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APPROXIMATION VIA STATISTICAL K2-CONVERGENCE ON
TWO-DIMENSIONAL WEIGHTED SPACES

SEVDA YILDIZ

ABSTRACT. We give a non-regular statistical summability method named sta-
tistical K2-convergence and prove a Korovkin type approximation theorem
for this new and interesting convergence method on two-dimensional weighted
spaces. We also study the rate of statistical K2-convergence by using the
weighted modulus of continuity and afterwards we present a non-trivial appli-
cation.

1. INTRODUCTION AND PRELIMINARIES

Statistical convergence of a number sequence for single sequences was first in-
troduced, independently, by Fast and Steinhaus ([9, [19]). Then this notion was
extended to double sequences by Moricz ([14]).

A double sequence x = (x;;) is said to be convergent in Pringsheim’s sense if,
for every € > 0, there exists J = J(g) € N, the set of all natural numbers, such
that |z;; — L| < ¢ whenever 4,j > J, where L is called the Pringsheim limit of
and denoted by P-lim; ; x;; = L (see [18]). If there exists a positive number ¢ such
that |x;;| < cfor all (i,7) € N*> = N x N, then a double sequence is called bounded.
As it is well known, a convergent single sequence is bounded whereas a convergent
double sequence need not be bounded.

If S ¢ N? is a two-dimensional subset of positive integers, the double natural
density of S is given by

: <73 <7
1,7 1)

,  if it exists,
where |S| denotes the cardinality of S. The number sequence z = (z;;) is statisti-
cally convergent to L provided that for every € > 0, the set
5= Sij(s) ={m<i,n<j:|zm, — Ll > e}
has natural density zero; in that case we write sto-lim; ;z;; = L. As it is well

known, a double sequence that is convergent in Pringsheim’s sense is statistically
convergent to the same value, but the converse is not always true and a statistically
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convergent double sequence need not be bounded. Also, a well-known relationship
states that statistical convergence for double sequences and almost convergence
for double sequences ([I5]) overlap, and they are important in convergence theory.
There is also a new and interesting convergence method named K,-convergence.
First, Lazic and Jovovic defined the K,-convergence for single sequences in 1993
([I2]). Then, more recently, Yildiz ([2I]) has extended this notion to double se-
quences. She has showed that statistical convergence, almost convergence and
K -convergence for double sequences overlap. Our goal in this paper is to give a
non-regular (not necessarily positive) statistical summability method named sta-
tistical K2-convergence and prove a Korovkin type approximation theorem for this
convergence method on two-dimensional weighted spaces. We study the rate of
statistical K2-convergence by using the weighted modulus of continuity. Finally,
we present an application that shows that our result is stronger than proven by
earlier authors.

We first begin to recall the notion of KZ2-convergence ([2I]). This new conver-
gence method is associated to the four-dimensional matrix

a1 0 0 a2 ann 0 . a3 a2 ap; 0
0 0 0 0 0o 0 . 0 0 0 0
a2 0 0 azp az 0 . as3 agx az; 0
ai1 0 0 a2 ap;n 0 . a1z a2 a;; 0O
0 0 0 0 0o 0 . 0 0 0 o0

Let a = (a;;) and @ = (z;;) be double sequences. Set K2(x) =y, where y = (y;;)
and yij = Y01 Dt Gimmt1j—nt1Tmn (4,5 = 1,2,3,...). Then it is said that
y = (vi;) is the K2-transformation of the double sequence z = (z;;).

Definition 1.1 ([2I]). The double sequence of real numbers z = (z;;) is said to
be K2-convergent to the number L if its K2-transformation y = (y;;) converges to
the number L in Pringsheim’s sense, i.e. P-lim; ; y;; = L, and we denote this limit
by Kg-limi)j Tij = L.

For a double sequence a = (a;;) we introduce the following two conditions:

i J
e P-lim Amn| €xists. 1.1
303 ol 8

m=1n=1

e There exists a positive integer ¢ such that Z la;;| < e (1.2)
(,5)EN?

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 23

Proposition 1.2 ([21]). Let a = (a;;) be a double sequence.

