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CONFORMAL VECTOR FIELDS ON STATISTICAL MANIFOLDS

LEILA SAMEREH AND ESMAEIL PEYGHAN

ABSTRACT. Introducing the conformal vector fields on a statistical manifold,
we present necessary and sufficient conditions for a vector field on a statistical
manifold to be conformal. After presenting some examples, we classify the
conformal vector fields on two famous statistical manifolds. Considering three
statistical structures on the tangent bundle of a statistical manifold, we study
the conditions under which the complete and horizontal lifts of a vector field
can be conformal on these structures.

1. INTRODUCTION

Nowadays, information geometry as a combination of statistics and differential
geometry has an effective role in science. Some of its vast applications can be found
in image processing, physics, computer science and machine learning [4} [9, 13|, 12,
31]. It is a realm that makes it possible to illustrate statistical objects as geometric
ones by the way of capturing their geometric properties. Rigid objects in the sense
of coordinate transformation are a favourite among differential geometers. So,
observing the statistical spaces from the doorway of differential geometry makes it
convenient to study the statistical behaviors profoundly. A fundamental detailed
survey on information geometry can be found in the monograph [5].

For an open subset © of R” and a sample space § with parameter § = (',...,0"),
we call the set of probability density functions

S:{p(JU%@)Z/QP(x;@):l, p(z;0) >0, 6 € ©® CR"}

a statistical model. For a statistical model S, the semi-definite Fisher information
matriz g(0) = [gi;(6)] is defined as

Q

where £y = {(x;0) = logp(x;0), 0; = %, and Ep[f] is the expectation of f(z)
with respect to p(z;6). The space S equipped with such information matrices is
called a statistical manifold in the literature.
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Historically, Fisher was the first to introduce the relation in 1920 [16]. It is
easy to see that if g is positive-definite and all of its components are converging to
real numbers, then (5, g) will be a Riemannian manifold, and g is called a Fisher
metric on S with components

1
g:5(0) = / 0ip(x;0)0;lg dx = / ———0;p(x;0)0;p(x;0) dx.
Q a p(z;0)
Rao was the first to study the above metric in 1945 [28]. In 1982, Amari [2] studied
a parametric family of torsion-free connections V(®) with respect to p(x;6) (called
a-connections) by using the Christoffel symbols

« o 1 -
ng;z =9(V§,05,0k) = Ep K@'ajﬁe + 20@593%9> (@Ja)] :

where o € R. Indeed, by introducing a-connections, Amari provided a differen-
tial geometrical framework for analyzing statistical problems related to multipa-
rameter families of distributions and introduced a-geometry on statistical mani-
folds. a-geometry measures second-order information loss and the second-order
efficiency of an estimator. The a-geometry of the Gaussian, Gamma, McKay bi-
variate gamma, Weibull and Freund bivariate exponential manifolds are studied
by Amari [3], Arwini and Dodson [6] and Cao, Sun and Wang [1I]. An interest-
ing feature of the Gaussian and the Weibull manifolds is that they have negative
constant Gaussian curvature [6 [II]. Also, one interesting fact is that several of
the submanifolds of the Freund bivariate exponential manifold are a-flat [6]. The
statistical manifolds whose a-curvature is negative constant have the same statisti-
cal properties as Gaussian and Weibull manifolds. In particular, some parameter’s
MLE in «o-flat statistical manifolds has no second order information loss (see [2] [15]
for more details). The question now arises statistically and geometrically. Indeed,
that question is whether there may be other manifolds with constant Gaussian
curvature or a-Gaussian curvature. In answer to this question, Yuan [34] proved
that the generalized Gaussian statistical manifold has constant a-Gaussian curva-
ture. Also, he introduced the p-dimensional statistical manifold (for any positive
integer p) that is a-flat.

A statistical manifold is a triple (M, g, V), where the manifold M is equipped
with a statistical structure (g, V) containing a Riemannian metric g and an affine
connection V on M such that the covariant derivative Vg is symmetric. The trivial
example of statistical manifolds arises when one puts V := V(©, where V(@ is the
Levi-Civita connection of g. It can be checked that V(%) is torsion-free and that
V(g is totally symmetric, so (M, g, V(O‘)) is a statistical manifold. Lauritzen was
the first to study such structures in 1987 [22].

Conformality is an interesting concept in several branches of mathematics, such
as classical geometry, real and complex analysis, (semi-) Riemannian geometry
and Finsler geometry. Also, it is a valuable concept in physics, in particular in
conformal field theory and general relativity (see for instance [19}[27]). In fluid me-
chanics, aerodynamics, thermomechanics, electrostatics, elasticity, and elsewhere,
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the solutions to the Laplace equation on complicated planar domains have exten-
sive applications. An effective approach to the construction of such solutions is
based on the use of conformal mappings [24]. Conformal vector fields are vector
fields with flows preserving a given conformal class of metrics. These vector fields
as the generalizations of conformal functions between Euclidean spaces and con-
formal maps between (semi-) Riemannian manifolds, are important matters of fact
in Riemannian geometry (see for instance [8, [30]). Indeed, a smooth vector field
X on a Riemannian manifold (M, g) is said to be a conformal vector field if there
exists a smooth function p on M such that Lxg = 2pg. The function p is called
the potential function of the conformal vector field X. If f is a constant function,
X is called a homothetic vector field. A special category of homothetic vector fields
is the set of Killing vector fields, where p = 0 (in the presence of a Riemannian
metric g, their flow preserves g). These kinds of preserving the metric help to
categorize the spaces in the sense of diffeomorphism and symmetry. The study of
conformal vector fields on Riemannian manifolds and their tangent bundles is of
interest to many researchers (see for instance [I}, (I8} 25] 32]).

Recently, the study of geometric concepts of statistical manifolds has been con-
sidered by many researchers (see e.g. [7, [0 17, 20, 21, B5] [36], B7]). For instance,
Sasakian geometry and symplectic geometry on statistical manifolds are introduced
by [17] and [37], respectively. Also, Hasegawa and Yamauchi |20} 21I] introduced
the concepts of A-conformally flat and conformally-projectively flat on statistical
manifolds. The importance of conformal vector fields in Riemannian geometry and
the concepts introduced in [20] 21] led to the idea of introducing conformal vector
fields on statistical manifolds. Since the concept of conformal vector field is inde-
pendent of the choice of linear connection, its introduction on statistical manifolds
is similar to that on Riemannian ones and will not be valuable. So, we need to
introduce a new concept that uses the statistical connection structure and gives us
the definition of conformal vector field in the Riemannian case (for this reason we
call it the conformal vector field on statistical manifolds). Therefore, the aim of
this paper is to study the conformal geometry on statistical manifolds.

