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GLOBAL ATTRACTORS IN THE PARAMETRIZED
HENON-DEVANEY MAP

BLADISMIR LEAL AND SERGIO MUNOZ

ABSTRACT. Given two positive real numbers a and ¢, we consider the (two-
parameter) family of nonlinear mappings

1
Fo,c(z,y) = (aw—i— —, cy — £ acz) .
Yy Yy

Fy 1 is the classical Hénon-Devaney map. For a large region of parameters,
we exhibit an invariant non-bounded closed set with fractal structure which
is a global attractor. Our approach leads to an in-depth understanding of the
Hénon-Devaney map and its perturbations.

1. INTRODUCTION

Hénon [2] introduced the nonlinear mapping H : R? \ {y = 0} — R?\ {y = —z}

defined by
H(z,y) = (w—i—l, y— 1 —x)
Y Y

as an asymptotic form of the equations of motion of the restricted three-body
problem. Devaney [I] showed that this map is topologically conjugated to the baker
transformation hence transitive with dense periodic orbits. For this reason the
above map H is known as the Hénon-Devaney map. More recently, Lenarduzzi [7]
constructed a semi-conjugacy to a subshift of finite type and extended such a coding
to a more general class of maps that can be seen as a map in a square with a fixed
discontinuity. Leal and Mufloz [4] generalized to a large class of homeomorphisms
similar to the Hénon—Devaney map, which are transitive in the whole plane.

Throughout this article, given a,c¢ € R, a > 0, ¢ > 0, we consider the (two-
parameter) family

1
ch(x,y) = <Gx+ — CY — E - acm)
Y Y
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80 BLADISMIR LEAL AND SERGIO MUNQZ

of diffeomorphisms with curves of singularities

y={(z,y):y=0} and ¢={(z,y):y=—cz},

whose inverse is given by

_ T c cr +y
Fa,(}(x7y)(aacx+aya c )

Note that [ ; is the classical Hénon-Devaney map. For a large region of param-
eters, we exhibit an invariant non-bounded closed set with fractal structure which
is a global attractor. Let us state our results in a precise way.

We will write F' instead of F, .. By a long curve o we mean a simple curve in
R? dividing R? into two open unbounded regions (denoted by R} and R, through-
out) having the same border «; that is, R UaUR, = R?>, RINR, =0
and R N Ry = a. Note that, in particular, the singularities v = {y = 0}
and § = {y = —ca} are long curves. We consider RY = {(z,y):y >0}, R, =
{(z,y) 1y <0}, Rf = {(z,y):y>—cx} and Ry = {(z,y):y < —cz}. In gen-
eral, given a a long curve which is the graph of a monotone function (that is,
a = {(z,f(z)):x €1}, where f : I C R — R is an increasing or decreasing
function defined at some interval), we choose R} = {(z,y):z € [ and y > f(z)};
therefore, R, = {(z,y):x € I and y < f(z)}. Note that, given two disjoint long
curves «, § which are graphs of decreasing functions with o C R, the intersection

Riar N R75 is a non-bounded closed region limited by « and 5.

Main Theorem. Suppose 0 < ¢ < a < 1. Then the following statements hold.
(1) There are two simple curves LT C Rﬁ ﬁR(}Ir and L™ C R N Ry satisfying
the following conditions:

(a) F (L") and F (L™) are long curves contained in RY and Ry, respec-
tively, which are graphs of strictly decreasing functions intersecting =y
transversely at single points.

(b)) F(LY)NLY=LT and F(L™)NL™ =L".

(2) Consider R := RF(Lf)Jr n RF(L+)7 and

n times n times

I‘::RﬂﬁF(---F(F(R\’y)\'y)\-~-\'y).

(a) F(R\~) C R andT is a non-bounded closed set with F (I'\ ) =T.
(b) If p € R? and {F™ (p)},,>, is defined, then w(p) # 0 and w (p) CT.
(3) Let r be any long curve which is the graph of a strictly increasing function
contained in R?\ v. Then r NT is a Cantor set.
(4) Consider the region {(a, c):0<c<a<landa®<c< \/cﬁ} and let P
be the union of all successive pre-images from -y, that is
n times n times

P=~yU OF‘l(mF‘l(F‘l (v\ o)\ o) \---\4).

n=1
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GLOBAL ATTRACTORS IN PARAMETRIZED HENON-DEVANEY MAP 81

(a) If s is a long curve which is the graph of a strictly decreasing function
contained in R? \ 8, then PN s is dense in s.

(b) T is a set formed by long curves which are graphs of strictly decreasing
functions; in particular, PNT is dense in T.

In [6] it is shown that, in the region of parameters {(a,c) : 0 < a < ¢ < 1}, there
exists a nonbounded region such that its image is contained inside itself, inducing
an attractor which is not compact and, via the projection to {x = 0} along a stable
manifold, it is induced a one-dimensional dynamics whose return map to a com-
pact interval is expanding. In this paper we exhibit a non-compact global attractor
in another region of parameters {(a,c) : 0 < ¢ < a < 1}. We show the existence of
invariant curves to give a detailed topological description of the attractor and high-
light its fractal appearance. To achieve our goal, we use expansive properties that
do not depend on differentiability, which suggests the existence of the same type of
non-compact fractals in a large class of plane homeomorphisms with discontinuity
curves.

Following [6], there is an important relationship between F, . and the (one-
dimensional) Boole-like expanding maps, via the projection to {z = 0} along a
C! foliation. Similarly, Hénon-Devaney-like maps, as considered in [4], are (two-
dimensional) topological versions of expansive (one-dimensional) alternating sys-
tems [8 B] projecting along a continuous foliation.

In a recent work [5] the authors consider another parametrized family, namely

b b
Fopelz,y) = (aa: + -,y — — — ax) and parameters 0 < ¢ < 1 < a, b > 0,
Y Y

and ac > 1, showing two-dimensional (compact) Cantor invariant sets with two
hyperbolic fixed points. In light of all the results of the references cited in [5] and
in the present article, the movement of the parameters produces transitive invariant
pieces that pass from compact to non-compact sets and, in the non-compact case,
the dynamics pass from transitive fractal pieces to being transitive in the entire
plane.

