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NEW UNCERTAINTY PRINCIPLES FOR THE
(k,a)-GENERALIZED WAVELET TRANSFORM

HATEM MEJJAOLI

ABSTRACT. We present the basic (k,a)-generalized wavelet theory and prove
several Heisenberg-type inequalities for this transform. After reviewing Pitt’s
and Beckner’s inequalities for the (k, a)-generalized Fourier transform, we con-
nect both inequalities to show a generalization of uncertainty principles for
the (k, a)-generalized wavelet transform. We also present two concentration
uncertainty principles, namely the Benedicks—Amrein—Berthier’s uncertainty
principle and local uncertainty principles. Finally, we connect these inequal-
ities to show a generalization of the uncertainty principle of Heisenberg type
and we prove the Faris—Price uncertainty principle for the (k, a)-generalized
wavelet transform.

1. INTRODUCTION

The classical Fourier transform .%, initially defined on L!'(R?), extends to an
isometry of L?(R?) and commutes with the rotation group. Recently, Ben Said,
Kobayashi and @Orsted gave in [2] a foundation of the deformation theory of the
classical situation, by constructing a generalization Fy, . of the Fourier transform,
commuting with finite Coxeter groups, and the holomorphic semigroup % o(%)
with infinitesimal generator

Loa = 22k ~ 2|, a >0,

acting on a concrete Hilbert space deforming L?(R%). Here Ay is the Dunkl-
Laplace operator (see [I1]). The deformation parameters consist of a real parameter
a > 0 coming from the interpolation of the minimal unitary representations of
two different reductive groups, and a parameter k coming from Dunkl’s theory of
differential-difference operators [I1]. As it turns out, the unitary operator %y ,
includes some known integral transforms as special cases:
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k—0
Dunkl transform [12] | = | Fourier transform [20]

2

N

9k,a [2]

a—1
(k,a: general)

h-Hankel k20, | Hankel transform [24]
transform [2]

We underline that .#;, o has a rich structure and recently has been gaining a lot
of attention (see, e.g., [3) 4l 7], [I0] (16} E2T], 32, 33} 4] 35]).

One of the aims of the Fourier transform is the study of the wavelet transform.
This transform was introduced by Morlet in connection with his study of seismic
traces. Thereafter, a more detailed study of the wavelet transform was given by
Grossmann and Morlet in [I7]. Such paper initiated further study of the topic.
Meyer and several other mathematicians became aware of this theory, and they
recognized many classical results inside it (see [25] 27, 45]). The wavelet transform
has been found to be very useful in many physical and engineering applications,
signal processing, seismic recordings, ground vibrations, geophysics, medical imag-
ing, hydrology, gravitational waves, power system analysis, quantum optics and
many other areas (see [B} [6]). For more details on the wavelet transform and its
basic properties, we refer the reader to [9]. We also refer to [8], where the author
extends wavelet theory to the setting of locally compact abelian groups, and to [36]
for the wavelet transform on Gelfand pairs. We note also that the notion of the
wavelet transform on hypergroups was first introduced by Trimeche in [45].

Motivated by the previous works, in [34], with the aid of the harmonic analysis
associated to the (k,a)-generalized Fourier transform, we define and study the
(k, a)-generalized wavelet transform @Z’a (see Definition .

The main objective of this paper is the study of some quantitative uncertainty
principles associated with the (k, a)-generalized wavelet transform <I>];L’a on R In
the classical setting, the notion of the quantitative uncertainty principles for the
wavelet transform was first introduced by Wilczok [48]. Next, this subject has been
extended for the generalized wavelet transforms (see [I8] 28] 3T, [38]).

Roughly speaking, the uncertainty principle states that a non-zero integrable
function f and its Fourier transform .Z (f), cannot both be sharply localized. To
make such a principle concrete, many classical qualitative uncertainty principles
(Hardy, Cowling—Price, Morgan, Beurling and Miyachi, etc.), state that f and
Z(f) cannot both have arbitrarily rapid Gaussian decay, unless f is identically
zero.

It is worth mentioning that “quantitative uncertainty principles” is just another
name for some special inequalities. These inequalities give us information about
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UNCERTAINTY PRINCIPLES FOR GENERALIZED WAVELET TRANSFORM 241

how a function and its Fourier transform relate. They are called “quantitative
uncertainty principles” since they are similar to the classical Heisenberg uncertainty
principle, which has had a big part to play in the development and understanding
of quantum physics. We refer the reader to the survey [I3], the book [19] and the
references [, [40, 14} 22] 26], 29], 30, 4T, [42], [46] for numerous versions of uncertainty
principles for the Fourier transform in different settings.

In this article we investigate the previous kinds of uncertainty principles for the
(k, a)-generalized wavelet transforms @)2’“, where h is a (k, a)-generalized wavelet
(see Deﬁnition. Indeed, we prove for this transform in particular the following
Heisenberg-type uncertainty inequality:

Theorem A (see Theorem [3.8). For every p,q > 0, there exists a positive constant
My, q(k, a) such that for every f € L, ,(RY) := L*(R?, dvy o(x)), we have

e
(/d+1 ”prM)]}?a(f)(ba y)|2 dﬂk,a(bv y)>
Ry
k p+q
x b8 (£) (b, y)|? dur.a (b, y) > My g(k,a)Cull fl12: ma-
]RiJrl k,a

Here dvy, o () == wg,q(x)dz, where wy, 4 15 a weight function (see ), the measure
dpig,q s given by (2.13), and Cy, is the constant defined by (2.14)).

Next, two weighted uncertainty principles for the transform (I)i’“ are also studied.
In particular, we obtain the following Pitt’s uncertainty:

Theorem B (see Theorem [4.1)). There exists a positive constant C q(\) such that
for any arbitrary f € #(RY) and for any 0 < X < W%_z, we have
- 2
Cu [ 1617 Fnl DO da(€)

a 2
<o) [ Il E D00 dia0),

+

where .7 (RY) is the Schwartz space of rapidly decreasing functions on R? and v is
the index of the multiplicity function k (see (2.1)) ).

Using this theorem and the harmonic analysis associated with the (k, a)-general-
ized wavelet transform we derive the following Beckner-type uncertainty inequality
for .

h
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Theorem C (see Theorem [4.3). For any function f € #(R%), we have the in-
equality

[ 1o 0l 19 )00 )+ O [ 1o €110 (1O a0
o [T (2w+§+a—2)
a r (27+l§+a—2>

(Here T" denotes the well-known Euler’s gamma function.)

> +loga Cth“?Li L(RA):

Finally, the concentration uncertainty principles for the (k, a)-generalized wavelet
transforms are also investigated. In fact, firstly we present the Benedicks—Amrein—
Berthier uncertainty principle for the (k, a)-generalized wavelet transforms, which
shows that it is impossible for a non-trivial function and its (k,a)-generalized
wavelet transform to be both supported on sets of finite measure. More precisely,
we prove:

Theorem D (see Theorem . Let Fy and E5 be two subsets of R with finite
measure. There exists a positive constant Cy o(E1, E2) such that for any arbitrary
function f € L}, ,(R%), we have

[ 1o 000 dnat) + 6 [ 1O (@
0 RI\ B, R\ E3

AT -
>t
= Cra(Er, Es)

As a corollary we derive the following general form of Heisenberg-type uncer-

tainty inequality for the (k,a)-generalized wavelet transforms:

Corollary A (see Corollary. Let s,t > 0. Then there exists a positive constant
Cra(s,t) such that for any arbitrary function f € L%G(Rd), we have

2

([ 8000 v )) ([ 1612150 b))

> Cha(s,1)(Ch)? Hf“SLJ%:(Rd)'

In our second result of the concentration uncertainty principles for the (k,a)-
generalized wavelet transforms, we will be studying the local uncertainty inequal-
ities comparing the concentration around a single point and in a subset of finite
measure. More precisely, we prove:

Theorem E (see Theorem. Let E C R with finite measure. Then there exists
a positive constant €(k,a,s) such that for any arbitrary f € Lﬁ,a(Rd) and for any
s € (O, W%q), we have

c]ﬁ 5 Vi.a FE 2w+§ia—2 R a
[ 171a 0O o) < Lo alE) [yl @55 (v
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Next, we also derive a general form of Heisenberg-type uncertainty inequality
for the (k, a)-generalized wavelet transforms. Finally we prove the following Faris—
Price’s uncertainty principle for @Z’a:

Theorem F (see Theorem [5.10). Let n,p be two real numbers such that p > 1 and
0<n<2y+d+a—2. Then there is a positive constant Cy, o(n,p) such that for
every function f in Li,a(Rd) and for every measurable subset T C R‘f‘l such that

0 < kalT) = [ dinalbey) < o0, we have
T

( [ 1ok 0600 dunat y>) ’

4~
< Choan,p) (1.0 (1)) || [[(2, ) 05" (£) y|<2w+4d+ﬂgdir*~w+l>

(2v+d+a—2+4n)(p+1)—(47+2d+2a—4)

Gyrdta—2+n) (1)
x (I7zz, ey 1Pz, ey ) e

The rest of the paper is organized as follows. In Section 2 we recall the main
results of the harmonic analysis associated with the operator .2}, , and we present
an overview of the (k, a)-generalized wavelet theory. Section 3 deals with deriving
many variants of Heisenberg’s inequalities for the previous transform. In Sec-
tion 4 we present two weighted uncertainty principles for the (k,a)-generalized
wavelet transform. Finally, the last section is devoted to studying two concen-
tration uncertainty principles for the (k, a)-generalized wavelet transform, namely
the Benedicks—Amrein—Berthier’s uncertainty principle and local uncertainty prin-
ciples.

