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C-GROUPS AND MIXED C-GROUPS OF BOUNDED LINEAR
OPERATORS ON NON-ARCHIMEDEAN BANACH SPACES

ABDELKHALEK EL AMRANI, AZIZ BLALI, AND JAWAD ETTAYB

ABSTRACT. We introduce and study C-groups and mixed C-groups of bounded
linear operators on non-archimedean Banach spaces. Our main result extends
some existing theorems on this topic. In contrast with the classical setting,
the parameter of a given C-group (or mixed C-group) belongs to a clopen ball
Q, of the ground field K. As an illustration, we discuss the solvability of some
homogeneous p-adic differential equations for C-groups and inhomogeneous
p-adic differential equations for mixed C-groups when oo = —1. Examples are
given to support our work.

1. INTRODUCTION AND PRELIMINARIES

In the classical setting, the theory of one-parameter semigroups (or groups) of
linear operators on Banach spaces started in the first half of the last century, ac-
quired its core in 1948 with the Hille-Yosida generation theorem [8], and thanks
to the efforts of many different schools, the theory reached a certain state of per-
fection, which is well represented in the monograph by A. Pazy [§]. Recently, the
situation is characterized by manifold applications of this theory, not only to tra-
ditional areas such as partial differential equations or stochastic processes. Groups
have become important tools for integro-differential equations and functional dif-
ferential equations, in quantum mechanics or in infinite-dimensional control theory.
Semigroup methods are also applied with great success to concrete equations aris-
ing, e.g., in population dynamics or transport theory. However, semigroup theory
is in competition with alternative approaches in all of these fields, and the relevant
functional-analytic toolbox now presents a highly diversified picture.

In non-archimedean operator theory, T. Diagana [2] introduced the concept of
Cy-groups of bounded linear operators on free non-archimedean Banach space.
Also, in [B], A. El Amrani, A. Blali, J. Ettayb and M. Babahmed introduced and
studied the notions of C-groups and cosine family of bounded linear operators on
non-archimedean Banach space. As an application of C-groups of linear operators is
the p-adic abstract Cauchy problem for differential equations on a non-archimedean
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Banach space X given by

W) _ yu), teq,
ACP(A;z){ dt
u(0) = Cuz,

where A: D(A) — X is a linear operator and C' is an invertible operator with
x € D(A). By Remark below, ACP(A;z) has a solution.

Throughout this paper, X is a non-archimedean (n.a.) Banach space over a (n.a.)
non-trivially complete valued field K with valuation |-|, B(X) denotes the set of all
bounded linear operators from X into X, Q, is the field of p-adic numbers (p > 2
being a prime) equipped with p-adic valuation | - |,, Z, denotes the ring of p-adic
integers (the ring of p-adic integers Z, is the unit ball of Q). For more details and
related issues, we refer to [2, B]. We denote the completion of algebraic closure of
Q, under the p-adic absolute value | - |, by C, (see [6]). Given r > 0, £, is the
clopen ball of K centred at 0 with radius r, i.e., Q, = {t e K: [¢t| < r}.

In the non-archimedean context, a family (7(t)):cq, C B(X) is called a group
of bounded linear operators if 7'(0) = I and for all ¢t,s € Q,., T(t + s) = T(t)T(s),
where T is the unit operator of X. For more details, we refer to [2] [5].

Assume that K = Q, and let A € B(X) be such that ||A| < pp;—ll; then the

— (tA)"
function defined for all ¢ € Q%ll by f(t) = (Z (t4) >x is the solution of the

n!
n=0
homogeneous p-adic differential equation given by
d
d—?:Au7 u(0) =z, for a fixed x € X.

The aim of this paper is to introduce and study the notions of C-groups and mixed
C-groups on non-archimedean Banach spaces over K. In contrast with the classical
setting, the parameter of a given C-group (or mixed C-group) belongs to a clopen
ball ©, of the ground field K. As an illustration, we will discuss the solvability of
some homogeneous p-adic differential equations for C-groups (Remark and
inhomogeneous p-adic differential equations for mixed C-groups (Remark
when a = —1.

Definition 1.1 ([3, Definition 2.1]). Let X be a vector space over K. A non-
negative real valued function || - ||: X — R4 is called a non-archimedean norm
if:
(i) for all x € X, ||z|| = 0 if and only if = = 0;
(ii) for any z € X and A € K, ||[Az|| = |Al||z||;
(iii) for any z,y € X, ||z + y|| < max(||z]|, ly]])-

Property (iii) in Definition is referred to as the ultrametric or strong triangle
inequality.

Definition 1.2 ([3| Definition 2.2]). A non-archimedean normed space is a pair
(X5 | - ||) where X is a vector space over K and || - || is a non-archimedean norm
on X.