(i) If x = (x4j) is convergent in Pringsheim’s sense, with P-lim; ; x,;; = L, and

conditions (L.1) and (L.2)) are satisfied, then

Kg-limxij =1L E Q-
Y
(i.5)eN?

(ii) A convergence method K2 is RH-regular if and only if conditions (1.1) and
(1.2) and the relation

are satisfied.
Now, we give the following definition of statistical K2-convergence.

Definition 1.3. The double sequence z = (z;;) of real numbers is statistically
K2-convergent to the number L if its K2-transformation y = (y;;) statistically
converges to the number L, i.e. sto-lim; j y;; = L, and we write (sto) K2-lim; j x;; =
L.

Example 1.4. Let

IS]

|
—
S
<
S—
I
o O
O =
o O

and

v = (zy5) = (1.3)

e
O O O whwiN
= Wl W= =
O wown O =
W W = O
why O© = O =
_ O = O =

It is easy to check that

OO'
ol
|
Oowh—t
o O O

i J
(Z Z Aj—m41j—n+1Tij — 1) =

m=1n=1

Then, clearly, * = (z;;) is K2-convergent to the number 1, hence z = (;;) is
statistically K2-convergent to the number 1, i.e.

(st2) K3-lima;; = 1.
1,7
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24 SEVDA YILDIZ

2. APPROXIMATION VIA STATISTICAL KZ2-CONVERGENCE

Korovkin type theorems have a very important role in approximation theory.
Many mathematicians have investigated and improved them ([6] [7), [16], [17] 20} 22]).
The convergence of a sequence of positive linear operators defined on weighted
space was first studied by Gadjiev ([I0]). These results were later improved by
Duman and Orhan via statistical convergence ([§]) and by Atlihan and Orhan via
summability methods (|2]). Recently, Cao and Liu ([5]) studied Korovkin type
theorems for two variable functions by means of a single sequence on weighted
spaces, and more recently Akdag ([I]) studied this theorem for double sequences.

Now, we turn our attention to the two-dimensional weighted spaces.

A real valued function p is called a weight function if it is continuous on R? and
for all (z,y) € R,

plz,y) >1 and lim  p(z,y) = cc. (2.1)

z24y2—00

Let B, denote the weighted space of real valued functions f defined on R? and
satisfying | f(z,y)| < Myp(z,y) (for all z,y € R), where M is a constant depending
on the function f. The weighted subspace C, of B, is given by

C, = {f € B, : f is continuous on RQ}.
The spaces B, and C, are Banach spaces with the norm (see [5])

f(z,y)]
fll, = sup ————.
H ||p (z,y)ER2 p(flf, y)

Let p; and ps be two weight functions satisfying (2.1)). Assume also that the
condition

R e (2.2)

g/aj2+y2~>oo pQ(J:, y)

holds. If T is a positive linear operator from C,, into B,,, then we know that

P21
ITlle,, 5, = IT (o),

Now we recall the following Korovkin type approximation theorems on two-
dimensional weighted space for double sequences, before giving our main theorem.
Throughout the paper we use the test functions F,. (r =0, 1,2,3) defined by

p1(x,y) zp1(,y)
F = — F = —
0($7y) 1+$2+y27 1((E,y) 1+$2+y2’
ypi(2,y) (2% +9*) pr(2,y)
FQ(xay): 1+x2+y27 F3(x,y): 1—|—x2+y2 .
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STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 25

Theorem 2.1 ([I]). Assume that the functions p1 and ps are weight functions
satisfying (2.2) and let (L;;) be a double sequence of positive linear operators from

C)p, into B,,. Then, for all f € C,,,

P-tim |1Li; () = fll,, =

if
P_hmHLU (FT)iFT’”pl:O’ T:0715253'
2,3

Theorem 2.2 ([1]). Let p1 and pa be weight functions satisfying (2.2)). Assume
that (L;;) is a sequence of positive linear operators from C,, into B,,. Then, for
all feC,,

sto-lim || Lg; (f) — fll,,, =0
irj
if
ste-lim || Ly; (Fy) = Ff|,, =0, r=0,1,2,3.
i\j

Theorem 2.3 ([1]). Let (L;;) be a sequence of positive linear operators from C,,
into By, , where p1 and pa satisfy condition (2.2)). Then, for all f € C,,,

P-lzi‘m | D (f) — f||p2 =0 uniformly in k,l,

where Dy ;.;(f) = 11] ZHZ ! Z+_J " Lown (f;,y) provided that

P-lm || Dya,5(Fr) = Frll,, =0 uniformly in k1l (r =0,1,2,3).
i

Now, we give a Korovkin type approximation theorem for statistical K 2-conver-
gence of positive linear operators from C,, into B,,. Our proofs take into consid-
eration the revised proofs presented in [3].

