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INVARIANTS OF FORMAL PSEUDODIFFERENTIAL
OPERATOR ALGEBRAS AND ALGEBRAIC MODULAR FORMS

FRANCOIS DUMAS AND FRANCOIS MARTIN

ABSTRACT. We study the question of extending an action of a group I' on
a commutative domain R to a formal pseudodifferential operator ring B =
R((z; d)) with coefficients in R, as well as to some canonical quadratic exten-
sion C' = R((z'/?; %d))g of B. We give conditions for such an extension to
exist and describe under suitable assumptions the invariant subalgebras BT
and CU as Laurent series rings with coefficients in R'. We apply this general
construction to the numbertheoretical context of a subgroup I' of SL(2,C)
acting by homographies on an algebra R of functions in one complex vari-
able. The subalgebra Cg of invariant operators of nonnegative order in CT
is then linearly isomorphic to the product space Mgy = Hj>0 M, where M,
is the vector space of algebraic modular forms of weight j in R. We obtain a
structure of noncommutative algebra on My, which can be identified with a
space of algebraic Jacobi forms. We study properties of the correspondence
Mo — Cg , whose restriction to even weights was previously known, using
arithmetical arguments and the algebraic results of the first part of the arti-
cle.

INTRODUCTION

Several studies in deformation or quantization theories have shown in various
contexts that significant combinations of Rankin—Cohen brackets on modular forms
of even weights correspond by isomorphic transfer to the noncommutative compo-
sition product in some associative algebras of invariant operators (see for instance
[19, [4, [16, 2, [B, 14, 18, I1]). The main goal of this paper is to produce such a
correspondence in a formal algebraic setting for modular forms of any weight (even
or odd), which allows the construction to be applied to Jacobi forms.

The first part deals with the general algebraic problem of extending a group
action from a ring R to a ring of formal pseudodifferential operators with coefficients
in R, and to describe the subring of invariant operators. More precisely, let R be
a commutative domain of characteristic zero containing the subfield of rational

2020 Mathematics Subject Classification. 11F03, 11F11, 11F50, 16532, 16W22, 16 W60.

Key words and phrases. Modular forms, formal pseudodifferential operators, noncommutative
invariants, Rankin—Cohen brackets.

The authors were partially funded by the project CAP 20-25, I-SITE Clermont.


https://doi.org/10.33044/revuma.2057
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numbers, U(R) its group of invertible elements, d a derivation of R, and I' a
group acting by automorphisms on R. We denote by B = R((z;d)) the ring of
formal pseudodifferential operators with coefficients in R. The elements of B are
the Laurent power series in one indeterminate x with coefficients in R, and the
noncommutative product in B is defined from the commutation law

xvf =S d'(f)z"tt for any f € R.

i>0

We also consider some quadratic extension C' = R((y;d))2 of B, with y? =
§ = 1d and the commutation law

of = 3 () 0! forany J e R

This type of skew power series rings was already introduced in various ring-theoret-
ical papers, see references in [6]. We prove (Theorem that the action of I
on R extends to an action by automorphisms on B if and only if there exists a
multiplicative 1-cocycle p : I' — U(R) such that ydy~' = p,.d for any v € T
We describe under this assumption all possible extensions of the action; they are
parametrized by the arbitrary choice of a map r : I' — R satisfying some com-
patibility condition related to p. We give (Theorem sufficient conditions for
the ring BT of invariant operators to be described as a ring of formal pseudodif-
ferential operators with coefficients in R'. We prove (Theorems _ 1.2.9| and [1.3.2] -
similar results for the ring C'; in this case a necessary and sufficient condition to ex-
tend the action of I' from R to C is the existence of some multiplicative 1-cocycle
s : I = U(R) satisfying ydy~1 = s%.d for any v € I'. The subring B is then
necessarily stable under the extended actions, and B is a subring of CT.

These general results are applied in the second part of the paper to the case of
the complex homographic action. We fix a C-algebra R of functions in one variable
z stable under the standard derivation 9, and a subgroup I' of SL(2,C) acting on
R by

(fy)(2) :f(%) for any f € Rand y= (24) €T.

Applying the previous general construction for the derivation d = —3d, and for the
1-cocycles s : v = cz+d and p = s?, we define an action of I' on C' = R((y; —30.))2.
We give in Theorems and a combinatorial description of this action,
whose restriction to B = R((x; —9.)) with x = y? corresponds to the action already
introduced in [4, Section 1]. We consider, for any k € Z, the subspace C,E of
elements in C* whose valuation related to y is greater or equal to k. It is easy to
check that the image of the canonical projection 7y, : C}; — R is included in the
subspace M, of algebraic modular forms of weight k. We construct a family (1) x>0
of splitting maps vy, : My, — C} which gives rise canonically (Theorem to a
vector space isomorphism

U My — CF,  with Mg = [[ My.
k>0
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This correspondence makes it possible, on the one hand, to identify C’}; with a
vector space of algebraic Jacobi forms of weight & (see Corollary , and on the
other, to obtain by transfer a noncommutative product on Mgy. This multiplica-
tion on modular forms of nonnegative weights (even or odd) can be described in
terms of linear combinations of Rankin—Cohen brackets with combinatorial rational
coefficients

f*xg= Wﬁl(wk(f)ﬂ//é(g)) = > an(k,O)[f, gln

n>0
for any f € My, g € My, k,£ > 0. The restriction to modular forms of even
nonnegative weights gives the isomorphism

Uyt MG — By, with M§" = [[50 M2 and Bj = BNCY,

considered in [4, Section 3] (see also [16] [I7]). We discuss at the end of Subsec-
tion 2.3 the obstructions for possible extensions of Theorem [2.3.2] to modular forms
of negative weights. The purpose of Subsection [2.4] is to go further in the study
of the isomorphism W, using the structure of By deduced from the general Theo-
rem More precisely, assuming that R contains an invertible modular form x
of weight 2, B} is the skew power series algebra R''[[u; D]] with coefficients in R,
where u denotes the invariant operator zy and D is the derivation —y '3, of RT.
A natural question is then to describe as a sequence of modular forms the inverse
image by Wy of any invariant operator in Bf, or equivalently of any power u* for
k > 0. The value of \Ilgl(uk) is entirely determined by some family (gx k+i)i k>0
of modular forms of weight 2k + 24, which are zero if i is odd, and which can be
calculated for even i’s in terms of Rankin—Cohen brackets of powers of the modu-
lar form y. Subsection [2.5 explores some ways of extending the previous results to
negative odd weights. We finally mention in Subsection [2.6]as an open question the
possibility of considering the whole study of the second part of this paper for other
choices of the parameter r in the extension of the initial action from functions to
operators.

1. ACTIONS AND INVARIANTS ON PSEUDODIFFERENTIAL AND QUADRATIC
PSEUDODIFFERENTIAL OPERATOR RINGS

1.1. Definitions and preliminary results. We fix a commutative domain R
of characteristic zero containing Q. We denote by U(R) the group of invertible
elements in R. We denote by R{(x)) the left R-module of formal power series
Yo fiz® with f; € R for any @ > 0. It is well known that, for any nonzero
derivation d of R, we can define an associative noncommutative product *g on
R{{x)) by bilinear extension of the canonical identities f*z2" = fz" and z x4 2™ =
2" *xgx = "1 for any f € R and n > 0, and from the commutation law

rxg f = fr+d(f)a® +d2(fzd +---= 3 d"(f)a"T forany f € R, (1.1)
n>0

which implies, more generally, for any integer i > 0,
g xy f = foitl 4 (i + 1)d(f)a+2 + (i+1)2(i+2)d2(f)xi+3 4

= T (D (et 1.2
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4 FRANCOIS DUMAS AND FRANCOIS MARTIN

We thus obtain a noncommutative ring denoted by By = R[[z;d]]. The element
r generates a two-sided ideal in By, and we can consider the localized ring B =
R((z; d)) of By with respect to the powers of . The elements of B are the Laurent
series ¢ = Y., fiz' withm € Z and f; € R for any i > m. The valuation v,(g) of
q is defined by v,(¢) = min{i € Z : f; # 0} for ¢ # 0 and v,(0) = co. The map v,
is a valuation function B — Z U {oo}, and By is the subring {q € B : v,(q) > 0}.
It follows in particular that By and B are domains. The invertible elements of B
are the series ¢ = >, fiz' such that f,, € U(R).

Definition 1.1.1. The noncommutative domain B = R((z; d)) is called the ring
of formal pseudodifferential operators in d with coefficients in R.

Denoting by 0 the derivation —d, relation (|1.1)) can be rewritten as
kg f = fo ' +0(f) forany f € R. (1.3)

It is well known that this relation defines an associative noncommutative product
in the subset A of polynomials in the variable t = =1 with coefficients in R (see
for instance [I0, pp. 11, 19]). This subset A is then a subring of B, denoted by
A = RJ[t; 0.

Definition 1.1.2. The noncommutative domain R[t; 9] is called the ring of formal
differential operators in 0 with coefficients in R.

Denoting by y instead of x the variable in the left R-module R{(y)), another
structure of noncommutative ring (see [6, Example 1.3(d)]) can be defined on
R{{y)) for any nonzero derivation ¢ of R from similar canonical identities and from
the commutation law

yxso [ = fy+0(Ny>+382(f)y® + 283(f)y” + L6 (f)y® + -
— Z (%) («5lc(]c)y2k+17 (1.4)

k>0

which implies, more generally, for any integer i > 0,

k
yss f= [yt Y ( I1 Q(j‘lj““)é’f(f)y%ﬂﬂ for any f € R (1.5)
E>1 \ j=1

This ring is denoted by Cy = R|[[y; 6]]2. As in the previous case, Cy can be em-
bedded in the localization C' = R((y;d))2 of the Laurent series ¢ = >~ fiv’
with m € Z and f; € R for any i > m. The valuation v,(q) is defined by
vy(q) = min{i € Z : f; # 0} for ¢ # 0 and v,(0) = co. The map v, is a val-
uation function C' — Z U {oo}, and Cj is the subring {¢ € B : vy(¢) > 0}. In
particular, Cy and C are domains. The invertible elements of C' are the series
q=> >, fiy" such that f,, € U(R).