The organization of the paper is as follows. In Section 2 we recall some concepts
on statistical manifolds and lift geometry on the tangent bundle of a manifold.
Section 3 is devoted to the study of Lie derivatives of tensor fields on statistical
manifolds. In Section 4 we introduce the conformal vector fields on statistical man-
ifolds and we present some examples of them. Then we focus on two famous statis-
tical manifolds (the general Gaussian distribution manifold and the 2-dimensional
statistical manifold) and we determine the conformal vector fields on these man-
ifolds. In the last section we consider three statistical structures on the tangent
bundle of a Riemannian manifold and we find necessary and sufficient conditions
under which the horizontal and complete lifts of a vector field can be conformal
on these structures. Then we implement these conditions on an example, and
also on the tangent bundle of the generalized Gaussian distribution manifold and
2-dimensional statistical manifold.
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2. PRELIMINARIES

Let M be a smooth manifold with a Riemannian metric g and let V be a linear
symmetric connection. The triple (M, g, V) is called a statistical manifold if Vg is
symmetric for all X, Y, Z € x(M). In other words, Vg = C, where C' is a symmetric
tensor of degree (0,3), namely, Vg satisfies the Codazzi equations

(Vxg)(Y,Z) = (Vyg)(X, Z) = (Vz9)(Y, X) =C(X,Y,Z) VXY, Z € x(M).
(2.1)
In this case, V is called a statistical connection. When C = 0, we have the unique

Levi-Civita connection V(?). Now we define the skewness operator K of degree
(1,2) on M as follows:

KxY =VxY -VOy  vX,Y e x(M). (2.2)
It is easy to see that K satisfies the following relations:
(i) KxY = Ky X,
(i) g(KxY, Z) = g(Y, Kx Z), (2.3)
(iif) C(X, Y, Z) = —29(KxY, Z).

The dual connection of a linear connection V is defined by
Xg(Y,Z2) = g(VxY,2) +9(Y,VxZ) VXY, Z e x(M).

It is known that if (M, g, V) is a statistical manifold, then (M, g, V) is a statistical

manifold as well. Moreover, we have V(®) = 1(V + V). Using V and V, we have
the family of a-connections as follows [35]:
1+« l—ax

v ="~y V.
5 VT

Let M be an n-dimensional manifold, let TM be its tangent bundle and let 7 :
TM — M be the projection map. The space TT'M can be split into two subspaces
at every point (p,v) as follows:

T(p)U)TM = H(p,v)TM D V(pﬂ,)TM, (24)

where Vi, yT'M = ker ﬁ*\(m,) and H(, ,\T'M is a supplement space of Vi, ,)TM.
If (2, "), i = 1,...,n, is a local coordinate of "M, then {32, 8%1‘ ?:1 is a natural
basis of TT'M at every point (p,v) with the dual {dz?, dy’}"_,. According to the
splitting (2:4), TTM has the basis {52, 8%1'}?:1 with the dual {dz?, §y*}™_,, where

1) 0 - 0
= — Tk
PR T Ayk’

oy’ = dy' + T}, da”,

and Ffj are the Christoffel symbols of a linear connection V. From now on to
o 0 1

simplify we use 0;, d; and J; instead of —, — and —, respectively. The Lie

oxt’ Oyt oxt
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brackets of {%, 8%1‘ ?:1 are given by

[0:,0;] = —y" R, 05, [0,,05] =T505,  [0;,05] =0, (2.5)
where Rfjr are the components of the curvature tensor of M given by
Ry, = 0il%, — oI, + 0Ty, —ThT) .. (2.6)

It is known that the components of the curvature tensor of a statistical connection
satisfy the following relations:

Ry, = =R, R, + R}, + Ry, =0.

ijr Jairs JTi 1]
Let X = X'0; be a vector field on M. The vertical, horizontal and complete lifts
of X are defined by

XV =X'0;, X"=X'0;, X°=X'0+y*(0.X"0;.
The above lift operations are extended to the tensor algebra J (M) by the following
rules [33]:
(PRQ)"=P"®Q",
(P2Q) =P Q" +P ®Q", (2.7)
(PoQ)"=P 2Q"+Paq.
In particular, for any tensor fields P,Q € J7 (M) with r = 0,1, we have
Pe(XY, ..., XJ) = (P(Xy,...,Xy)", PYX7,...,X7)=0, (2.8)
and

Qh(X{lﬂaX:) = (Q(Xla"'aXS))h7 Qh(Xfﬂ"'aXv) = Oa

S

) ) (2.9)
QMXP, X XV XD, XD = (Q(X, .., X))

3. LIE DERIVATION AND STATISTICAL CONNECTION

First, we recall some concepts and notations on the Lie derivative and the co-
variant derivative of tensors.

Let T € J7(M) and let V be a linear connection on M. Then, for each X €
T (M) = x(M), the covariant derivative of T along X is defined by (see [33])

(VxT)(0,...,0", X1,...,X,) = X(T(0,...,0", X1,...,Xs))
—T(Vx0', . .. ,0", X1,...,X)—---=T(0,...,Vx0", X1,..., X,)
—TO,....0", VxX1,...,Xs) —---=T(O,....0", X1,...,VxX,),

where 0" € J(M), X; € J3(M), i =1,...,r and j = 1,...,s. Also, the Lie
derivative of T along X is defined by

(LxT)(0,....0", X1,...,X,) = X(T(H",...,0", X1,...,X,))
—T(Lx0',....0",X1,...,X,)—---—T(0",...,Lx0", X1,...,X,)
—TO..., 0", LxXy,...,Xs)—--—=T(",...,0", X1,...,Lx X,).
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In the local expression we have

VT = (Vp, T = (Vp, T)(da™, ..., dz",8;,,...,0;.)

J1ds J1Js

— OnTH + T Dl 4+ THIR T, (3.1)

Ji-ds J1gs Jids
_pitevieph L grireieph
Th--'js F]lm j"jy"h F]sm
and
LSy A i1ty . % 7
Lijllij = (L)(’I‘)]ll]5 = (LxT)(d.CL‘ 1,. .. ,dx ", ajl, ey 8%)

_ Xmaan% 7 Tmh (amXil) R T“m(amX“) (32)

J1ds JiJs JiJs

T (@ XY — e = T (95, X7,

jim

Proposition 3.1. Let (M,g,V) be a statistical manifold. Then we have the fol-
lowing formulas:

(Lxg)(Y,Z) = =29(KxY, Z) + 9g(Vy X, Z) + g(Y,VzX), (3.3)
(Lxg)(Y,Z) =29(KxY,Z) + g(Vy X, Z) + g(Y, V2 X). (3.4)
Proof. Since V is symmetric and C(X,Y,Z) = —2¢(KxY, Z), we have
(Lxg)(Y,Z) = Xg(Y, Z2) — 9([X,Y], Z) — g(Y, [X, Z])
=Xg(Y,Z) —g(VxY,2) + g(Vy X, Z) — g(Y,VxZ) + g(Y,VzX)
= —29(KxY,Z2) +9(VyX,Z) + g(Y,VzX),

which gives us (3.3). Since 6 =V — 2K, we get
(Lxg)(Y,Z) = Xg(Y, Z) — g([X, Y], Z) — g(Y, [X, Z])
=Xg(Y,2) —g(VxY, Z2)+ g(Vy X, Z) — g(Y,VxZ) + g(Y,VzX)

= (Vxg)(Y, Z) +29(KxY, Z) + 29(Y, Kx Z)
=20(X,Y, Z) + 29(KxY, Z) + 29(Y,Kx 7).