We wonder about the dynamics of F, . and F, ;. for all parameters a, b, ¢ in R.
Since F1 ; is the limit of F,, . (when a,c — 1), we believe that the ergodic behaviors
of F, . can be transferred to the Hénon-Devaney map. This is an interesting and
tough open problem. We wonder about the existence of persistent C''-foliations for
all parameters.

2. BASIC FACTS AND NOTATIONS
We will write F™(x0,90) = (Zn,Yn), n € Z, whenever such iterate is defined. If
c
yo > 0 then y; = cyg — — — acxg = cyg — cr1 > —cxy, and thus F (R;r) = R;‘;
Yo

similarly, F (R;) = Ry (see Figure la). We denote by F_ : Ry — Ry (resp.,
F,:R} — R) the restriction of F to Ry (resp., to RT). If A C R?, then Fy (A),
Fi'(A) mean Fy (ANRE), FZ' (AN RY).
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82 BLADISMIR LEAL AND SERGIO MUNQZ

Claim 2.1. F sends graphs of decreasing functions contained in Rfyr onto graphs of

strictly decreasing functions contained in R;“. Also, F' sends graphs of decreasing
functions contained in R onto graphs of strictly decreasing functions contained in
Ry . The same conclusions hold for vertical straight lines (see Figure 1b).

2z <
N N

y=-cX

Figure 1a

5

Figure 1b Figure 1c

Lt

FIGURE 1.

Proof. Let | be the graph of a decreasing function contained in RIYL. Take two
different arbitrary points (xg,v0), (2f,y,) in [ such that zj, < xg; then yo < y;
(this is possible because [ is the graph of a decreasing function). Since I C Rj/' , we
have that 0 < yo < y{; thus, since a > 0 and ¢ > 0,

1
r) = ax)+ — <1 =arg+ —,
Yo Yo
— c /! /! c /
Y1 = cyo — — — acxy < y) = cyy — — — acwy.
Yo Yo
Consequently, F(I) is the graph of a strictly decreasing function. Also, since F
sends RY onto R, we conclude that F(I) C R} . If z{, = o and yo < y{ then the
same conclusions hold. The second part of Claim [2.1]is completely analogous. [

Claim 2.2. F~! sends graphs of increasing functions contained in R; onto graphs
of strictly increasing functions contained in Rf; . Quite similarly, F~! sends graphs
of increasing functions contained in Ry onto graphs of strictly increasing functions
contained in 7. The same conclusions hold for vertical straight lines.

Proof. Let I be the graph of an increasing function contained in Rgr. Take two
different arbitrary points (xg,v0), (2f,y,) in [ such that zy < xf; then yo < y;
(this is possible because [ is the graph of an increasing function). Since [ C R(J{,
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GLOBAL ATTRACTORS IN PARAMETRIZED HENON-DEVANEY MAP 83

we have that yo + cxg > 0 and y{, + cx{, > 0; thus, since a > 0 and ¢ > 0,

Zo c ;T ¢

T1=—————<T_ ;= )
a acxy + ayo a acxy + ay,
/ /
cxot¥ _ cxo + Yo
Yy-1 = c <Y = PR

Consequently, F~1(I) is the graph of a strictly increasing function. Also, since F'~*
sends Ry onto R, we conclude that F~'(I) C RY. If 2o = xf and yo < y, then the
same conclusions hold. The second part of Claim [2:2]is completely analogous. [

From Claim [2.2] the pre-image of Ry N~y = {(z,0) : & > 0} (resp., of Ry N~y =
{(x,0) : < 0}) is the graph of a strictly increasing function contained in R (resp.,
in k7). Also,

x,lzf—éﬁ—oowhenyzo,x%w’

a acx+ay

chr?J—)OJr when y =0, 2 — 01,

and y_1 =

r_1 — 4+oowheny=0,z—0" and y_;1 —0 wheny=0,z—0",
r_1 — 4oowheny=0,x — +o0 and y_i; — 400 when y =0, x — +0o0,

r_1 — —ocowheny=0,z— —oco and y_; — —oo when y =0,z — —o0.

Consequently, F' ({(z,0):2 >0}) = y; and F=' ({(2,0): 2 <0}) =: y_ are
long curves, which intersect § transversely at single points. Similarly, using Claim
and the formula for F~1, the four curves F; ' (y4) = y1t, F~' (y4) = yi—,
F7'(y-) = y_4, and F-' (y_) =: y__ are contained in RY, R, RY, and R,
respectively, and they are graphs of strictly increasing functions. Note that these
curves have asymptotic behaviors similar to the previous y1 and that they intersect
¢ transversely at single points.

From Claimthe image of RT Nd = {(z,y) : y = —cx, y > 0} is the graph of
a strictly decreasing function contained in R}' (similarly, the image of R N 4§ =

{(z,y) : y = —cx, y < 0} is the graph of a strictly decreasing function contained in
Ry ). Also,

1
zy=ar+ — — +oo whenz - 0",y — 0
Y

C
andyl:cy———acx—>—oowhenx—>0_7 y_>0+7
Y

x; — —o0o0 when z — 07, y — 0~ and y; — +o0 when 2z — 0", y — 07,
r1 — —0o when z — —o0, y — +00 and y; — +0o0 when © — —o0, y — 400,
r1 — 400 when x — +00, y — —o0 and y; — —o0 when © — +00, y — —00.

Consequently, the curves defined by

Fi {(z,y):y=—cx,y>0})="zy and F_({(z,y):y=—cx,y<0}) =12_
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84 BLADISMIR LEAL AND SERGIO MUNQZ

are long curves, which intersect v, y+, and y. transversely at single points. Sim-
ilarly, using Claim and the formula for F, the four curves Fy (z4) =: x4y,
F_(vy) =24, Fi (v_) =2z_4, and F_ (v_) =: x__ are contained in R}, R},
Rgr, and Ry, respectively, and they are graphs of strictly decreasing functions.
Note that these curves have asymptotic behaviors similar to the previous z1 and
that they intersect 7, y+, and yi4 transversely at single points.