Rev. Un. Mat. Argentina, Vol. 63, No. 1 (2022)
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Definition 1.3 ([2, Definition 2.2]). A non-archimedean Banach space is a vector
space endowed with a non-archimedean norm, which is complete.

For more details on non-archimedean Banach spaces and related issues, see for
example [3].
Proposition 1.4 ([3, Proposition 2.16]).

(1) A closed subspace of a non-archimedean Banach space is a non-archimedean
Banach space;

(2) The direct sum of two non-archimedean Banach spaces is a non-archimedean
Banach space.

Example 1.5 ([3, Example 2.20]). Let ¢y (K) denote the set of all sequences (z;)
in K such that lim x; = 0. Then, ¢(K) is a vector space over K and
1—> 00

i€EN

[(zi)ien|| = sup [z;]
ieN

is a non-archimedean norm for which (¢y(K), ||-||) @ non-archimedean Banach space.

In this section, we define and discuss properties of non-archimedean Banach
spaces that have bases.

Definition 1.6 ([2] Definition 2.5]). A non-archimedean Banach space (X, | - ||)
over a non-archimedean valued field (complete) (K| |) is said to be a free non-
archimedean Banach space if there exists a family (x;);er of elements of X, indexed
by a set I, such that each element x € X can be written uniquely as a pointwise
convergent series defined by x = >, _; \iz;, and ||z|| = sup;c; |As|[|2i]|. The family
(2;)ier is then called an orthogonal basis for X. If, for all ¢ € I, ||a;|| = 1, then
(74);¢; is called an orthonormal basis of X. For more details of orthogonality and
the concepts of bases in the non-archimedean case, we refer to [9] [10].

The treatment of those non-archimedean Banach spaces in the general case can
be found in [4] and in the unpublished manuscript “Geometry of the p-adic Hilbert
Spaces” (1999) by B. Diarra. Moreover, X is a free non-archimedean Banach space
over K if and only if X is isometrically isomorphic to ¢o(Z,u) for a certain index
set I and an application w: I — R*%. By [9, Theorem 2.58] co(I) is of countable
type if and only if I is countable. For more details we refer to [9, [10]. In this work,
the basis of the free n.a. Banach spaces considered is countable, I = N.

Definition 1.7 ([3]). Let (X,|| - ||) be a non-archimedean Banach space. The

non-archimedean Banach space (B(X), | -||) is the collection of all bounded linear
operators from X into itself equipped with the operator norm defined by:
1A (=) |

forall Ae B(X), ||All= sup —F—.
zeX\{0} (|||
For more details of non-archimedean linear operator theory, we refer to [2] 3] 4]
and to Diarra’s unpublished manuscript cited above.
Throughout this paper, B(X) is equipped with the norm of Definition and,
for all r > 0, F = 2,\{0} denotes the clopen ball of center 0 with radius  deprived
of zero.
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Definition 1.8 (3 Definition 3.1]). Let r > 0 be a real number chosen such that
(T'(t))teq, are well defined. A one-parameter family (7'(t)),. of bounded linear
operators from X into X is a group of bounded linear operators on X if

(i) T(0) = I, where I is the unit operator of X;

(i) for all ¢,s € Q,., T(t+ s) =T (t)T(s).
The group (7'(t)),cq, Will be called of class Cq or strongly continuous if the follow-
ing condition holds:

For each x € X, lim|T(t)x —z| = 0.
-0

A group of bounded linear operators (T'(t)):cq, is uniformly continuous if and only
if 2yn% IT(¢t) — I|| = 0. The linear operator A defined on
—

D(A) = {:E € X :lim Mz exists}
t—0 t
by
Az = lim %, for each x € D(A),

t—0

is called the infinitesimal generator of the group (T'(t))teq,.
We introduce the following definition.

Definition 1.9 ([5, Definition 2.21]). Let » > 0 and let C' € B(X) be invertible.
A one-parameter family (T(t)):cq, of bounded linear operators from X into X is
called a C-group if the following conditions hold:
(i) T(0) = C;
(i) for all t,s € Q,., CT(t +s) =T (t)T(s);
(iii) for all z € X, T'(-)x: Q, — X is continuous.

The linear operator A defined on

D(A) = {x € X :lim It)z = Cz exists}
t—0 t
by
Az = C~!lim w, for each = € D(A),

t—0

is called the infinitesimal generator of the C-group (T'(t))icq, -

Remark 1.10 ([5, Definition 2.21]). Let (T'(t)),cq, be a Co-group of infinitesimal
generator A, and let C € B(X) be invertible such that for all ¢t € Q,., CT(t) =
T(t)C. Define for each ¢t € §, the family of linear operators S(t) = T'(t)C. Then
(S(t))teq, is a C-group of infinitesimal generator A. In this sense, Definition
generalizes Definition of Cy-group.