Relations ([2.3)) and the above equation imply (3.4). O
Proposition 3.2. Let (M, g,V) be a statistical manifold. Then we have

(LxV)(Y, Z) = (LxV)(Y, Z) + 2(Lx K)(Y, Z), (3.5)
(LxVO)Y, Z) = (LxV)(Y, Z) + (Lx K)(Y, Z), (3.6)
(LxVO)(Y, 2) = 2ALxV)(Y. Z) — (LxV)(Y, Z) + 3(LxK)(Y, 2),  (3.7)

where (va)(Y, Z) = Lx(VyZ) - VLXyZ - VyLXz.

*

Proof. Using (2.2)) and the relations V =V - 2K and VO = 1(V+ V) we can
conclude ([3.5)—(3.7)). O
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Here we study some properties of the Lie derivative of tensors on statistical
manifolds in the local format. Note that the local expression of the tensors C' and K
introduced by (2.1)) and (2-2) are C' = Cj;dzr'®dr! @dz* and K = Kikjdxl@dx] R0k
From (2.3)) we conclude that the components Klkj of K satisfy the relations

Jo

Kf =K, Khgm = Kjgr,  Cije = —2K[;grn. (3.8)

From the above equations we conclude that Cjj;, is totally symmetric, i.e., Cijp =
Cjik = Cig;j-

Proposition 3.3. Let X = X"0, be a vector field on a statistical manifold
(M,g,V). Then we have

Lxgij =2X"Kyjk + V;Xi + V; X,
where X; = g;; X" and Kyj, = Kfjghk.
Proof. Setting X = X'9;, Y = 9; and Z = 9y, in (3.3)) we get
Lxgjr = _QQ(KXiaiaja Or) + g(Vaj (Xlal)’ 8’6) + g(ajv Va, (Xzaz))
= —2X"K[ gk + (0;X")gir. + X'T}9k + (0 X ") gji + X'Thigjr
= —2X'Kiji + (0, X" + X'T})grk + (06 X" + X'T}:) g5
Using (3.1]) in the above equation implies

Lxgjr = —2X"Kije + (V;X")gr + (Ve X")gjir- (3.9)
But using we get
(ViX") g = V(X grk) — X"Vgrk = V; X — X Cjiri. (3.10)

Similarly, we have
(ViX")gjr = ViX;j = X" Chr;. (3.11)
Putting (3.10) and (3.11)) in (3.9) and considering that Cj,\ is totally symmetric

we obtain
Lxgjx = —2X Ky, + Vi Xy, + Vi X; — 2X"Clp.
Using the third equation of in the above equation implies
Lxgjx = —2X'Kijr + Vi Xy + Vi X; + 4X" K,
=2X"K,jr +V; X+ Vi X;. O

Proposition 3.4. Let (M,V,g) be a statistical manifold. Then we have the fol-
lowing formula:

LTl = V.0, X" 4 XM Rl + 2XH (0 () — 0,(K ) — 2K Kl + 2K K.
where LXI‘Z = (LXV)Z,,
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Proof. Equation (3.5 has the local expression

LxT}y = 0;0;(X") + X'9,(T%) — 0y(X™T%, + 0; (XTI + 0;( X)), (3.12)
+20,(K) X" = 20,(X™) KT, +20;( XN K[ + 20;( X" K],

Since V is a statistical connection, we get
ViV X" = 0;(V;X") + (VX5 — (Vi X" )
= 0;(0;(X") + T, X") + (0;(X") + DL XML — (9(X") + T X*)IE
= 0;0;(X") + 0:(T)) X" + T7,0;(X") + 0;(X")I'}, + X T4, T,
— Oy (XM, — XFrp T
Using V = % + 2K, the above equation reduces to
ViV, X" = 0;0;(X") + 0:(T,) X" + T7,0;(X") + 0;( X"}, + X T4, T,
— Oy(XMIY; — XFIRTL 4+ 20, (K1) X+ 2K10:(X7) +20;( X" K],
+AXFK KR — 200X K] — AXP K KL
The expression (3.12) and the above equations imply
ViV, X" = LTl = XM (0u(T)) = () = T4l + THIY, )
+2X5(0:(K D) — 0n(K D) + 2K Ky — 2K L KL,

¢
J
Using the local expression of R (see (2.6])) we obtain
ViV X" = LxTl; — XPRy s+ 2XF(0i(Kly) — 0u(KJ) + 2K, K]y — 2K, K})).
O
4. CONFORMAL VECTOR FIELDS ON STATISTICAL MANIFOLDS

In this section we present the definition of a conformal vector field on a statistical
manifold and we study some examples.

It is known that the concept of conformal vector field is independent of the
choice of linear connection. So, its introduction on statistical manifolds is similar
to that on Riemannian ones. This motivates us to introduce a new concept that
uses the statistical connection structure and gives us the definition of conformal
vector field in the Riemannian case. Since the skewness operator K has a basic role
in statistical manifolds, we need to consider a certain condition on it. It is known
that the geometrical symmetries of spacetime (which have many applications in
general relativity) are often defined through the vanishing of the Lie derivative
of certain tensors with respect to a vector (see [26] for more details). So, we are
interested in skewness operators whose Lie derivative is zero.
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Definition 4.1. Let (g, V) be a statistical structure on M. A vector field X is
called a conformal vector field if

Lxg=2pg, LxK =0,
where p is a function on M.
According to , the above equations have local expressions
Lxgij = X"0rgi; + 0;(X")gir + 0:(X")gjr,
LxK]; = X'O,K], — KLo(X") + 0:)( X K], + 0;( X" K. (4.2)
Using the relations
(ViX") = 0:(X") + X" T,
VK[ =0,K]! + K}y — KTl — KjiT
we can rewrite as follows
LxK[; = X'V K[, - KL,(V,X") + K[;(V;X") + K[;(V; X"). (4.3)
From Definition and equations and we can conclude the following:

