

Since ¢(hg) = 0, we have a?,kh...,kz 22:1 t'(ek, + - + ek, —€5)(hy) = 0. Since ¢ is
an algebraic number from C of degree bigger than [ and (eg, + -+ + €5, — ;) (hs)
are integers, we have 2221 t'(eg, +- - +en, —ej)(h;) # 0. Thus a?,kl,“.,kz =0 and

@(h;) = 0. The proof is complete. O
To apply Lemma [3.2] we give the following proposition.

Proposition 4.2. Let L be a Cartan type Lie superalgebra, ¢ € LDer(L) and
Ol_rem, =0. Then the following conclusions hold:
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(1) If L # S(n) and ¢ € LDer(L)ixq, where i € Z and o € Ayp, then ¢ is
zero.
(2) If L = S(n) and ¢ € LDer(L)ixa, where i € Z, and a € Ay, then ¢ is

zero.
Proof. For any x € @, L;, there exists an element u, € Lj N L, such that
px)=d(x+ 0+ +0p =6 5(&+ -+ &)
=[ug,z+01+ -+ 0, _5L,S’(£1 +--+&) € @Li+j.
Jj=20
Since
[Umal + -+ 0, — 5L7§(€1 +--+ gn)] €L

and [ug, ] € @5 Li+;, we have

[Umzal +---+0, _6L7,§‘(§1 ++£n)] =0.
Because 01 — 6, 5€1,...,0n — 0y, 5§n belong to different root spaces, we have that
[uz,0j =0y 5§;] =0foralll <j<mn. By Lemma we have u, € L’ ;. Note that
every root space of L’ ; is one-dimensional. Then there is 1 < k <[ and a, € C
such that u, = a,(0x — 0y, 5€k). Take h € Hy, satisfying [(9 — 6 5ék), h] # 0. By
the equation
laz (O — 01, 5ék), 2] = ¢(z) = ¢(h + 2) = [ant2(Ok — 0p, g&k), h + 2],

we have api.[(0x — 5L’§§k),h] =0 forall z € @izl L; or x € Lo N Lg, where
0 # B € Ar. Then apq, =0, that is, ¢(x) =0 for all x € @izl L;orxze LoNLg,
where 6 # 8 € Ar. This, together with ¢|;_,em, = 0, implies that ¢ = 0. The
proof is complete. U

By Proposition[4.2] we have the following local superderivations vanishing propo-
sitions.

Proposition 4.3. Let L be a Cartan type Lie superalgebra, ¢ € LDer(L) and
|y, = 0. Then the following conclusions hold:
(1) If L # S(n) and ¢ € LDer(L);xq, where i € Z and 0 # a € A/, then ¢ is

zero.
(2) If L = §(n) and ¢ € LDer(L);xq, where i € Z, and 0 # o € Ar,, then ¢

s zero.

Proof. Since o # 0, there exists an element h € Hp such that «a(h) # 0. Let
1 <k <n. By Lemma we know that there are uy, v, € L, such that

@Ok — 0y, g€k) = [uk, O, — 0y, g€kl
¢(h+ Ok — 01, 5&k) = [vk, h+ Ok — 0, 5&k].
Since ¢(Hp) =0,
[ur, O — 0y, 58k] = ¢(Ok — 61, 5&k) = O(h + O — 6, 5&k)
= [k, b+ Ok — 3y, €] = —a(h)vy + [vk, Ok — 0p, 56k]
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for all h € Hy,. Then
a(h)vk = [’Uk78k — 6L,§€ki — [uk,é)k — 5L,S‘£ki € L,N LQ,Ek =0
for all h € Hy. Since a # 0, there exists h € Hy, such that a(h) = 1. Therefore,
we have vy = 0. Then
(O — 61, 5&k) = ¢(h + Ok — dp, 5&k) = vk, h + O — 61, 5&k] =0,
that is, ¢|,_, = 0. By Proposition we have ¢ = 0. (]
Proposition 4.4. Let L be a Cartan type Lie superalgebra and ¢ € LDer(L). Then
the following conclusions hold:
(1) If L # S(n) and ¢ € LDer(L)ixg, where i € Z, then ¢ is a superderivation.
(2) If L = S(n) and ¢ € LDer(L);xp, wherei € Z,,, then ¢ is a superderivation.
Proof. Let 1 < k < n. For 0 — 5L7§§k7 there exists an element u;, € Ly such that
¢(Ok — 0y, 5€k) = [uk, O, — 0y, g€kl
For 0y + -+ -4+ 9, — 5L’§(£1 + -+ &), there exists an element u € L) such that
P01+ 40y =0, 561+ + &) =[w, 01+ + 0y — 6 561+ -+ &)l

Since ¢ is a linear map,

[u,81 +---+ 0, — 6L,S‘(£1 + - ‘i‘fn)] = [U1,61 — 6L,S'§1i + -+ [un,(f?n - 6L,§§ni'
Then

[u, Ok — b, 58k = [ui, O — 0y, 5]
forall 1 <k <n. Put ¢' = ¢ —adu. Then ¢'(O — 5L7§£k) =0foralll<k<n,

that is, ¢'|_, = 0. Since ¢ € LDer(L);xg, we have ¢'|g, = 0. By Proposition
we have ¢’ = 0. Then ¢ = adu is a superderivation. The proof is complete. O

By Propositions (.1} [£.3] and [£.4] we have the following theorem.
Theorem 4.5. Let L be a Cartan type Lie superalgebra. Then
LDer(L) = Der(L).

Proof. Only the “C” part needs a verification. Let ¢ € LDer(L). By Lemma
there exists an element v € L’ such that ¢(hg) = [u, ho]. Put ¢/ = ¢ —adu. Then
¢'(ho) = 0. By Proposition we have ¢'|g, = 0. Propositions and
together with Lemma imply that ¢’ € Der(L). Therefore, ¢ € Der(L). O

5. APPLICATIONS

Let us characterize the linear 2-local superderivation of Cartan type Lie super-
algebras. In [I7] P. Semrl introduced the concept of 2-local derivations. Moreover,
the author proved that every 2-local derivation on B(H) is a derivation. Similarly,
some authors started to describe 2-local derivations. In [I2] S. Kim and J. Kim
give a short proof of the fact that every 2-local derivation on the algebra M, (C)
is a derivation. A similar description for the finite-dimensional case appeared later
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in [I5]. In the paper [I4], 2-local derivations and automorphisms have been de-
scribed on matrix algebras over finite-dimensional division rings. Later J. Zhang
and H. Li [I9] extended the above result for arbitrary symmetric digraph matrix
algebras and constructed an example of 2-local derivation which is not a deriva-
tion on the algebra of all upper triangular complex 2 x 2 matrices. In [7] Fosner
and Fosner introduced the concept of 2-local superderivations on the associative
superalgebra and proved that every 2-local superderivation on the superalgebra
M,,(C) is a superderivation. In 2017, Chen, Wang and Nan [I8] mainly studied
2-local superderivations on basic classical Lie superalgebras, and proved that every
2-local superderivation on basic classical Lie superalgebras except for A(1,1) over
the complex number field C is a superderivation.

Using the above results on local superderivations we have the following theorem.

Theorem 5.1. Let L be a Cartan type Lie superalgebra. Then every linear 2-local
superderivation of L is a superderivation.

Proof. By the definition of linear 2-local superderivation, we know that every linear
2-local superderivation of L is a local superderivation. Let ¢ be a linear 2-local
superderivation of L. Then ¢ € LDer(L). By Theorem we have ¢ € Der(L).

O
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