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TWO CONSTRUCTIONS OF BIALGEBROIDS
AND THEIR RELATIONS

YUDAI OTSUTO

Abstract. We generalize the construction of face algebras by Hayashi and
obtain a left bialgebroid A(w). There are some relations between the left
bialgebroid A(w) and the generalized Shibukawa–Takeuchi left bialgebroid Aσ .

1. Introduction

The quantum Yang–Baxter equation (QYBE for short) [1, 13, 25] plays an im-
portant role in the study of bialgebras. Coquasitriangular bialgebras give birth to
solutions to the QYBE. On the other hand, Faddeev, Reshetikhin, and Takhta-
jan [8] introduced a construction of coquasitriangular bialgebras using solutions to
the QYBE. This construction has been generalized with the development of the
study of the QYBE and bialgebras.

The quantum dynamical Yang–Baxter equation (QDYBE for short), a gener-
alization of the QYBE, was introduced by Gervais and Neveu [9]. Dynamical
R-matrices, solutions to the QDYBE, give birth to h-bialgebroids introduced by
Etingof and Varchenko [7]. If the dynamical R-matrix satisfies a certain condition,
called rigidity, this h-bialgebroid has an antipode and is called an h-Hopf algebroid.

A set-theoretical analogue of the QDYBE is the dynamical Yang–Baxter map
(DYBM for short) introduced by Shibukawa [19, 20]. The DYBM is a generaliza-
tion of the Yang–Baxter map [6, 24] suggested by Drinfel’d [5]. Shibukawa and
Takeuchi studied a construction of left bialgebroids by using DYBMs in [22, 21].
A left bialgebroid Aσ is obtained by this construction. If the solution σ satisfies
rigidity, then Aσ becomes a Hopf algebroid with a bijective antipode. The notion
of left bialgebroids (Takeuchi’s ×R-bialgebras) was introduced in [23]. This is a
generalization of the bialgebra using a non-commutative base algebra R. Its co-
multiplication and counit are (R,R)-bimodule homomorphisms. Schauenburg [17]
proposed a Hopf algebraic structure on the left bialgebroid without an antipode,
called a ×R-Hopf algebra. As a special case of the ×R-Hopf algebra, Böhm and
Szláchanyi [4] introduced the Hopf algebroid, which has a bijective antipode.
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On the other hand, Hayashi [10] introduced the notion of face algebras. In [11],
a coquasitriangular face algebra A(w) was constructed using a solution w to the
quiver-theoretical QYBE. In addition, if a coquasitriangular face algebra is clo-
surable, this face algebra has a Hopf closure, which is a Hopf face algebra satisfying
a certain universal property. Hayashi [11] constructed this Hopf closure by using
the double cross product and the localization of the face algebra. Later (Hopf) face
algebras were integrated to weak bialgebras (weak Hopf algebras) by Böhm, Nill,
and Szláchanyi [3]. Bennoun and Pfeiffer mentioned the Hopf closure (they called
it the Hopf envelope) of the coquasitriangular weak bialgebra in [2]. Schauen-
burg [18] showed that a weak bialgebra (weak Hopf algebra) is a left bialgebroid
(×R-Hopf algebra) whose base algebra is Frobenius-separable. Conversely, a left
bialgebroid (×R-Hopf algebra) becomes a weak bialgebra (weak Hopf algebra) if
its base algebra is Frobenius-separable.

There is an interesting relation between Hayashi’s construction of face algebras
and Shibukawa–Takeuchi’s construction of left bialgebroids. If the parameter set Λ
of a DYBM σ is finite, the left bialgebroid Aσ becomes a weak bialgebra since the
base algebra M consisting of maps from Λ to a field K is a Frobenius-separable
algebra over K. Matsumoto and Shimizu [12] showed that the DYBM σ gives
birth to a solution wσ to the quiver-theoretical QYBE and gave a weak bialgebra
homomorphism φ from A(wσ) to Aσ.

Shibukawa and the author generalized the construction of [22, 21] to get a left
bialgebroid (Hopf algebroid) Aσ that is not a weak bialgebra (weak Hopf algebra)
from a DYBM with a finite parameter set Λ. In [16], we generalized M to an
arbitrary K-algebra L.

It is natural to try to get a left bialgebroid A(wσ) corresponding to the general-
ized left bialgebroid Aσ.