Lemma 4.2. A vector field X = X'0; on a statistical manifold (M, g, V) is con-
formal if and only if

X"0rgi; + 0;(X7)gir + 0i(X7)gjr = 2pgij, (4.4)
X'OKj; — KLoy(X7) + 0;( XKy + 9;( X" K], = 0. (4.5)

Example 4.3. Consider the Fisher metric

on the normal distribution manifold
—(@=p?)
M= {f@ipo) | fwsp,0) = F—e™5F  apeR, o >0}
The equations (3.8]) imply

Kiy =2K},  Kjp =2K3,. (4.6)

Let X = X190, + X?0, be a vector field on M, where 9, = % and 0y = %. Using
({4.4), we get
Xlal(gij) + X282(gij) + 3¢(X1)91j + ai(X2)g2j + aj(Xl)gil + aj(XZ)giQ = 2pgij-

Considering 7,7 = 1, 2, the above equation implies

e axty =) SIx2 10X = p Gu(XY) = —200(X2). (A7)
ag (o2
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Note that the first two equations of ([4.7) imply 9;(X!) = 02(X?). Considering
i,7,7 = 1,2 in (4.5)) we obtain the following equations:

X101 (K} + X20,(K1,) + 01(XY K], + 601 (X3)KE =0, (4.8)
X'01(Kfy) + X?0:(K7)) — 01(X?)K{, — 0:(X?) K},

+ 201 (XK +201(X?)K2, =0, (4.9)
X101(Kyy) + X205(Kgy) — 02(X ) K3y 4 202(X 1)Ky + 05(X?)Kjy = 0, (4.10)
X101(K2,) 4+ X205(K3,) — 01(X?) Ky + 202( X KE, + 05(X*) K3, =0, (4.11)
X'01(K{y) + X205(K{y) + 401 (X?) K3, 4 02(X 1)K, 4+ 02(X?) K], =0, (4.12)
X101 (K3) + X202(K3y) — 401 (XHK?) + 02(X?) K3y + 01(X?) K3y =0, (4.13)
X101 (K, + X20,(Kiy) + 401 (XH K3, + (XK, + 02(X*)K{, =0, (4.14)
X10,(KE) + X205(K?2,) — 400 (X?) K3 + 61(X1)K12 + 81(X2)K22 =0. (4.15)

So, X is conformal if and only if it satisfies ( , and .7- For

instance, if we consider
X'=au, X?=ao, p=0,
and
K112 = 2K121 =0, K111 = K212 = K222 = 2K§1 = %v (4.16)
where a is non-zero constant, then we obtain a conformal vector field on (R?, g, V).
Note that the coefficients of the Levi-Civita connection V() of the Fisher metric

given by (4.3) are
0)1 0)1 0 02 _ 1 0)1 0)2 0)2 0)1
e
then using (2.2) and (4.16)) we deduce that the coefficients of the statistical con-
nection V are as follows:

1 1

1—-a
F11 = 2F12 = 2F21 = F%Q = o’ Fiz = F%l = *21?1 = T’ F%z =

aor

Example 4.4. We consider the normal distribution Riemannian manifold (M, g)
introduced in Example [4:3] Let 1 be a 1-form on M. It is easy to see that

KxY =g(X,Y)n! + n(X)Y +n(Y)X,

where n(X) = g(X,n*) satisfies (i) and (ii) of (2.3). So, the linear connection V
given by

VY = VY + g(X, Y)nf +9(X)Y +n(Y)X
is a statistical connection on (M, g) (this connection has been introduced by Blaga
and Crasmareanu [I0]). Now, let X = X'9; + X205 be a vector field on M. Using

[3), we get
LxK[; = X'01(gin™ + mi6] +1j07) — O (X7) (gign™ + mi6" + 1;01™)
+ 0i (X" (g™ + md§ +n;07) + 0;(X") (gun®™ + mo} +midy),
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where KJ; = = giin*" + 1:0% +1;0; . Considering 4, j = 1,2 and using n¥ = g¥n;, the
above equatlon induces the following:

M) +3X20a(m) — 102(X ) + 301 (X )i + 201 (X )2 = 0,
12) + 5 X202(n2) — 01(X ) — $02(X?)m2 + 01(X )z = 0,
2X 101 (m) + 2X205(m) — 201 (X ) — 9o(X )02 + 405(X?)m = 0,
3X101(n2) + 3X202(n2) — 201 (X )1 + 202(X )1 + 302(X?)me = 0,
X101(n2) + X202(n2) + 201 (X1 + 202(X )y + 92(X?)m2 =0,
X101 (m) + X202 () + 01(X ")y + 200 (X )12 + 502(X )2 = 0.

3X1o,
1xto

—

—~

Using (4.7)), the six equations above reduce to
X101 (m) + X205(m) + O1(X?)ne + 01(X)m =0,
X101 (n2) + X?0a(n2) — 201(X*)m1 + 01(X )2 = 0.

So, X is conformal if and only if it satisfies these two equations. For instance,
if we consider n = dp + —da where A, k and c are constants, then X =

k,quc
(kp +¢)01 + (ko +¢)dq is a conformal vector field on (R?, g, V) with p = —£.

Here we study the conformal geometry on two famous statistical manifolds.
One of them is the generalized Gaussian distribution manifold and the other is a
p-dimensional manifold (of course for p = 2). The geometric structures of these
manifolds were studied in [34].

The generalized Gaussian distribution manifold is defined as

8 _le—nl®
2gr(l)e AL, u€e€R, 0, 8>0p,

B

Ml - {f(xvﬂvavﬁ) | f(x;,uvo-vﬂ) =

where I'(z) is the gamma function and p, o and § are called the location, scale and
shape parameters, respectively. When 5 = 1 or § = 2, this distribution reduces
to the Laplace distribution or the Gaussian distribution, respectively. Note that if
B is odd, the manifold is not smooth. Hence we only consider the case when § is
a known even number. In [34], Yuan proved that the Riemannian metric on the
generalized Gaussian statistical manifold M; is as follows:

1
_ |gztn 0
g= { 0 012622} , (4.17)
where
P(1 - 1)3(5 - 1)
B
e = , Ccap =P
(T
Also, g~ 1, given by
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is the inverse of g. The Christoffel symbols of the a-connection are as follows:

a)l )2 a)2 a)l a 1 — 1
p(@1t _ pl@)2 _ ple)2 _ ple)t _ @2 ( 0! - Cm) .
11—« 1 1l -« 1
r(a)lzr(a)l _ (.0 rle2 _ (1)
21 12 Ciop + 5 G121 o 11 ci1g + 5 C11 p—
(4.18)
where
38—1 281
TP o)
C121 = C112 = F(l) )
B
Coo0 = 237,
oy _ TEF)BB-) -T (586 -1
Cl12 = 1"(%) s
28—1
4D e
= 5 ,
1
052)2 =p(1-B)

Considering a = 0, we can obtain the Christoffel symbols of the Levi-Civita con-
nection as follows:

1
0)1 0)2 0)2 1 0)2 1
MO r T om0 D0 = (o)
) 122 (4.19)
0 0)1 1 0)2
Fgl) _ ]_'\( ) — (C§2)1 + 6121)70_011, ]_—‘gl) — (051)2 —+ 0112) 70'622 .