2. PRELIMINARIES

This section gives an introduction to the theory of the (k,a)-Laguerre semi-
group, the (k, a)-generalized Fourier transform and the (k,a)-generalized wavelet
transform. Main references are [2] [7], [16] 211, [34].

2.1. The (k,a)-Laguerre semigroup. We consider R? with the Euclidean inner
product (,) for which the basis {e;, i = 1,...,d} is orthogonal and ||z|| = v/{z, x).
For a in R¥\{0}, let o, be the reflection in the hyperplane H, C R? orthogonal
to a, i.e.,

(o, )

[l

A finite set R C R\ {0} is called a root system if RNRa = {+a} and 04(R) = R
for all & € R. For a given root system R the reflections o, o € R, generate a finite
group W C O(d), called the reflection group associated with R.

We fix a positive root system Ry = {a« € R : {(a,8) > 0} for some €
RN\U,cr Hoa- We will assume that (o,a) = 2 for all @ € Ry. A function

oo(x) =2 —2
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k: % — C is called a multiplicity function if it is invariant under the action
of the associated reflection group W. For brevity, we introduce the index

Y= = Y k@), (2.1

a€R+

Moreover, let wy , denote the weight function
wia(@) = z]|*7> T e, ), (2.2)

OLER+

which is W-invariant and homogeneous of degree 2y + a —2. We also introduce the
constant dj given by

doi= [T o) doo)
sda=t a€ERy

where do denotes the Lebesgue surface measure on the unit sphere S4~!. The
normalization constant

=)@
c;wz/ e e wyo(x)de
Rd

is needed for later use.
In the following we use this notation:
e CP(R?), the space of functions of class C? on R%;
e D(RY), the space of C*°-functions on R? with compact support;
e .7(R%), the Schwartz space of rapidly decreasing functions on R<.

In this paper we assume that k is a non-negative multiplicity function satisfying
2y+d+a—-2>0.

The Dunkl operators 1}, j = 1,...,d, on R? associated with the finite reflection
group W and multiplicity function k are given, for f in C*(R%) and z € ]R;icg =
Rd\ Unez Hom by

_ of f(@) — f(oa())
Tjf(z) = 87:]4(33)4_ > k(a)ajT,
aERy
where o; = («, €j). The Dunkl operators form a commutative system of differential-
difference operators.

We define the Dunkl-Laplace operator Ay on R? for f in C?(R?) and x € R‘feg,

by

(o, x) (v, )2

Apf(x) = T7f(x) = Af(x)+2 Y ko)

j=1 aERT

. (<Vf<x>,a> fla) - f(ffa(w))) |

where A and V are, respectively, the usual Euclidean Laplacian and gradient op-
erators on R%.
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Notation.

e For p € [1,00], p’ denotes the conjugate exponent of p.
o dvp q(x) == wg q(z)de.
o L} a(]Rd), 1 < p < o0, is the space of measurable functions on R such that

1
Wl gy = ( /. f<x>|pduk,a<x>) <oo H1<p< oo
’ R
11l e, ety o= esssup | (z)] < oo.

For p = 2, we provide this space with the inner product

(f, 9>Li$a(]Rd) = /Rd f(@)g(@) dvy,a(2).

Consider the operator
L= 2P Ak — ||2]|*, a>0.
In the following proposition we recall some spectral properties of the operator .2 4.

Proposition 2.1. Let a > 0 and k be as above. Then:
(1) The differential-difference operator Ly o is an essentially self-adjoint opera-
tor on Liﬂ(Rd).
(2) There is no continuous spectrum of Ly q.
(3) The discrete spectrum of —%.q is given by

{2na+2m+2y+d+a—-2:n,meN} ifd>2,
{2na+2y+a+t1l:neN} ifd=1.

(4) The map Ct x L%a(Rd) — L%a(Rd), (2, f) = e *Zra f s continuous (here
Ct ={z € C:Re(z) >0}).

(5) The operator norm of e=*“re equals exp ( — L(2v+d + a — 2) Re(2)).

6) If Re(z) > 0, then e *%ra is a Hilbert-Schmidt operator.

7) If Re(z) = 0, then e *%xa is a unitary operator.

—~

Remark 2.2. (i) For z € C*, the operator e *%*. is called (k, a)-Laguerre semi-
group [2]. In the (k,a) = (0,1) case, e"*%0 is the Laguerre semigroup studied
by Kobayashi and Mano [23]. In the (k,a) = (0,2) case, e *%°:2 is the Hermite
semigroup studied by Howe [20].

(ii) Suppose that a > 0 and the multiplicity function k satisfies

2y +d > max(1,2 — a).

For Re(z) > 0, the operator e *%k.« has a distribution kernel Ay ,(z,y,2) such
that
1

efzgk,af(x) — o
a

/R Apa(o, 2 (0) dviay) (2.3)

for f € Li’a(Rd).
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2.2. The (k,a)-generalized Fourier transform. The object of this subsection
is to recall the main properties of the (k,a)-generalized Fourier transform % ,
given by

g\k,a = 6%(27+d+a72) exXp <;ﬂ.$]€7a> . (24)
a

This is a unitary operator on the space L%G(Rd). Some notable special cases
include:

o a=2k=0: F, is the Euclidean Fourier transform (see [20]).

a =2, k> 0: we recover the Dunkl transform (see [12]).

a =1,k =0: P, is the Hankel transform and it appears in [24] as

the unitary inversion operator of the Schrédinger model of the minimal

representation of the group O(d + 1, 2).

e a =1, k> 0: we recover the k-Hankel transform (see [3| [4]). In fact, the
unitary operator ¢ = %1 may be regarded as the Dunkl analogue of
the Hankel-type transform %y ;. This unitary operator .74, can be written
by means of the Dunkl intertwining operator Vi and the classical Bessel
functions. Recently in [3 4] the authors have studied the harmonic analysis
associated with this transform.

Let us collect the main properties of the (k,a)-generalized Fourier transform
(cf. 2.
Proposition 2.3. Let a > 0 and k be as above.

(i) Plancherel’s theorem for %y ,. The (k,a)-generalized Fourier transform
Fra is an isometric isomorphism on L3, ,(R?) and we have

/ @) dvpale) = / FralFVI dva(N). (2.5)
Rd Rd

(ii) Parseval’s formula for .Zy . For all f,g in L%ya(Rd) we have

[ T@@ da@) = | Fal DOVFralg) V) o).

(iii) Inversion formula. The (k,a)-generalized Fourier transform Fy, o is of finite
S

order if and only if a € Q. If a € Q is of the form a = {, with s,t positive,
then ﬁgsa =1d. In particular,

ag—1 __ 2s—1
Jk,a - Lg.k:,a .

By the Schwartz kernel theorem there exists a distribution kernel By, 4 (A, ) such
that

1
Fra(f)A) = . f(@)Bia(x, A) dvg o(x), for all A € R (2.6)
k,a JRA
Using the relations (2.3)), (2.4]) and (2.6]), it is easy to see that

i

Bp.a(z,y) = e%(2v+d+a72)Ak7a (:c,y, 2) )
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UNCERTAINTY PRINCIPLES FOR GENERALIZED WAVELET TRANSFORM 247

In general no closed expression for By o(z,y) is available. The paper [2] lists
explicit formulae whenever d = 1 and a > 0 is arbitrary, or whenever d > 2 is
arbitrary and ¢ € {1,2}. The explicit expression of the kernel By o(z,y) in the
previous special cases is given by the following proposition.

Proposition 2.4. (i) Suppose that d = 1 and a > 0. For d = 1, there is but a
single choice of root system, # = {£1} (up to scaling), and W = Zs, as well as
k> 1(1—a). In this case we have

Qk 71 ~ 2 a ~ 2 a
Bra(z,y) =T <+a ) (J%—l <:z:y|2) + 7.@2 Jokt1 <|$Z/2>) )
a a a (m)g a a

where J,, is the normalized Bessel function given by

oo

- 1 nt2n
ZOEDY 22nn§1“(rz Tr+1) 27)

n=0
(ii) Suppose that d > 2. In the polar coordinates x = rw and y = s, the kernel
By o(z,y) is given by

P+ 52 (Vea (1o (VEs49))) @) ifa=1,
(Veale™™)) w.m) fa=2.
Here ‘7;:1 is defined as follows, if h is a continuous function of one variable:

Via(h)(z.y) = / h({z.)) dCE(2),

Rd

Bk,a('ra y) =

where dCF is a positive probability measure on RY, with support in the closed ball
Ba(0,]|z|]) of center 0 and radius ||z|| (see [39]).