We begin with the following theorem.
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Theorem 1.11 ([5, Theorem 2.23]). Let (T'(t))ieq, be a C-group satisfying the
following condition: there exists M > 0 such that for each t € Q,, [|T(¢)|| < M.
Let A be its infinitesimal generator. Then, for every x € D(A) and t € Q,,
T(t)x € D(A). Furthermore,

dT(t)
dt
Remark 1.12. Let X be a free non-archimedean Banach space, let (T(t)):cq, be

a C-group of linear operators of infinitesimal generator A on X. From [2, Remark
3.5], A may or may not be a bounded linear operator on X.

x=AT(t)x = T(t)Ax.

These are generalizations of Cy-groups, which can be applied directly to the
many p-adic differential and integral equations that may be modeled as a p-adic
abstract Cauchy problem on a non-archimedean Banach space. Thanks to Theo-

rem we have:

Remark 1.13. One of the consequences of Theorem [[.I1] is that the function
v(t) =T(t)z, t € Q,, for some x € D(A), is the solution to the homogeneous p-adic
differential equation given by

dut) _
e Au(t), tef,,
u(0) = Cu,

where A: D(A) C X — X is the infinitesimal generator of the C-group (T'(t)):cq,
and u: Q, — D(A) is an X-valued function.

2. MAIN RESULTS

We begin with the following example.

Example 2.1. Let X be a non-archimedean Banach space over C,. Let A,C €
B(X) be such that C is invertible, AC = CA and ||A|| < r with r = p71. Then for
all t € Q,., T(t) = Cet4 (in particular, if C = (I — A)~1) is a C-group of bounded
linear operators on X. In fact:
(i) T(0) =C.
(ii) For all t,s € Q,, T(t)T(s) = CetACe* = C2e(t+9)4 = OT (s + t).
(iii) It is easy to check that for all x € X, T(-)z: , — X is continuous.

Proposition 2.2. Let X be a non-archimedean Banach space, let (T'(t))icq, be a
Cy-group of infinitesimal generator A on X and let Cy € B(X) be invertible such
that for allt € Q,., CoT(t) = T(t)Cs. Then (CQT(t))teQT is a C1Co-group on X.

Proof. Setting, for all ¢t € Q,, S(t) = C2T(t), let us show that (S(t))iecq, is a
C1Cs-group on X. In fact:

(i) 8(0) = CoT(0) = C1Cs.
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(ii) For all s,t € Q,.,
S(s)S(t) = CoT(s)CoT(t)
=T(s)T(t)C3?
=C1T(s+1)C?
=C103T (s + 1)
= C1C2S(s +t).
(iii) It is easy to check that for all z € X, S(-)x: Q, — X is continuous.
Thus, (S(t))tcq, is a C1Ce-group on X. O

We have the following example.

Example 2.3. Assume that K = Q, and r = pp;—ll. Let X be a free non-
archimedean Banach space over Q, and let (e;);en be an orthogonal base of X.
Define, for each t € 0, and x € X such that z = ZieN Tie;,

T(t)z = Z(l — ,ui)et‘”ziei,

i€N
where (1;)ien C Q. It is easy to check that the family (T'(¢)).cq, is well defined
on X, and we have the following proposition.

Proposition 2.4. The family (T(t)):cq, of bounded linear operators given above is
a C-group of bounded linear operators, whose infinitesimal generator is the bounded
diagonal operator A defined by Ax =Y, piie; for each x =3, yxrie; € X.

Proof. Let X be a free non-archimedean Banach space over Q, and let (e;);en be
an orthogonal base of X. Define for each ¢t € ., i € N,

o 1 — g )pulrtm
T(t)e; = (1 — pi)eie; ( E ( Ml|)ul )ei’
n.
neN

where (p;)ien C Q.. Since for all i € N, tu; € Q,, we have for all ¢ € Q, and

z e X, ||T@#)z| < sup ‘(1 — ;) | ||z|| < oo; then, for all t € Q,., ||T(¢)]| is finite.
i€N P
Hence the family (7'(¢)):cq, is well defined on X. Furthermore:

(i) T(0) = I— A (since A is a diagonal operator on X, we have || A|| = sup |u;l,

1€N
thus ||A]] < r < 1, and we have that I — A is invertible).

(ii) For all ¢,s € Q,.,
T(H)T(s) = (I — A)et (I — A)e™A
= (I — A — A)eltt)A
= —A)T(t+s).