Theorem 4.5. Every conformal vector field on the generalized Gaussian distribu-
tion manifold M, is Killing. Moreover, X = X'0; + X209y is a Killing vector field

if and only if X' = Ap+ B and X? = Ao, where A and B are constants, 0, = (%
and Oy = a—
Proof. Using K;; = FE?)T - 0)r and (| we get
K111 = K122 = K221 - K212 =0, K121 =— C112,
20’022
o o (4.20)
K= —— Ky =Ki, = .
22 20 €222, 21 12 20c11 C121

Let X = X'9; + X209, be a conformal vector field on M;. Considering 4,5 = 1,2
in (4.4) we obtain

-1 -1
7X2+81(X1) =P, 7X2+82(X2) =P, 62(X1)611+81(X2)622 =0.
The above equations imply

MX) = (X =pt X% a(X) = -Zo (X% (42)
11
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Also, putting 7,j,7 = 1,2 in , we obtain the following equations:
(i) 2KQlal( ) K%182(X1) =0,

(i) X205(K3,) + K3505(X?) =

(iif) X25(K3,) + Ky 02(X?) = (4.92)

(iv) X?85(K7;) — Ki102(X?) + K1161(X1) 0, .
(v) 2K1282( ) K2282( ) =0,

(vi) K3%01(X?) — K501 (X?) + K12132(X1) = 0.

The equations (4 and (| - ii) give us 20622 0222( — Oy (XQ)) = 0. Since
Co20 # 0, we conclude that 0y(X?) = 1X2 Setting this equation in the first
equation of we get p = 0. So X reduces to a Killing vector field. Puttlng
the second equatlon of in ylelds (2K3, + K% Eff)a (X?) =
Considering (4.20 (X?) = 0. In a similar way,
4.22 (Vl) reduceb to m(QCQQCllQ — C116222)31 (XQ) =0. If 61 (XQ) 7é 0, then
the last two equations imply ca9o = 0, which is a contradiction. Thus 9 (X 2) =0.
Finally, considering (4.21)), we get 02(X"') = 0 and 0;(X') = 2X?. The differential
equation system

DIXY) = B(X2) = 1X2, 01(X2) = B(X1) = 0

g

has the solution X? = Ao and X' = Au + B. O

Here we consider a p-dimensional statistical manifold. The importance of this
distribution family lies in that its member is a non-Gaussian multivariate distri-
bution, while the marginal distribution is Gaussian, which implies that a set of
marginal distributions does not uniquely determine the multivariate normal distri-
bution [I4]. A p-dimensional statistical manifold is defined by

My = {0 | F(x ) = 2[T0y ke 7, x €2 AERL ],

where

Qp ={z=(21,...,2,) e R? | [[}_,z; > 0},
R ={z = (21,...,2p) e R’ | 2; >0, i=1,...,p}.

The distribution in My can be rewritten as
p p p
X;\) = e? log(—#6;) + Gixf + =log 2 — log v/ 2,
f(x5A) ; g(—0;) ; 5 108 gV

where 6; = —%)\i. This is one member of the exponential family with the natural
coordinates (61, ...,0,) and the potential function ¢(6) = —% >°7_ log(—6;). It is
known that, for the exponential family, the Fisher information is Just the second
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derivative of the potential function,

oy 11

9ij = = —- 5 0ij, (4.23)
700,00, 20,0; "
and the a-connection is the third derivative of the potential function,
l—a 0% l—a 1
e — - _ 8;i 4.24
kT 0T 90,00,00 2 6,0,0, 7" (424)

where 6;; = 1fori=1,...,p,0;5j =0for¢ # j, 04ss = 1 fori=1,...,p,and 6, = 0
for unequal i, j, k (see [34] for more details). For p = 2, the matrix expression of
the metric g given by (4.23)) and its inverse matrix are as follows:

1
-5z 0 —202 0
202 —1 1
g= ! 1| g = [ 2] . (4.25)
[ 0 2031 0 —203
From (4.24) and ([4.23), we get
11—«

(@)1 _ (@2 _1-a ()k

I‘11 - 0, ) I‘22 - T? Fij
Theorem 4.6. Every conformal vector field on the 2-dimensional statistical man-
ifold M is Killing. Moreover, X = X0, + X208, is a Killing vector field if and
only if X! = A6, and X? = Bb,, where A and B are constants, 0, = 8%)1 and

-
D2 = 355

=0 for unequal i,j,k.  (4.26)

Proof. From (4.26) we have the Christoffel symbols of the Levi-Civita connection
as follows:

1 1
ng)l =g Fg;)z =g Fgg)k =0 for unequal i, j, k. (4.27)
1 2

Using Kj; = FE?)T — Fgg)r, (4.26)) and (4.27)) we get

K = g, 2 = g, KE =0 for unequal i, j, k.
01 02 J
Now let X = X19; + X2, be a conformal vector field on M,. By (4.4]) we obtain
X! X2 09 (X1 01(X?
WX~ Z-=p, B(X)--=p 2(X) LX) g (aam)
0, 05 02 02

Setting i = j =7 =11in implies 0 (X!) = {5—11. Considering this equation
and the first equation of we conclude that p = 0. So X is a Killing vector
field. Putting i =5 =1,r =2 in yields Ki;0:(X?) = 0, which gives us
01(X?) = 0. This equation together with the third equation of results in
02(X1) = 0. From this equation and 9;(X1!) = {5—11 we get X! = Af;. Similarly,
the second equation of and 9o(X1) = 0 imply X2 = Bf,. It is easy to see
that X = A60,0, + BO,0; satisfies all the equations of and . O
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5. CONFORMAL VECTOR FIELDS ON THE TANGENT BUNDLE

In this section, we consider two statistical structures on the tangent bundle of a
statistical manifold and we study the conformal vector fields on these structures.