We continue by stating basic properties of the kernel By, , of the (k, a)-generalized
Fourier transform Zj, 4.

Proposition 2.5. (i) The distribution By 4(-,-) solves the following differential-
difference equations on R% x R%:

{IIAIIQ“AQBk,a(MI) = —[lz]"Br.a(A, @),
l[*~* Af Bra (X &) = =X Br (A, @)

Here, the superscript in AY, etc. indicates the relevant variable.
(ii) For z,t € C?, we have By o(z,t) = Bpa(t,2), Bra(2,0) = 1, and, for all
A > O, Bkﬂ()\z,t) = Bkﬂ(z, )\f)

Remark 2.6. When d = 1, the (k, a)-generalized Fourier transform %, , provides
a natural generalization of the Hankel transform. Indeed, if we set

1
BES(@.9) = S (Bear.v) + Bealr. 1)
2k -1\ ~ 2 a
=T <+a) Jo2k-1 (|xy|2> ,
a a a
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then the transform .%; , of an even function f on the real line specializes to a
Hankel-type transform on Ry . For this reason, the generalized Fourier transform
Fr1 is called k-Hankel transform.

The following proposition plays a significant role in the next sections.

Proposition 2.7 ([2, [7, 21]). Assume thatd > 1, k>0,2y+d+a—2 >0, and
that exactly one of the following additional assumptions holds:
(i) a € {1,2},
(i) d >2 anda = 2, n € N.
Then, for all z,y € R?, we have
|Bk,a(xay)| <L

When d =1 and a > 0, there exists a finite positive constant C, depending only
on a and k, such that

VI,yER, |Bk,a(m7y)| S C.

Convention: When d =1 and a > 0, we shall replace By, , by the rescaled version
By, o/C but continue to use the same symbol By 4.

Remark 2.8. (i) The previous proposition implies that the (k,a)-generalized
Fourier transform %}, , is bounded on the space L}W(Rd), and we have

1
1Pk, (F)lLge, ey < ;HfHL;m(Rd)a

,a
for all f in L,lma(Rd).
(ii) When f(x) = F(||z||) is a radial function on R? and belongs to L,lc_’a(]Rd), we

have
2v+d—2 2y+d=2

VAER?, T ()N =a T ) g, o (F)(E), (2.8)

where 7% , is the a-deformed Hankel transform of one variable defined by

Fpal0)e) = [ wT(2rot)ree -

for a function ¢ defined on R, . Here, J, is the normalized Bessel function given
by (2.7).

In the rest of this paper, we assume that d, k and a meet the assumptions
in Proposition We now recall, clarify and improve the definition and the
properties of the (k, a)-generalized translation operator given in [34].

Definition 2.9. Let 2 € R?. The (k,a)-generalized translation operator f + 7, f
is defined on L%G(Rd) by

(i) When d > 1 and % eN,

Bk,a(fvx)jk,a(f)(f) ifa= %7 (S N7

Tl = {Bk,au,z)ﬁk,a(f)(o if a = 5%, 7 € No.
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(ii) When d =1 and 2 € R, \N,

fgzk7a(7—:rf)(§) = Bk,a(€’ ‘r)yk,a(f)(g) (2'10>

It is useful to have a class of functions in which (2.10)) holds pointwise. One such
class is given by the generalized Wigner space #4 ,(R):

Vool ®Y) = {f € LL,(RY) : Fioalf) € LL (R}
We now give several properties of the generalized translation operator.
Proposition 2.10. (i) Let f be in Liyn(Rd). We have
172 fllez ey < Ifllez ey, Vz R

(ii) For all f in # o(RY) or for all f in Li’a(Rd) such that Fy, o(f) belongs to
L}M(Rd) and x € R, we have, for almost every y € R?,

L[ B ) Bo(€ ) Fea DO dna)  Ta=Lren

Ck,a

L[ B0 B (6 9) Pro (1€ dal€) = iy, E N

Ck,a

T;cf(y) =

(iii) For all f in #.o(R?) and for all x,y € R, we have
T f(y) = 7y (F)(2).

Remark 2.11. We note that the definition of the (k,a)-generalized translation
operator given in [34] is valid when d, k and a meet the assumptions in Propo-
sition and % € N. Thus, Definition generalizes and improves the above
definition of the (k, a)-generalized translation operator given in [34].

Using the (k, a)-generalized translation operator, we define the (k, a)-generalized
convolution product as follows.

Definition 2.12. (i) When d > 1 and 2 :=n € N, the (k, a)-generalized convolu-
tion product of two suitable functions f and ¢ is defined by

/ T F((=1)"9)g(y) dvi o (1)- (2.11)
Ck,a JR4

(ii) When d = 1 and 2 € Q4 \N, the (k,a)-generalized convolution product of
felLi (RY and g € L ,(R?) is the function f 44 g of L} ,(R?) satisfying
Fralf *ka 9) = Fralf) Fr.al9)- (2.12)

When d > 1 and % € N, we have the following properties.

VeeRY f ko g(T) =

Proposition 2.13. (i) Let f and g be in Li ,(RY). Then the function f 1.4 g
belongs to L ,(R?) if and only if the function Fy o(f)Fr.a(g) is in L ,(R?), and
we have

Fraf *k0 9) = Froa(f)Fra(9),
in the L? case.
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(ii) Let f and g be in L2 JRY). Then we have

/If*kag )2 v /ma )1 Pt a(0) () dug ().

whenever both sides are finite.

2.3. Basic (k,a)-generalized wavelet theory. In this subsection we recall, clar-
ify and improve some results introduced and proved in [34].
Notation.
o RY™ = {(b,y) = (b1, .., ya) € R, b >0}
o LI . (Rdjl), with p € [1,00], is the space of measurable functions f on
R‘f‘l such that

o P
Fllzg, | (rery = </Ri“ (6, 9)l dﬂk,a(bvy)> <00, 1<p<oo,
||fHLOO (]Rd+1) = €SS Sup ‘f(bv y)| < OO,
Mk a + (b’y)eRiJ»l
where the measure djy, , is defined by

dvy, o (y)db

V(by) € RT™,  dukq(by) = bordta 1

(2.13)
Let b > 0. The dilation operator A, of a measurable function h is defined by
1
Vy eRY,  Aph(y) = el (Q) :

Bbire=2 T\
This operator satisfies the following
Proposition 2.14. (i) For all b,c in (0,00), we have
ApAc = Ape.

(ii) Let b > 0. For all h in L%G(Rd), the function Ayh belongs to L%G(Rd) and
we have
180kl sy = Bl cao

and
2'y+d+a 2

VEERT, Fra(Dph)(€) =07 = Fpal(h)(0E).
(iii) Let b > 0. For all h,g in Lza(Rd), we have

<Abhvg>Liya(Rd) = <h7A%9>Liya(Rd)-
(iv) Let b > 0 and y € R%. We have
AbTy = Tby Ab.

Definition 2.15. A (k,a)-generalized wavelet on R is a measurable function h
on R? satisfying, for almost all ¢ € R%, the condition

0<Cp e / | T () (bE) 2 % < 0. (2.14)
0
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Example 2.16. The function ay, t > 0, defined on R¢ by

1 _lel®
) = Gy
satisfies N
VEER!, Frala)(§) =e = lEl".
d
The function h, defined by h(z) = ——a;(x), is a (k, a)-generalized wavelet on R,

dt
Let b > 0 and let h be a (k, a)-generalized wavelet in Li,a(Rd). When d > 1 and
% :=n € N, we consider the family hy ., y € R4, of functions in L%ﬁa(Rd) defined
by
Vo eRY hyy(z) = 7(_1yny (Aph) (@),
where 7, y € R?, are the (k,a)-generalized translation operators given by ([2.9).
Remark 2.17. Let b > 0 and let h be in L%H(Rd). We have
V(b,y) €RETY hoylice ey < lBllcz | may- (2.15)

Definition 2.18. Let h be a (k,a)-generalized wavelet in L7 ,(R?). When d > 1

and 2 € N, the (k, a)-generalized continuous wavelet transform @Z’“ is defined for
regular functions f on R? by

1
" ()by) = -
k,a

d
for all (b,y) € R

/ FW)hoy () dvg.o(z) = L(ﬁ hoy)rz ey,  (2.16)
R4 Ck.a ’

)

This transform can also be written in the form

5" (1) (b:y) = f #.a Boh(y),
where *j o is the (k, a)-generalized convolution product given by (2.11).
Similarly, when d = 1, % € Q4\N, and h is a (k,a)-generalized wavelet in
L,lw(Rd) N L%Q(Rd), the (k,a)-generalized continuous wavelet transform @Z’a is
defined for regular functions f € Li,a(Rd) by

(I)Z,a(f)(l% y) = f *k,a Abh(y)a
where %y, o is the (k, a)-generalized convolution product given by (2.12).