(iii) It is easy to check that for all z € X, S(-)z: Q, — X is continuous on .
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Thus (T'(t))teq, is a C-group of bounded linear operators on X where C' =1 — A.
Let B be the infinitesimal generator of (T'(t)):cq, . It remains to show that A = B.
Let us show that D(B) = X(= D(A)). Clearly, for each t € Q and i € N,

T(t)ei — Cei _ C<et’“ - 1)(%

t t
Thus, for all t € Q) and all 7 € N,

- . ti _
C_1<T(t)eZ Cel) _ (e 1)%’-
t t

xrie; € X and t € Q7

Hence, for all z =},

T(t)e; — i i i i
il ot (t)e; — Ce < |zilplle:ll 50 asi— oo.
t |t|p
Thus,
. 1 {Tt)e; — Ce;
D(B) = {x = (@i)ien : Zlgélo |17i|pHC ' <()t) H - O}'

To complete the proof, it suffices to prove that

foralli € N, lim HAei —Cc! (T(t)ei—C'ei) H =0.
t—0 t

etti — 1

The latter is actually obvious since %ir% ( > = u;, and hence A = B is the
—

infinitesimal generator of the C-group (T'(¢)):ecq, - O
We introduce the following definition.

Definition 2.5. Let (T'(t))iecq, be a C-group of bounded linear operators on X.
(T'(t))teq, is said to be a uniformly continuous C-group on X if

lim [[7(t) — C|| = 0.
Theorem 2.6. Let X be a non-archimedean Banach space over Q, and let A €

B(X) be such that ||Al] <7 (: pp%ll) Then A is the infinitesimal generator of an

uniformly continuous C-group of bounded linear operators (T(t))teq,.-

Proof. Suppose that A is a bounded linear operator on X with || Al < r (: pp;—ll)
and set, for all t € Q,.,

T(t) = (I - A)et =

neN

(I—-A)(tA)"

n!

Clearly, this series converges in norm and defines a family of bounded linear oper-
ators on X by |t|||A]| < r. Furthermore:
(i) T(0) =1 — A (since |A|| < r < 1, I — A is invertible).
(ii) The same as in Proposition
(iii) It is easy to check that for all z € X, S(-)x: Q, — X is continuous.
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Thus (T'(t))teq, is a C-group of bounded linear operators on X where C' =1 — A.
For all t € .,

IT(t) — Cll = I(Z = A)(e = 1)]|
< |1 — Allfe™t 1]
< [le™ — 1.

Hence
lim | T(t) — C|| = 0.
t—0

For all t € Q,

Thus, for all t € 7,
3 T(t) e tA e tnAn+1
17 =
o (H0) = () = X

Hence, for all ¢ € 7,

< [tll1 A&,
here & =) | par ;. Consequently, lim [~ (T.=C) _4ll =¢
whnere ¢y = P (n T 2)' converges. Lonsequently, tgl(l) n = U.

Then, (T(t))teq, given above is an uniformly continuous C-group of bounded linear
operators of infinitesimal generator A. O

eth— T

t

e (T0=0Y

4

We introduce the following definition.

Definition 2.7 ([5, Definition 2.16]). Let X and Y be two non-archimedean
Banach spaces over a non-archimedean valued field K. For all T € B(X) and
S € B(Y), the operator T' @ S is defined on the Banach space X @Y = {(z,y) :
reX,yeY}t={rdy:z€ X,y €Y} endowed with the n.a. norm ||z @ y|| =

max([|z[[, ly[l), b
forallzdye XY, TaoS) (zdy) =TxdSy=(Tz,Sy).

Proposition 2.8. For all invertible operators A and B in B(X), A®B is invertible
on X @ X. Furthermore, its inverse, denoted by (A @® B)~1!, satisfies

(AeB) '=A"1e B
Proof. Let A, B € B (X) be two invertible operators; then A=1A = AA~! = I and
B7'B = BB~! =I. Therefore for all (z ®y) € X & X, we have
(A'eB ) (AeB)(zay) = (A" @B ™) (Az & By)
= (Aile) &) (BilBy)
=xDy
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and
(A®B) (A @B ") (z@y) = (A® B) (A 'z @ B ly)
= (AA™'z® BB 'z)
=rDy.
Thus, forallzy e X ¢ X,
(AeB)(A7'oB ) (zoy)=(A"eB ) (AeB) (zay)=zay.
Then, A® B is invertible on X & X and its inverse is (A® B) ' = A '@ B~1. O

Example 2.9. Let A, B € B(X) be such that max(||A]], | B|) <r (: pp;—ll) Set,
for all t € Q,,
T(t) _ 6tA D etB
It is easy to see that for all ¢ € €2,., T'(¢) is invertible and, for all t € Q,, T'(t)~! =
T(—t).
We begin with the following theorem.

Theorem 2.10. Let (T'(t))icq, be a C-group of infinitesimal generator A on X.
Set, for allt € Q,, S(t) =T(t) ® I. Then we have:

(i) (S()teq, is a C @ I-group on X & X.
(ii) The infinitesimal generator of (S(t))icq, s the operator T defined on
DT)=DA) X byT(zxdy) =Ax 0, forallz € D(A), y € X.