Using an inductive process, from Claims [2.2] 2:I] and using the formulas for F
and F~!, given n and m natural numbers (n,m > 0) and two finite sequences
(apay -+ ap) and (bg by - -+ by,) of symbols {+, —}, we obtain that the curves

Yaoas---an ‘= (Fa_nl © Fczbl,l ©---0 FJﬁ)(’Y) = Fa;l (yao~~van71) ( - R:n)’

2.1)
Thoby by = (Fbm o Fbm71 0--+0 Fbo) (6) = Fbm ('TbO"'bmfl) ( C Rgm)

are two long curves intersecting transversely at a single point. In fact, the curve
Yagay--a, 18 the graph of a strictly increasing function intersecting ¢ transversely
at a single point. The curve xpyp,...5,, is the graph of a strictly decreasing function
intersecting ~y transversely at a single point.

In conclusion, from Claims 2.2} [2.1]and using the formulas for F and F~!, the set
of curves (as above in ), say P (resp., Z), of successive pre-images with respect
to v (resp., of successive images with respect to d) are sets of long curves which
intersect transversely at single points. The curves in P are graphs of increasing
functions and the curves in Z are graphs of decreasing functions (see Figure 1c).
We call the curves in P UZ the guidelines. Let us distinguish special classes of
guidelines: the external guidelines y(jf =7, xa—L =4, and

{vn} ={vm} om0 {vn} = {vermrtoso

{zn} = {2z },s0 {2z} = {2 s

p times
—_——~
where (§)P = jjj---jjj, j € {—,+}; and the internal guidelines ugt =y, vgt = x4,

and

{un} ={veorr—t,s {ut} ={vr+}us
{on} =1zt {vi} = {2+ s -

3. THE BEHAVIOR OF FORWARD ORBITS

Consider the lamination of R;r by vertical straight lines {x = ¢} For each

xoER"
z9 € R, consider the sequences {z,f (z0) = yr N {z =0} }n>07 where yI are

external guidelines (see Figure 2a).

Lemma 3.1. Suppose that 0 < ¢ < a. If zg > 0 then 2, (xq) does not converge.
Similarly, if xo < 0 then z;, (x¢) does not converge.
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Ty W
. N

_ﬂ// ; Figure 2c
X |

<L </

Figure 2a Figure 2b Figure 2d

FIGURE 2.

Proof. Fix o > 0. For each n € N, write (¢, 2,,) instead of 2,7 (z¢) (this notation
is consistent since, for all n € N, the first component of z,} () is zp). Computing
(inductively) the orbit of order n of the point (xg, z,) we obtain

_ n—2 _9_ n—1
" " a” 1 am 2—j . i
F"(xp,2n) = | a"xo + —|—E ,czn—g " i
no oo Yitt j=0

Since after n iterates F™(xq, z,) belongs to the x axis, we have
"z — "y — ey — o —cxy, = 0;

therefore, solving for z,, it follows that

1 1/, a 1
Zpn=\0xo+— | +—-|a"xo+—+— |+
Zn c Zn W1

an—l n—2 an—Q—j

+ a"zo + + E
el Zn — Yit+1
j=
consequently,
2 n n k
a“xo a "To o a
Zp > axg + c NI e cxg ,;_1 (E) . (3.1)

a
Observe from our assumptions that — > 1; therefore, since z,, > 0 and y; > 0 (for

c
all i € {1,...,n — 1}), the series on the right of formula (3.1) diverges to +oo,
proving the first part of Lemma Since —F(z,y) = F(—x,—y), the second part
of Lemma [3.1] follows similarly. O

Rev. Un. Mat. Argentina, Vol. 65, No. 1 (2023)



86 BLADISMIR LEAL AND SERGIO MUNQZ

Lemma 3.2. Suppose that 0 < ¢ < a < 1. Given zg < 0 and yo > 0, there exists
a natural number n such that x, > 0 or y, < 0. Analogously, given o > 0 and
Yo < 0, there exists a natural number n such that x, <0 ory, > 0.

Proof. Tf g = 0 and yg > 0 then 27 > 0. Fix xy < 0 and yo > 0 and suppose (by
contradiction) that x,, < 0 and y,, > 0 for all n € N. Under this assumption we
will then have that
Tr1 =axrg+ — > I
Yo
Y1 = cyo — cx1 < €Yo — €T < Yo — Lo

cyr < ¢(yo — xo) < Yo — To

1
To =ary + — > I
Y1

Yo = cy1 — T2 < Yo — Tg — cTo < Yo — 2X0-

Then, it is shown inductively that y,, < yg —nxzg for all n € N. On the other hand,

1 1 1 1 1 1
To=ar1+—>21+—=axrg+—+—>2x90+— + .
Y1 Y1 Yo Y1 Yo Yo — To
Again inductively it can be shown that, for all n € N,
n—1 1

Tp>x0+—+y ————.

Yo = Yo —kxo
Consequently, since the series Zzo:l WLMO diverges to 400 (use, for example, the
integral criterion), we have that there exists N € N such that xy > 0. This
contradiction completes the proof of the first part of Lemma [3.2] The second part

follows similarly, since F(z,y) = —F(—x, —y). 0
Note that both Lemmas [3.1] and [3.2] prove that, for every zo € R, the sequences

25 (xg) do not converge. Also, note that there is a geometric order of the external

guidelines {y} in the entire plane; since the inferior component Rq} strictly
1

contains the inferior component R;+ and F" (y,7) C v, by Lemmas ﬁ and
given any point p € Rj, there is an n such that p goes to R after n iterates.
Those are the main ingredients proving that every point p € R? whose forward
orbit {F" (p)},,5, is defined goes from the region RY to R and from R to RY
infinitely many times (see Figure 2b). If p is a successive pre-image of some point
in 7, then its orbit ends in =, as follows.

Proposition 3.3. Suppose that 0 < ¢ < a <1 and let p = (x9,y0) be an arbitrary
point. If yo > 0 then there exists N > 1 such that y; > 0, ..., yn—1 > 0, and
ynv < 0. Similarly, if yo < 0 then there exists M > 1 such that y; < 0, ...,
Ynm—1 < O; and Ym Z 0.