Remark 2.19. We note that the definition of the (k,a)-generalized continuous
wavelet transform given in [34] is valid when d, k and a meet the assumptions
in Proposition and % € N. Thus, Definition m generalizes and improves
the above definition of the (k,a)-generalized continuous wavelet transform given
n [34]. We also note that if we consider the (k,a)-generalized wavelet transform
given above, the proofs (with slight changes) and results of [34, Subsection 3.2] are
true.

Henceforth, h will denote an arbitrary (k,a)-generalized wavelet, in L} ,(R%)
when d > 1 and 2 € N, and in L}W(Rd) N Li’a(Rd) when d =1 and 2 € Q;\N.
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Theorem 2.20 (Parseval’s formula for @fb’a). Let h be a (k,a)-generalized wavelet.
Then, for all f and g in Liﬂ(Rd), we have

[, #0002 )00 dua(b) = € [ @@ (e (217)
]R+ Rd

Proof. With slight changes, the proof of inequality (2.17)) can be obtained along
the lines of [34]. O

Corollary 2.21 (Plancherel’s formula for @Z’a). Let h be a (k,a)-generalized
wavelet. Then, for all f in L ,(R?), we have

[ 12 DO P dunatv.n) = O [ 1@ date). (219
RY R4

By simple calculations we prove the following

Lemma 2.22. For any f € L} ,(R?), we have

2v+d4a—2

Frea (@ (£)0,))(E) = b7 2 Fpa(R)(0E) T ()(E). (2.19)

We close this section with the following result when d > 1 and % eN:

Proposition 2.23. Let h be a (k,a)-generalized wavelet in Li’a(Rd). For any f
in L} ,(R) and for any t >0, we have

P
Proof. We assume that d > 1 and 2 :=n € N. Using Proposition and formula
(2.16)), we have

Vby) R 9BUAf)(by) = () (b y). (2.20)

k.a 1 1
@ (Af)(byy) = o (A¢f, T(—1ynyDAph) = con <f,A% T(fl)"yAbh>
1 1
 Cha <f7 Teyny A%Abh>  Cha <f’ Teyny A%h>
a by
:(I)Z’ (f) <t’t>' U

Remark 2.24. Let h be a (k,a)-generalized wavelet in Li,a(Rd). Using (2.16]),
the Cauchy—Schwarz inequality and (2.15)), we get, for all f in Lza(Rd),

1
k,a
125 Dz, sy < =iz o Wolzz o (221)

By the Riesz—Thorin interpolation theorem we obtain the following

Proposition 2.25. Let h be a (k, a)-generalized wavelet in Li’a(Rd), fe L%G(Rd)

and p € [2,00]. We have
p—2
”hHLi‘a(Rd) P
vl L

=

125 (Dllzy,  (gary < (Cn)
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3. HEISENBERG-TYPE UNCERTAINTY INEQUALITIES FOR THE
(k,a)-GENERALIZED WAVELET TRANSFORM

In this section, we establish many versions of Heisenberg-type inequalities for
the (k, a)-generalized wavelet transform.

3.1. L? Heisenberg-type uncertainty inequalities for @Z’a. We recall the un-
certainty principle of Heisenberg type for the (k, a)-generalized Fourier transform.
Proposition 3.1 (see [21]). If s,t > 0, then there exists a positive constant

Gr.a(S,t) such that, for every f € Li’a(Rd), we have the inequality

el a7 > Geals, Oz, oy (31)

L2 (RY)

2 Rd)

2st
2 d —92\ a(s+t)
For s,t > &, we have 6} q(s,t) = (%) .

Theorem 3.2. Let s,t > 0 and let h be a (k,a)-generalized wavelet on R? in
Liﬂ(Rd). Then, for all f in Li’a(Rd), we have the inequality

=
s+t
L2, (R)

t
t+s

S k,a
TGl e

ooy 1€ Fial)

__t
> Cr,a(s,)(Cn) 2T || fllL2 ey

(3.2)
where €1.q(s,1) is the positive constant given in Proposition .

Proof. Let us assume the non-trivial case that both integrals on the left hand side
of (3.2) are finite. We get from the condition (2.14) for i that

|2 dykﬂ (f)db

[ I Pa ) GO 1 FalDOF 725
R+

=i [ I 1Fa O dna(6)

Using the relation (2.19)), we obtain

/Ooo /]R €N Fr.a @5 (F) (b, )] dptra (D, €)
=G /R €017 Frsa ()OI dvi,a(§). (3.3)

On the other hand, Heisenberg’s inequality for the (k, a)-generalized Fourier trans-
form (3.1)) implies that for any b > 0, we have
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([ 1611 7afobe (o) @ anae)

t
s+t

< ([ e 0P )

> (Gals ) [ 18500 dvi()

Integrating with respect to , we obtain

b2'y+d+a—1

s

s+t

A WR 125 [0 ] € a6

2s k,a 2 S%Ft db
< ([ e e P ) ]bzwdﬂ_l
db

> Gals ) [ [ O8O v e

The left hand side of this inequality may be estimated from above by using Holder’s
inequality. The right hand side can be rewritten by the Plancherel formula for @Z’a.
Therefore, from (3.3) we get

2t
t+s

Lo (RET)

</R ”f””%»a[‘bf’?%f)(@~>}<£>|2duk,a<b,€>> @)

2t 2s
_ C giit S(bk7a t+s ‘ tﬁ " s+t
( h) Hy” h (f) Lﬁk=a<Ri+l) Hg” k7 (f) Li,a(Rd)
> ((gk,a(svt))QCthHiiya(Rd)'
This proves the result. =

We consider a radial (k,a)-generalized wavelet h in L ,(R?) and introduce the

modified (k, a)-generalized continuous wavelet transform @Z’a, given by

Fa (@3 ())(0,)) (&) = T2 (1) () Fra(R)(©), (b,€) € RE.

By using this transform, the following theorems give uncertainty principles of

Heisenberg type for @Z’a(f)(b, y) with respect to b and (b,y). In the rest of this
subsection, h will be a radial (k, a)-generalized wavelet defined as above.
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Theorem 3.3. For s,t > 0 and for all f in L%’G(Rd), the following inequality
holds:

btq:kv.,a B ‘ s ¢||5FF
[LETRCA e [
(N 2y4d=2 2 GFD
> Gealod) (|7 0] ) e0) ™ s o
a” aGFD ’
where
e dr

is the classical Mellin transform and h(x) = H(r), with r = ||x||.

Proof. In the following we assume that

[ [ ek 6. duate.n < oo
0 d
and

/ |21/ (@) dviea () < o0

Rd

otherwise, the inequality is trivially satisfied. Using Fubini’s theorem and the
Plancherel formula given by the relation (2.5)), we get

2 = [z ([ |z ()] 2
Do (RE) e 0 AN

H btqjﬁ;(f)‘ 5 ) dvy,q(§)

with
2 b

GR T 2 ) (ﬁ) 3

Introducing the Mellin transform, we see that A(£) is just a function of [|£]|*.
Indeed, from the relation (2.8]) we obtain
% db

Mo = [T (2 (B
el (N Cova T T
o252 (|75 [ o) el
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Thus

s t

(L. o et non] dudo.n) ™ ([ a@r@pagw)
- ()

(L1 zan@rane)” ([ et an.m)

Now, the result is obtained from Proposition [3.1} a

_t
s+t

Corollary 3.4. For s,t > 0 and for all f in Liﬂ(Rd), the following inequality
holds:

2s
s+t
Lo (BET)

2t
s+t

Lo (BE)

Cr.a(5,1))? ¢ 2v+d—2 2 3
> Cealo D oy (|70 )] ) @0) TUAIZ oy (3)

a a(s+t)

[RAE

ok (s)

Proof. From above we have
2t | 5 ke 2 =
(L. ek o] dumaomn)
RET!

w7
(L I )0 dia0.0) )
RYH!

—25(2y+d—2) 2vy+d—2 2 s+t
e O (E v D)

X(Aﬂm%%Aﬁ@FMm@O$

(7] 0. o)

The relation (3.4) follows from (3.2). O

Corollary 3.5. For s,t > 0 and for all f in L%G(Rd), the following inequality
holds:

2s
s+t

L (RET)

2t

St

Lo (RET)
(Crals,t)? o ngd2 2 _—

> e O (4 (| Zaa ()] )@0) TR gy

a a(s+t)

([ICAIR S0

|6l @)
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Proof. The result follows from the relation (3.4) and the fact that

2s
s+t
L%, . (RET)

2t
S+t
L, . (RE)

[ICAMIE S RICRN b )82 (1) 0, )

2t 2s
s+t k,a s+t k,a s+t
= LA CR e \b@ LN (S
k,a Fk,a

As a consequence of the previous corollary, we have the following local-type
uncertainty principle when d > 1 and % e N.