Definition 1.1.3. The noncommutative domain C' = R((y; d))2 is called the ring
of quadratic formal pseudodifferential operators in § with coefficients in R.
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By elementary calculations it follows from (1.5 that
Y xsaf = fy°+20(f)y" +48° (f)y*+ - = z (26)"~'(f)y**  for any f € R, (1.6)
>1

which is equivalent to

Yy 250 f=fy 2 —25(f) forany f € R. (1.7)
It follows from this observation that the submodule of Laurent series in even powers
of y is a subring B of C, and the restriction to B of the product 52 is the product
*95 defined by (1.1) and (1.3). Then B can be identified with R((x;d)) setting
2
x =y and d = 20.

Convention. In the rest of the paper, we no longer use the notations #5 5 and *4, and
denote as usual by ¢¢’ the product of two elements ¢ and ¢’ of C' (and, in particular,
of B). We can then formulate some direct consequences of the embedding of B
into C' in the following proposition.

Proposition 1.1.4. Let R be a commutative domain of characteristic zero con-
taining Q. Let d be a nonzero derivation of R.

(i) The ring of quadratic pseudodifferential operators C = R((y; 9))2 ford = %d
contains as a subring the ring of pseudodifferential operators B = R((x; d))
for x = y?, and therefore the ring of differential polynomials A = R[t; 0]
fort=xz"'=y"2 and 0 = —d, i.e.,

A=R[t;—d] C B = R((z;d)) C C = R((y; 3d))2.

(ii) We have vy(q) = 2v;(q) for any q € B, and the subrings By = R|[x;d]]
and Cy = R|[[y; d]]2 satisfy Bo = BN Cy.

(iii) We have C = B @ By, with By = yB, (By)(By) = B and (By)B =
B(By) = By.

Proof. 1t follows by obvious calculations from identities (1.6) and (1.7)). O

The following proposition shows that any automorphism of B (respectively C)
stabilizing R is continuous with respect to the z-adic (respectively the y-adic)
topology. A similar property is proved in [I] for different commutation laws and in
the particular case where R a field. We start with a preliminary technical result.

Lemma 1.1.5. Data and notations are those of the previous proposition. Let { be
a positive integer.
(i) For any q € B of the form q = 14,5, fiz" with f; € R for any i > 1,
there exists an element r in B such tha;q =7t
(ii) For any q € C of the form ¢ =1+ >, fiy" with f; € R for any i > 1,

there exists an element r in C such that ¢ = r*.

Proof. The proof is the same in the two cases above and we write it for B =
R((z; d)). We consider in B an element of nonnegative valuation r = )., g;z* with

gi € R for any i > 0. For any integer £ > 1, we set r’ = Yo geiw® with go; € R
for any ¢ > 0. By a straightforward induction using (1.2), we check that g,; =
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6 FRANCOIS DUMAS AND FRANCOIS MARTIN

Egg_lgi + h¢s, where the remainder h¢; depends only on previous go, gi,...,Gi—1
and their images by some powers of d. Then, for any sequence (f;);>1 of elements
in R, we can determine inductively a unique sequence (g;);>o such that go = 1 and

i = fi forany i > 1, that is, () ,5 gixi)é =1+, fir". O

Proposition 1.1.6. Data and notations are those of the previous proposition.

(i) Let~ be an automorphism of B whose restriction to R is an automorphism
of R. Then v (v(q)) = vi(q) for any q € B. In particular, the restriction
of v to By determines an automorphism of By.

(ii) Let~y be an automorphism of C' whose restriction to R is an automorphism
of R. Then vy(v(q)) = vy(q) for any q € C.

(iii) Let v be an automorphism of C' whose restriction to R is an automorphism
of R. Then the restriction of v to B determines an automorphism of B.

Proof. Let v be an automorphism of B such that y(R) = R. This implies
v~ 1(R) = R. We introduce m = v,(y(z)) € Z and suppose that m < 0. Then the
element z = 1 + 27! satisfies 7(z) = 1 + v(z)~! € By. Consider by point (i) of
Lemma an element r € By such that r? = v(z). Applying the automorphism
v~! we have v, (z) = 2v,(y~*(r)), which gives a contradiction because v,(z) = —1
by definition. Hence we have proved that m > 0. It follows in particular that
v(By) C By. Using the same argument for y~!, we conclude that v(By) = By. In
other words, the restrictions of v and v~ ! to By determine automorphisms of By.

We prove now that m = 1. In By, we can write y(z) = f(1 + w)a™, with
f € U(R) (because y(x) is invertible in B) and w € By such that v, (w) > 1. Tt
follows that

z=y"1 A+ w)y (@)™,

and then v, (v "1(f)) + v (v (1 + w)) + muv.(y~(z)) = 1. Since v 1(R) =
have v, (y~1(f)) = 0. The element 1 + w is invertible in By, hence v~ (1 + )
invertible in By, therefore v, (y~!(14+w)) = 0. We conclude that mv,(y~*(z)) = 1,
then m = 1 and the proof of point (i) is complete. The proof of point (ii) is smlllar
replacing By by Cy, = by y and v, by v,,.

Let v be an automorphism of C' such that y(R) = R. We deduce from relation
that v(y) “2y(f) — v(f)7(y) =2 = —y(d(f)) for any f € R. With the notation
z = v(y)~2, we obtain zf — fz = —vdy"'(f) € R for any f € R. By point (ii),
we have vy(z) = —2. Using point (iii) of Proposition we have z = q + ¢'y,
with ¢,¢' € B, vy(q) = =2, vy(¢’) > —2. Since qf — fq € B for any f € R,
we deduce from previous identity that ¢'yf — f¢'y € B for any f € R. Suppose
that ¢’ # 0 and set ¢’y = > .o, foir1y* ™!, with £ > —1, fo;11 € R for any
i > —1 and fopy1 # 0. Using , we have in C, for any f € R, the expansion
qyf—fq'y = (20+1) farr16(f)y* 3+ - -, which is incompatible with the fact that
qdyf — fq'y € B and ¢ is a nonzero derivation. Then we have necessarily ¢’ = 0,
that is, 2 € B. In other words, y(z~!) € B. Hence v(x) € B, and the proof is
complete. O
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1.2. Extension to B and C of actions by automorphisms on R.

Notations 1.2.1. We take all data and notations of Proposition[I.1.4] We consider
a group I' acting by automorphisms on the ring R. We denote this action on the
right as follows:

(fnA=fv forall feR, v, €T. (1.8)
A 1-cocycle for the action of I" on the group U(R) isamap s: I' = U(R), v+ s,
satisfying
Syyr = (847 )sy  forall 4,7" € T (1.9)
We denote by Z'(I', U(R)) the multiplicative abelian group of such 1-cocycles.

We answer the following two questions: give necessary and sufficient conditions
for the existence of an action of I' by automorphisms on B or C' extending the given
action on R, and describe all possible extended actions. We need some definitions.

Definitions 1.2.2. Data and notations are those of [[L2.1]

(i) The action of " on R is said to be d-compatible when, for any v € T, there
exists py, € U(R) such that

d(f) v =p,yd(f-v) forany fe€R. (1.10)
This condition defines uniquely a map p : I' — U(R), vy + py, and
p € ZYT,U(R)). This map p is called the 1-cocycle associated to the
d-compatibility.
(ii) The action of I" on R is said to be quadratically d-compatible when there
exists an element s € Z'(T', U(R)) such that

d(f)~7:sg/d(f-'y) for any v € I" and any f € R. (1.11)
Such a map s is called a 1-cocycle associated to the quadratic d-compatibi-
lity. It is not necessarily unique since any map s’ = es, where ¢ is a

multiplicative function I' — {—1,+1}, is another element of Z}(T',U(R))

satisfying (1.11)).

Remark 1.2.3. Any quadratically d-compatible action is also d-compatible. Since
0= %d and 0 = —d, the d-compatibility is obviously equivalent to the §-compatibi-
lity or the 0-compatibility.

Examples 1.2.4. 1. For any commutative field k of characteristic zero, the group
' =kx k* for the product (u, \) (', \') = (Ap' 4 p, AX) acts by k-automorphisms
on the domain R = k[z] by (f - v)(2) = f(Az + p) for v = (p,A) € T. It is
clear that 9.(f) -y = A"10.(f - ) for any polynomial f € R. Hence this action
is 0,-compatible, with p € Z1(I',k*) defined by p : (u,A) — A~L. If k is not
algebraically closed, the action is not necessarily quadratically 0,-compatible.

2. Let k be any commutative field of characteristic zero and R = k(z) the field
of rational functions in one variable with coefficients in k. The group I' = SL(2, k)

acts by k-automorphisms on R by (f-y)(z) = f (’\Z+”>, where v = (:‘] ‘g) el We

nz+§
have 0. (f)-v = (nz+£)%0.(f ) for any rational function f € R. Hence this action
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8 FRANCOIS DUMAS AND FRANCOIS MARTIN

is quadratically 0,-compatible, with s € Z}(I', R*) defined by s : (2 ‘g) —nz+E&.
This kind of action is the main object of the second part of the paper.

We are now able to answer for B the questions formulated at the beginning of
this subsection.

Theorem 1.2.5. The action of I' by automorphisms on R extends to an action of
T by automorphisms on B = R((x;d)) if and only if it is d-compatible. We then
have

ety =pat +p,r, foranyy €T, (1.12)
where p € Z*(T,U(R)) is the 1-cocycle associated to the d-compatibility and r is
an arbitrary map I' — R satisfying the identity

Ty = Ty -|-p;,1(r7 ") forall v,y €T. (1.13)

In particular, this action extends to an action on B if and only if it extends to an
action on the subring A = R[z~1; —d].