First of all, we give the following remark.

Let (L;j) be a sequence of positive linear operators from C,, into B,,. Suppose
that @ = (a;;) is a double sequence and conditions and are satisfied.
Then

”TincplﬁBP = [|T3;(p1)| p2 = Z Z |@i—m+41j-nt1] ||Lmn(P1)Hp2

m=1n=1
where Ty;(f;z,y) = an:l Ei:l @i—mt1j—nt1Lmn (f;2,y). Since p1 € C,,, we
have Li;(p1) € By, and therefore ||L;;(p1)l| ,, < oo. Also, since conditions (1.1
and (|1.2) are satisfied, we have HTinc,, LB, < 90 which implies the uniform
1 2

boundedness of T;; from C,, into B,,.
Now we present the next lemma, as we need to prove our main theorem.

Lemma 2.4. Let a = (a;j) be a double sequence such that conditions (1.1 and
(1.2) are satisfied. Assume that (L;;) is a double sequence of positive linear opera-
tors from C,, into B,,, where p1 and pa are weight functions satisfying condition

&2 1f

stz-lim |75 (Fr) = Fof|, =0, (2.3)
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26 SEVDA YILDIZ

for v =0,1,2,3, where T};(f;2,y) = an=1 Z£=1 |@i—m+1j—nt1| Lmn (f; 2, y),
then, for any s > 0 and fm" all f ey, we have

E' 5Ly B )
doctim | sup  Tulimy) = f@y)
Y\ Va2 tyP<s p2(z,y)

where T’ij (fa z, y) = Z:n:l 2-7];:1 ai—m+1j—n+1Lmn (fa z, y)

:07

Proof. Let f € C,, and \/x? +y? < s. Since f is continuous on R?, given ¢ > 0,
there exists a § > 0 such that |f(s,t) — f(z,y)| < e with |s — x| < dand |t — y| < 4.
When |s — x| > 0 or |t —y| > §, we have

|f(s,t) = f(, )l
<2Mgpi(x,y)p1(s,t)
=2Mpy (z,y) Fo(s,t) (14 s> +t7)
<AMpr(z,y)Fo(s,t) (1+ 2% + 47 + (s —2)* + (t — y)?)
2 2 1+ a2% 4y

— Moo} Fols.0) (5= 0 + -] (e )
< Ko (@,)[(s — )" + (¢ = 9)°] Fo(s, 1),

where K, (z,y) = 4Msp:(z,y) {1 + Hz;‘ijf} So, for all (s,t) € R? and

v x2 +y? < s, we see that
[ (5,) = f(z.9)| <e+ K, (@.9)[(s —2)” + (L =)’ Fo(s,1).  (24)

Then, we can write

| 1J<f7x y)

]ZZ% wttj—nt1Lonn (F32,9) — f(z, >\

m=1n=1

< Z Z @i—mi1j—ns1| Lnn (If (5,8) = f(z,9)|52,9)
m=1n=1
@l YD laimmirj—nt1l Lna(L52.y) = 1‘
m=1n=1

=T5(1f (s, t) = flx,9)52,) + [ f (2, 9)] | T35 2,y) — 1]

< Tj5(e+ Ky, (z,y)[(s — 2)% + (t — )]FO(svt)a +Y)
—|—|f33y|‘ 1xy—1’

=T} (L2,y) + Ky, (2,y) T} (Fo(s,t)[(s —z)* + (t — y)z};x,y)
+ | f (@) | T5 (G 2,y) =1
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STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 27

