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ON THE COMMON FIXED POINTS OF DOUBLE SEQUENCES
OF TWO-PARAMETER NONEXPANSIVE SEMIGROUPS
IN STRICTLY CONVEX BANACH SPACES

RASOUL ABAZARI AND ASADOLLAH NIKNAM

ABSTRACT. We obtain some results about common fixed points of strongly
continuous two-parameter semigroups of nonexpansive mappings in strictly
convex Banach spaces. Also, by using them we characterize common fixed
points of double sequences of such semigroups.

1. INTRODUCTION

Let A be a strictly convex Banach space, i.e., for all z,y € A with ||z| = |y|| = 1
and x # y, we have ||z 4+ y|| < 2, and let C be a closed convex subset of A. The
mapping T on C is said to be nonexpansive if || Tz —Ty|| < ||z —y|| for all z,y € C.
We will denote the set of all fixed points of T' by F(T).

In this paper, for a two-parameter semigroup of nonexpansive mappings on a
closed convex subset of a strictly convex Banach space, we obtain some results
related to its common fixed points and apply them to characterize common fixed
points of double sequences of such semigroups. This is an extension of the one-
parameter case considered in [13].

Two-parameter semigroups of operators, which are an extension of the one-
parameter case, were studied by E. Hille in 1944 [3], and in 1946 N. Dunford
and I. Segal [2] applied them to prove the theorem of Weierstrass. X-parameter
semigroups were studied by Hille and Phillips [4]. O. A. Ivanova obtained some
other results in n-parameter groups in 1966 [5]. Semigroups of operators have many
applications in several areas of applied mathematics, such as theory of random
fields [9, [14], statistical mechanics, partial differential equations and time evolution
in quantum field theory [10, 11} 12].

2. MAIN RESULTS

In this section, we discuss some basic theorems about common fixed points of a
two-parameter semigroup of nonexpansive mappings on a strictly convex subset of
a Banach space.
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Definition 2.1. Let C be a closed convex subset of a Banach space A. The family
{a(s,t) : (s,t) € Ry xR} is a two-parameter semigroup of nonexpansive mappings
on C if:
i) for each (s,t) € Ry x Ry, a(s,t) is a nonexpansive mapping on C;
ii) a(s+ ¢, t+t') = a(s,t)a(s,t') for all s,s',t,t' € Ry;
iii) for each = € C, the mapping (s,t) — a(s,t)z from Ry x Ry into C is
strongly continuous.

For more information about properties of two-parameter semigroups, the reader
may consult [T}, 6] [7} [&].

Theorem 2.2. Let C be a closed convex subset of a strictly convexr Banach space A.
Let a,b > 0 and let {a(s,t) : (s,t) € [0,a) X [0,b)} be a family of mappings on C
such that for each (s,t) € [0,a) x [0,D), a(s,t) is nonexpansive and the mapping
(s,t) — a(s,t)x is weakly continuous on [an,ant1) X [bm,bmi1) for all x € C and
m,n € N for some increasing sequences {an} and {by,} with a; = b1 =0, ap, — a
and b, — b. Suppose

() Flals,0) #0,

0<s<a
0<t<db

and define a nonexpansive mapping T on C as follows:

1 a b
Te = —/ / afs, t)xdtds.
ab 0 0

() Fla(s,t)) = F(T).
)

Then

Proof. For x,y € C, we have

1 a b
|7z — Tyl = || / / (a(s, )z — als,t)y) di ds
ab Jo Jo

1 a b
<L / / la(s, )z — als, t)y] dt ds
ab Jo Jo

1 a b
<= —ylldsdt = ||z — y].
<o | [la=vlasde=ja—yl

Hence T is nonexpansive. Clearly,

() Fla(s,t) c F(T).
0<s<a
0<t<b

We have to show that

F(T)c () Fla(s.t).
0<s<a
0<t<b
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For this, let z € F(T) and z ¢ ﬂ0<s<a F(a(s,t)); then there exist (s1,t1) €
<t<b
[0,a) x [0,b) such that «a(s1,t1)z # z. By the Hahn—Banach theorem, there exists

f € A* (the dual space of A) with
Il =1 flalsi,t1)z = 2) = [la(s1, t1)z — z]|.