Let (M, g,V) be a statistical manifold with the skewness operator K. Using
[2.7) and (2.9), the horizontal lift metric g" with respect to V is described by the
formulas

g (XM Y =g"(XxU YY) =0, ¢"(X"Y")=g(X,Y) (5.1)

forall X, Y € x(M). Again, using (2.7) and (2.9)), the horizontal lift of K is defined
by

Kbvh=(KxY)',  Kiy'=0,  KLY"=FKLY'=(KxY)" (52)
In [23] Matsuzoe and Inoguchi proved that if (M, g, V) is a statistical manifold, then
(TM,g", K") is a statistical manifold. Here we study the conditions under which
X" can be conformal on (T'M, g", K"). According to Definition a vector field
X € x(TM) is called a conformal vector field on a statistical manifold (T'M, g, V)
if there exists a function p(z,y) on TM such that Lsg=2pgand Ly K = 0, where

K is the skewness operator associated to V. If p is a function that depends only
on z", then X is called an inessential vector field.

Theorem 5.1. Let (M, g,V) be a statistical manifold with the skewness operator
K and let X" be the horizontal lift of a vector field on M. If X" is conformal with
respect to (TM,g", K™), then X" is an inessential vector field. Moreover, X" is
an inessential vector field if and only if

X" (Rrikj + Rrjri) = 0, (5
X"Vygij + (ViX")grj = 2p()gij, (5
KLV, X™) + KI(V;X7) =0, (5.
X" (R KT + Ry Kiy) = 0, 5
X"V, K+ (V,X")K! =0, (®
where Ryixj = R, gn;.
Proof. We can rewrite the metric g" and K" defined by and as follows:
9"(01,0;) = g"(9;,05) =0, g"(0,.05) =" 0) =gi.  (58)

K}o; = Klon,  Kjpo;=0,  Kjo;=Kjo; = K50y (5.9)
Using (2.5) and (5.8) we get (Lx»g")(0; 0;) = 0. In a similar way, we obtain

(Lxng™)(6:,6;) = X"y*(Ryinj + Rrjni), (5.10)

(Lxng™)(8:,0;) = X"0rgij + (0: X )grj — X' T} igni = X'V0gis + (VX )grj-
(5.11)
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The relations (2.5)) and (5.9) imply
(Lxn K™)(0;,0:) =0,

i Yj
(Ln K")(81,05) = (Lx K)30m + X"y (R K75 + Ry KGO,

(Lxn K")(65,05) = {X"0.(K[}) + 0:( X") K[} + X" (KT, — KpT)) YO,

g ijtrh
= {XTVTKZL + (ViXT)K:';}ﬁm.

The above equations and (4.3) imply that Ly» K" = 0 if and only if (5.5)(5.7)
hold. Using (5.11)) we obtain

(Lxng")(8:,05) = X"Vygij + (ViX")gr; = 209i;-

Applying 0, to this relation gives

op
0= QTykgz‘j = 2(0;P)gij-

Multiplying the last equation with g%/ we get
0= 271(9;;,5,

which implies that p is a function with respect to . So using (5.10) and (5.11)) it
results that L% g" = 2pg" if and only if (5.3)) and (5.4) hold. O

Example 5.2. Consider the normal distribution manifold (M, g) given by Exam-
ple[{:3] It is easy to see that the Christoffel symbols of the Levi-Civita connection
VO of (M, g) are as follows:

0)1 0)1 02 —1 02 1
! =T =1 = Y = o

[O1 _ pO1 _ p2 _ p2 _ _
11 22 12 21 22 o ’ 2

)

Now we consider the tensor K with the following components:

K, =2K} =0 K, =Ky = K3, =2K3, = —.

12 11 ) 11 22 22 21 = 5o
It is easy to check that the above components satisfy (3.8). So
VxY =VOY + KxY VXY eT(TM)

is a statistical connection on (M, g) with the following Christoffel symbols:

1 1 1
1‘\1 — F2 — 1 _
1= 5, = 1= 50 227 500
—2a+1 -1 1
ngzwy F%2:F%1:7a 1"%2:1"51:%.

Using (2.6]), we can show that all of the curvature components are zero except for
the following ones:

8a? —4a—1 —8a% —4a +1
R%Ql = *Rgn = 7166620'2 s R%zz = *R%m = —8a202 ,
3
R%m = _R§12 = 44(102-
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From the above equations we deduce that

8a% —4da — 1 —8a? —4da +1
Rig12 = —Ro1i2 = —( 55— Rizs1 = —Roro1 = ——5 17—,
8a‘o 842 (5.12)
3 .
Ri200 = —Ra102 = ,
1222 2122 = 53

It is worth remarking that (M,g,V) is a non-flat statistical manifold, because
Ri292 # 0. Applying i = j = 2 in (5.3)) and using the above equations we get

8a? —4a—1 3
Xl 1 Xl 2 —
Y ( 8a2ot ) AV 9000 0

where y' = du and y? = do. Differentiating the above equation with respect to y?
implies X! = 0. Setting i = 1 and j = 2 in (5.3) and using X' = 0 and (5.12)) lead

to
8a? —4a—1 3
X2 1 X2 2 _ 0
y ( 8a2o4 ) tAY 2a04

Differentiating the above equation with respect to y? implies X2 =0. So X =0 is
the only conformal vector field on the statistical manifold (M, g, V) such that X"
can be a conformal vector field on (T'M, g", K") (with p = 0). Indeed, X" = 0 is
the only Killing vector field on (T'M, g", K*).

Remark 5.3. As we can see in (5.12), Rj202 # 0. This shows that the relation
Rijri = —Riji does not hold for a non-Levi-Civita statistical connection on a
Riemannian manifold.

Lemma 5.4. Consider the generalized Gaussian distribution manifold (M, g, V().
My is flat if and only if a =1 or a = ﬁ

Proof. In [34], Yuan proved that
(a=1)BB-DR2-F+1-a)@-DIT(Z)

(@)  _
Rigip = &F(%)
Since 3 # 0,1, from the above equation we conclude that Rgh = 0 if and only if
a=lor2—-F+(1—-a)(f—-1)=0. O

Theorem 5.5. Consider the generalized Gaussian distribution manifold (M, g,
V(a)). There does not exist any non-zero vector field on My such that X" is a
conformal vector field with respect to (T My, g", K").