Corollary 3.6. Let s,t >0 and let U C Rf‘l be such that
0 < pi,a(U) = / dpik,a(bs y) < 00
U

For all f in Li’a(Rd), the inequality

/U 1852 () (b, )12 ko (b, )

2s
s+t
L7y o (RE)

2t
s+t

<é®as Gl O .

o 16012

holds, where
2s(2v4+d—2)

a o(s+t) :u'k,a(U)”hHZLi (]Rd)

€ (k,a,s,t) = 2

2y+d—2 s

t 2 s+t
G o Crals,)2C0) T (|75 ()| )20) ™
Proof. From the relation (2.21)), we have

a 2 a
/ [ G052 0.0l ) < tes D iz, I F12: oy
ka

On the other hand, from Corollary [3.5] we have
||f||i§1a(Rd)

2s
s+t

sk
eI DL oy

(Grals, )20 (|7t () ) 20)

Thus the result is immediate. O

2t
s+t
Lo (BET)

2s(2y+d—2)
a o(s+t)

JOMIRAE

3.2. Heisenberg-type uncertainty inequalities via the (k,a)-entropy. In
this subsection we assume that d > 1 and € N. A probability density function p
on Rfl is a positive measurable functlon on RY d+1 satisfying

/M p(b.y) duya (b, y) = 1.
Ry
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Following Shannon [43], the (k,a)-entropy of a probability density function p on
Riﬂ is defined by

Bralp) == [ n(o(0.9))p(0.9) oo b1

Henceforth, we extend the definition of the (k, a)-entropy of a positive measurable

function p on Ri"’l whenever the previous integral on the right hand side is well

defined.

The aim of this part is to study the localization of the (k, a)-entropy of the (k, a)-
generalized wavelet transform over the space R‘i"'l; indeed we have the following
result.

Proposition 3.7. Let f € Li,a(Rd) be a non-zero function. Then
||f||L;a(Rd)||h||L;a<Rd>)

Ck,a

Bea(|85°(1)P) = ~2041f 1 oy In ( (3.5)

Proof. Assume that |[fllz2 ey =|hllr2 (re) = \/Ck.a; then by the relation (2.21)
we deduce that 7 '
o 1
V(b,y) € RO, |‘I>Z (Hby)| < — | fllz2 @ayllhllez mey =1
ck7a c,a c,a

In particular, By, (/@) *(f)|?) > 0 and therefore if the entropy Ej o (|®)*(f)[?) is
infinite, the inequality (3.5)) holds obviously.

Suppose now that the entropy Ek,a(|<1>2’a(f)|2) is finite. We return now to the
general case, so let f € L} (Rd) and h € L%G(Rd) be non-zero functions and let

= Chai7——— and Y= /Cha——— "

P02 ®ay
Then, ¢ € L%wa(Rd), NS Lkﬁa(Rd) and ||¢||Li7a(Rd) = ||w||Li’a(Rd) = \/Ck.a; hence
Epo(|®%(9)]%) > 0.

Hfllp L (RY)

However,
a Ck,a k,a
By () = ok f
N T P D TRk
and
Bral1B (0)) = e B(#O)R)
kallPy (P = 17 3 k,a|®h
H ”Lf a,(Rd)”fHLia(Rd)
. Ifllze wallplliz @a)\ 2Ched,
Ck,a ”h”%z G(Rd)
So,

1fllzz  re) ”hLi’a(]Rd)>

Ck,a

Er (124 (M) 2 =2Cullf17; gy In (

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)



UNCERTAINTY PRINCIPLES FOR GENERALIZED WAVELET TRANSFORM 259

Using the (k, a)-entropy of the (k, a)-generalized wavelet transform, we can ob-
tain the following Heisenberg uncertainty principle for @Z’a. In this regard our
proof uses some techniques employed in [44] for the L? Heisenberg uncertainty
inequality for the classical Fourier transform.

Theorem 3.8. Let p and q be two positive real numbers. Then there exists a
positive constant M, 4(k,a) such that for every f € L ,(R?) we have

</Rd+l o715 (1) by i y>>

p

ptaq
x ( /. b-q|<1>’:;a<f><b,y>|2duk,aw,y)) > My (k. a)Chl I oy
]R;rl k,a

where
Mp q(k7 (l) — we‘qmq(kxa);
’ pmqm
here
In pq
dkl" (d+2'y+a—2) T <d+2'y+a—2>
P q
Ap,q(k,a) =Pq —1.

(d+2y+a—2)(p+q)

Proof. Assume that ||f||Liya(Rd) = ||h||Li1a(Rd) = /Crq. For any positive real

numbers t,p, q, let nf’ ’:’q be the function defined on Rf’l by

_ llyiiP+6—1
T

pq

_ _ (d+2v+a—2)(p+aq) *
4T <d+2'y;-a 2) r (d+2'y;-a 2) T

k,a
nt,p,q (b7 y) =

By simple calculations we can see that
k,
/d Mt g (0:9) ditk,a (b, y) = 1;
R

in particular, the measure daf,’pa,q(b7 y) = nﬁﬁq(b, y)dpk,q (b, y) is a probability mea-
sure on R‘f‘l. Since the function ¢(t) = tIn(t) is convex over (0,00), by using
Jensen’s inequality for convex functions we get

/ @ (b <<I>ﬁ’“(f)(b, y)?
R

k, k,
” Mg (0, 9)

dofy o (b,y) >0,
nt,p,q(b7 y) ) e
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which implies in terms of the (k,a)-entropy that for any positive real numbers
t,p,q, we have

rq
Era(|25(H)]?) + In ] Cull FIZ2 gy

dkl" (d+2'y+a72) T (d+2'y+a72
p q

(d+2vy+a—2)(p+q)

<In (£55) Gul 1B e
1 - a
g [ P+ 5 Rk (0. 0) P dia.0)
R
Therefore, by Proposition [3.7] we get

Lo ol 5 ) 0.9

+

pq (d+27+a—2)(p+a)
>t|In —1In (t Pa )
= 4T (d+27+a72) r <d+27+a72)

p q

k,a 2
x || @), (f)HLik’a(Riﬂ)-

However, the expression

t|In

pq I (t (d+2w+t;;2)(p+q))
4.7 (d+2’y+a72) I (d+27+a72)

p q

k.,a 2
X ||[®}
195 (I, oo
attains its upper bound at to = e?»«(®®) and consequently

/RdJrl(Hpr + b_q)lq);?a(f)(l% y)|2 duk,a(b7 y) 2 Cp,q(kﬂ a)CthH%i‘a(Rd)’
+

where

d+2 -2
Cpalkya) = YF2HA=DOHD k),

pq
Now, the general formula follows from above by substituting f by o Vlcf“fd and
L,a®D
VCk,ah
h by HhHLi a(iJRd) .

Therefore, for every f € L{ ,(R?) and h € L} ,(R?), we get

/ gl (1) (b, ) dpra (b, y) + / b=, () (5 9)I” dpara(b, y)
]R++1 Ri+1

2 Cpq(k, a)cth”QLiya(Rd)-
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Now, for every A > 0 the dilates A 1 fe Li}a(Rd); then by the last inequality we
have

Lo 187125 0.0 b ) [ 57105 (A 1) (b0 P di )
R++1 Rd+1

+

> Cpq(k,a)Ch HAifH%%,a(Rd)'

Thus using the fact that ‘|A§f||2Lz R = 1£11% (ray and (12.20) we get, for every
k,a k,a
positive real number A,

/\"’/d ||y||p|¢ﬁ’“(f)(b,y)\2duk,a(b,y)+>\"/ b5 (f) (b, )| dpna (b, y)
R++1 ]Rd+1

4
> Cpqlk, G)CthHii,a(Rd)-

In particular, the inequality holds at the critical point

1
p+q

p/ PR B, )P i (b, )
RG*

A =
[ 5 R0 P dinas.0)
R

which implies that
pta
k,a
</ lyli7125* () @, y>|2duk,a<b,y>>
+

p+aq
X </1Rd+1 b= D (£) (b, y)|? dpage.a (D, y)) > M, 4(k, a)C’hHJ“||2L?G(W)7
+

where
p q
ptagrta d—+2 -2

Mpvq (kﬂ a) = Cp,q(ka a)p q = + (7 + Z eAP,q(kﬁa). ‘:l

p+q prtagrta

Remark 3.9. When p = ¢ = 2, we get

k,a —15k,a
||||y|| @, (f)HLﬁka(RiH) ||b @, (f)HLﬁka(RiH)
TrTra—z
4 d4+2y+a—2
= d+2y+a—2\)> TC}‘H‘ICH%?Q(W)'
dy (r (+))
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4. WEIGHTED INEQUALITIES FOR THE (k, a)-GENERALIZED
WAVELET TRANSFORM

The sharp Pitt inequality for the (k, a)-generalized Fourier transform was studied
by Gorbachev et al. in [I6]; they proved that, for every function f belonging to
S (RY) C L ,(RY), we have that

/ €172 P (£ () iy al€) < CralN) / Je P f@) P dvga(e)  (41)
R4 Rd

holds with the sharp constant

(27+d+a—2—2/\) 2
=Y 2a
Cra(A) =a"® r (27+d+a—2+2,\) ’ (4.2)
2a
provided that
2v+d -2
0§A<%, dy+2d+a—4>0. (4.3)

In the remainder of this section, we assume that condition (4.3)) is satisfied.
The first objective of this section is to formulate an analogue of Pitt’s inequality
(4.1) for the (k,a)-generalized wavelet transform.