For some n,m € N, we have s1 € [ap, apnt1) and t1 € [by, bnt1). Let

1 .
l= 3 min{[s; — any1],[t1 — bmt1l}s

then, from the weak continuity assumption of the theorem, there exists r € (0,!]
such that, for all (s,t) € [s1,s1 + 1) X [t1,t1 + ), we have

Flas, 1)z~ 2) > Sllalsi, i)z .

Set Dy := [s1,81+7) X [t1,t1+7r) and D := [0,a) x [0,b)\ Dy, and define mappings

T, and T on C by
Tz = 1// (s, )z dt d
1:c—r2 Dlas, x S,

1
= — t)x dtds.

We have

for all z € C. Also

f(Tiz—Tz) = ( 2// stzdtds—z)
T D1
s1+7 t1+r
=f <2/ / (a(s,t)z — 2) dtds)
T Js ty
s1+T1 t1+7
- / / (s,t)z — z)dtds
r S1 tl

s1+T t1+7“
r2 / fHoz(sl,tl z—z||dtds

1
§||0¢(31,t1)z —z|| > 0.

I \/

So
2

f(TQZ - TZ) = 2f(TZ - le) < 0.

r
ab—r
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Hence Thz # Thz. Let y € (No<s<a F'(a(s,t)); then Tyy = Toy = y, and we have

0<t<b
r? ab—r?
oyl =Tz =yl = | =T Tyz —
Iz =l = 732 = ol = | 71 + L5 Ts =
r2 ab —r?
< - Tyz —
< Dz =yl + L me -y
r2 ab —r?
= — [Tz - Tuyll + T2z — Toyl|
ab ab

eyl L eyl = el
—|lz — z—yll=|z-
ab ) ab Y Yl

IN

and therefore
1Tz —yll = 1Tz — yll = I T2z -y
This is a contradiction, because A is strictly convex. Hence the inclusion F(T') C

No<s<a F(a(s,t)) holds, and we conclude that
0<t<b

F(T)= () Fla(s.t).
st

O
The following two corollaries are a direct consequence of the previous theorem.

Corollary 2.3. Let C be a closed convex subset of a strictly convexr Banach
space A. Let a,b > 0 and let {a(s,t) : (s,t) € [0,a) x [0,b)} be a family of
nonezxpansive mappings on C such that the mappings (s,t) — a(s,t)x are weakly
continuous on [0,a) x [0,b) for all z € C and

m F(a(s,t)) # 0.
0<s<a
0<t<b

Define a nonexpansive mapping T on C by

1 a b
Tx = —/ / a(s,t)xdtds
ab 0 0

F(T)= () Fla(st)).
051t

forallz € C. Then

Corollary 2.4. Let C be a closed convex subset of a strictly convexr Banach
space A. Let {T, : m,n € N} be a double sequence of nonexpansive mappings
on C. Suppose
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Let {cimn} be a double sequence such that ¢y = amby, where {a,} and {b,} are se-
quences of positive numbers with Y~ am = Y oo by = 1. Define a nonexpansive
mapping T on C by

Tx = Z Z ComnlmnT

m=1n=1

for allx € C. Then

Proof. We define, inductively, strictly increasing sequences {«a,, } and {3, } in [0,1)
as follows: ay = 81 =0 and, for m > 2 and n > 2 in N,

m—1 n—1
=S a A= b
k=1 k=1
Then we have lim,, o0 @y = limy, o0 B = 1.
Let {T'(s,t) : (s,t) € [0,1) x [0,1)} be a family of two-parameter nonexpansive
maps defined by
T(s,t)x = T if (s,t) € [@m, @m+1) X [Bnr, Bnt1)
for all x € C. We have

Am+1

Ty = i i CrnTmnT = i i /ﬁnﬂ/ T(s,t)xdsdt

m=1n=1 m=1n=1 n

1 1
= / / T(s,t)xdsdt.
0o Jo

F(Tn) = (] F(T(s,1)
1 0<s<1
1 0<t<1

Therefore, by

D)

m
n

and Theorem [2.2] we have

O

Up to here, semigroup properties weren’t necessary. From now on, we assume
{a(s,t)} is a nonexpansive semigroup.