Proof. We will only prove the first part of the Proposition, since the second part
is similar. Let us fix p = (xg,y0) with yo > 0. Suppose that g > 0. Let N
be the natural number such that p is between the guidelines y]f, and yﬁfl. Such

Rev. Un. Mat. Argentina, Vol. 65, No. 1 (2023)



GLOBAL ATTRACTORS IN PARAMETRIZED HENON-DEVANEY MAP 87

N exists due to Lemma [3.1] and it satisfies the required inequalities y; > 0, ...,
yn—1 > 0, and yn < 0 (note that yy = 0 whenever py € y%). If 29 = 0, then

1 1
r1 = axg + — = — > 0 and we use the previous case. If zg < 0, the proof follows

Yo__ Yo
from Lemma [3.2] and the previous cases. O

Let H := R;‘, N Ryl be the non-bounded closed region limited by y; and yg
0 0
(see Figure 2¢). Then

n times n times

e S— /
R*\y=JF (- F (P (HN\S)\6)\---\6). (3.2)
n=1

Indeed, for every n € ZT we have:

Uy = Fo (up ) =yt DRy (or F=' (yi NRy) =u,yy)
yh = Fy (yh) =y N RS (or Fi' (yioi NRY) =yt)
yi = Fi(y) =y NRY (or F' (g NRY) =yi)
v = Fy (yg) =vn Ry (or FTH(vyNRY) =)

“:+1_>F+ (“:H):Z/EHR} (or FJ?l (y;ng):“:H)
Yo = F_(y) = yn_1 N Ry (or FZ'(y,_1NRy) =uy,)
v = F- (o) =v NERy (or F=' (yo N R5) = 1)
vo = F-(yo) =7NER; (or FZH(yNR5) = o)

Given curves [ and m, denote by [I,m] the region enclosed by | and m (including
both I and m); then

[y un J U [wid, ] = F=H(H\0) UF ™ (F7H (H )\ 6) \ 6)

...UF—l(...F—l(F—l (H\(s)\(;)\...\(;) (neZJr),

As said above, for every zy € R, the sequences zF(zg) = yr N {z =20} do
not converge. These facts imply that y} N {z =0} — 400, y, N{z =20} —
—o0, uf N{z =x0} — (20,0), and u,, N {z =z} — (20,0), which proves (3.2).

Consequently, we have the following remark.

Remark 3.4. The first return map Fy : H\~ — H, defined by Fg(p) = Fr®) (p),
where n(p) = min{n >1: F"(p) € H}, is well defined (see Figure 2d). Given

p € H\ v, we call n(p) the first return time of p (for forward iterates) to H.
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88 BLADISMIR LEAL AND SERGIO MUNQZ

4. RIGHT AND LEFT INVARIANT CURVES

Consider the lamination of R,Jyr (resp., of R') by horizontal straight lines {y =
Yo}tye>0 (resp., {y = yo}yo<o). For each yo > 0, consider the sequence {w;} (yo) =
zrN{y= yO}}nZO (resp., {w; (yo) =z, N{y = yO}}nZO7 for each yo < 0), where

xF are external guidelines (see Figure 3a).

N Y
\ .
X
Y
N -
x Figure 3c
\ R k
— o
%
\ FLY
\
Figure 3a 5 Figure 3b Figure 3d

FIGURE 3.

Lemma 4.1. For parameters 0 < ¢ < 1, if yo > 0 then {w} (yo)} s convergent.
Similarly, if yo < 0 then {w,, (yo)} is convergent.

Proof. Fix yo > 0. For each n € N, let us write (wp,yo) instead of w;' (yo) (this
notation is consistent since, for all n € N, the second component of w; (yo) is yo).
First we note that =% < w,, and w, < w,41 for all n € N. Let us limit wi (yo)
on the right. Indeed, computing the orbit of order n (with respect to F'~1) of the
point (wp,yo) = (x0,yo) We obtain

W, 1 1 1

an  ahy_y  a"ly o aY—n
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GLOBAL ATTRACTORS IN PARAMETRIZED HENON-DEVANEY MAP 89

After n iterates, F'~"(wy,, yo) belongs to 6 = {y = —czx}, that is,

__Qn_C c hg €
Yon = " n ary_1  a™ly_o ay_n

Similarly, after computing the n-th iterate of (z_,,y_,) (but now with respect
to F'), it follows that

-1 2
Yo=C"Y_pn—C"T_py1 — "X _pio0— - —CX_1 — Cwy.

After the respective substitutions, we get

n n n n

c _ Yo
n—1
wn:——nwn_i,- - pow ++ —cC x—n-ﬁ-l_"'_cx—l_*
a ay-1  a" Y2 aYy—n c
c" c" c" n + + c” n c"
=——w, — e
an any_1  a"ly_o Y pt1  AY-n
cn—l N cn—l N cn—l N cn—l
- ——w, : ~ o
anr—1 n 1y_1 am 2y_2 aY_ni1
2 2 c2
- Zwy+ ——
a? a’y_1 ay—2
c Yo
— —Wp, - =.
a ay_1 c

Then, solving for w,, and regrouping, we obtain

n n n—1
c\k 1 c\* c c\k
W@ L R G
k=0 ¢ -1, Y—2 50
Cn72 2 c k Cnfl c
+ (5) +=—=-2.
Ynt1 i \a Yem @ c

(Note that, for large values of yg, w, (= xg) can be negative). Let p be the first
in {0,1,...,n} such that x_, < 0. Therefore

z02>0, z_1>0, ..., T_py1 20, z_,<0.
We stress that such p exists (since the n-th iterate of (wy, yo), with respect to F~1,

belongs to the straight line {y = —cz}). Also:

(1) Forall i € {1,...,p}, y_s = =it P¥zibr 0 Yoiwl o Yo

c c c
Y—i+1 (since 0 < ¢ < 1); in particular, y_; > yo > 0and 0 < 1/y_; < 1/yo
forall i € {1,...,p}.
T—it+1 C T—it+1