Hence

sup Ty (f;2,y) — fz,y)|

Vary?<s
T (1 x,
S EHl Sup M
\/WSS pl(xay) (2 5)
+H2\/ﬂ ﬂ?(Fo(s,t)[(S—x)Q—i— (t—y)2];x,y)
r24y2<s
+Hs sup |T(La,y) — 1],
Varty?<s
where
Hy:=H (s)= sup pi(z,y),
Var4y?<s
Hs = Hy (3) = sup Kpl (may)v
V22 +y2<s
Hs:=Hs(s)= sup |f(z,y)l.
Var4y?<s

For any s € R, we have

sup T (Fo(s,t)[(s — 2)* + (t — v)*]; 2, 9)
Vet ty?<s

iJ
_ 2, 42 )
= ;iszgsmz:l; | @i —m+1j—nt1] [Lmn ((s +t )Fo(s,t),x,y)
— 22 Lpp (sEo(s,t);2,9y) — 2yLon (LFo(s,1); 2, y)
+ (2% 4+ 4?) Liny (Fo(s,t);2,y)]
< sup  {|T5(Fs;x,y) — Fa(a,y)| + 22| |T5(Fis e, y) — Fi(z,y)|
Va2 <s
+ 2yl [T (Fosw,y) — Fa(z,y)| + (2% + 92) | T} (Fos 2, y) — Folz,y)|},

< H, “up |T7; (Fo; 2, y) — Folz,y)| 4 sup |T7 (Fus 2,y) — Fi(z,y)|
NP pi(z,y) NP pi(,y)
| F27'I y F2(£7y)| | F37'I y F3(1'7y)|
+ sup + sup ,
Va2 y2<s p1(z,y) Va2 y2<s p1(z,y)

(2.6)
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28 SEVDA YILDIZ
where

H4:=H4(S)r=ma><{ sup  pi(z,9),2  sup |z|pi(z,y),

Ve Hyi<s VP yP<s
2 sup |ylpi(z,y), sup (2°+y?) pl(ﬂc,y)}-
Vx2+y2<s Va2+y?2<s

Since Fy € C)p, and
Fo(z,9)|T5 (1 2,y) — 1 < T5(1Fo(s, t) — Fo(e, y) |2, y) + [T35(Fo; 2,9) = Fo(w, y),

it follows from (2.4]) that

T35(12,y) — 1] < Fo(z,y)

+ Ky, (2, 9) T (Fols, 1) [(5 = 2) + (t = 9)*] 1) }.

{eTi (L) + [T (Fos 2,) = Fo(a,v)|

Hence, we have, for any s € R and for all 7, j € N, that

sup  |T75(L;m,y) — 1]

VA<
T (Fo;x,y) — Folx, T (1,
< sup ’ zg( 0;7,Y) o y)‘ +e  sup M
Ve ryi<s p1(z,y) Vaity?<s p1(z,y)
+He sup  T7(Fo(s,t) [(s —x)? 4 (t— y)z] 5T, Y),
VP
(2.7)
where
Hs = Hs(s) == sup pi(z,y) ,
VP <s Fo(z,y)
K
H6 = HG(S) = Sup M
VP TR<s Fo(z,y)

Also, by (2.3)), for each r = 0, 1,2, 3, there exists a set K,. C N2 such that dy(K,) =
1 and P-lim; j)exk, ||T;;(FT) - FTHp =0, i.e., given € > 0 there exists J, (&) such
1

that for all (¢,7) € K, and ¢, > J,(¢) we have HT;;(FT) - FTle < e. Hence, there
is a positive number A, such that ||T75(F,) — F,.||p1 < A, for every (i,7) € K,. Let

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 29

K =(’_, K. Observe that dy(K) = 1. So, for every (i,) € K, we have

T* 1;zx, T* T,
sup (L, y) < i(p1i@,y)

Vary?<s p1(z,y) Vary?<s p1(z,y)

S sup ‘ phx y P1($7y)’

s pi(@,y)
Tr (Fs; — F.
< Sup ‘ 'L]( 3,3}7:(/) 3($,y)‘

Ve ty?<s p1(z,y)
| Fva Z/ Fo(l',y)|

+1

4+ sup +1< A,
Va2 y2<s p1(z,y)
where A := Az + A; + 1. From which, for every (i,j) € K,
Tx(1;x,
sup M < 00 (2.8)