Theorem 4.1. For any arbitrary f € .7 (R?) C L%’G(Rd), the Pitt inequality for
the (k,a)-generalized wavelet transform is given by

Cu [ NI Zal DN dva®)
<Cla) [ WP OO0 (b, (1)

where C q(N) is given by (4.2).
Proof. As a consequence of the inequality (4.1)), for any b > 0 we have

2

L2 @k (6] O dua(e)

< Ca) [ | 1910 (1)0.0) o)

which upon integration with respect to the Haar measure M% yields
_ k,a 2
Lo 1 Fa 8 (0.0 OF dina(b,6)
+

<Cea [, P05 ()00 dialbr). (45)
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Invoking Lemma we can express the inequality (4.5) in the following manner:

Lo B 2 DOF 8744572 2 B0 di (0.6

+

a 2
<Cah) [, WP (00 di a0

+

Equivalently, we have

2N o 2 e o - de
L2170 P] [ 1Z0a@oe fanao

a 2
<Cah) [ WP (00 di a0
+

Using the hypothesis on i and by simple calculations, we obtain

Cu [ 117 Zal DO dva®)

a 2
<Cea [ 1@ ()00 di a0
+

which establishes the Pitt inequality for the (k,a)-generalized wavelet transform.
O

Remark 4.2. For A = 0, equality holds in (4.4), which is the Plancherel formula
(12.18]).

Theorem 4.3. For any function f € #(R?), the following inequality holds:

Lo B I8 195 ()6 dita(br)+ Cn [ 08 1 1o (NOP doia(6)

4 R

T’/ (2'y+d+a—2>
2 2a 2
=\t +loga| GullfI3: ey (46)

Proof. For every 0 < \ < W, we define

PO =Ci [ 1617 |ZealDOF da®

= o [ IP@E ) 0o a0,

+
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On differentiating (4.7)) with respect to A, we obtain

PO = =20, [ el og €] | a1 (€

a 2
=200 [ Il 108 Iyl [0 (1)) dia(b.1)

+

a 2
= Cha) [ TP ) 0o (0,
+

where

1 [ 2y+d+a—2—2X 7 [ 2y+d+a—2+2)
0 G ) I G )

2
! —_
Cra(M) = ack’a()\) 2loga + r (2’y+d+a7272)\> T r (27+d+a72+2>\>

2a 2a
(4.8)
For A =0, equation (4.8) yields
2v+d+a—2
C! (0)__é lo G+M (4.9)
kalD) = 77 108 r (2~,+§+a—2> :
a

By virtue of the (k, a)-generalized Pitt inequality (4.4)), it follows that P(A) < 0

for all A € [0, %)7 and

PO)=Ch [ |FalNO drin(®) = Coa0) [ |00 da(br1)

d+1
RY

= Cullf 122 oy = CullFI2: ) = 0.

Therefore we deduce that

Equivalently, we have

=20, [ oz el |Zeal D) dria(©
= Chal0) [, B0 o)

=2C0(0) [ 1ogllull |95(0.0) diwo(br) < 0

+
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Applying Plancherel’s formula (2.18)) and the estimate (4.9) of C} ,(0), we get

- 20, [ | g 61| FealNO dora®
2 [ 1oyl |47 (1)0.0)  diealt.)
R+

I (M)

2a 2
- N " 7 <
ta r (‘27+d+a:2> s Cth”Li,a(Rd) =0,
2a

or, equivalently,

L 108 112570 di.9) + O [ 108 €11 Z0a DO )

I ( 2ytd+a—2
S22 ) ogal aullf?
Ta|r (2’Y+d+a 2) i Ly (R
2a
This completes the proof of Theorem [1.3] O

The Beckner inequality for the (k, a)-generalized Fourier transform [I6] is given
by

/ log [lyll 1£()I? dvi, o) + / log [I€]] | .0 (/)OI dua(€)
Rd Rd

2v+d+a—2
2 FI ( 1 2a )
a

z d
- 2v+d+a—2
()

+logal [ 1f)F dva(e) (410

for all f € .#(R?). This inequality is related to the Heisenberg uncertainty prin-
ciple and for that reason it is often referred to as the logarithmic uncertainty
principle. Considerable attention has been paid to this inequality for its various
generalizations, improvements, analogues, and their applications [21].

We now present an alternative proof of Theorem[£.3] The strategy of the proof is
different from the one above, and is obtained directly from the generalized Beckner’s

inequality .
Proof of Theorem[].3 We replace f in with @Z’a(f)(b, -), so that
/Rd log [y} 185, (£) (0. )| dvay) + / log I€]| [ Zi.a [5: (£) (6 )] (©)” drsa(€)

2y+d+a—2
2 r ( = 2a )
a

= 2v+d 2
Y+d+a—
r(=e)

+logal [ 05 ()b dona(o)
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for all b € (0,00). Integrating this inequality with respect to the measure bzwﬁ%a
we obtain

T’/ ( 2v+d+a—2 )

2 2 k,a 2
a p(mmz)“og“ /R |25 () (b)) dpir,a (b y)
2a +

a 2
< [, lox Lol |95 0] oo .1)
+

+ / oo 08 €l | Zra [0 (1) 0] O ditna(d,€).
R

+

Using Plancherel’s formula (2.18]), we get

T ( 2y+d+a—2 )

2a )
a F(h+d+a—2)+k’ga Cullf112: gy
T 2a
a 2 .
= / log [yl | @5 (£)(b, )| dptra(b,v) (4.11)
RET!

b [ o€ Fa O 0O dua(b).
y

+

We shall now simplify the second integral of (4.11]). By using Lemma we infer
that

/R log [[€]] | F.a [@5 (£) (b, )] () dpina(b,y)

+

=Ch /Rd 10g [[€]l | Fk.a () dvra(€).  (4.12)

Plugging the relation (4.12)) in (4.11) gives the desired inequality for the (k,a)-
generalized wavelet transforms as

L 108 112570 di.9) + O [ 108 €117 DO )

I 2v4+d+a—2
2 2a 2
> 2 | logal| Culf I gy

The previous inequality is the desired Beckner’s uncertainty principle for the (k, a)-
generalized wavelet transform. O
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Corollary 4.4. Let h be a (k,a)-generalized wavelet on R? in Li’a(Rd) such that
Cy, = 1. For any function f € .#(R?), we have the inequality

o T T ) B T EE IO EReY

1 [ 2v+d+a—2
o (Bge)

> 7 - 2
S I T (2v+d+a—2) +loga Hf”Li,n,URd)'
2a

1/2

Proof. Using Jensen’s inequality in (4.6 and the fact that C;, = 1 we obtain

1/2

o (£)(b.y)|” Fa(DE)
ogd [ e DO ) [ e el DOF
R ||f||L2 L (RY) R4 ||f||L2 (B

LA [Zea(DE)
>/W++ log ||yl Hf”Lz ) duk,a(b,y)+/ log ||€]| ||f|| . dvy.q(€)

1 [ 2y+d+a—2
2 r ( 2a )
- | ——— +loga],
a T (2'y+d+a72)
2a

>

which upon simplification yields the result. O

Remark 4.5. (i) Gorbachev et al. in [I6] state that Pitt’s and Beckner’s inequal-
ities for the (k, a)-generalized Fourier transform are satisfied if we replace the con-
dition 4y +2d +a —4 > 0 by 2y +d+a — 2 > 0. Thus, proceeding as above,
we state that our results of this section are also true if we assume that the new
condition is held.