2) Forallie {p+1,...,n}, z_; = — < <0
( ) {p } ! a acr_;4+1 + ay—;y1 a

(since y_jq1 > —cr_iy1).
Let K be the intersection between z7 and {(0,y) : y > 0}, that is,

1 c c
F(-K,K) = <aK+K, cK+acKK> = (O, cK+acK7?),
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90 BLADISMIR LEAL AND SERGIO MUNQZ

1 1
so —aK + 7 0 and therefore K = \/7 Following item (2) above and the
a

definitions of the z}’s, we have y_; > K > 0 for all i € {p+1,...,n}, so 0 <
1/y—; <1/K for all i € {p+1,...,n}. Finally,

n ek n—l(c)k n(Pl)(C)k n_p<c>k
RPN "L ek Yo ek Yo "L ek K
> X > () > ()
k=0 k=0 k=0 k=0
2 ok
]; (a) Cn72 (2) Cnfl 1 n—1 L )
+.4 5 + — < =% ", M =min{yy, K}.
ek K ek K Mk:0
> (2) > (5)

Since 0 < ¢ < 1, the series on the right is convergent. This completes the proof of
the first part of the lemma. The second part is completely analogous. O

Define the curves L™ : {(0,4) : y >0} - R? and L™ : {(0,y) : y <0} — R? as
follows (see Figures 3b and 3c):

Lt (yo) = im w;! (yo), Yo >0,
L™ (yo) = ngffoo w, (Yo), o <0.

Set Lt = L+ ({(0,y) : y > 0}) and L~ = L™ ({(0,y) : y <0}). We call LT (resp.,
L™) the right invariant curve (resp., the left invariant curve) induced by F'.

Remark 4.2. Let F* (resp., F~) be any lamination of RY (resp., of R}) by
long curves intersecting transversely, at single points, the sequence of curves {a:;}
(resp., {z;; }). Then, given I, € F* (resp., [- € F~), the sequence {l4 Nz}, <,
(resp., {I_ Nz}, ) converges to some point in LT (resp., in L™). -

Proof of item of the Main Theorem. Due to our construction, L™ C Rgr N R:{*
and L~ C Ry N R;. Also, both L* are limits of the sequences {z;X}. From
Claim the guidelines {x*} are graphs of (strictly) decreasing continuous func-
tions, and following the formula for F we have that R*, c R*, and R_ CR__.

Ty T, 1 fi

Since both L* are uniform limits (on compact regions) of the sequences {zX}, L

are both graphs of decreasing continuous functions. From Claim [2.3] and using
the formula for F, it follows that F (L") and F (L~) are both strictly decreas-
ing long curves, intersecting v at single points, and they are contained respec-
tively in Rgr and Ry (see Figure 3d). Note that the region R;(L+) N Rgr (resp.,
R;C(L,) N Ry ) contains all external guidelines {x;'} (resp., {z,}). Let us prove
that F'(L*) N R = L*; the other case is analogous. Take ¢ € F' (L") N RY; then
q = F(p) € RY for some p € L. Take yo > 0 with p, = w,} (y0) C {y = yo} and
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Pn — p. Since F' is continuous in Rfyr, we have F(p,) — F(p) = ¢, s0 q € Rfyr is
a limit point of a sequence in the leaf F' ({y = yo}) (which intersects transversely,
at single points, the sequence of curves {z;7}). Thus, from Remark ge Lt
Similar arguments prove that L+ C F (L") N RT, using the continuity of F~*. O

5. THE GLOBAL ATTRACTOR INDUCED BY THE INVARIANT CURVES

Let R = R;C( -y N Bp+) be the non-bounded closed region (cylinder) limited
by F(L™) and F (L") (see Figure 3d above). Observe that all guidelines with

respect to ¢ are contained in R. Similarly to Equation (2.1)) above, let us consider
the successive images from L*. Indeed, given n € Z*+ (n > 0),

La+0a1-~an = (Fan © Fan71 ©---0 Faﬂ) (L+) ) a’] € {_7+}7 O S.] S n, aop # )
L;(Jal"'an = (Fan oF,, ,o0--- oFaO) (Lf) , a; € {—+},0<j5<n, a0 #+

(5.1)
Note that LY, ..., = F (L") and LZ__.._ = F (L~) for any string of +’s and —’s
(this follows from the invariant property in item of the Main Theorem). From
Claim 2.1 all curves induced by L* (given in (5.1])) are graphs of (strictly) decreas-
ing functions and, due to the formula for F', they are in fact long curves contained
in R. Also, from Claim all curves induced by LT intersect transversely, at
single points, the set of guidelines with respect to =.

FIGURE 4.

Note that
F(R\) =B UR,,
where Ry = F, (E) and R_ = F_ (F) Therefore, R, is the non-bounded region
enclosed by Li and L, and so R} C RY NR. Similarly, R_ is the non-bounded
region enclosed by Li_ and L, andso R_ C Ry NR. Thus F (E \ ’y) =R_UR, C
R, as required in item of the Main Theorem. Similarly, note that
F{F(R\y)\v}=F{(R-UR:)\v} =R__UR,_UR_,UR,,,
where R, = F, (§+), R, =F, (E_), R, =F_ (R+), and R__ = F_ (E_).
Therefore, R is the non-bounded region enclosed by Li L= Li and L”, ., and
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so R, C Ry; R_ is the non-bounded region enclosed by L _,and L™, and so
R .NR =10 and R_, C Ry; R,_ is the non-bounded region enclosed by L17
and L”, , and so R,_ C R_; R__ is the non-bounded region enclosed by LT
and LZ_=L_,andso R_._NRy_ =0and R_._ C R_. Thus F {F (R\ ) \~} =
R__U R+ U R +UR,y C R_URy C R. Similarly,

F (F (F (R\’Y) \’Y) \’Y) = E,,, U§+77 U§7+, UR++,
UR__{URy {UR {yUR, .,

Ry =Fi (Riy) C Ryy, Ry =Fi (R-4) C Ryy,
Ri_y=F,(Ri_) CR_4, R__y=F,(R._)CR_y4,
Riy_=F_ (Ryy) C Ry, R, =F (R4)CR4_,
Ry _=F (Ri_)CR__, R.__=F (R._)CR__

The 23 sets Ryjy (i,4,k € {+,—}) are closed and non-bounded regions which are
pairwise disjoint (see Figure 4), and so on. We consider the closed set

ﬂ FER\N\Y)\\7)
=R N (E URy) N (R._UR{_UR_{URyy) N ---.