VaTry?<s p1(z,y)
follows and considering the inequalities (2.5)), (2.6) and (2.7)), we have

J
Z Z ai7m+1j—n+1Lmn (f7 xz, y) - f(x, y)

sup
WSS m=1n=1
Tz, Ty (Fos 2, y) — Fo(x,
cnle ap TWOmy o [TEEnY) - Fo@y)
Jerees PEY) e pi(z.y)

‘ Flamy Fl(xay)|
+ sup
Vs pi(,9)
4 sup |T7 (Fas 2, y) — Fa(z,y)|
[224+y2<s ,01(1‘7y)
} F3,l'y F3(xay)|
+ sup )
VT ry?<s p1(z,y)
where H := max {H1 + H3H5,H4 (HQ + HgHG) + H3H5}. By using " and tak-

ing
Tx(1; x,
M =max{H sup M,H ,
Vary?<s p1(z,y)
we get
3 *
ap Taliwn) Sl oy b5~ g, Tty = Fiy)
J s pa(,y) B =0 /r TyP<s pl(xv Y)

(2.9)

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



30 SEVDA YILDIZ

for all (i,j) € K for some M > 0 independent of (z,y). Now, for a given n > 0,
choose € > 0 such that ¢ < {%. Then, define

S(n) = {(17]) cK: sup Ty (f;2,9) — f(x,y)] 277}
\/ﬁTyzﬁs p2($7y)

and, for r =0,1,2, 3,

T5(Frsx,y) — Fr(z, -
S, (n) =14 (i,j)) € K: sup |T55 (Frs 2, y) (z,y)| S —e
Va2 12 <s p1(@,y) 3

3
It follows from (2.9) that S () C J Sy (n) and hence ds (S (n)) < Zi:o ds (Sr (n)).
=0
Then using the hypothesis (2.3]) we get the desired result. O

Now, we are ready to give our main Korovkin type approximation theorem.

Theorem 2.5. Let a = (a;;), p1 and p2 be as in Lemma and assume that
conditions (1.1) and (1.2]) hold. Let (L;;) be a double sequence of positive linear
operators from C,, into B,,. Then for all f € C,,,

(stz)Kg-llir;ﬂ ILi; (f) = fll,,, =0,

i.€e.

sta-lim | T3 (f) = /1], =0,

i J
where Tij (fa z, y) = Z Z ai—vrt+1j—n+1Lmn (fa z, y)7 provided that
m=1n=1

sto-lim || T35 (F.) fFT||pl =0, r=0,1,2,3, (2.10)
%,

i g
where T’;;(fa z,y) = > > |ti—m+1j—nt1] Lmn (f;2,9).
m=1n=1

Proof. Let K be as in the proof of Lemma [2:4 Observe that the hypothesis
(2.10) implies that, for all (i,j) € K, T} (F;2,y) — Fr(z,y) € B,, and hence
T (Fr;m,y) € By, for 7 =0,1,2,3. Since py = Fp + I, we also get T (p1) € By,
for each (i,j) € K. Hence if f € C,, then we obtain T}; (f) € B,,. Furthermore,
since

||jji>;||Cpl~>Bp1 - HTZ’?(pl)le

T35 (p1; 2, y)|
sup —2— 771
(z,y)€ER2 1 (,x,y)

< M; < o0,
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STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 31

we get
|Ti; (p1;2,y)]
T — T = s —
I z]||cpl_>Bp1 | zJ(Pl)Hm (z,yI;Ie)Rz p(z,y)
T (p1; @,
< sup T (pri 2, y) < M < o00.
@wperz  Ppr(T,Y)

Therefore we may write for a given f € C), that

1T (P, < W Tille, —m,, 11, < Mullfl,, - (2.11)
Now for a given € > 0, pick an 5o > 0 such that % < ¢ for every y/a2 +y2 >

so This is possible by (2.2), and hence we may write for f € C,,:
|ﬂj (faxay) B f(xay”

1T ()~ fll,, = sup

(z,y)€ER? P2 (aja y)
S sup |E] (f,‘T,y)*f(l',y”
224+y2<so p2<xay)
v oswp |Ti; (f32,y) — flz,y)| pr(z, y)
221 y2>s0 P2 (x,y) pl(x7y)

Tij (f;2,y) — fz,y)]

S e R L
1—;’] 7 9 - 5
< sp Hlfizy) - [y +e(IT5; (O, + 141,

VT2 <so p2 (z,y)
and by (2.11) we immediately get, for all (i, j) € K,

Tij (f32,y) = f(z,y)]
1755 (f) = fll,, < sup Ty +ellfll,, (M +1).
VT g2 <so p2(z,y)
Hence, using Lemma [2.4] the proof is completed. O

Using the Pringsheim limit instead of the statistical limit, we can get the fol-
lowing result, which is a Korovkin type theorem for K2-convergence.