Proof. Suppose that I" acts by automorphisms on B with R-~v = R for any v € I.
We can apply point (i) of Proposition to write
ety =gaa + g0+ Y gia,

Jj=1
with g; € R for any j > —1 and g_; # 0. Moreover, x~! € U(B) implies that
(x=!-v) € U(B), which is equivalent to g_; € U(R). Applying v to (1.3), we
obtain (z71-4)(f-7) = (f-y)(x~t-~) = —d(f) - v for any f € R. Since f -~ € R,
we can derive the identity

lg—127 (f ) = (f - 1)g=—127 T+ [go(f - 7) = (f - 7)g0]
+ gl[gjwj(f ) = (f - 1ga’] = —d(f) -7
i>
The first term is g_1[z71(f-v) — (f-v)x~1] = —g_1d(f -v) € R. The second term
is zero by commutativity of R. The third term is of valuation > 1. So we deduce
that
—g-1d(f-7) = —d(f)-y and ;[gjffj(f-v)—(f-w)gjfﬂj] =0 forany f€R.
i>

Setting p, = g_1, we have p, € U(R) and the first equality means by definition
that the action of I' is d-compatible. We claim that the second assertion implies
g; = 0 for all j > 1. Suppose that there exists a minimal index m > 1 such that
gm # 0. Calculating with relation (1.2]), we have EjZm[gja:j(fﬁ) —(f7)g;27] =0,
then mg,,d(f-v)x™*1 +--. = 0 and therefore d(f-~) = 0 for any f € R. It follows
by d-compatibility of the action that d = 0, hence we get a contradiction. We have
proved that 71 -y = g_1271 + g with p, = g_1 € U(R) satisfying Definition
(i). Then we set 7, = (9—1) " 'go. We have 2! -~ = p 2~ + p,r.. Relations (1.9)
for p and (1.13)) for » follow from relation (x=1-~) -y =271 . 47

Conversely, let us assume that the action of I on R is d-compatible. Denote by
p the 1-cocycle associated to the d-compatibility. Let us choose a map r: I' = R
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satisfying ; the existence of such maps is discussed in Examples below.
For any v € I', we set ¢y = p,r,. To prove that the action on R can be extended
to B, it is enough to check that we have (z=1f) -y = (z=1-v)(f-7) for any f € R,
where 7! - v is defined by formula . So we calculate, for f € R,

(P +a)(f ) = (f -7y~ +qy)
=py (@ (fv) = (f- ™) = —pyd(f 7).

Using we obtain (pyz~' +¢,)(f-7) = (f - ¥) (s~ " + ¢y) = —d(f) - v for
any f € R. Hence by we obtain an action of I' by automorphisms on the
polynomial algebra A extending the initial action on R. The element p, + g,z is
invertible in By and the element 71 - v = p,z~! + ¢ is invertible in B because
py € U(R). Then we define an action of I' by automorphisms on B extending
the action on A by setting z-v = (27! -4)~! = z(py + ¢y2)~ . The condition
(u-v) v =u-vy for any v,7 € T' and any u € B follows from for p and

(1.13)) for r. O

Corollary 1.2.6. If the action of I' by automorphisms on R is d-compatible, then
it extends to an action of I' by automorphisms on B defined by

x7ly = pymfl, or equivalently x-v = xp;l => dj(p,;l)achr1 for any v €T,
j=0

where p € ZY(T',U(R)) is the 1-cocycle associated to the d-compatibility.

Proof. We just apply Theorem for the trivial map r defined by r, = 0 for any
~ € T', which obviously satisfies (1.13]). O

Examples 1.2.7. We consider a d-compatible action of I' on R. Let p be the
1-cocycle associated to the d-compatibility. Relation can be interpreted as
a 1-cocycle condition for the right action of I on R defined by (f |v) = p;l(f -9)
for any v € T' and f € R. We denote by Z; (T, R) the additive group of maps
r: I' = R satisfying . We consider here various examples for the choice of
T E Z;(F, R).

1. The case r = 0 corresponds to the extension described in Corollary
If r is a coboundary (i.e., there exists f € R such that r, = p;l(f )= f
for any v € I'), then we can suppose up to a change of variables that r = 0,
because the element 2/ = (2! — f)~! satisfies B = R((2';d)) = R((x;d))
and /71 -y = p /7! for any v € I.

2. A straightforward calculation proves that the map r : I' — R, defined by
Ty = —p,;ld(pv) for any v € T, is an element of Z; (T', R). The correspond-
ing action of I' on B is given by 7! - v = p,a~! — d(p,) = 2~ 'p, for any
vyeTl.

3. For any r € Z}(I',R) and any x € R", kr is an element of Z}(I', R). The
corresponding action of I on B is given by 27! - v = p,a~! + kp,r, for
any v € I'. If we suppose moreover that x € U(R), then 2/ = (k~tz=1)~!
satisfies B = R((x;d)) = R((z'; x~'d)), and we obtain 2/~ ! -y = p,a'~! +
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p7 for any v € I'. Up to a change of variables, these cases where x € U(R)
reduce to the case kK = 1.

In order to obtain for C' an extension result similar to Theorem [[.2.5] we need
the following technical lemma about square roots in C.

Lemma 1.2.8. Let ¢ = .-, 9:y" be an element of C, with g; € R for any i > 2,
go # 0. We suppose that there exists e € U(R) such that g = €>.
(i) There exists a unique element z € C of the form z = ey + Y 5, €y, with
e; € R for any i > 2, such that ¢ = 2.
(ii) The only other series 2’ satisfying 2’ % = q is 2’ = —=z.
(iii) Moreover, if ¢ € B, then z € By.

Proof. We compute inductively the coefficients e; of z for ¢ > 2 by identification in
the equality 3 ;- gyt = (€y+2i22 eiyi)Q. Using (1.5]) in the expansion of the right
hand side, we observe that 22 = e2y? 4 (2eze)y> + (2eze+e3+ed(e) )y +- - - = e2y%+
Y oi>s(2eei_1 + hi_2)y, where the remainder h;_» € R depends only on previous
elements e, es, ..., e;_o and their images by §. Therefore e; 1 = (26)71(92' — hi_9)
and the proof of (i) follows by induction.

Since R is a domain, the only other element ¢/ € R satisfying /2 = g is ¢/ = —e,
then point (ii) follows from point (i).

By point (iii) of Proposition we have z = u+u'y, with u, v’ € B, vy(u) > 2,
vy(u') = 0. Suppose that u # 0 and set u = .o, fo;y* and v/ = .o fh,y%,
with m > 1, fa, fo; € R, fom # 0 and f} = e. Then ¢ = (u + v'y)? = (v* +
w'yu'y) + (vu'y + vw'yu) and the assumption ¢ € B implies uu'y + v'yu = 0 using
point (iii) of Proposition By (1.4) and (1.6) we have

wd'y +u'yu = (famy™™ + - )ey + )+ (ey + ) (famy™™ 4+ -)
= 2fomey?
with 2fo,,e # 0. Hence we get a contradiction. O

Theorem 1.2.9. The action of T' by automorphisms on R extends to an action of T’
by automorphisms on C = R((y; 3d))2 if and only if it is quadratically d-compatible.
In this case B = R((x;d)) is stable under the extended action.

Proof. Suppose that the action extends to an action by automorphisms on C. By
point (ii) of Proposition we can consider the map I' = U(R) , v — s, defined
by y-v = s;ly—k- -+ Writing (y-7) -7 = (5" '7')5;,1y+~ -+, we observe with
that s € Z1(I', U(R)). Moreover it follows from point (iii) of Propositionthat
the action restricts in an action of B. Since x™ -y = (y~!-7)? = (syy 1+ )2 =
s2z~' + .-+, we deduce from Theorem that s, satisfies condition (1.11]);
therefore the action is quadratically d-compatible.

Conversely, assume now that the action of I" on R is quadratically d-compatible.
There exists some s € Z'(I',U(R)) satisfying (1.11). Then the map p : vy s,2y
lies in ZY(T,U(R)) and satisfies (1.10). Let r be any map I' — R satisfying
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(1.13). By Theorem we define an action by automorphisms on B by setting
z oy =pat+ p,yr,y for any v € I‘ The expansion of its inverse in B is of the
formz-y = s 2x+---. By Lemma 8l there exists a umque element 7., € C' such
that yA/ = z -y and whose expansion is of the form gy, = s> Ly +---. In particular,
it follows from the action of v on relation ) that

Gl =17+ X 2N 7_1)) )7y forany f €R. (1.14)

k>2

We extend the action of v to C' by setting y -y = y,. To prove that ¢ — ¢ -~
defines an automorphism of C, it is sufficient by (| . ) to prove that

./ = fyﬁzgki’,z?' ((@*(f -7 1) - NP forany feR (115)

Since y, = s, Yy+4--- with s7' € U(R), any element of C' can be written as a series
in the varlable Y, with coefficients in R. In particular, for any f € R, we have
Yy = [+ 05100 (/)gi*!, where (6, )n>1 is a sequence of additive maps R — R.
Hence 72 f = f72 4+ 2,50 An(f)75 ! with the notation A, = Z;:Ol 8; 0 0n—j—1,
where §y = idr. The identification with leads to A, = 0 for even n, and
A, = (20")*~! for odd n = 2k — 1, where ¢’ is defined by &'(f) = §(f -v71) - v
for any f € R. It follows by a straightforward induction that §, = 0 for any
odd n, then Ay = Ziﬂ':kﬂ 25 0 09;, and finally 69, = %
is satisfied. Because (s -7’)3;,1 = s;i, for all v,7" € T, we deduce from
(x-v) -+ =z vy with Lemma that (y-v) -+ =y -~vy. We conclude that
this construction defines an action of I' by automorphisms on C'. O

8k, So relation

Corollary 1.2.10. We suppose that the action of T' by automorphisms on R is
quadratically d-compatible.