Proof. Let X = X'0; + X205 be a vector field on M; such that X" is a conformal
vector field with respect to (T'My, g", K"*). We consider two cases:

Case 1: a # 1, ﬁ In this case, we have Rg‘;b # 0 (see Lemma . Setting
i =j=2in implies lelegg = 0, where y' = du. Since Rggiz # 0,
we deduce that X'y' = 0, which gives us X' = 0. Similarly, putting ¢ = 1,
j=2in yields X2y'R\3), = 0. This equation gives us X2y! = 0, because

Rgcfb = —Rgg%z # 0. So we get X? = 0. Therefore, we conclude that X = 0.
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Case 2: a=1lora= ﬁ Setting ¢ = j = 2 in (5.4) and using (4.17) we have

C22

1 -« ~
22X 4 e (02X7) — —X* < m 1 5 0222> = 25(p, o) cgo. (5.13)

Setting i = 7 = m =1 in (5.5) we have
—K[ (V. XY+ KL (VX)) =0.
Using (4.20) in the above equation gives us

1 1
—(VoX1) — —(V1X?) =0. (5.14)
C22 C11
But from (3.1)) and (4.18)) we obtain the following:
X! 1—a
VQXl = 62X1 + — < glg)l + C121> , (5.15)
0C11 2
X! 1—a
V1X2 = 61X2 + — <C§11)2 + 6112> . (516)
gCo2 2

Putting (5.15)) and (5.16)) in (5.14) we get

82X1 _ 81X2 + Xl (1) (1)

—c 0. 5.17
o o 0011022( 121 — Ci12) = (5.17)

Setting i = 7 = m = 1in (5.7) and using (4.20) we get
X1V1K111 + X?VoK{, + (V1 X?)Ky, =0. (5.18)

Using (3.1] and (| we get

ViK}, = 2K21F§§“) +K2 et VoKL =0, ViX? =0, X% 4+ X792
(5.19)

Setting ((5.19) in ((5.18]) gives us
(XK + X RATE - X RLT? = 0.
From (4.18)), (4.20) and the above equation we deduce that (note that ci21 # 0):
ox* X' o

Cig1 — C 0. 5.20
e 0011622( 121 ~ Cir2) = (5.20)
Subtracting (5.17)) and (5.20]) implies
2
DXt = C”a X2, (5.21)

C11

Setting i = j = m =2 in (5.7) and using (4 we obtain
X'ViK3, + X?V2 K3, + (VQXQ)K222 =0.

Using (3.1]) and (4.20) the above equation reduces to
X205 K3y + (02 X*) K3, = 0.
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Setting (4.20) in the above equation yields

X2
Do X? =", (5.22)
g
Putting (5:22) in (5-13) we get
2622 ~

X?=— po. (5.23)

1) | 1-
Coo + Co99 + TQCQQQ

Setting the above equation in ([5.20)) implies
2c3
Xt = 22 (O1p)c?. (5.24)
1 Y 1 1
(co2 + cl5h + 5% 222) (0(12)1 - C:(u)z)
Using (5.23)) and (5.22) we deduce that dap = 0, i.e., p depends only on p. So,
setting (5.23) and (5.24) in (5.21) we get

1 1
(017) <(1)<1> * c11> =0,

C121 — €112

which implies that d1p = 0 or ¢11 + 6512)1 - 0511)2 =0. As B #0, we get c11 + c§12)1 -
cgll)z # 0. Therefore, 01p = 0, i.e., p is constant. Considering this fact in we
get X! =0. Settingi=j =11in we get

_ (12)0“ 0. (5.25)

2¢11 + ey + 521

The equations and imply T'(1 — %)(a —1)(8—1) =0. Since 8 # 1,
the last equation gives « = 1. Settingi =1, j=m =2 in and using
and we have K112(I’g12)2 - F%)I)X2 = 0, which implies that K{, = 0 or
F§12)2 = Fg)l or X? =0. If K{, = 0, then we get 3 = 1, which is a contradiction.
From 1"%12)2 = 1"512)1 we get the contradiction 1 = 0. So the possible case is X% = 0.
Therefore, we conclude that X! = X2 =0, i.e.,, X = 0. O

X? =

Theorem 5.6. Consider the 2-dimensional statistical manifold (Ma, g, V(®)) with
the skewness operator K. If X" is a conformal vector field with respect to (T My, g",

V(a)h), then X" reduces to a homothetic vector field. Moreover, X" is a homothetic
vector field if and only if X' = A6, and X? = Ay, where X', X? are components
of X.

Proof. Let X" be the horizontal lift of a vector field X = X'0; + X?20,, where
01 = 8%1 and 0y = 8%2. Considering 4,7 = 1,2 in (5.4) and using (4.25) and (4.27))

we get
Xt o1 11—« X2 1 1l—a
BT ) ey ‘e R L (9yX? X?2=—p. (5.2
o 2T, O R P (526)

Setting i = j = m = 1,2 in (5.5) implies that 9;(X1!) = %Xl, 02(X?) = éXQ
and 9;(X?) = 92(X?') = 0. From these equations we conclude that X! = Af; and
X? = B6,. But from (5.26) we derive that A= B and p = ($ — 1)A. O
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Let (M, g, V) be a statistical manifold with the skewness operator K. Using the
splitting (2.4), we can define the Riemannian metric ¢° on TM:

(XM YM =g9(X,Y), ¢S(X"YY) =0, (X", YY) =g(X,Y), (5.27)
which is called the diagonal lift or Sasaki lift of g [29]. In [23], Matsuzoe and

Inoguchi proved that if (M, g, V) is a statistical manifold, then (T'M, g%, K") is a
statistical manifold, where K" is introduced by (5.2)).

Theorem 5.7. Let (M, g,V) be a statistical manifold with the skewness operator
K and let X" be the horizontal lift of a vector field on M. If X" is conformal with
respect to (T M, g%, K"), then X" is an inessential vector field. Moreover, X" is an

inessential vector field if and only if (5.5)), , 5.7) and the following equations
hold:

X"Vrgi5 = 2pgi5, (5.28)
X" Ryikj =0, (5.29)
X'Vogij + (ViX")grj + (VjXr)gm' = 2p(x)gi;- (5.30)
Proof. We can rewrite the metric ¢° defined by (5.27) as follows:
9%(6:,65) = 9° (95, 95) = gy (5“(’%) 9%(8;,6;) = 0. (5.31)

Using (2.5) and (5.31)) we deduce that Lyng® = 2pg° if and only if (5.28)), (5.29)
and (5.30) hold. According to Theorem Lh K h = 0 if and only if l- ,
and (5.7)) hold. Also, applying 0 to relation 8) implies Ozp = 0, i.e., p depends

only on z".

Theorem 5.8. Consider the generalized Gaussian distribution manifold (M, g,
V(“)), There does not exist any non-zero vector field on My such that X" is a
conformal vector field with respect to (T My, g%, K™).