Corollary 2.6. Let a = (a;;), p1 and p2 be as in Lemma and assume that
conditions (1.1) and (1.2 hold. Let (L;;) be a double sequence of positive linear
operators from C,, into B,,. Then for all f € C,,,

KZ'I}?”LU () =1l,, =0,
i.e.
P-l}gl”ﬂj (f)=1l,, =0
provided that
P-lim ||T}5 (F.) = F|| =0, r=0,1,2,3.
i P1
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32 SEVDA YILDIZ

3. RATE OF CONVERGENCE

In this section, we obtain the rate of statistical K2-convergence. Now, defining
the weight function p; in Theorem by p1(z,y) = 1+ 22 + y? on R?, we study
the rate of statistical K2-convergence by using the following weighted modulus of
continuity:

_ su 17 (5,8) = 71z )|
wp, (f,6) = p (s,t) + pr(z,y)’

(s—2)2+(t—y)2<s P18

where ¢ is a positive constant and f € C,,,. It can be easily seen that, for any ¢ > 0
and all f € C,,

wPl(f? 65) S (2+ LCJ)wpl(fa 5)7

where |c| is defined as the greatest integer less than or equal to ¢. Also, follow-
ing [3], we may write, for any 6 > 0:

) = Foa)] < dpats. ) (14 OO 16)

If we use the same operators Ly, as in Theorem [2.5] we can write, for any § > 0:
T35 ( f7$ y) = fla,y)|
’ Z Zaz m—+1j5— n+1Lmn (fax y) f( )‘

m=1n=1
< Z Z |@i—mt1j—n+1| Lnn (|f (s,1) = f(2,9)|;2,9)
m=1n=1
iJ
+1f(2,9)| ‘Z D aicmi1j-nt1| Linn (Fo; 2,y) — Fo (2,) ’

m=1n=1

=T5 (1f(s.8) = fz,y)ls2,9) + |f (2, 9)| | T3 (Fos 2, y) — Fola,y)]

< dps(w)wp, (,0)T, <pl<s R ];x,y>

< 4p1(x7y)wpl (f, 5)

{! (p1;2,9) — pr(z,y)| + pr(z,y )+52Tw (P19 ?/)}
+|fxy|| FOaxy) FO(xvy)|a

where ¢, ) (s,t) == (s — )* + (t — y)?, and we obtain
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STATISTICAL K2-CONVERGENCE ON WEIGHTED SPACES 33

ITi5 f = £l 3 < 4llpall,, wpy (f59)

* 1 *
< {175 (or) mH + ||m||p2 + 5 1T (o)l §

10, el |75 — Fol|,,
(3.1)

provided that T7; (plga(wjy)) € B,,.

Theorem 3.1. Let a = (a;;) and (Li;) be the same as in Theorem [2.5 Let
T (P1#(.y) € Bpay where @iay)(s,t) = (s —2)* + (t—y)*. If

(i) sto-lim,; HT* Fy) F()le =0

(i) stp-limg; ||T7; w5 (p1) — p1||p2 =0

(lll) stg—limw wpl (f, 5) = 0; where 6 — H (P(x y H
then for all f € C,,,

sta-lm | T35(f) = fll 2 = 0.
,J 2

Proof. By (3.1) and (i), (ii), (iii), we get the desired result. O

4. APPLICATION

We now present an example of a double sequence of positive linear operators
that satisfies the conditions of Theorem [2.5] but does not satisfy the conditions of
Theorem [2.1] Theorem [2.2) and Theorem 2.3

Example 4.1. Let us consider the following linear positive operators given in [I1],
defined by:

Lij(f;2,y) ZZf <61 ) oz )Kj,u(y)ﬂ(—%)“_

| |
V. .
v=0 p=0 H

Here (o), (B;) and (v;) are real number sequences satisfying:

(a)
(b) hm—'—Oand hm,y——()

i—00 Bi Jj—oo I

1m61—ooand hmvj = 00,
J—00

Q5

(c) hm i3t =1and hmj

b

and K; ,(z) and K; ,(y ) are functions satisfying:
(i) For any natural 4, j,v,u =0,1,2,... and for any z,y € [0, 00),

(-1)"K;y(z) >0 and (-1)*K,,(y) >0,
(ii) For any z,y € [0, c0),

= Ca) e o (o)
ZKLU('I) vl =1 and ZKLN(y)Tf = la
v=0 n=0
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(iii) For any z,y € [0, 00),
Kiy(x) = —ixKiymp-1(x) and ijlt(y) = _ijjHL#*l(y)a

where ¢ +m, j+n are natural numbers and m,n are constants independent

of v, p.
-1 0 0
0 -1 0 . .
Now let a = (a;;) = 0O 0 0 and let x = (z;;) be given by (L.3)) in

Example [1.4] Observe now that Y  |a;j| =2and ) anr = —2. Using the
(i,5)EN? (4,)EN?
operators L;;(f;x,y), we introduce the following positive linear operators:

Bij(fix,y) = xijLij(fr2,).

Also, take pi(z,y) = 1 + 22 + 3?2 and py(x,y) arbitrary such that the condition

hmm_mo Z;é?g) = 0 is satisfied. Then we obtain the test functions Fy(z,y) =

1, Fi(z,y) = z, Fy(z,y) = y and F3(z,y) = 2% + y?. Now we claim that

=0 foreachr=0,1,2,3.

iJ
Sta- hm H Z Z |ai—m+1j—n+1| an(Fr) - FT

m=1n=1 pP1
(4.1)
First observe that
Bij(Fo;z,y) = xijFO(x Y),
Bij(Fﬁxay) _x’bj/B ZFl(x y)
Bij(Fp;x,y) = xij*JFz(l”,y)a
Vi
aj .. o, i 05y
Byj(Fs;w,y) = x4 | 55i(i + m)a” + —ziz + —57(7 +n)y” + —5Jy|-
Bz’ 51 ’7]‘ 7
So,
i J
‘ Z Z |@i—m+1j—n+1| Bmn(Fo; 7, y) — Fo(z,y ‘ Z Z |@i—mt1j—ns1| wij — '
m=1n=1 m=1n=1
and then
2 1
i 3 30
S St ) = [ 00
~ L i—m+1j—n+ (%] 0 0 0
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. 1 .
Since Sup(m,y)G{O,OO)X[O,OO) m < 00, wWe obtain

i J
sta- ligl Z Z |ai*m+1jfn+1| an(FO) - Fy
m=1n=1 P1
= sty-lim sup } Z;nzl me:1 |ai7m+1j—n+1| Tij — 1‘ _0
9 (,y)€[0,00) x[0,00) 1+ 22 +y? ’
which guarantees that (4.1]) holds true for » = 0. It is obvious that
i J
’ Z Z |ai—m+1j—n+1| Bm'rL(Fl; €, y) - Fl(l‘, y))
m=1n=1
i o
= ‘ Z Z \ai,m+1j,n+1| .%',LJFZZ(E — X
m=1n=1 g
i o
= |z| Z Z |@i—mt15—nt1] Iijii —1f;
m=1n=1 g
then, by virtue of (c), we can easily see that sto-lim; ; y;; = 1, where
i o
(vij) = (Z Z |@i—m+1j—n+1] CUZJBZZ> .
m=1n=1 ?
Also, since sup el ~ 00, we get
(@w)e0)x[0o0) T Y
i g
sta- IEJH ‘ Z Z |ai*m+1jfn+1|an(F1) - "
m=1n=1 P1
’L ] P
M‘ > |ai7m+1jfn+1|xij%7f_ 1
= sto-lim sup m=1n=1 5 5 =0,
b3 (2,y)€[0,00) x[0,00) L+ 4y