(i) Let s € ZYT,U(R)) be a 1-cocycle associated to the quadmtz’c d-compatibi-
lity. For v € I, let y, be the square root of :cs,y , whose coefficient of
minimal valuation in its expansion as a series in the variable y is s,yl,

Then the action extends to an action of I' by automorphisms on C defined

from

y-y=y,=s"y+-- foranyyeTl.

(ii) The other extensions of the action are given by y-~v = €Yy foranyy €T,
where € is a multiplicative map T — {—1,+1}.

Proof. We apply the second part of the proof of Theorem to the case where
r is defined by 7, = 0 for any v € I'. O

1.3. Invariants in B and C for the extensions of actions on R. We take all
data and notations of Proposition For I' a group acting by automorphisms
on B (respectively on C) stabilizing R, we give sufficient conditions for the in-
variant ring BY (respectively CT) to be described as a ring of pseudodifferential
(respectively quadratic pseudodifferential) operators with coefficients in R'.
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Theorem 1.3.1. Let T be a group acting by automorphisms on B = R((z;d))
stabilizing R. We assume that there exists in BY an element w = gx~' + h with
h € R and g € U(R). Then the derivation D = gd restricts to a derivation of R,
and we have AT = RF[w; —D], By = RV[[w™!; D]] and B* = R'((w™!; D)).

Proof. Since g is invertible in R, any polynomial into =1 can be written as a

polynomial into w. We have wf — fw = gz~ 1f — fgz=' = —gd(f). Hence A =
R[w; —D] denoting D = gd. For any f € R', wf — fw € R' because w € B'.
Hence the restriction of D to R is a derivation of R'. Since w is invariant, an
element of A written as a polynomial in w with coefficients in R is invariant if and
only if any coefficient lies in RY. We conclude that A" = R [w; —D].

The element u = w™! € B} satisfies v, (u) = 1 and its dominant coefficient g1

is invertible in R. We have x = g(1 + z)u for some z € By satisfying v,(z) > 1.
Then u is a uniformizer of the valuation v, in By, which means that any element
of By can be written as a power series in the variable u with coefficients in R. In
particular, for ¢ = >°. fiz" an element of B} with f; € R, it follows from point (i)
of Proposition that fo € RY and ¢ — fy € BY. We have q — fo = ¢'u with
¢ = (Xis0 fi+12")g(1 + 2) € Bo. Since ¢, fo and u belong to Bf, we deduce that
q' € BY. We have proved that for any ¢ € B}, there exist fy € R' and ¢’ € B}
such that ¢ = fo + q'u. Applying this process for ¢/, there exist f; € R' and
q" € B} such that ¢ = fo + fju + ¢""u?. Tt follows by induction that ¢ lies in the
left RF-module R ((u)) of power series in the variable u with coefficients in RT'. We
conclude that BY ¢ RU'((u)). The converse inclusion is clear, so BY = R ((u)). In
particular, R' ((u)) is a subring of By. Hence, for any f € R', there exist a sequence
(6n(f))n>0 of elements of R" such that uf =3 -, ,(f)u"*'. The commutation
relation wf — fw = —D(f) becomes uf — fu = uD(f)u. We compute uf =
futuD(fyu = fu-+ [D(fu+uD*(fyulu = fu+ D(f)u + [D(f)u+uD(fules,
and conclude by iteration that d,(f) = D™(f) for any n > 0. In other words,
BY = R [[u; D).

Let R ((u; D)) be the localized ring of Bf with respect to the powers of wu.
Since u is invertible in B, we have R" ((u; D)) C B, and therefore R' ((u; D)) C BT.
Conversely, for any f € BY, there exists an integer n > 0 such that fu” € By; since
fu™ € BY = R'[[u; D]}, we deduce that f € R ((u; D)). Hence BY' = RY((u; D))
and the proof is complete. O
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Theorem 1.3.2. Let T’ be a group acting by automorphisms on C = R((y;0))2
stabilizing R. Denote by s the 1-cocycle in Z*(T,U(R)) defined by y-v = s;ly—i—' o
for any v € T. We assume that there exists in C' an element w = e?y~2 + h with
h € R and e € U(R) such that e -y = s;le for any v € T'. Then the derivation
A = €26 restricts to a derivation of R', and denoting by v the square root of w1
whose expansion starts with v =e 'y + ---, we have C¥' = R ((v; A))2.

Proof. Let us recall that the existence of the map s follows from point (ii) of
Proposition m We know by point (iii) of Proposition that B is stable
under the action of I' on C'. We can apply Theorem with g = €? to deduce
that D = e?d = 2¢%§ restricts to a derivation of R' and B" = R'[[u; D]], where
u=w"1 € BY. Since u = e 2y? +--- lies in B, it follows from Lemma that

there exist in C' two elements v = 3., g;57 and v’ = —v such that v* = v'* = u,

with g; € R for any j > 1, g; = 0 for any even index j and g; = e~!. For any
v€T,wehave u = u-y= (v-v)% Thenv-vy = +v. Sincev-y = (e ly+---)-y=
sﬁye’l(s;ly + ) + - = e’ly + .-+, we are necessarily in the case v -y = v.
Therefore v € CT. Let us set v = e~ (1 + 2)y, where z = 2322 eg;y? 1 € Cp with
vy(z) > 1. Similarly there exists 2’ € Cy with v, (2") > 1 such that y = e(1 + 2')v.
Then v is a uniformizer of the valuation v, in Cy, which means that any element of
Cy can be written as a power series in the variable v with coefficients in R. Using
inductively point (ii) of Proposition we can prove, in the same way as in the
proof of Theorem that C}' = RY(v)). In particular, R" (v)) is a subring of
Co. Hence, for any f € RY, there exists a sequence (8, (f))n>0 of elements of RT
such that vf = >, o, 6, (f)v" !, Comparing with relation v=2f — fv=2 = —D(f),
which follows from Theorem [I.3:1} direct calculations show that d; = 0 for any
odd index i, and dg = %(%)k In other words, C*' = R'((v;A))2, where
A=1iD. O
Corollary 1.3.3. Under the assumptions of the previous theorem, and defining
in RY the derivations A = €26 and D = 2A = e2d, we have the following ring
embeddings:
A=R[z7';—d “———= B=R(;d) “———= C=R((y;0)2

=y

Al = RV w; -D] “—— B' = R'(w~1; D)) (r; Cl = RV ((v; A))a.

Proof. Tt is a joint formulation of Theorems [I.3:1] and [[.3:2] O

1.4. Weighted invariants in R and equivariant splitting maps. The data
and notations are those of We introduce, for any quadratically d-compatible
action of a group I" on R, a natural link between the invariants in C or B and some
weighted invariants in R.

Definitions 1.4.1. For any 1-cocycle s in Z1(I', U(R)) and any integer k, we define
(flx7) = s5%(f-y) forany f€ R,y €T, (1.16)
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14 FRANCOIS DUMAS AND FRANCOIS MARTIN

It follows from relations (|1.8)) and (|1.9) that

(flxN)ey") = (flxry') forany fe R, ~,7 €T.

Hence relation (|1.16)) defines a right action of T on R, named the weight k action
associated to s. In particular, the weight zero action is just the original action of
I' by automorphisms on R:

(floy)=f-v forany fe R, y€T.

We introduce the additive subgroup of weight k invariants

Mk:{fER:(f\;w):fforanywel"}:{feR:fﬂy:sgfforanvaF}.
(1.17)
We have My = RY and MM, C My, for all k,{ € Z.

Notations 1.4.2. We suppose that the action of I' is quadratically d-compatible on
R. Let s € ZY(I',U(R)) be a 1-cocycle associated to the quadratic d-compatibility.
We define p = s* € ZY(T,U(R)) and we choose a map r : [' — R satisfying
(1.13). We consider the actions of I" on B and C' determined by Theorem and
Corollary [1.2.10l. We denote by BT and CT the corresponding invariant rings. For
any integer k, we introduce:

Cr={qeC:vy(q) >k}, Cl =CLncCt,

B, ={q € B:v;(q) >k}, Bf = By nB".

Proposition 1.4.3. Let k be an integer.

(i) Let 7 : Cx — R be the canonical projection > <, fiy* — fx. The restric-
tion of Ty, to C}; defines an additive map my, CE — M.

(i) Let Ty : By — R be the canonical projection ., fixt — fi. Then Ty is
the restriction of mop to By, and its restriction to B}; defines an additive
map T B}; — Moy,

Proof. For any ¢ = > .-, fiy® € Cy with f; € R, f # 0, and for any v € T, it
follows from Theorem that

g v = (N6 Y+ )+ Frer 6Ty )

Then ¢ - v = (f - ’y)s;kyk + ---. Hence ¢ -+ = ¢ implies (fx "y)s;k = fr,
or equivalently fr € My by (1.17). Point (ii) follows from the second part of
Theorem [1.2.9 O

Problem 1.4.4. Point (i) of this proposition leads to the natural question of
finding additive right splitting maps 1y, : My — C} such that 7y o ¢ = idy, .
Solutions arise by restriction if we can construct ¥ : R — CY} satisfying 7y o ¢, =
idg and the equivariance condition

Ui((flxy)) = Yr(f) -y forany y €T, feR.

In the particular case of even weights the corresponding question of finding splitting
maps ok : Mo, — Bl was solved in [4] and [I6] in various contexts involving
modular forms.
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2. APPLICATION TO ALGEBRAIC MODULAR FORMS

2.1. Homographic action on R.

Notations 2.1.1. In order to apply the previous algebraic results in the arith-
metical context of modular forms, we specialize the data and notations of [[.2.1]
From now on I' is a subgroup of SL(2,C), and R is a commutative C-algebra of
functions in one variable z, which is a domain. In the following we suppose that:

(i) T acts on the right by homographic automorphisms on R:

(f () = f (22£2) forany fe Randy = (2}) €T; (2.1)

(i) z+ cz2+d € U(R) for any y = (24) €T}
(iii) R is stable under the standard derivation 0, with respect to z.