Proof. (i) Since (T'(t))teq, is a C-group of infinitesimal generator A on X,
SO)=TO0)elI=Ca®I.
Let zpye X P X and ¢, s € Q.. We have
(CoDSt+s)(zdy)=Cad)T(t+s)(z)d
= CT(t +s)(x) Dy
T)T(s)(x) @y
( ) @ )(T(s)(x) ® )
S (T(s) @ I(x @
= 5(t)S(s)(z @ y).
On the other hand,
lim [[S(8)(z © 9) — (C & D(w &) = lim | (T(1)z ~ Cx) & 0|
= }gr(l] max (|| T (¢t)x — Cz||,0)
— lim [[T(t)z — Cx]|
=0.
Therefore (S(t))ieq, is a C @ I-group on X & X.
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(ii) Let € D(A) and y € X. We have

i SOE@EY) -~ (CoD@oy _ | (7))~ Cr) 0
t—0 t t—0 t
=CAz®0=(CaI)(Az & 0).

Thus, for all z € D(A) and y € X we have
oty 200 = Conoy)

t—0

= Az @O0.

Then D(T) = D(A) ® X and T'(z @ y) = A(z) ® 0, for all z € D(A) and for all
ye X. O

Theorem 2.11. Let (A(t))icq, and (B(t))icq, be, respectively, a Cy-group on X
of infinitesimal generator A and a Cy-group on X of infinitesimal generator B. We
set, for allt € Q,., T(t) = A(t) ® B(t). Then
(i) (T'(t))eeq, is a C1 & Ca-group on X & X.
(ii) The infinitesimal generator of (T'(t))icq, is the operator T defined on
D(T) = D(A) ® D(B) by T(z ®y) = Az ® By for all (z,y) € X2

Proof. (i) Let @y € X @ X. Since (A(t))iecq, and (B(t))icq, are, respectively, a
C1-group and a Csy-group on X, we have
T0)(z@y) =A0)zd B(0)y = Cra ® Coy = (C1 & Ca)(x B y).
Hence T'(0) = C; & Ca. We also have, for all (¢,s) € Q2
(CroC)T(t+ s)(xDy) = (C1 ® Ca)(A(t + s)z @ B(t + s)y)
= C1A(t+ s)z ® CoB(t + s)y
= A(t)A(s)z & B(t)B(s)y
= (A(t) @ B(1))(A(s)x @ B(s)y)
=T(t)(A(s) ® B(s)(z © y))
=T@)T(s)(z D).
Then, (C1 ® C2)T(t + s) = T'(t)T(s). On the other hand,
lim [T(t)(x ©y) = (C1 ® Co) (z @ y) || = lim [[A(t)z @ B(t)y — Cra @ Coy|
— lim [ (A(t)z ~ C1z) & (B(t)y — Cay)|
= lim max([|[A(t)z — Ciz||, | B(t)y — Cayl))
=0.
Therefore, (T(t))teq, is a C1 @ Ca-group on X & X.
(ii) Let € D(A) and y € D(B). We have
L TWEey) -~ (G o0y | (Al —Cir) & Bty — Ca)

t—0 t t—0 t
= C1A£L' (&) CgBy

= (C1 @ C3)(Ax @ By).
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Thus, for all x € D(A), y € D(B) we have

(C1®Cy) < lim THoy) = (1o )z y)) = Az ® By.
t—0 t
Consequently, D(T) = D(A) @ D(B) and T'(x @ y) = Ax @ By. O

3. MIXED C-GROUPS OF BOUNDED LINEAR OPERATORS ON SOME
NON-ARCHIMEDEAN BANACH SPACES

We introduce the following definition.

Definition 3.1. Let r > 0 be a real number and let C € B(X) be invertible.
A family (T'(t))ieq, of bounded linear operators is said to satisfy a p-adic H-C'-
generalized Cauchy equation of bounded linear operator on X if

forallt,s € Q,, CT(s+t)=H(T(s),T(t)),
where H: B(X) x B(X) — B(X) is a function.
Remark 3.2. If H(T(s), T(t)) = T(s)T(t) with T(0) = C, then (T(t))¢cq, satis-
fies the first condition of C-groups of bounded linear operators on X.

Definition 3.3. Let » > 0 be a real number and let C € B(X) be invertible.
A family (S(t)):eq, of bounded linear operators will be called an H-C'-group or a
generalized C-group of bounded linear operators on X if

(i) S(0)=¢;

(ii) there is a C-group (7T'(t))tcq, of bounded linear operators and D € B(X)

such that for all ¢,s € Q,,
CS(s+t)=H(S(s),S(t))
=5(s)S(t) + D(S(s) = T(s))(S(t) = T(t));

(iii) for each x € X, S(-)z: Q. — S(t)z is continuous on €2,.