which guarantees that (4.1]) holds true for » = 1. Similarly we have

i J
sto- lifjn H Z Z |@i—mit1j—nt1| Bmn(F2) — Fa

m=1n=1

P1
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Finally, since

i g
3N lticmi1j—nt1l Bmn(Fsiz,y) — Fa(z, y)‘

m=1n=1
a2
= ‘ Z Zlal m+1j— n+1|$zj|:52 (i + m)z? ?zz+ %j(j+n)y2
m=1n=1 ’Yj
;.
+ %Jy] —a? =y
7
|$2| ZZM% m+1j— n+1|xmﬁ2 (Z‘i’m)l‘
m=1n=1

+‘y2| ZZlaz m+1j— n+1|$” 2](]+n)—1’

m=1n=1 v
+|l'| Zz‘al m+1] n+1|1'”62 +|y|’22|al m+1] ’n+1|x1,] 2]
m=1n=1 m=1n=1

and because of (c), we can easily see that

sto- hm Z Z @i mt1j— n+1|m” 52 i(i+m) =1,
m=1n=1 (42)

Sto- hr]n Z Z |@i—mt1j—nt1] Tij 72](] +n)=1,

m=1n=1

and since lim > ; = 0and lim L =0 from (a) and (c), we get
71— 00 J—>00 Vi

Sto- hm Z Z |@i—m+1j—n+1| Tij 52’ =0,

m=1n=1 (43)
Sto- hm Z Z |@i—mt1j—nt1] Tij 2j =0.
m=1n=1
Using (4.2)) and ( and since

2 2
sup L < 00 sup L < o0
(@)€l0,00)x[0,00) 1 + 27 + 2 ’ (2.9)€[0.00)x [0,00) L + 22 + 12 ’

|z| ly|

sup

— L <o, sup W
(2,1)€[0,00) x [0,00) L T 2% + 42

(2,1)€[0,00) x [0,00) L + 22 + 2
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we can write

i

J
Sto- hm‘ Z Z |ai*m+1]’*n+1| an(FS) — F3
" m=1n=1 1
’$2| ‘ Z Z |az m+1j— n+1|$z] ﬁ22(2+m — ]_‘
m=1n=
< sto-lim sup .
b (2,y)€[0,00)x[0,00) 14+ 22 +y2
{y2|’ Z Z |az m+1j— n+1|x1]T]( —&-n)—l‘
+ sto- hm sup m=1n= :
b (w,y)€[0,00) x[0,00) 1+ 22 + 92
ol 32 5l ety 58
+ stap-lim sup m=1n=1 .
I (x,y)€[0,00) % [0,00) 1+ x2+ y
wl| > z R
+ sto-lim sup m=1n=1
6J (2,y)€[0,00) x[0,00) 14224 y?

So, our claim (4.1)) holds true for each ¢ = 0,1, 2, 3. The sequence (B;;) satisfies all
hypothesis of Theorem [2.5] and we immediately see that

i
sta- I%Igl H >N laicmirinial Bun(f) = f

m=1n=1

=0, forall feC,,.

P2

However, since [|Bj; (Fo) — Foll,, = |2i; — 1], a sequence (1Bi; (Fo) — Foll, )
does not converge in Pringsheim’s and statistical senses. So, Theorem [2.1] and
Theorem do not work for the sequence (B;;). Also, since

k+z 11+j-1

Z > B (Fo) — Fy
m=k n=l

Theorem does not work for the sequence (B;;), either.

P-lim
i,j

#0, neN,

P1

5. CONCLUSION

We introduced a new method of summability, namely, statistical K2-convergence
and obtained a Korovkin type approximation theorem for double sequences on
two-dimensional weighted spaces via this method. We obtained the rate of sta-
tistical K?2-convergence and finally we presented an application that shows that
our result is stronger than studied before. We note that if conditions ,
and 3 ene ai; = 1 hold, then the four-dimensional matrix A given via a non-
negative double sequence a = (a;;) is RH-regular. In that case the statistical
K?2-convergence is a special case of statistical A-summability for double sequences
([, 13]). But in this paper we consider any double sequence a = (a;;) and condi-
tions (|1.1) and are satisfied. Hence, our results here are meaningful.
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