Examples 2.1.2. A formal algebraic example of such a situation is the case where
R = C(z), the field of complex rational functions in one indeterminate. Number-
theoretical examples can arise from the following construction. Assume that I is
a subgroup of SL(2,R) and denote by H = {z € C : Im(z) > 0} the Poincaré
upper half-plane. Then H is stable by the homographic action of I'; and various
subalgebras R of holomorphic or meromorphic functions on H satisfy the previous
conditions. For instance:

(1) Ry = Hol(H), the algebra of holomorphic functions on H.

(2) Re = Mer(H), the field of meromorphic functions on H.

(3) For I C SL(2,Z), R is the field of f € Mer(#H) such that, for any p €
P1(Q), there exists an H-neighborhood V), of p such that f has neither zero
nor pole in V,. Here we consider the hyperbolic topology on H = HUP; (Q),
where a fundamental system of H-neighborhoods of p € P1(Q) is given by
the upper half-planes {Im(z) > M} for p = oo and by the open disks
D, ={ze€eH:|z—(p+ir) <r} for p € Q. We can prove (see for
instance [9, Theorem 2.11 of Chapter VI]) that R§L(2’Z) = C(j), where j
is the modular invariant. It follows in particular that the field R3 satisfies
RL # C for any subgroup I of SL(2,7Z).

Notations 2.1.3. With data and notations from [2.1.1]} we introduce, according to
Proposition the noncommutative C-algebras

A= R[z™1;8.] C B= R((;d.)) € C = R((y;0.))
with x = y?, d, = =0, and §, = %dz.
Lemma 2.1.4. The map s : T’ — U(R),y — sy defined by
sy(z)=cz+d foranyy=(2Y) el (2.2)
is a 1-cocycle for the action of I.

Proof. A straightforward calculation using (2.1) proves that (1.9) is satisfied. O

Rev. Un. Mat. Argentina, Vol. 65, No. 1 (2023)



16 FRANCOIS DUMAS AND FRANCOIS MARTIN

Definitions 2.1.5. Since s € Z*(I',U(R)), we can apply Definitions to in-
troduce, for any integer k, the weight k action of I' on R defined by

(fle7)(2) = (cz +d)*kf (f‘j—ﬂ) for any f € R and v = (‘C‘ 2) erl,
and the C-vector space of algebraic weight k modular forms on R:

My ={f € R: (flxv) = f for any v € T'}.

In particular, for k£ =0,

(floy)=f-v and My=R".

Notations 2.1.6. In the following we use the notations

M, = HMk, MG = HMgk for any j € Z,

k>3 k>3
€ e
M. = JM;, MY =M,
JEZ JEZ

with the convention M;, C M, for j; > jo. Throughout the rest of the paper,
we suppose that My N M, = {0} for all integers k # ¢. In the classical situations,
it is sufficient, for this additional hypothesis, to assume that I contains at least
one matrix (‘Z %) such that (c,d) ¢ {0} x Usg, where Uy, is the group of roots of 1
in C. Observe that this excludes the unipotent cases where I' C {({ %) : a € R}.
Then an element f of M, can be denoted unambiguously by f Zk>] S, where
Jr € M.

Remark 2.1.7. For k£ and m nonnegative integers, denote by Ji ., the space
of algebraic Jacobi forms on R of weight k£ and index m, defined as functions
® : H x C — C satisfying the Jacobi transformation equation

k 2immez?

o (Zjitg’ czid) (CZ + d) eztd (b(Z, Z) for any vy = ( ) c F

and admitting around Z = 0 a Taylor expansion ®(z,2) = Y -, X, (2)Z" with
X, € R for any v > 0. Note that J ., is isomorphic to Jj 1 for any m > 1 via
the map Z — /mZ. Then, for any k > 0 and m > 1, the vector space Jim is
isomorphic to My; an isomorphism is explicitly described in [7, p. 34], where the
space Jj,m is denoted by Mj, p,.

2.2. Homographic action on B and C. The data and notations are those

of 2.1.3

Lemma 2.2.1. The homographic action of I' on R is quadratically O,-compatible,
and an associated 1-cocycle is the map s defined by (2.2)).

Proof. We have already observed in example 2 of that, for any v = (‘; 3) el

and any f € R, we have 0.(f - 7)(2) = (cz + d)~20, f(‘c‘jis) In other words,

d.f -~y = s20.(f - ). From Definition m (ii) and Lemma the lemma is
O

proved.
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We can then apply the results of the first part of the paper: for the canonical
choice r = 0 (see example 1 of [1.2.7)) we obtain the following results.

Proposition 2.2.2.

(i) The homographic action of T' on R extends to an action by automorphisms
on B defined by

(7M7) = (cz+d)*a~" foranyy=(24) €Tl. (2.3)
s oo Jnx™ € B with f, € R, we have
(@)= X (fa-N@ )™ foranyyel.

n>—oo

Consequently, for any ¢ =",

(ii) The homographic action of T on R extends to an action by automorphisms
on C defined by
W) = (cz+d) "ty +--- foranyy=(24) €l

where this Laurent series is the square root in C of (z|y) = z(cz +d)~2,
whose term of minimal valuation is (cz + d)~'y. Consequently, for any
4= ns_oo Jny" € C with f, € R, we have

(alv)= > (fa-NlN" foranyyeT.
n>-—oo
(iii) The subalgebra B of C is stable under the action (ii), and the action (i) is
the restriction to B of the action (ii).

Proof. We apply Theorem and Theorem [1.2.9 O

The following two theorems give explicit formulas describing the action of " on
B and C' introduced in Proposition

Theorem 2.2.3. The extension to B and C' of the homographic action of I' on R
given by Proposition satisfy

(@) = X+ Dz +d)72 () ot (2.4)
n>0
W) = T ER e+ ) (ag) vt (2.5)

forany'y—( )EI‘
Proof. From relations (|1.1)) and ([2.3), we have

(@) = (& )t —ales+d)? = F d (et d et = ¥ 8 (25) e,

u>1 u>1

which proves formula ([2.4). We find here the action of I described in [4], formula
1.7).

In order to prove (2.5), we introduce the expansion (y|v) = Y,5; a;4" in C with
a; € R. Using the identity (y|v)? = (z|7y) we prove by induction on i that a; = 0
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for even i and that there exists a sequence (p;);>1 of complex numbers such that

) J ..
(117) = $yo1 2 (55) 9%~ Then we have

W= 5 e (a5a) [ (a5a) Jvm

n,m>1

From (|1.5)), and using the combinatorial identity

s—1

H(2m+1+22)_2—9% for any m >0 and s > 1, (2.6)

i=0

n—1p _ @ONn=1)! _ de ") o .
we have y*"~ f = £>%:71 Tan—2)l =T =—nsin Y *1, and an easy computation
s dt e V™) = et 0t (e N e deduce that
gives d; ( ( 54 CEM T . We deduce tha

20+42m

£+m+1
2= nfm (20)!(n—1)!(m+E—n)! .
(y‘f}/) - Z>1 % E>Z 1 45_”*—1(Z*’ﬂJrl)!(anQ)!ﬂ(mfl)! (cz+d)
n,m>= n—

puti—ipm  (2u—2m)l(u—i)!(i—1)! | 1 vt g
;1 ( 21 Z i :;11 p= (2;2i;7(uuml)!(7:11)!> E (czid) ¥,
u> m=1i=m
with the change of variables u = £+ m, and i = v+ 1 — n. By identification in the
equality (y|v)? = (z|v), the coefficients p; satisfy, for any u > 1, the equation

u u

wtl—iPm  (2u—2m)l(u—i)!(i—1)! __
mz::1 Z;n TG ((2u72i)!(u7m))!(m71)! = ul (2.7)

The relation for u = 1 gives p? = 1, then the choice of sign for p; determines
inductively all the terms p,, u > 1. Hence relation (2.7)) determines uniquely up to

sign the sequence (py)u>1. Therefore the proof will be complete if we check that

(2u—1)!(2u—2)!

the coefficients p, = m satisfy relation (2.7)). Then we have to prove

that, for any u > 1,

u

Z (2u—2m)!(2m—1)!(2m— 2)'A(u,m),=U! (28)

42utm=2(m—1)14(u—m)!

with the notation A(u,m) = _Z G(u,m,i) and G(u,m,i) = %
Using Zeilberger’s algorithm (see [I3]) we obtain the following relation, which is
easy to check directly:

(du+6)G(u,m,i) — (u+1—m)Gu+1,m,i) = H(u,m,i + 1) — H(u,m,1),

4% (i—1)!(2u+3—24)!

where H(u,m,i) = T=m= Dt 1=

Then the summation on ¢ gives the relation

u—1
(du+6)A(u,m) — (u+1—m)A(u+1,m) =0, so A(u,m) = A(m,m) %

Using A(m,m) = 4™(m — 1)! and (2.6) we obtain A(u,m) = 4’”%.

So equation (2.8]) is equivalent to T'(u) = 1, where T(u) = Z K(u,m) with
m=1
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INVARIANTS OF FORMAL PSEUDODIFFERENTIAL OPERATOR ALGEBRAS 19

K m) = f2E Cp i st
we find the relation
K(u+1,m)— K(u,m) = J(u,m) — J(u,m+1)

with J(u,m) = 16uuf&;ﬁﬁ;ﬁy(12)’!‘(';11!2()2@121)1771)!2. The summation on m gives

T(u+1) —T(u) = 0, so T(u) = T(1) = 1 for any v > 1, and the proof is
complete. O

Using again Zeilberger’s algorithm

The next step is to describe the action of I' on any power of y. We proceed
depending on the parity and the sign of the exponent. In particular, relations

(2.10) and (2.9) below are related to the action (2.4) on B and already appeared
in previous studies about modular forms of even weight [4] [16].

Lemma 2.2.4. For any k € N, we have

(7 19) = @ 419) = T al(5) () ez + )2 (=) 2, (2.9)
0P = (@) = S () (I e+ ) () et 210)

07 1) = il 3 e ez )7 () e
- (2.11)
(521 ) = G ez 4 )bt 2 e (i ()
- R e () 212

Proof. For the negative even powers of y (the negative powers of x), we prove rela-
tion inductively using the formulas (x71|y) = (cz + d)?z~! and (z7*k71|y) =
(xY5) (2 *|7) for k > 0 with the relation = f = fz~! 4+ 9, f.