(i) Using the approximation identity (see [47])

I"(z) _ 1 o0 ;
F(Z) B logz B g B 2/0 (t2 -+ 22)(627Tt _ 1) dt7 (413)

we infer that

I (M)

2a
expl| —||—FF < —|—loga ~ <

2y+d+a—2 @
a F<27+3Jara72) ’

2

for 2v+d+a—2 > 1, which is the constant of the Heisenberg uncertainty principle
for the (k, a)-generalized wavelet transform given in Theorem when a < 2.
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(iii) Proceeding as above in the logarithmic uncertainty inequality (4.10)), we
deduce the following Heisenberg uncertainty inequality:

||||y|| fHLi,a(Rd)ann tgzk,a(f)HLiYa(Rd)

T (M)

2a
2 - | 2 ) .
=P al|r (M) + loga Hf”Li,a(]Rd) (4 14)
2a

(iv) Using the approximation relation (4.13)), we deduce that the constant in the
right hand side of (4.14]) satisfies the relation

I (M)

2a
exp| - | ——— +1loga %(

2y+d+a—2 @
a F(2'y+c£1-a—2) ’

2

for 2y+d+a—2 > 1, which is the constant of the Heisenberg uncertainty principle
for the (k, a)-generalized Fourier transform given in Proposition when a < 2.

5. CONCENTRATION UNCERTAINTY PRINCIPLES FOR THE (k,a)—GENERALIZED
WAVELET TRANSFORMS

In this section, we derive some concentration uncertainty principles for the (k, a)-
generalized wavelet transform as an analog of the Benedicks—Amrein—Berthier and
local uncertainty principles in the time-frequency analysis.

5.1. Benedicks—Amrein—Berthier’s uncertainty principle. In [21], Johansen
proved the Benedicks—Amrein—Berthier uncertainty principle for the (k,a)-gener-
alized Fourier transform, which states that if F; and Es are two subsets of R? with
finite measure, then there exists a positive constant Cy, ,(E1, E2) such that, for any
fe L2, (®Y),

191, oy < Cua(Bn ] [ 17 )

NE,
b B DOP @] G
R\ By
Our primary interest in this subsection is to establish the Benedicks—Amrein—
Berthier uncertainty principle for the (k,a)-generalized wavelet transforms in ar-

bitrary space dimensions by employing the inequality (5.1). In this direction, we
have the following main theorem.
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Theorem 5.1. For any arbitrary function f € Lz’a(Rd), we have the uncertainty
inequality

/OOO /Rd\E |25 (£) (b, )| din.a b, y)+Ch/ | Fra(F)(E)]? dug.a(€)

Ol
= Cial(E1,Es)’ '

where Ci q(E1, E3) is the constant given in the relation (5.1).

Proof. Since, for all b > 0, we have @Z’a(f)(b, ) € Lj ,(RY) whenever f € L} ,(R?),
we can replace the function f appearing in (5.1 with @Z’“(f) (b,-) to get

/ |<I>Z=“<f><b,y>12duk,a<y>sck,a(El,Ea{ / ©F () (by )| dvia(y)
R4 RI\ E;

4 o : 2 Vi, .
# L 1P 0O (o)}

By integrating this inequality with respect to the measure b rdta 1 we obtain

/Rdﬂ |25 (F) (b y)| dna (b,y)

< Ck,a(E1>E2) {/(;Oo /]Rd\E |®Z7a(f)(b> y)|2 dﬂk,a(b7 y)

s [T 1Bk (0] OF duat 5)}.
]Rd\E2

Using Lemma together with Plancherel’s formula (2.18)), the above inequality
becomes

Coll Vi, e <[ e
Ck a El, E2 Rd\El y IU/IC ll y
+ / / P2 Z (DO | Froa () (0O dtia (b, 6),
R\ E, Jo

which further implies

Coll Vi e <[ e .
Ck- a El, E2 Rd\El y /'[/k? CL y

[ 1m0 [ 17 @2 ane.
L. U 3
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Thus, using the fact that h is (k, a)-generalized wavelet on R¢, we obtain

[ @000 dnat) 6 [ 1l (@
0 RI\ By R\ E3

2
S CthHLi,a(Rd)
o Ck),a(ElaEQ) ’

which is the desired Benedicks—Amrein—Berthier’s uncertainty principle for the
(k, a)-generalized wavelet transforms in arbitrary space dimensions. O

Theorem allows us to obtain a general form of Heisenberg-type uncertainty
inequality for the (k, a)-generalized wavelet transforms when d > 1 and % eN.

Corollary 5.2. Let s,t > 0. Then there exists a positive constant €, q(s,t) such
that for any arbitrary function f € Liya(Rd), we have the uncertainty inequality

@5 (s, (gaen) HIEN Fralh) s gy = Crals: HCREIFITE gy

Proof. Let s,t > 0 and let f € L%Q(Rd). Take By = Ey = %4(0,1), the unit ball
in R?. Then, by ,

/C(O 1)/0 |25 () (5,9)]” dpn.a(b,y)

o P 5 P S CthH%i,a(Rd).
+ h/@;(o,n' ka(F) ()] dvi,a(§) > T Clna)

here C'(k,a) = C qo(E1, E2). It follows that

s pLe 2
Lo Wl 5000 di o (03)
+
C 2t g 24 > ACth”%i,a(Rd)
40 [ NP1 Zeal DO dnal®) > —zges
Now, replacing f by Ay f, we get by (2.20))

Lo 105 (5. 9)  dao )
-

Cth”QLi)a(]Rd)

R T /Rd IEIP ) Fh,a (F) A dug 0 (€) > C(k,a)

Thus

S s ,a 2
2 [ Il )00 dalb)
+

CullflI72 (g
+ A0, /Rd €I |- Zr.a (P dvia(€) > C(’f;f;)m)

The desired result follows by minimizing the right hand side over A > 0. (]
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5.2. Local-type uncertainty principles. We begin this subsection by recalling
the local uncertainty principle for the (k, a)-generalized Fourier transform.

Proposition 5.3 ([15]). Let E C R? be such that 0 < vy, (E) = / dvg,q(x) < 00.
E
For0<s< M;“_Q

f € L o(RY),

, there exists a positive constant €(k,a, s) such that, for any

2

L1 Zal O dna(©) < €lka.8) (10 (B) THZ Iy oy (53

The first objective of this subsection is to establish the local uncertainty prin-
ciple for the (k,a)-generalized wavelet transform in arbitrary space dimensions by

employing the inequality (5.3]).
Theorem 5.4. Let E be a subset of R? with finite measure. Then, for any f €
L7 .(R?) and any s € (O, W), we have
o ka 2 Cy,
lyll* @ (f) a1y = -
H h HLikya(RJr ) G(k,a,s)(yk?a(E))W
where €(k, a, s) is the constant given in (5.3).

/E P ol DO dvia(6),

Proof. Let b > 0. Since @Z’a(f)(b7~) € L%Q(Rd) whenever f € Li’a(Rd), we can
replace the function f appearing in (5.3]) with @Z’a(f) (b,-) to get

[ 1Zal# (0.1 O dral®

< €(k,0,9) (71 (B) T @ ()6, )|

L3, . (R)

(5.4)

For an explicit expression of (5.4), we shall integrate this inequality with respect
to the measure bzw‘ﬁ% to get

[ [ 1ol 0o .o
< ¢(k,a,5) (Vk,a(E))zs/Qw—&-d—&-a—Q /Rd+1 ||yH2S|‘I’Z’a(f)(b, y)’Q dyina(b, 1),

which together with Lemma and Fubini’s theorem gives

[ @ ([ 1500 @)

25 s ,a 2
< €ha,8) (o () T [P b do ) 6.5)
+
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Using the hypothesis on h, inequality (5.5)) reduces to

Ch /E | Fa (DO dvea(€)
< €k 9)(alE) T [P a0 )

Or, equivalently, for any 0 < s < Mﬂv

Lo 1005 (0 dc a9
> O [ 1alNOF dale).
C(k,a,s)(vpq(E)) 22 JE

This completes the proof of Theorem [5.4] O

Let E be a subset of RY. We define the Paley—Wiener space PWy, .(E) as
follows:

PWyo(E) = {f € L ,(RY) : supp Fy o(f) C E}

Using Plancherel’s formula (2.5]), the definition of Paley—Wiener space and the
previous theorem, we obtain the following

Corollary 5.5. Let E be a subset of R with finite measure 0 < vy, o(E) < oo. Let
0<s< W%ﬂ. For any f € PWy o(E), we have

2s
C(k,a,s)(Vg,q(E))z7Fdra—2 s @ 2
(b 9 (F) [ @0, (e, 0)
h RY
where €(k, a, s) is the constant given in Proposition .

By interchanging the roles of f and % q(f) in Proposition we get the
following
Corollary 5.6. Let F be a subset of R with finite measure 0 < v o(F) < oo. For
0<t< W and for any f € Li,a(Rd), we have

”f”%,iya(]Rd) <

/F FW dvia(y) < €k, a,t) (0 a(F) 77572 ) Fra(H 32 gy

where €(k, a,t) is the constant given in Proposition .