Theorem 2.5. Let C be a closed convex subset of a strictly convex Banach space A
and let {a(s,t) : (s,t) € Ry x Ry} be a strongly continuous semigroup of nonex-
pansive mappings on C such that

() Fla(s.t) #0.

0<s<0
0<t<o0
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Suppose si1,S9,t1,ta € Ry with s1 < sy and t1 < ty. Define a nonexpansive
mapping T on C by

1 S2 tz
Tx = t)xdtd
T e st — 1) /51 /t1 oo, o db ds
forallx € C. Then

F(T)= (] Fla(s,t)).
0<s<0
0<t<oo

Proof. Clearly,
() Flals,t) C F(T).

0<s<0
0<t<o0

For the converse, let y € F(T'); then from Corollary we have

() Fla(s,t) = F(T),
s1<s<s2
t1<t<to

and so, for (s,t) € [s1,82) X [t1,t2), we have a(s,t)y = y. Therefore, for every
(s,t) € [0,225%] x [0, 251 ],
a(s, )y = a(s, t)a(s,t1)y = a(s+ s1,t + 1)y = y.
Fix (s,t) € Ry X Ry; then there exist m,n € N U {0} and (u,v) € [0, %25%1) x
[O, %) such that
s=u+m(sy—5s1)/2 and t=v+n(ts —t1)/2.

Without loss of generality, we can assume that n < m. Hence we have n = % for
some 3 > 1. Therefore

a(s,t)y:a<u+m(82251),U—|—n(t2tl))y

— a(u,v)a (m(82 5 ) (2 _tl )y
= a(u,v)a (m(52 _— tz;ﬂtl )y
oo (€520 L))

au,v)y =y,
(s2—s1) (t2 t1) 0

28
fixed point of {a(s t):(s,t) € Ry x Ry}. Therefore

F(T)= (] Fla(st)).
0<s<o0o
0<t<o0o

where (a ( )) is the identity mapping on C. Hence y is a common
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From Corollary 2:4] and Theorem [2.5] we have the following theorem.

Theorem 2.6. Let C be a closed convex subset of a strictly conver Banach space A.
Let {Tinn(s,t) : (s,t) € Ry X Ry, myn € N} be a double sequence of strongly
continuous two-parameter semigroups of monexpansive mappings on C, and let

{Umn : myn € N} be a double sequence of nonexpansive mappings on C such
that

Suppose {sn}, {tn}, {un}, {vn}, {@mn} and {Bmn} are real sequences such that
0 < sy < Up, 0 <ty < Up, g > 0 and B > 0 for all myn € N, and
S Yo At Yo Y on Bmn = 1. Define a nonezpansive mapping T on C
by

o\ QUmn, Un Un co 00
Tx = mzzjl ; (U — Sm) (U — tn) /S /t Trnn (s, t)z dt ds + ;;5anmn;ﬂ

forallz € C. Then

(N [ FTun(st)N

m=10<s<oo
n=1 0<t<oo

1i D

Proof. For all m,n € N, let

1 U
Sl = /
(Um — 8m)(VUn — 1) tn

n

/ Tonn (8, t)x ds dt.
S

m

Hence
o0 o0 (o] (o]
Tx = Z Z CmnSmn® + Z Z ﬁanmnx-
m=1n=1 m=1n=1
From Theorem [2.5 we obtain the result. O
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