For the positive even powers of y (the positive powers of x) set, for any k >
L (v ]y) = X, 0 ak(n)(cz + d)~2k—neny?k 20 with agx(n) € C. Equations
(z7'y) = (cz +d) 27" and (y**|y) = (@) (Y**"?]7) give, for n > 1, the
relations ag41(n) = (2k + n 4+ Dagyr1(n — 1) + ag(n). Then a double induction
on k and n proves relation using the expression of a;(n) for any n > 0 and
ar(0) =1 for any k > 0.

We consider now relation . Let k > 0; using (2.10] and the relation

S
(1PH1) = @ () we obtain 1+ = 3 (Czi;gzzﬂﬂ (c;d) yPhriess,

where a(s) = 3 GRS, (), with ,.(r) = T SHIEE
By Zeilberger’s algorlthm we deduce (k+ s+ 2)8k,s(r) — (s =7+ 1)Bs41(r) =0,

which proves that S s(r) = %, more precisely, we have the relation

(k+s+2)b(s,4) —(s—r+1b(s+1,j) =G(s,j+1)—G(s,7),
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. s—r—7)!(r+3)! . s—r—7j 1(r+q)!
where b(s, j) = W and G(s,j) = (k(}ll)!(sjilf)jg:f)jl) ‘

Applying again Zeilberger’s algorithm to C(s,r) = %gj?;g?igﬁ:i;;)ﬂ)!, we
obtain
(2s+2k+3)(2s+2k+1)C(s,r)—4(s+1)(k+s+2)C(s+1,r) = H(s,r+1)—H(s,r),
. 4(k+s—r)!(2s+1)!(27)!
with H(s,7) = 16T((sfr+1)3(5c+r)l()r(flg!r!2'

It follows that ay(s) = © ,glr;)l !)(!5 ,L()?f ;ff(),;(ff)f (isjﬁ!l)!, which proves formula (2.11]).

Finally, for formula (2.12)), set

_9ok . k— . i k ;
W) = 3 acai)es + P (g ) T,
3>
with a_x(j) € C. The equality (y=271v) = (z7|y)(y~2*+1|y) gives, for any
nonnegative j, the relation

o k+1)(J) = a—k(j) + 2k — jla—i(j — 1), (2.13)
with the convention cv_g(—1) = 0. We then proceed inductively on k. The expres-
sion of ag(j) is given by equation . We have a_,(0) = 1 for any k > 0, and by
, a-1(j) = —MQW for j > 1 proves formula for k =1 and
gives the base case.

For the inductive step, we prove that a_(,11)(j) is equal to the corresponding
term of formula separating the three cases j < k—1,j=kand j > k+1. We

check by direct computations using induction hypothesis for k£ that the right hand
side of formula ([2.13)) corresponds to the expected expression in formula (2.12)) for

o (k+1)(7)- O

We are now in a position to give a unified formula for the action of I' on any
power of y.

Theorem 2.2.5. For any k € Z, we have

(019) = T wnlu)ez+d)7* () v (214)

u—1
where wi(0) = 1 and wi(v) = 77 [T (k +20)(k + 2i + 2) for any u > 1.
i=0

Proof. Using formula (2.6, we check that formula (2.14]) corresponds in each case
(k even or odd, positive or negative) to formulas (2.10)—(2.12]). O

2.3. Equivariant splitting maps and noncommutative product on modu-
lar forms. The data and notations are those of previous Subsections and
In order to simplify the notations, we will set f(® = 07 f for any f € R and
n > 0. According to problem [I.4-4]and in connection with the construction already
known in the even case, we seek to construct, for any m € Z, a linear morphism
Y : R — C satisfying the following conditions:
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(C1) Ym((flm7)) = Wm(f)]7y) for any f € R,y €T}

(C2) there exists some complex sequence (am,(n))n>o such that
Um(f) = 3 am(n)fTy™ 2" for any f € B;
n>0
(C3) am(0) =1.
We prove in the following that such a map v, exists and is unique for m >

0 (Proposition [2.3.1]), exists but is not unique if m is negative and even (Re-
marks [2.3.5)), and doesn’t exist if m is negative and odd (Proposition [2.3.6)).

Proposition 2.3.1. For any nonnegative integer m, the linear map ¥, : R — Cy
defined by

no(n=t m+27)(m—+2i n), m+2n
Un(f) = ¥ T (_HO W)ﬂ Jym A forany fE R (2.15)

n>0 i=

is the unique map satisfying the three conditions (C1), (C2) and (C3).

Proof. The aim is to prove, for any nonnegative integer k, the following formulas:

k?* ' n k;, ' —k— n n
varlf) = 2 Gmetram ( )Fa (2.16)
2 " n n n n
Vo (f) = (2/?;1 E (1612 2:'+21k4;2n))‘|((k2i:2'2 f( )y2k+1+2 (2.17)

For even weights, formula and the unicity follow from [4, Props. 2 and 6]
up to a multiplicative constant in order to assure condition (C3). We prove now
formula and show that this is the unique map satisfying the conditions (C1),
(C2) and (C3) for odd positive weights.

We use at first the following equality for m > 0 and n > 0 integers:

()™ () = & s (=52) (0 DG, (218)

which can be easily checked by induction on m. Let (cax+1(n))n>0 be a sequence
of complex numbers, and let ¢ox11(f) = 3,50 Q2ks1(n) f My 127 On the one

hand, we have (¢a1+1(f)|7) = 2,150 2k () (f ) 7) (y**+1F27]y). Using @.11)
we obtain (with u =r 4+ n):

o Y ot () (kb DN (k-+n)! (2k+2u)! (2k+2u-+2)!
(2r+1(F))(2) = uz>:o n;O ?gl:i%)!(2k+2n+2)!(k+u)!(k+u+1)!16"’“

(CZ""C(IL 2:)'1 - (czird)uin (f‘(n) )( ) 2k+1+2u

On the other hand, using (2.18) we have
Gok1(flant17)(2) = X aoppr () (Flarrry) ™ (2)y>F 2

u>0

U Wud2k)(—1)%—"
- ugo n;O aszrl(u)%

cxtd)—2k—1-2n . u—n )
x ¢ +(1)tfn)l (chrd) (f(”) "Y)(z)y2k+1+2 .
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22 FRANCOIS DUMAS AND FRANCOIS MARTIN

Then we deduce that condition (C1) holds for ¢ox11 if and only if the sequence
(av2r+1(n))n>0 satisfies, for any v > 0 and any 0 < n < u, the equality

l(ut2k)(—D)“" ™ (k+n+1)!(k+n)!(2k+2u)! (2k+2u+2)!
a2k+1(“)!uum(n—+2k)l = agkt1(n) (2k+2n)!(2k+2ni2)!(k+u1)tl(k+u+¥)116“—"' (2.19)

This equation is true for n = u for any v > 0. Let v > 1, and consider n = u — 1.
Then relation ([2.19) is equivalent to

@ (u—1) (k+u)!(k+u—1)!(2k+2u)!(2k+2u+2)!
—u(u + 2k)orap 41 (1) = =55 T s D2k 20 (2 2 —2)]

= agpr1(u—1)(k+u+3)(k+u—3).

Assuming that agr11(0) = 1 to satisfy condition (C3), we obtain as a necessary
" (utk+3)(utk—3) .
condition that, for any u > 1, aj:if@(i)n —_ u(i—‘,—gk) 22, Using formula (2.6]),
it follows that

. w g (BFi4d)(k—340) (=1 g2 (2k+2u+1)1(2k+20)!
g1 (u) = (1) I i(2k+1) = TTov @k wl(urek)(utk)Z

i=

This proves consequently the unicity of the sequence (a2r+1())u>0-

Let now u > 1and 0 < n < u, and let asy 1 (u) = gk iy G B,

On the one hand, we have

wl(u+2k) (=)™ (=" k12 (2k+2u+1)!(2k+2u)!
gk (u) nllu—n)(nt2k)l . 16% (Zk+1)! nl(u—n)(n+2k) (utk)2’

and, on the other hand,

(k4+n+1)!(k4+n)!(2k+2u)! (2k+2u+2)!
2k 41(n) (@k+2n)(2k+2n+2)1(k+u) (k+utD)I16— " (u—n)]
(=D k2 (2k+2ut1)1(2k+2u)!
=16 (2k+1)! nl(u—n)!(n+2k)!(utk)!1?"

which proves that the sequence (oor41(u))y>0 satisfies equation (2.19) for any
u >0 and 0 <n < wu, and gives the existence of the lifting 1op41. O

According to the general principle of quantization by deformation, we can now
transfer to modular forms the noncommutative product on operators in C3. The
case of even weights was considered in [4] and [16].

Theorem 2.3.2. We use Notatz'ons cmd and we set Mo = [];50M;
and MG = [];5o Ma;. We consider the algebras By = R[[z; d.]] C Co = R[[y; 6:]]2-

(i) The map ¥ : My — CJ, defined by \I!(f) = Zmzo Ui (fm) for any f:
Zm>0 fm, is a vector space isomorphism, and My is an associative algebra
for the noncommutative product

Frg=0""(U(f)-¥(G)) forall f.§e Mo (2.20)

(ii) In particular, for any modular forms f,g of respective nonnegative weights
k and ¢ (even or odd), the product f *g in Mg is

f*g = \Ij_l('@[]k(f) W(g)) = Z an(k>£)[f7g]n € MO7 (2'21)

n>0
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where the coefficients ay,(k,£) are rational constants depending only on k, £
and n, and [f,gl, = >7_o(=1) (kznjl) (Hn NfDgn=D) € Myioion is
the n-th Rankin—Cohen bracket of f and g.
(iii) The restriction of U to the subspace MS' determines a vector space iso-
morphism Wa between M and BY .
Proof. 1t is clear that ¥ is linear and injective. Let q = :rnozomo hmy™ be an
element of valuation mg > 0 in Cf. Then h,,, € M,,,, and by condition (C3)
the element ¢ — ¥, (hm,) lies in G} and its valuation is greater than mg. It
follows by induction that ¢ € ¥(M,,,). Then ¥ is a vector space isomorphism,
and point (i) is obtained by transfer of structures. Point (ii) is a consequence of
condition (C2) satisfied by t,,, and of the property of Rankin—Cohen brackets to
be (up to constant) the unique operator >_y_, a, f*) g~ with a,, € C mapping
My, x M; t0 Myyi42n (see for instance the end of Section 1 of [19]). Point (iii) is
clear by condition (C2). O

Corollary 2.3.3. The invariant subspace C’}; is for any k > 0 isomorphic to the
space Ji,m of algebraic Jacobi forms on R of weight k and positive index m. In
particular, relation (2.20) defines a structure of noncommutative algebra on Ji m.