Applying Corollary and using similar ideas to those in the proof of Theo-
rem [5.4] we prove the following

Corollary 5.7. Let F be a subset of R? with finite measure 0 < vy o(F) < oo and
let 0 <t < 2ELEE=2 " For any f € L} ,(R?), we have

[eS) . 5
| [ ek 00wl duatb)
0 2t 2
< €k, 0,00 (F) 57O || Z a2 gy
where €(k, a,t) is the constant given in Proposition[5.3
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Let F be a subset of R?. The generalized Paley—Wiener space GPWy,o(F) is
defined as follows:

GPW},o(F) = {f € L3 ,(RY) : Vb > 0, supp &5 f)(b, ) C F} :

Applying Plancherel’s formula (2.18]), the definition of generalized Paley—Wiener
space and the previous corollary we obtain the following

Corollary 5.8. Let E and F' be two subsets of R such that 0 < vy, (E), vk o(F) <

00. Let0<s,t<27+d%_2.

(i) For any f € GPWy o(F), we have

2t 2
112z ey < €k 0, ) (Wka(F) 775057 (€N Fra (| 2 (ga) -

(ii) For any f € PWk,a(E) N GPWy,o(F), we have
_ (€(k,a,1)5(C(k, a,5))*
(Cn)?
<N Zra(I7z oy 125D @eery-

k,a Mk, a +

IAIZE gy < (Vi (B o(F)) 55

Using Theorem [5.4] we establish another version of the Heisenberg-type uncer-
tainty inequality for the (k,a)-generalized wavelet transforms.

Theorem 5.9. Let 0 < s < M%_Q and t > 0. Then for any f € L%G(Rd), we
have

171172 ey < €k ars,8) [[lyll* @3 ()

2s
s+t
Li,a(Rdy

2t
S+t t or
Lik,a(Ri+1) ||||€|| /k,a(f)

where

¢(k, a, ) (#)Mﬁ

. T 2y+d+a—2 5\ 57 t Tt
@(k,a,s,t) = o [(t) +<s> ]

Proof. Let r > 0. Then

2 _ ar 2 ar 2
1 moy= [, 1FealDOP a4 [ 1ZealOF el

<(0,7)
(5.6)
where %,4(0,7) denotes the ball in R? of center 0 and radius r.
From Theorem [5.4] and by simple calculations, we have
[ 1R da(®
@d(O,T‘)
2s
d TFata—z
e(k,a.5) (mrias) soay ol
< VOl iy 60
Ch Lik,a (R++ )
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Moreover, it is easy to see that
/ggc(o [ FralDOF dra(©) <7 / el Zea(DOP dreale).  (5.8)
Combining the relations (5.6)), and (5.8), we get
¢(k,a,s) (W) it

2s s k.a 2
||fHL2 (Rd) = Ch, r HHZJH ), (f)HLﬁk,a(RiH)

7 DI oy

If we choose

1
PEEST %
t C,, HHgthk’a(f)HLia(Rd) o
=1z —25 k,a .
S 2y Fdta—2 sp
C(k,cus) (Mﬁ) v H”yH h (f)HLik,a(RT—l)
we obtain the desired inequality. O

We close this subsection with the following local uncertainty principle version:

Theorem 5.10 (Faris—Price’s uncertainty principle for @’Z’a). Let n,p be two real
numbers such that 0 < n < 2y+d+a —2 and p > 1. Then there is a positive
constant Cy q(n,p) such that for every f in Liya(Rd) and for every measurable

subset T C RE such that 0 < iy, o(T) < oo, we have

([ 12k duate y))‘l’

< Cha(n,p) (k0 (T)) PP

d42a—4
(2“/+d+a 2+4+n)(p+1)

[ (3o) I7@he () 5

(2v+d+a—24n)(p+1)—(4y+2d+2a—4)

@v+dta—2+m)(p+1)
< (e @ llbllie o) T T

Proof. One can assume that ||f||Li’a(Rd) = Hh”Li'a(Rd) = /Ck.q; then, for every
positive real number 7 > 1, we have

k,a k,a k,a
193" (Nleg, oy < 1237 (D, llzz, ) + 11257 (HLvge

Fla

ka (T)>»
where V,. denotes the subset of Rf‘l given by

Vo= {(,0) € B (o] < v}
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However, Holder’s inequality and (2.21]) give that, for every n € (0,2v+d+a —2),

H‘I’Z’a(f)]lvr

Ly, (D)

= ( / |25 (1) b, )| Ly, (0, 9) L (b, ) dana b, y>>

p

< (/RM |3 (f) (b, y)|#11v,.(b7 Y)L7(b,y) dpik,q (b, y))

+

p+1

< (1)) P50 || B ()1,

o (EL)
. T k, a P pl
< (a9 ) MET (aaeny NI v
On the other hand, by simple calculations we see that
e B, (77
/ d+a—2
dkr(’y + %) 2’y+d+a—2—n.
T V@y+2d+2a—4-2)T(2y+d+a—2)
Thus we get
k,a
H(I)h (N1, LY, (1)
_1
/d.T d+a—2 p+1
< (ftra(T)) 707D Lo+ 25
’ V@Ay+2d+2a—4-2nT2y+d+a—2)
1
2vt+d+a—2—n 1 N xk,a T
X pFl ’ H(Py)H % f) L (&) .

On the other hand, and again by Holder’s inequality and the relation (2.21f), we
deduce that

@5 (f)Lye

Lﬂk,a(T)

p+1

< (1 (1)) 757 ( Lo 1B 0000 e () i y>>

2

p+1 _2n
r o ptl,

9 d+1

Luk‘a(R+ )

< (p,a(T)) 750

G w2k ()
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Hence, for every n € (0,27 +d + a — 2),

( 1.l o y>>’1“

< (o)™ (G 9)]"27 ()

T
Lo (RET)

y Vdp T (fy + %) p+1 27+d+_f;2*77
r P
V@ +2d+2a—4-2)T(2y +d+a—2)

1

p+1 —2n_
roptl].

2 d+1

L}Lk,a(RJr )

+IGw "ok )

In particular, the inequality holds for

pt1
2n 2y+d+a—2+n
2y+d+a—2—-n HH

MF(v+d+;_2) 2’y+d+a PR
v/ (4v+2d+2a—4—20)T (2v+d+a—2)

1
2y+d+a—2+n
2 d+1\ "’
Luk,a(RJr )

To =

‘77 ka f)

and therefore

(/T D5 f)(b, y) [P dpsk.a (b, y)>;

27
1 Vd. T d+a=2 CyFdta—2Fn)(p+1)
< (pn(T)) 707 Lot )
’ \/(47+2d+2a—4—27})I‘(27+d+a—2)
~+2d+2a—4

(2’Y+d+a 2+n)(p+1)
d+1
Ly, o (RY)

y 2n TR (% +d+a—2+7
2y+d+a—-2—n 2y+d+a—-2-n)"

Now, the general formula follows from above by substituting f by i m ol and

2 d
P

h by el O

2 d
ez @

HH ’n ka (f)

Remark 5.11. Proceeding as in Theorem [3.3] we prove that, if h is a radial
(k, a)-generalized wavelet, then

HEN ZralPZ:mey

2(2v+d—2)
- [ R 0 di a0,
A (|Fgat ()| ) (20 TR
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Thus, if we use this formula, we derive new uncertainty inequalities of the Heisen-
berg type written according to the terms

_ a 2 sl xka 2
/Rd+1b 2 (f)(0,)] dura(biy) and /Rd“ lyl>* @5 ()b, )| dpn,a(b,y).
+ +

6. PERSPECTIVES

It is worth mentioning that in [I6] the authors formulate an interesting con-
jecture stating that, for arbitrary e > 0, the modulus of the kernel By, on
R? is bounded above by 1 whenever the positive multiplicity function k satisfies
27+ d+a—3 >0 (in the authors’ notation). This conjecture was proved in [16],
pp. 13-14] for d =1 and a = 1, i.e., |By1(A\,x)| <1 forall \,z € R and v > 1/2.
For a = 2, it is well known that the conjecture holds true for all d > 1. We also
mention that in [7] it was proved that for d > 2 and for arbitrary a = 2/n, with
n € N, the modulus of the kernel By, , is bounded above by 1, without additional
conditions on the multiplicity function k.

So, we note that if the previous conjecture is true, the following holds: If we
extend the definition of the (k, a)-generalized translation operator given by
for any d > 1, and if we extend the definition of the (k,a)-generalized wavelet
transform by when d > 1 and % € N, and by (2.12) when d > 1, a € Q4
and % € Q4 \N, then the proofs and results of this paper are true for arbitrary
a € Q4 and positive multiplicity function k satisfying 2v+d+a—3 > 0. The same
conclusion of the Calder6n reproducing formula of [34] is also valid if the previous
conjecture is true.
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