The linear operator A defined on

t—0

D(A) = {a? € X :lim w exists}
by
t —
Az = C7!lim M, for each z € D(A),
t—0 t
is called the infinitesimal generator of the H-C-group (S(t)):cq, -

Remark 3.4. Let (S(t))ieq, be a generalized C-group on X. If D = 0, then
(S(t))teq, is a C-group of bounded linear operators on X.

Question 3.5. Can you characterise the infinitesimal generator of an H-C-group
of linear operators on an infinite dimensional non-archimedean Banach space?

Definition 3.6. Let » > 0 be a real number and let C € B(X) be invertible.
A family (S(t))teq, is said to be a mized C-group of bounded linear operators
on X if
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(i) S(0) =C;
(ii) there is a C-group (T'(t))tcq, of bounded linear operators and a € K such
that for all s,t € Q,,

CS(s+t)=H(S(s),S(t))
= 5(5)5(t) + a(S(s) = T(s))(S(t) — T(t));
(iii) for each z € X, S(-)z: Q, — S(t)z is continuous on €2,
The linear operator A defined on
D(A) = {x € X :lim Sz =Cz exists}
t—0 t
by
Az = C~'lim w, for each = € D(A),

t—0
is called the infinitesimal generator of the mixed C-group (S(¢))ieq, -

Remark 3.7. Let (S(¢))tcq, be a mixed C-group on X. If & = 0, then (S(t))ieq,
is a C-group of bounded linear operators on X.

We have the following example.

Example 3.8. Let r = pﬁ. Suppose that X is a non-archimedean Banach space
over Q,, and A, C € B(X) are such that C is invertible, AC = CA and ||A|| < 7.
Set, for all t € Q,.,

S(t) = Cetr + tACeH.
Then one can see that with D = —I, (S(¢))teq, is an H-C group where for all
t € Q,, T(t) = CetA. In this case, for all t,s € Q,., S(s)S(t) = S(t)S(s).
In fact, for D = —I, we have for all t,s € Q,, CS(s +t) = C?elt)4 1 (s +
t)AC?e(>+t)4 and

S(s)S(t) = (Ce*? + sCAe?) (Ce' + tACe™)
= C2eltDA Lt AC?e(HDA L G AC2e5TDA 1 st(AC)2e(sTDA
= CQG(S—H)A + (S + t)AC26(S+t)A + St(AC)2e(s+t)A
and
(S(s) —T(s))(S(t) — T(t)) = st(AC)2et+9)4,
Hence,
S(s)S(t) — (S(s) —T(s))(S(t) —T(t)) = C2e(s+0A | (s + t)AC2e(s+t)A
=CS(s+1).

Conditions (i) and (iii) of Definition are easy to verify, so (S(t))icq, is an
H-C-group.

The following proposition gives a condition under which an H-C-group family
commute.
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Proposition 3.9. Let (S(t))ieq, be an H-C-group family on X. If I + D is
injective and for all t,s € Q,, T(s)S(t) = St)T(s), then for all t,s € Q,,
S(s)S(t) = S(t)S(s).

Proof. Assume that I + D is injective and for all ¢,s € Q,., T(s)S(t) = S(t)T(s);
then for all ¢,s € Q,.,

S(t)S(s)+ D(S(t) = T(t))(S(s) — T(s))
=CS(t+s)
=CS(s+1)
=5(s)S(t) + D(S(s) = T(s)) (S(t) — T(t)).
Thus, (I + D)(S(t)S(s) — S(s)S(t)) = 0. Then for all t,s € Q,, S(s)S() =

S()S(s). O

Theorem 3.10. Let (S(t))ieq, be an H-C-group family of infinitesimal genera-
tor A on X, with (T(t))teq, a C-group of infinitesimal generator Ao, such that
there are My, My > 0 such that for all t,s € Q,, [|[S@)|| < My, [|[T(@)] < Mo,
T(s)S(t) = S#)T(s) and S(t)S(s) = S(s)S(t). If x € D(A), then for allt € Q,,
S(t)x, T(t)x € D(A) and AS(t)x = S(t)Ax.

Furthermore, for any x € D(Ayp),

S(t)x, T(t)x € D(Ag) and AgS(t)x = S(t)Aoz, AT (t)x = T(t)Aoz.
Proof. Let x € D(A), s € 2 and t € Q,.. From the boundedness of the (S(t)):ecq,,
it is easy to see that

o (S(S)S(t)x - CS(W) = S(t)c! (W) — S(H) Az as s — 0.