Proof. Tt follows from Theorem [2.3.2| by Remark 2.1.7] O

Remark 2.3.4. The isomorphisms ¥ and ¥~! are explicit; we can separate even
and odd weights cases. In the even case, relations between the coefficients of an
element f =3, fo, of M and its image Uo(f) = >, o, hmna™ in Bf are (as
proved in [4])

m—1

By = Z ((m HI(2m—2r—1)! (—m+7~_1) (r)

m—r—1)1(2m—r—1)! r 2m—2r>

f2n = 2n 2 Z (27;” 12 :)' ('r)h’EIT)T” (222)

and the coefficients a,,(2k, 2¢) are computed for instance in [4] [T6] [I7]. In the odd
case, technical calculations give the following relations between the coefficients of

f= > >0 f2n+1 of [[,,50 M2n+1 and its image U(f) = > mz0 hemi1y®™

m

2m—+1)!1(2m)! —1)" (m—7)!? r
homy1 = ( m)!z( : 2—:0 16"”r!((2m22(r+1)!)(2m7r)!f2(m*27"+1’
2n)!(2n+1)! n 2n—1—r)!(n—r 12 T
fony1 = (271 (1)|n|2‘) Z 167 2n72r)l7")!((2n72)r+1)lhén)*QTJrl'

Remarks 2.3.5. (i) The coefficients a,,(n) = (4”1727 ]:[ (m+2é)r£:z$2i+2) appearing
=0

in Proposition are also well deﬁned for m even and non-positive. For n > =%,

(2k—21)(2k—2—21)
4"77,' (2k—1)

am(n) = 0 since a_gx(n) = vanishes for n > k because of

Rev. Un. Mat. Argentina, Vol. 65, No. 1 (2023)



24 FRANCOIS DUMAS AND FRANCOIS MARTIN

the term ¢ = k — 1. Therefore relation (2.16) can be completed for k > 0 by

k
Voaelf) = 20 teayrmy () F e (2.23)

The map ©¥_o, : R — B satisfies the three conditions (C1), (C2) and (C3); see

for instance [4]. Then we can build a vector space isomorphism Wy : M — BT

whose restriction to M§" is the isomorphism W, of point (iii) of Theorem [2.3.2]
(ii) Observe, however, that the lifting ¢_oy is not the only map satisfying the

three conditions (C1), (C2) and (C3). Indeed, using the well-known Bol’s identity
(fla—ny) ™1 = (f*=V|py)  for any v € SL(2,C), f € R, h > 0,

the operator ¢ : f — _on(f) + cthapo(fPFTD) satisfies, for any ¢ € C, conditions
(C2) and (C3), as well as the equivariance condition (C1):

(6e(H)7) = W26 (H)]7) + cltbarpa(FPF)]y)
= Yok (fl-2k7) + Porp2(f 2 [ar427)

= Yok (fl-2r7) + Cw2k+2((f|_2k,y)(2k+1))
= ¢e(fl-2k7)-

The lifting map ¥ _o is canonical in the sense that it’s the only one which is

polynomial, that is, of the form ¢ _o(f) = ZZ:O anfMa"=F ¢ A for any f € R.

The coefficients o, (n) introduced in Remarks [2.3.5] (i) are not defined for m =
—2k + 1 with k& > 0 (for n > 2k, the denominator vanishes without vanishing of
the numerator). In this negative and odd case, we have the following result.

Proposition 2.3.6. Let k be a positive integer. There is no map ¥_op41 : R — C
satisfying the three conditions (C1), (C2) and (C3). More precisely, the only map
Y_oky1 : R — C satisfying conditions (C1) and (C2) is defined (up to constant)
by ¥_op1(f) = ors1 (FPR) for any f € R, and it doesn’t satisfy condition (C3).

Proof. Relation (2.18]) can be extended to the cases where m > 0 and n € Z by

m m—r
(flay) ™ (2) = > Bt ) e £ (12) (2.24)

which gives Bol’s identity in the particular case m = 1 —n. Let £ > 0 and suppose
that there exists a linear morphism ¢ _s;41 : R — C satisfying (C1) and (C2).

Using (2.12) and ([2.24)), we can show as in the proof of Proposition that the
coefficients of the series ¥_ok11(f) = ano _opp1(n) fMy=2EF1H20 must satisfy
the equality

a1 (n) 3 (0 2F) (1)

a_op41(r) (2k—2r)1(2k—2r—2)!(k—n)!(k—n—1)!

167 =" (n—r)! (k—r)!(k—r—1)!(2k—2n)!(2k—2n—2)!
a_spy1(r) (2k—2r)1(2k—2r—2)!(2n—2k)!(2n—2k+2)!

T 16n T (n—r)! (k—r)!(k—r—1)!(n—k)!(n—k+1)!
a_opy1(r) (r—k+1)!/(r—k)!(2n—2k)!(2n—2k+2)!

167 (n—r)! (2r—2k+2)1(2r—2k) (n—k)(n—k+1)!

ifr<n<k-1,

ifr<k-—1<mn,

ifk<r<n.
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For n = 2k and r < 2k, we deduce that a_ox+1(r) = 0 (separating the cases
r >k and r < k). Then condition (C3) cannot be satisfied. Moreover, if we fix
a_op+1(2k) = 1, it is easy to show that we have a_op11(n) = agky1(n — 2k) for
any n > 2k, which proves the second assertion of the proposition. O

2.4. Invariants for the homographic action on B. The data and notations

are those of previous Subsections and

Theorem 2.4.1. We assume that there exists a weight 2 modular form x € R,
which is invertible in R. Then BY = RY((u; D)) and By = RY[[u; D]] for u =
xx € BY and D = —x710,.

Proof. Tt is clear that u = zy lies in BT, since its inverse w = y 'z~ ! is invariant
by (2.3). Then we apply Theorem with g =x~ ', h=0and d = —0,. O

Remark 2.4.2. It follows from the previous theorem that the invariant algebra
BT is noncommutative if and only if the restriction of D to RT is not trivial, or
equivalently RT # C. Since the product of any modular form of even weight 2k by
x % lies in R', this condition is also equivalent to Ma;, # Cx*. In the degenerate
case where RU' = C, the product * defined by is commutative and most of
the following results become much simpler. We refer to Examples 2.1.2] to give
examples of fields R such that R is different from C, and containing an invertible
weight 2 modular form.

Problem 2.4.3. The explicit description of BT given by Theorem and the
isomorphism Wy : M — BT introduced in Remarks lead naturally to the
question of finding relations between the terms of a sequence of modular forms in
M and the coefficients in R' of its image in B" by Wy. We answer this problem
for positive weights, that is, for the isomorphism Wy : ME¥ — BY. Our first goal
is to calculate, for any invariant pseudodifferential operator ¢ € B}, the modular
forms fa,, € My, appearing in ¥5'(q) = Ym0 Jom. For this we introduce the
following notation for the powers of the generator wu:

for any k € N, \Ilgl(uk) = 3" Gkon, With ggon € Ma,. (2.25)

n>k

Proposition 2.4.4. The assumptions are those of Theorem . Let ¢ € B}
and (ax)r>o0 be the sequence of elements of R such that q = Y k>0 apu®. Then
the modular forms fom € May, appearing as the terms of W5 (q) = 3", <o fam are
given by

m (m—1)! UL n 2n—1)!(m—n)! m
fom = (1) G 2 3 ()" At () [0k, 9k 2nlmn-

Proof. The expression of any element of B} as ¢ = D ok>0 apu®, with a € RF,
follows directly from Theorem By Theorem we have

Uyl (g) = %:‘I’El(akuk) = Zk:ak * Wyt (u)

= Z ag * gk, 2n = Z OZT(O, 2”)[6%5 gk’,Qn]T'

k,n k,n,r
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Then fo,, = ZZL:O Zzlzk m—n(0,2n)[ak, gk.2n]m—n for any m > 0. By formula
(2.16), we obtain ay, - P2, (gr,2n) = Y45, hew’, with

he = (e (0 ak (9k.2n)

We deduce with formula (2.22)) that, for any m > n > k,

(t=n)

amfn<0,2n)[ak;gk:,2n]mfn = (QTn 12)" Z ((2;1512::))1! (T)h(mr) e

The left hand side is equal to
oo (020) S (1 () (a7
and expanding the right hand side gives the formula
(m—1)!(2n—1)! mn (m—n—i) m=" (2m—2—7)lr! m\( —n—1
(2m—2)!(n—1)! E z'ak: gk 2n gz (m—r+n—1)1(r—i)! (r)(m—r—n)

Identifying the terms for ¢ = m — n of each side gives the identity

Qm—n(0,2n) = (-1)™"" (m—1)!(2n—1)!(m—n)! ( m )

2m—-2)!(n—1)!(m+n—1) \m—n/>

which proves the proposition. O

The next step is to obtain an explicit expression of the modular forms gy 2, as
functions of x.