Similarly to Equation (3.2)), we have

n times n times

R\y=Fn ) ( F (F @)\ 0)\ ).

n=1

Remark 5.1. As in Remark following the results in Sections [3} [] and the
present section, the first return map Fg 3 : (H N R) \ v = H N R, defined by
Fr 5=(p) :715‘”(12 (p), where n(p) = min{n >1: F"(p) € HN EL is well defined.
Given p € HN R\ v, we call n(p) the first return time of p to H N R. We stress

that H N R is a bounded set.
Proof of item @) of the Main Theorem. It was noted above that F’ (R \ ’y) R_U

Ry C R. Clearly, T is closed and since all curves induced by LT are long curves
contained in T' (see (5.1)) above), I' is non-bounded. Also, since F (R\v) C R, we

Rev. Un. Mat. Argentina, Vol. 65, No. 1 (2023)



GLOBAL ATTRACTORS IN PARAMETRIZED HENON-DEVANEY MAP 93

have |
F(T\vy)=F Rﬂﬂ 253 RW)\;;(““ \ )|\
=F|[R\~]n D F (R\v)\Z)tiiﬂes \ )\
= Fj B F(R\v) \Z)n;ncs \7)
=RN ﬁ F(nmm}iS(F (R\7) \Z)ins\y) =T.

n=1
Let p € R? such that {F™(p)},, is defined, that is, no image of p ends in . If

p € R, then, from Remark there is a sub-sequence { F™*(p)} contained in HNR,
which is bounded. Therefore {F™*(p)} has a convergent sub-sequence, and so the
w-limit w (p) is not empty. Let p* € w(p) and let {F™(p)} be a sub-sequence of
{F"(p)} such that F"*(p) — p* (k — 00). Suppose that p* ¢ T'. Since

n + 1 times n + 1 times n times n times

F(--F(FR\N\)\---\v) CF(---F(FR\)\7)\--\7)

and T is closed, there is a large enough N € N and a small enough neighborhood
of p* € U C R?\ T such that

n times n times

un U FR\7)\7)\--\v)=0. (5.2)

Take nj > N such that F™(p) € U. On the other hand,

ny times ng times

Fre(p) € F(- F(F(R\v)\7)\ -~ \7),
which is in contradiction with . Consequently, w(p) C T. Suppose that
p ¢ R If p € RT N R} then, following Proposition take the first n such
that F"(p) € R;. Since F (RY) C Rf, F"(p) € R; N R}. Therefore, since
F (R; NRY) C R, much as before, w(p) C T. The other cases, i.e. p € RS N Ry
orp€ RN R; orp e R;“ N Ry, are similar. Thus the proof is completed. O

6. FRACTAL STRUCTURES

In this section we describe the fractal appearance of the attractor built in the
previous section. The main idea is to take the region limited by the invariant
curves L™, which after forward iterations produces long cylinders, in number equal
to 2™, which are removed at successive intersections producing long gaps. This idea
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suggests the appearance of a Cantor-like set but not bounded. We will prove that
the intersection of I with the graph of an increasing function is in fact a classical
Cantor set. On the other hand, we will also prove that the intersection of T’ with
the set P (the union of all successive pre-images from ) is a dense set in T.

Let R = R;(L,) n R;“(Lﬂ be the non-bounded open region (cylinder) limited
by F(L™) and F (LT). Consider A = A (F, L™, L") the maximal invariant set of
F in R. Similarly to Section

n times n times

P (P FEERD )\ 19)

n=1

=(R_-UR;y) N (R._URy_UR_LUR; ;) N -+,

where Ry = F, (R), R- = F_-(R), Ryy = Fy (Ry), R-y = Fy (R_), Ry_ =
F_(R;), and R__ = F_(R_). And so on successively. On the other hand,
FH(R\&)NR=R\vy, F'{F 1 (R\§)\6}NR=R\ (y- UyUy,), and so
on successively. Thus

n times n times

A= ﬁF*l(---Ffl(F*1 (R\&)\&)\---\d)NR

n times n times

mﬁprwwwnwwww

= N(R\(y-UyUyy))N(R\7y)NR
N(R_UR{)N(R-_URy UR_ UR; )N ---

- <R\ U a> NT.

acP

Remark 6.1. Following our constructions we make the following remarks:

(1) For every point p belonging to some image from LT (see above),
its backward orbit remains in L*; that is, there exists N > 0 such that
F~™(p) € LT for all n > N. Similarly, the backward orbits of those points
belonging to some image from L~ remain in L~.

(2) Set At = R;C(Lﬂ N RY (the non-bounded region limited by L™ and v) and
A7 = By
those points which do not belong to A, their backward orbits end in (the
discontinuity) § or they remain in AT U A~

(3) If p is a successive pre-image of some point in 7 then its orbit ends in ~.
For every point p € A, its full orbit {F"(p)}, ., is defined.

(4) For those points that belong to R\ |J,p @, their forward orbits go from
the region RY N R to RS N R and from R, N R to RY N R infinitely many
times.

N R (the non-bounded region limited by L~ and 7). For
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(5) For points in A, their backward orbits go from R}' N R to Ry N R and from
Ry NRto R(J{ N R infinitely many times. Also, the pre-image of R, N Rii
goes to HN RN Rjy‘ and the pre-image of R_ N RilyF goes to HN RN R
(where, as above, Ry = Fy (R) and R_ = F_ (R)). Consequently, for
every point in p € RN H N A which does not belong to any image from LT,
there exists a natural number m(p) > 1 such that F~™®) (p) e RNHNA.
We call m(p) the first return time of p (for backward iterates) to RNHNR
(where, as in Section H= Rizl'o_ N Ri;g: the non-bounded closed region

limited by yg and v ).