S

Consequently, for all t € Q,., S(t)Az € D(A) and AS(t)x = S(t)Ax.
From the boundedness of the (T'(t)):cq,, we have

o1 <S ()T (t)e = CT(t)x) =T(t)C! (W) — T(t)Az as s — 0.

S

Consequently, for all t € Q,., T(t)xz € D(A) and AT (t)z = T(t)Ax.
The last part can be proved similarly. O

Set Ay = (1 4+ a)A — aAy, where a € K\{—1}, Ay is the infinitesimal generator
of the C-group (T'(t))tcq, and A is the infinitesimal generator of a mixed C-group
(S(t))teq,.. We have the following theorem.

Theorem 3.11. Let X be a non-archimedean Banach space over K. Let (S(t))ieq,
be a mized C-group family of bounded linear operators on X with o € K\{—1}.
Set, for allt € Q,, T1(t) = (1 + «)S(t) — aT(t). Then (T1(t))ieq, is a C-group
of bounded linear operators whose infinitesimal generator is an extension of A;.
Furthermore, for all x € X and t € €,
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Proof. Let us see the conditions in Definition [T.0}
(i) Trivially, Ty (0) = (1 + @)S(0) — aT'(0) = C.
(ii) For all ¢, s € Q, and z € X, we have
CTi(s+t)x=(1+a)CS(s+t) —aCT(s+t)x,
and
CTi(s+t)x =1+ a)(S(s)SE) +a(S(s) =T(s)(SE) =T )z — T (s)T(t)x
=1+ a)S(s)S{t)x +a(l+a)S(s)S({t)x — a(l+ a)S(s)T(t)
—a(1+a)T(s)St)z + a(l + a)T(s)T(t)x — aT(s)T(t)x
= (1+a)2S(s)S(t)x — a(l + a)S(s)T(t)x
a(l4+a)T(s)S(t)x + T (s)T(t)x
= ((1+a)S(s) —aT(s))((1+a)S(t) — aT(t))x
=Ty (s)T1(t)z.

(iii) Since (T'(t))teq, and (S(t))iteq, are continuous on £, (T1(t))icq, is also
continuous on §,. So, (T1(t))teq, is a C-group of bounded linear operators on X.

T

Now we show that an extension of 41 = (14 a)A — aAg, where a € K\{—1}, is
the infinitesimal generator of (77 (¢))icq,. Let B be the infinitesimal generator of
(T1(t))teq,. By definition of D(A) and D(Ay), for x € D(A1) (= D(A) N D(Ay))

we have
lim (S(t)xCx) — CAz and lim <T(t)ICI> — CAyz.
t t—0 t

t—0
Then,
T — 1 —aT —
lim( 1(t)z C’x) — lim (( + a)S(t)x — aT(t)x Cx)
t—0 t t—0 t
Sit)x —C T(t)x —C
= (14 a)lim (W) — alim (W>
t—0 t t—0 t

exists in X. It follows that z € D(B) and Az = Bz, hence the infinitesimal
generator of (T4 (t))icq, is an extension of Aj. O

For a € K\{-1} and D = «l, from Proposition and Theorem we
conclude:

Proposition 3.12. Let X be a non-archimedean Banach space over K and let
(S(t))teq, be a mized C-group family of bounded linear operators on X with o €
K\{—1} such that for all t,s € Q,, T(s)S(t) = S(t)T'(s). Then for all t,s € Q,,
S(s)S(t) = S(t)S(s).

Theorem 3.13. Let X be a non-archimedean Banach space over K. Let (S(t))icq,
be a mized C-group family of infinitesimal generator A on X, with (T(t))teq, a C-
group of infinitesimal generator Ag, and o € K\{—1} such that there are My, My >
0 such that for all t,s € Q. ||S@)|| < My, |T(#)|| < Mz, T(s)S(t) = S(t)T(s) and
S(s)S(t) = S(t)S(s). If x € D(A), then for allt € Q,, S(t)x, T(t)xr € D(A) and
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AS(t)x = S(t)Azx. Furthermore, S(t)z, T(t)x € D(Ag) and ApS(t)z = S(t)Aoz,
AT (t)x =T (t)Aox for any x € D(Ap).

For a = —1, we have the following theorem.

Theorem 3.14. Let X be a non-archimedean Banach space over K. Let (S(t))iecq.
be a mized C-group family of infinitesimal generator A on X, such that there are
My, My > 0 such that for all t,s € Q,, |S®)|| < My, |[T@®)] < Ma, T(s)S(t) =
S()T(s) and S(s)S(t) = S(t)S(s), where (T'(t))teq, is a C-group of infinitesimal
generator Ag. Then, for all x € D(A) N D(Ap),

dCZ(t)x = C(ApS(t)x 4 (A — A)T(H)z).