Proposition 2.4.5. For any nonnegative integers k and i, we have

X(t1) X(tk)

i (k+i)!(k+i—1)!
M Z ryl(tl""’tk)m”.m, (226)

9k, 2k+2i = (_1) (2k+2i—2)'k!
(t1yeenst)E(Z>0)"
t1+...+tp=1

where the coefficients 7;(t1,...,tx) are defined for (t1,...,t;) € (Z>0)* such that

k .
> =1t =1by

: r (2k+2i—2—7)!
Yilty, .- tk) = 20 (1) ((kii—l—r)!) DO G IR G (2.:27)
r=0 bi+-+bi=r
0<b; <ty
0<bk <ty

and satisfy
(kti—1)!
kti—2 k . (2.28)
= > ( ) TT1(~1)%6(a; = 0) + 8(a; = t; + 1)],

tap—1
art o bap ki1 TR Sh

where § stands for the Kronecker symbol.

Proof. Firstly, let us observe that the sum in the right hand side of (2.28]) contains
2% — 2 terms corresponding to all k-tuples (a1, az, ..., ax) with a; € {0,¢; + 1} for
any 1 < j <k, except the two k-tuples (0,0,...,0) and (t1 + 1,t2 +1,...,tx + 1).
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The proofs of identities ([2.26)), (2.27)) and (2.28]) are straightforward but quite

technical, and we give only the main steps intentionally omitting some details.
Applying relation (|1.2]) to u = xx we prove by induction on k that
k_ (=)™ (k+n)! (s1) (sk) k+
ut =3 ( k! > (§1+1)! (§k+1)! LA

n>0 s1+...4+sg=n

Then we apply (2.22)) to obtain

1)kl (n—1)!
Ghoom = %

n—k
(—=1)"(2n—2—r)! X(tl) Xuk)
x B tl,...,tk)>...,

t1+.-»4§€:n7k <’I‘ZO (n=1-=r)! T< (ta+1)! (tr+1)!
where, for any 0 <r <n —k,

ﬁr(tla v ,tk;) = Z (tlbfl) e (tkb:1)7

bi+...4+bg=r
biF#ti+1,.. bpFt+1

which proves (2.26)) and (2.27) with

%(tla e ,tk) = 20(71)7"%&7,@1, e ,tk)-

k
Observe that 8,.(t1,. .., t) is the X -coefficient in A(X) = [[ [(X+1)4T1—Xt+1].
j=1

We have ~;(t1,...,tk) = Q(k“*l)(l), with the notation
Q(X) = ZO(—l)Tﬂr(th ) X2 204224 1y
We deduce that
k (k+i—1)
%(tl’ s ’tk) = |:Xk+i2 H ((X — 1)t1+1 — (*1)tj+1) ,
=1

J
X

Il
_

which leads to (2.28) using the relations
k+i—2)! k+i—2 . .
[Xk+if2](b)’ _ m-b!( V) ifb<k+i-2,
X=1 0 ifo="k+i—1,
and

[(X )yt (_1)75]4-1](%')

t4
x=1 a;! [(_1) 70a,;=0 + 5aj:t]-+1] : =

Corollary 2.4.6. We have gi ok+2i = 0 for any nonnegative integer k and any
nonnegative odd integer i.

Proof. We use the expression of the gi 2142 given in the previous proposition. Let
i be an odd integer, and let (¢1,...,tx) € (Z>0)* be such that t; + ...+t = 1.
In the right hand side of (2.28), we can group into pairs the k-tuples (a1, ...,ax)
and (¢ +1—as,...,tx +1—ag). The associated summands are opposite numbers
because i is odd. Hence 7;(t1,...,tx) = 0. O
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Remark 2.4.7. The result obtained in Corollary 2:4.6|as a consequence of Propo-
sition [2.:4.5] can also be proved by theoretical arguments using algebraic properties
of the product x defined in and some combinatorial identity conjectured in
[4, relation (3.4)] (see [I7] for a proof). We proceed by induction on k > 2. For

k = 2, applying (2.21)) with the notation from (2.25)) we have

U ) = x*xx = Y @n(2,2)[x Xl
n>0
which proves by (—1)"-symmetry of the Rankin-Cohen brackets that go 442 =
@i(2,2)[x, x]; = 0 for any odd i. Suppose now that \Ilgl(uk) = Zi€2220 9k, 2k+2i
with gr ok+2; € Mag42i. Then we compute

() =0 W u) = 2 g xx
n>k,2|n—k

= Z E am(2n72)[gk,2n7X]m

n>k,2ln—k m=>0
and similarly,
UMW) =0 (e ut) = Y Xk gran
n>k,2|n—k
= Z Z QM(2n72)[X7gk,2n]m-

n>k,2ln—k m>0

Hence we deduce that, for each r > k + 1,

Z am(2nv 2)[916,271, X]m = Z Otm(2, 2“)(71)m[gk,2na X]m = Gk+1,2r-
n+m=r n+m=r
It follows from formula (3.4) of [4] that o, (2,2n) = a;,(2n,2). Using this identity
and the induction hypothesis gy 2, = 0 if n — k is odd, we conclude that

r—k
gk+41,2r = Z Oém(2’l“ - 2m7 2)[919,27‘727%7 X]m
modd
r—k
= - Z o‘m(Qv 2r — 2m)[gk:,2r—2m7)dm =0.

m=0
m odd

Remark 2.4.8. For even nonnegative integers ¢, the modular forms gj 2542; de-
fined by are described in Proposition as multidifferential polynomials
of the fundamental weight two modular form y. Then we can necessarily express
them in terms of Rankin—Cohen brackets. For small values of ¢, we compute

k
k2 = X,

k+2)! _
9k ,2k+4 = m Xk 2[X7X]2,

o CEED R4+D(E+5)!  k—a [ P 47k%—187k+282 2
Ik,2k+8 = 2 (3016 (1)1 (k—2)! ( 16920 T = Tz1s24% [X7X}2)'
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2.5. Invariants for the homographic action on C. The data and notations
are those of previous Subsections [2.1] 2.2 and 2.3] A natural question is whether
there exists, for the action of I on C studied in Subsection [2.2] a description of the
invariant subalgebra CT similar to the one obtained in Theorem for BT

Theorem 2.5.1. We suppose that there exists a weight 1 modular form & which is
invertible in R. Then we have C¥ = RY((v; A))g for A = —1£720, and v = Ey+- -
a square root of y2&2.

Proof. 1t is the direct application in the modular situation of Theorem O

Remark 2.5.2. The previous theorem describes the elements of CT' = R ((v; A)),
as series with coefficients in R', where the uniformizer v is choosen as a square root
of u = &2 = 5 (€2?). In particular, C' contains the ring of differential operators
A" = RV[u~1; —2A]. The main obstacle to explicit calculations in this case is the
complicated shape of the square root v.

Another more natural idea would be to consider the uniformizer z = 11 (§). By
reasoning as in Theorem we can prove then that CT = RI'((2; 9)), where the
product z f with f € R! is twisted by some higher derivation S = (x)k>0 giving rise
to commutation laws more general than or (see [6] for precise definitions).
The main difficulty in this case lies in the complexity of these commutation laws.

2
Straightforward calculations show that 272 = 4~ ! — 6% [gé%h uU— 6—5’4[5’5579]3112 4+

In particular, 272 # fu~! 4 g for any f,g € R', f # 0. By uniqueness of the
subring AT in CT (see [6, Section 5.3]), it follows that the higher derivation S is

actually different from the sequence (%dk) . of (1.4) for any derivation d of
T >0
RT.

Under the assumption of Theorem we can extend part of Theorem [2.3.2] to
the space M., introduced in Notations [2.1.6]

Proposition 2.5.3. We suppose that there exists a weight 1 modular form & which
is invertible in R. For k >0, let Y_p : M_;, — ka be the vector space morphism
defined by

k() = Dar(€2F) Mo (£EF). (2:29)
Then the morphisms 1, defined by (2.15)) if m > 0 and by (2.29)) if m < 0 induce

canonically a vector space isomorphism U : M, — CT, which defines by transfer a
structure of associative algebra on M.

Proof. Let k> 0 and let f € M_y, f # 0. Then f&¢% € My, and 5 (f¢2*) € CL.
In the same way 2% € Moy, so 19x(€2F) € CL,. Since its 2k-valuation term is
€2ky2k and ¢ € U(R) by assumption, we deduce that o (¢2F) € U(CY) and so
Por (£2F)~1 € CT,,.. We have consequently 1_x(f) € CT,, and it is easily checked
that its term of valuation —k is fy—*. The map v_} is clearly linear, and we prove
the surjectivity of ¥ recursively as in the proof of Theorem m O
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Remarks 2.5.4. (i) Notice that we don’t have in the previous proposition an
equivalent of point (ii) of Theorem because the morphism 1, doesn’t satisfy
condition (C2) for k < 0.

(ii) For k < 0 an even integer, the map v defined by (2.29) can be replaced
by the more canonical one introduced previously in formula (2.23]), which satisfies
condition (C2). In this case, the isomorphism Wy in Remarks is the restriction
of ¥ to M®".

2.6. Additional comment. The action of I' on B and C described in Proposi-
tion and studied throughout the rest of the article is based on the choice
r = 0 in formula (L.12). For the same 1-cocycle s defined by (2.2)), we know by
example 2 of that another choice for r could be the map ' : I' — R defined
by !, = —s2d(s2). Using (2.2), we have 7/, = (cz + d)~20.((cz + d)?) = ijd for
any y = (‘g 2) € I'. In other words, the homographic action of I' on R extends to
an action by automorphisms on B defined by

(acflh)l = (cz +d)2 (gj*l + ij_d> for any v = (‘; 2) el

As explained in example 3 of [[L2.7] we can extend, for any x € C*, the homo-
graphic action of I' on R by the action by automorphisms on B defined by

(27 )k = (cz + d)? <£C71 + “cfid) for any v = (24) €T,

but the algebraic study of these actions and associated invariant algebras reduces
to the case k = 1. Arithmetical interpretations of these actions were studied in [4].
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