The next lemma shows an expansive-like property for a large region of param-
eters. Similarly to [I, given (zg,y0) and (z(,y,) define Az, = z! — x, and
Ay, =yl — yn for each n > 0.

Lemma 6.2. Suppose that 0 < ¢ < a < 1 and let pg = (x0,y0) and pl, = (24, () de
points in A which do not belong to any image from L*. If Axg > 0 and Ay > 0,
then there exists n € Zt such that y_ny’_,, < 0. (That is, for some n € Z*, either

F~"(po) € R and F~"(py) € R;, or F~"(po) € R, and F~"(p;) € RY).

Proof. (By contradiction.) Suppose that, for all positive integers n, we have
Y—ny_p > 0. (6.1)
Note that

Ay _ Ay

! /
(cxg +yo)  (cxo +yo) — Azg + > =0
C (&

Ay =yl —ya=
x c Zo c
a acxy + ayy a acxo + ayo

Ax 1 1 Az L= y_
_ 0 n == 0 n (y_ 4 Z{ 1)
a ay—1  ay_y a ay—1Yy_,
Ax Ay_ Az
_ 0 Yy } 0 >0
a ay—1y.4 a
(2’ +y" 1)  (cx_1+y
Ay o=y y—yo=-—T1"71 _ ! )
c c
Ay_ Ay_ A
— Az + yl>£>#>0
c c c
!
T _
a acx_; +ay_y a acr_1 +ay—1
Az n 11 Ary | (Y —y—2)
a ay—2  ay a ay—2y’ o
Ax_ Ay_ Ax_ Az
e
a ay—2y’ 5 a a
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In general, we obtain

Ax_ Ax_ Ax
n+1 S>> 1 > 0

A$_n> a an—1 an
Ay _pi1 Ay_1 A

consequently, Ay_,, — +oo and Az_, — 400 (when n — o0). Following the
itemof Remark at negative iterates, the orbits of py and p{; go to the bounded
region H N R. If we suppose that the backward orbits of py and pjy go to H N R at
the same times (in other case, there is nothing to prove) then it is impossible for
them to have the same signs at return times. Therefore we obtain a contradiction

with (6.1). O

Lemma 6.3. Suppose that 0 < ¢ < Va3 < a < /e < 1. Let py = (x0,y0) and
po = (x4, ) be points in R? such that both {F"(po)},so and {F™(py)}, o are
defined. If Axg < 0 and Ayy > 0 then there exists n € N such that yny;l_ < 0.
(That is, for some n in N, either F™(pg) € RY and F™(py) € R, or F"(po) € R
and F"(py) € RT).

Proof. (By contradiction.) Suppose that, for all natural numbers n, we have

YnYp > 0. (6.2)

Take N € N such that, for all n > N,

1 3\ n—1 9 2\ n—1 L L
<a> - (i) HNR|+ca" YHNER>C > 1

00 2\ ¢? B >
C(Zaj> \/ﬁzgaj
! (6.3)

for some constant C, where|H N R| is the diameter of H N R (which is well defined
since H N R is bounded). Observe that (6.3)) follows from our hypotheses 0 < ¢ <
3 2

a a
Va? <a</c<1or, equivalently, — > 1 and — < 1.
c c
Note that
1 1 -y A
Azy =) — 11 =azy + — —axg — — :anO+(yo/7y0) = alAxy — /yo
Yo Yo YoYo YoYo

¢ c
Ayr =y —y1 = cyy — — — acxy — cyo + — + acxg = cAyy — cAxy
Yo Yo

1 1 — ! A
Axgzzé—zgzaxi+7—ax1——:anl%-M:anl— ,yl
Y1 Y1 Y191 A

¢ ¢
Ays = ys — Y2 = cyj — v acry — cyr + ” + acr; = cAy; — cAxs.
1 1
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In general, we obtain

Ay —
AmnzaAa:n_l—,yinl<O Vn > 1
yn—ly’ﬂfl
A A Ay, _ Ay, _
:a"AxO—a"_l y(l) _an—2 y} L ynl2 . ynll
YoYo Y1y1 Yn—2Yp_o Yn—1Ypn_1
Ay, = cAy,_1 — cAx, > Ay >0 Vn>1
Ay, = c"Ayy — "Azy — " Azy — - — cAxy,
A A
=c"Ayy — " (aAa:o — /y()) — ! (anl — /y1>
Yo¥Yo Y1
Ay, _
_..._C(annl_ligTLl).
yn—lyn—l

Similarly to item (2] of the Main Theorem, suppose (without losing generality)
that pp € R; in other case, for some n, F™ (pg) does. Therefore suppose that also
py € R (in other case, there is nothing to prove). Using Remark suppose
(without losing generality) that pg is in the region H N R; therefore suppose that
also pj € H N R (in other case, there is nothing to prove). Suppose also that

po € R, NR" | where R, and R"_ are the inferior and superior components
Un Un Uy Un

induced by the guidelines u};, and uy (in other case, for some n, F™ (py) does).
Therefore suppose that also pj € R;* N R:, (in other case, there is nothing to
N N

prove). This last assumption implies that the first return time of py to H N R is
at least N, where N is given by (6.3). Suppose that yo < 0, y) < 0 (if yo > 0,
y6 > 0, the proof is similar). Consequently, y; > 0, y; > 0, and take n to be the
first return time of pg to H N R. Observe from that we can suppose that n is
also the first return time of p) to H N R (in other case, there is nothing to prove).
Note from that 1 > 0, 4§ >0, ..., ¥ > 0, Yy, > 0, ynt1 <0, y,1q < O.
Also, it is crucial to note that, in this case, z1 < 0, 2} < 0. Therefore

c
Y1 =CYo — X1 < —Cr1 = GE(—%)
c c? a’ 2
Y2 = cyp — cxa = ¢y — acxry — — < a—(—x1) + ——2(—961)
i a ca
2 3 2 2 2

_ ,e a® ¢ 5 C
=a a—Z(—xl) + ??(—ml) <a E(_m) + a?(—xl)

2 c\?
= (a®+a) () ()
c 2 c
Y3 = CYz — CL3 = CY2 — ACTy — — < CY2 — ACT2 = CYy — A" CT1 — —
Y2 Y1