Proof. Let x € D(A) N D(Ap). Using Theorem we have
o CS(h+t)z—S(t)Cx

d :
ﬁS(t)Cx =1li

h—0 h
~ im S(h)S(t)x + (T'(h) — S(h))(S(t) —T(t)x — S(t)Cx

h—0 h

. T(h)S{t)x —CS(t)x . ST {t)z —CT(t)x

= lim + lim

h—0 h h—0 h

. T(h)T(t)x — CT(t)x
B hlg%) h

=C (AgS(t)x + AT (t)x — AT (t)x) . O

Proposition 3.15. Let X be a finite dimensional Banach space over K. Let
(T(t))tcq, be a C-group of infinitesimal generator Ag on X such that for allt € Q,,
AT (t) =T(t)Ag. Let A € B(X) be such that for allt € Q,, AT(t) = T(t)A. Then,
forallt € Q,., S(t) = T(t)+t(A— Ag)T(t) is a mized C-group of infinitesimal
generator A on X with a = —1.

Proof. Since (T'(t))icq, is a C-group on X, we have T(0) = C, hence S(0) =
T(0) = C. By assumption, for all t € Q,., AT(t) = T(t)A and AT (t) = T(t)Ao;
then CA = AC and CAg = ApC. Let s,t € Q,.. We have
CS(s+t)=CT(s+1t)+ (s +t)(A—Ay)CT(s+1)
=T(s)T(t) + sAT(s)T(t) — sAgT(s)T(t) + tAT(s)T(t) — tAT(s)T (1),
and
S(s)S(t) = (S(s) = T(s))(S(t) = T(t))
= (T'(s) + 5(A = Ao)T(s))(T'(t) + t(A — Ao)T(t))
— st(A — Ag)T(s)(A — Ag)T'(t)
=T(s)T(t) +tT(s)AT(t) — tT(s)AoT(t)
+ sAT(s)T'(t) — sAT(s)T'(t)
+ st(A — Ag)T(s)(A — Ao)T(¢)
— st(A — Ag)(A — Ag)T(s)T(t)
=CS(s+1t).
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Also we have that, for all z € X, ¢t € Q,. — T(t)z is continuous, and then ¢t € Q,. —
S(t)z is continuous. Consequently, (S(1)):cq, is a mixed C-group of bounded linear

operators on X with a = —1. It is easy to see that A is the infinitesimal generator
of (S(t))teq, - O

E)Eample 3.16. Assume that K= Q,. Let A, Ay, C € B(X) be such that ||4g] <
pi=r, CA = AC and CAg = AoC. We consider the family of bounded linear
operators on X defined by

for all t € Q,, S(t) = Ce!o +t(A — Ag)Celo.
It is easy to see that for a = —1, (S(t))seq, is a mixed C-group of bounded linear

operators of infinitesimal generator A on X.

In the following theorem it will be proved that multiplication of an H-C-group
and a C-group is an H-C-group if these two families commute.

Theorem 3.17. Let X be a non-archimedean Banach space over K. Let (B(t))teq,
be a commuting strongly continuous H-C'-group of infinitesimal generator B on X
with the C-group (T(t))ieq, of infinitesimal generator Ay and D € B(X). Let
(A(t))ieq, be a C-group of infinitesimal generator A such that for all t,s € Q,,
A(t)D = DA(t) and A(s)B(t) = B(t)A(s). Then, for allt € Q,, V(t) = A(t)B(¢)
is an H-C?-group of infinitesimal generator A + B.

Proof. Trivially, V(0) = C?. Also for any s,t € Q,,
C?*V(s+1t)=CA(s +t)CB(s + )
= A(s)A(t)(B(s) B(t) + D(B(s) — T(s))(B(t) = T(t)))
=V(s)V(t) + D(V(s) = A(s)T(s))(V(t) — AT (2))-

Thus (V(t))ieq, is an H-C?-group which is obviously strongly continuous. Also
for any € D(A) N D(B),

—C? A — _ 2
o V(t)x — C*x  lim (t)B(t)x — CB(t)x +lim CB(t)x — C*x
t—0 t t—0 t t—0 t
= C?Az + C?Bz.
Then,
V(t)x — C?
o21im VOE=CTT (44 By, O
t—0
Remark 3.18. Let X be a non-archimedean Banach space over K. Theorem [3.14]
shows that for « = —1, if (S(t))seq, is a mixed C-group of infinitesimal generator A,

with (T'(t))teq, a C-group of infinitesimal generator A such that for all ¢, s € Q,,
T(s)S(t) = S(t)T(s) and S(s)S(t) = S(t)S(s), then u(t) = S(t)z is a solution of
the inhomogeneous p-adic differential equation given by

WD Agu(t) + (A= A1), 1€ 9,

and u(0) = Cz, x € D(Ap) N D(A) with f(t) =T (t)z.
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