Proof. Setting i = j =1 in (5.28]) we obtain

2 C11 ~
X = o po.
c11 + Ci91 + 5%c10
Similarly, applying ¢ = j = 2 in 1mphes
X2 = c22 po. (5.32)

Co2 + Célg)g + 1_7a0222
Since 8 # 1, the two equations above imply a = 2. Setting i = 1, j = 2 in ([5.28))
and considering a = 2 we get

1
X! <011 + 0512)1 - 20121> =0,

which gives us X' = 0 (since 3 # 1, the coefficient of X! in the above equation is
non-zero). Putting i = j =1 in gives us X2 = —po. If X2 # 0, using this
equation and (| - we deduce that B , which is a contradiction (because f is
an even number). So X2 = 0, and consequently X =0. (]
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Theorem 5.9. Consider the 2-dimensional statistical manifold (Ma, g, V(®)) with
the skewness operator K. If X" is a conformal vector field with respect to (T Ma, g°,
K"™), then X" reduces to a Killing vector field. Moreover, X" is a Killing vector
field if and only if X = A(61 + 02), where A is a constant function.

Proof. Setting i = j =1 in (5.28)) and using (4.25) and (4.26) we get

a—2

X! =7 (5.33)
61
Similarly, applying i = j = 1 in (5.28)) implies
a—2
X?=p.
0 P
The two equations above give
x2= 2y (5.34)
61
Considering ¢ = j = 1 in (5.30) gives us
X! ~
= o (XY)=-p (5.35)
61
Considering ((5.7) for i = j = m = 1 implies
Xl
X' =", (5.36)
61
Similarly, we get
X2
Do X? =", (5.37)
02
Using (5.35) and (5.36) we get p = 0. So X" reduces to a Killing vector field.
Considering p = 0 in (5.33)) implies that a = 2 or X' = 0. If X! = 0, then from

we get X2 = 0, and consequently X = 0. So, we must have o = 2. Setting
i=j=1,m=21in we deduce that 9; X2 = 0. This equation together with
(5.37)) yields X2 = A6, where A is a constant. In a similar way, considering
fori=m=1, j = 2 implies 5, X' = 0. So from we get X' = B, where B
is a constant. On the other hand, from we deduce that A = B. Therefore,
we get X = A(6 + 05). O

Let (M,g,V) be a statistical manifold with the skewness operator K. Using
(2.7) and (2.8), the complete lift metric g¢ with respect to V is described by the
formulas

gC(Xcvyc) = (g(va))C7 gc(XchU) = (g(XaY))v7 gC(XvaYU) =0
for all X,Y € x(M). Also, using (2.7) and (2.8)), the complete lift of K is defined
by

K.Y= (KxY)°, K%Y’ = (KxY)", K%, Y =0.
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It is easy to see that ¢g° and K€ have the following expressions with respect to
{81'3 ({}z}

K§.0; = K0k + (v 0.K[)0;,  K§,0; = Kj50p,  Kgo;=0.  (5.39)
Remark 5.10. It is easy to see that g¢ has the following expression with respect
to {(51, 8;}

9°(6:,65) =y "Vegij,  9°(9,0;) = gij,  g°(0;,05) = 0.
If V is a statistical connection which is not the Levi-Civita connection, then g€ is

different from ¢". But if V is the Levi-Civita connection, then we have V95 =0
and so ¢¢ coincides with g".

Lemma 5.11 ([23]). Let (M,g,V) be a statistical manifold with the skewness K.
Then (T M, g¢, K€) is a statistical manifold.
Here we study Lxcg° and Lx.K¢. Using and we get
(Lx<g°)(0;,0;) = y" {(0-X*)0ngij + X*0,019:; + gir0r0; X"
+0;X"0,gik + 9ik0-0;: X" + 0, X%0,. g1 } (5.40)
= (Lx9)°(8;,9;),
(Lxeg)(0i,05) = X" Ogij + grjOi X" + gri0; X* = (Lx9)°(9;,05),  (5.41)

Y5 J
(Lx<g°)(0;,0;) = 0 = (Lxg)°(0;, 0;). (5.42)
Also, using and ([5.39) we obtain
(Lx<K)(8;,0;) =y { X" 000, K]} — K};0,0,X™ + 0, X" O, K}

— X0 K + 0: X700, K[t — K[10;0, X"

(5.43)
+ 0, X*0, K — K[19;0, X" } 0,
= (LxK)%(9;,9;),
(LxeK°)(0;,0;) = { X O K]} — Oh XK} + 0: X K[ + ;X K[} } O, (5.44)
= (LXK)C(ai? aj)v
(Lx-K°)(0;,05) = 0 = (Lx K)(9;, ;). (5.45)

From ([5.40)—(5.45)) we conclude the following:

Lemma 5.12. Let (M, g, K) be a statistical manifold. If g¢ and K¢ are respectively
the complete lifts of g and K, then we have

LXch:(LXg)C, LXcKC:(LxK)C.

Now let X¢ be a conformal vector field on (T'M, g%, K¢). Then there exists a
function p on TM such that Lxcg¢ = 2pg¢ and LxK¢ = 0. From (5.41) we get

X 0kgij + 910 X* + g0, X* = 25(2,y) g

Differentiating the above equation with respect to y" implies O7p(x,y)g;; = 0. So
Orp(x,y) = 0, i.e., p is a function only with respect to (z). According to this fact
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and relations (5.40)—(5.45) we conclude that X¢ is a conformal vector field if and
only if

(0- X")Okgij + X*0:019i5 + 9in0r0; X" + 0; X0, gix

. . ~ (5.46)

+ 9j0r0; X" + 0; X" 0rgji = 2p(x)0r9ij,
X 0kgij + gr;0i X" + 910, X7 = 2p(2) g4, (5.47)
XFORLK] — Op XK} + 0, X K + 0, X K]} = 0. (5.48)

Differentiating (5.47) with respect to " we get
(8TX’“)8kg,;j + Xkarakgij + gik&,an’“ + 6ijargik

+ 9j10r 0. X" + 0: X% 0,955 = 2(0,0)gi; + 29(2)0; i
(5.49)

The relations (5.46]) and (5.49) imply (0,p)g:; = 0. So 0,p =0, i.e., p is a constant
function. Indeed, conformal vector fields reduce to homothetic (Killing) vector

fields. Also, (5.46)—(5.48) reduce to the following:
X*0kgi; + grj0: X" + gri0; X" = 2cgsj,
XFORK — 0 XK} + 0, X KT + 0, XF K =0,

where c is a constant. But these last two conditions are equivalent to the homothetic
(Killing) property of X. Thus we conclude the following:

Theorem 5.13. Let (M,g,V) be a statistical manifold. There does not exist
any non-homothetic (non-Killing) conformal complete vector field on (T M, g¢, K€).
Moreover, X¢ is a homothetic (Killing) vector field on (T M, g¢, K¢) if and only if
X is a homothetic (Killing) vector field on (M,g,V).
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