5 3
a” Cc
(1) + cjﬁ(*xl)

3

c
< ey —a’cxy < (a® + a)—
a
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3 CL5 CS CS

3
=a(a® + a)%(—ml) + 0—25(—%1) < (a® + a%%(—xl) + a;(—xl)
C 3
= (a® + a® + a) (5) (—x1).
It should be noted that we used the hypothesis 0 < a < /c. In general, we have

n—1
0<K<yp1< (@ '+ ---+a*+a) (g) (—z1)

<(Z) @) (o).

where K = \/% is the intersection of the guidelines yj and z, which occurs in
the y-axis; therefore
1 1 1 an1 1 ant
m:—y*o>7ooﬁ—\a$0|>7oocnﬁ—|ffﬁ3|
\/acZaj \/acZa]
j=1 j=1
1 1 1 an—1 1 a1 L
R N = jazg| > ——=——— — [HN R
Ty ViES
Jj=1 j=1
Consequently,
A
Ay, > —acAz,_q > caa’“Q/—y0
Yo¥o
1 n—1 _ 1 n—1 .
> ca" Ay - ZM —[ANTE| - ZTl ~[ANTE|
\/acZaj \/CLCZ(IJ‘
i=1 j=1
1 3\ n—1 2 2\ n—1 o L
| (5) R () e e e

oo
J
; \/acg a
a E a’
i=1

> CAyp.
_ Similarly, denoting n = ni, if ng is the first return time of F™ (py) = py, to
H N R, then
Ay, = CAy,, > C*Ayg
and so on successively. Thus, since C' > 1, we have Ay,,; — oo (j — o0). So, with

Jj sufficiently large, it is impossible for F™i (pg) and F™i (p() to have the same sign,
and so we obtain a contradiction with (6.2]). O
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Interchanging the roles of pg and p{,, Lemma (resp., Lemma holds for
the case Azg > 0 and Ayp < 0 (resp., Azp < 0 and Ayg < 0). In the next lemma,
as before, we consider P and Z the sets of guidelines induced by v and §. Also, we
consider the set £ of all curves induced by L* (as in above).

Lemma 6.4. Suppose that 0 < ¢ < a < 1 and let r be a long curve contained
m Rj which is the graph of an increasing function. Then the union of all curves

belonging to L is dense in rNT.

Proof. Since all curves in L are long curves which are graphs of decreasing functions,
L intersects r transversely at single points. Suppose that the union of all curves
belonging to £ is not dense in 7 N T. Then, there are two different points p, p in
such that the connected curve (p,p’), joining p with p’ and contained in r, does
not intersect any curve induced by L*. Therefore (p,p’) does not intersect any
guideline with respect to 4. So no point in (p,p’) is an image from §; in particular,
(p,p’) C RY or (p,p’) C R;. Suppose, without losing generality, that neither p
nor p’ is an image from &; if not, then take two different points in (p,p’) with that
property. Since p and p’ belong to a graph of an increasing function, the hypotheses
of Lemma hold. Due to our assumption, for every n > 0, n € Z*, we have that
F~"([p,p']) is connected. In other words, for every n >0, n € Z*, F~" (|p,p']) C
Rt or F~" ([p,p']) C R;. On the other hand, following Lemmawe can take N €
Z* such that F~"(p) € R} and F~N(p') € R (or F~N(p) € R and F~N(p') €
R). Therefore, since F~ ([p,p']) is connected, we obtain the contradictory fact
F=N([p,p']) Ny # 0. Quite similarly, the same conclusions are obtained for long
curves contained in R which are graphs of increasing functions. O

Figure 5a Figure 5b Figure 5c¢

FIGURE 5.

Proof of item (@ of the Main Theorem. Fix a long curve r contained in R;“ which
is the graph of a strictly increasing function. Since £ is a set of long curves which
are graphs of decreasing functions, r intersects |J,., a (the union of all curves
contained in £) transversely. In particular, r intersects the border of R transversely
and 7 N T is a bounded set (see Figure 5b). The curve 7 is a closed set in R? and
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clearly, by its definition, T is also closed, so r N T is closed. Therefore r N T
is a set contained in the connected curve r N R, which is compact. Lemma
implies both: (1) » N T does not have connected curves contained in 7 N R; and
(2) every point in 7 N T is a limit point of a sequence contained in r N (Ua6£ oz)
and 7 N (Uae,C a) C rNT. Consequently r N T is a Cantor set (see Figure 5a).
Similarly, any long curve contained in R} which is the graph of an increasing
function intersects I' in a Cantor set. O

Proof of item of the Main Theorem. T is the set containing the union of all
curves in £ or all curves that are uniform limits of curves in £; since all these
curves are graphs of strictly decreasing functions, subitem (b) of item follows.
Let s be a long curve contained in Rgr which is the graph of a decreasing function.
Since all curves in P are long curves which are graphs of increasing functions, P
intersects s transversely at single points (see Figure 5c). Suppose that the union of
all curves belonging to P is not dense in s. Then, there are two different points p,
p’ in s such that the connected curve (p,p’), joining p with p’ and contained in s,
does not intersect any curve belonging to P. Therefore (p,p’) does not intersect
any guideline with respect to 7. So no point in (p,p’) is an image from +; in
particular, (p,p’) C Ri’ or (p,p') C R . Suppose, without losing generality, that
neither p nor p’ is an image from +; if not, then take two different points in (p, p’)
with that property. Since p and p’ belong to a graph of a decreasing function,
the hypotheses of Lemma [6.3] hold. Due to our assumption, for every n > 0,
n € Z*, we have that F™ ([p,p']) is connected. In other words, for every n > 0,
n € Z*, F*([p,p']) C RY or F"([p,p']) C R;. On the other hand, following
Lemma we can take N € Z* such that FV(p) € R and FN(p') € RT (or
FN(p) € RT and FN(p') € R;). Thus, since F ([p,p']) is connected, we obtain
the contradictory fact FV ([p,p']) Ny # 0. The same conclusions are obtained for
long curves contained in R; which are graphs of decreasing functions. O
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