The purpose of this paper is to discuss relations of two constructions of left
bialgebroids by extending Matsumoto-Shimizu’s homomorphism. Let R be an ar-
bitrary K-algebra, and we denote by M the K-algebra consisting of maps from Λ
to R. We try to generalize Hayashi’s construction to gain a left bialgebroid A(wσ)
corresponding to the generalized Aσ with the base algebra L = M and construct
a left bialgebroid homomorphism Φ from A(wσ) to Aσ. In order to be able to
investigate properties of this Φ easily, we specify a necessary and sufficient condi-
tion for bijectivity. This condition is very useful because it is unnecessary to see
elements in Aσ. If M is a Frobenius-separable K-algebra, the left bialgebroid Aσ
in [16] is a weak bialgebra. We also show that this Aσ becomes the Hopf closure
of A(wσ) through Φ if the collection σ of elements in M is rigid. We expect that
this conclusion will pioneer the study of the Hopf closure of a left bialgebroid with
the non-commutative base algebra.

In [15], we construct a left bialgebroid U(w) generated by two kinds of elements{
e
[
p
q

]}
and

{
ẽ
[
p
q

]}
(in this paper, we only use one kind of generators

{
e
[
p
q

]}
to generalize A(w) in [11]). The left bialgebroid Aσ with the base algebra M
induces U(wσ) := U(w) and we can construct a left bialgebroid homomorphism
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Φ′ : U(wσ) → Aσ. This Φ′ is always bijective and it is equivalent to saying that
U(wσ) and Aσ become Hopf algebroids.

The paper is organized as follows. In Section 2, we review relations between
left bialgebroids (Hopf algebroids) and weak bialgebras (weak Hopf algebras) fol-
lowing [4] and [18]. In Section 3, we recall a left bialgebroid (Hopf algebroid) Aσ
with the base algebra M from [16] and introduce a left bialgebroid A(w) as a gen-
eralization of [11]. The weak bialgebra A(w) as in [11] has the base algebra M as
a left bialgebroid. We generalize M to M like the above left bialgebroid Aσ. If
the family w of elements in R is rigid, this A(w) becomes a Hopf algebroid. In
Section 4, we induce a left bialgebroid A(wσ) := A(w) by using the setting of the
left bialgebroid Aσ and construct a left bialgebroid homomorphism Φ from A(wσ)
to Aσ. As a point of difference between [12] and this paper, we do not use DYBMs
to construct these A(wσ) and Φ. We also give an example of the left bialgebroids
Aσ, A(wσ) and Φ not using the DYBM. This Φ is bijective if and only if the family
w satisfies a part of the condition for rigidity (see Theorem 4.5). In Section 5, if
the K-algebra R is a Frobenius-separable K-algebra and Aσ is a weak Hopf algebra,
then A(wσ), Aσ, and Φ satisfy a certain universal property, called the Hopf closure.
For this purpose, we introduce the notion of the antipode as a generalization of the
antipode in the weak Hopf algebra theory and of Hayashi’s antipode with respect
to the face algebra in [11]. We can characterize weak bialgebras and generalize
Hopf envelopes in [2] by using these antipodes.

2. Preliminaries

In this section, we recall the notion of left bialgebroids (Hopf algebroids) and
discuss relations with weak bialgebras (weak Hopf algebras). If the base algebra
of a left bialgebroid is a Frobenius-separable algebra, the total algebra has a weak
bialgebra structure. In addition, the total algebra is a weak Hopf algebra when the
left bialgebroid becomes a Hopf algebroid. For more details, we refer the reader
to [4] and [18].

Throughout this paper, we denote by K a field.

Definition 2.1. Let A and L be K-algebras. A left bialgebroid (or Takeuchi’s ×L-
bialgebra) AL is a sextuplet AL := (A,L, sL, tL,∆L, πL) satisfying the following
conditions:

(1) The maps sL : L → A and tL : Lop → A are K-algebra homomorphisms
and satisfy

sL(l)tL(l′) = tL(l′)sL(l) (∀l, l′ ∈ L). (2.1)

Here Lop means the opposite K-algebra of L. These two homomorphisms
make A an (L,L)-bimodule LAL by the following left and right L-module
structures LA and AL:

LA : l · a = sL(l)a; AL : a · l = tL(l)a (l ∈ L, a ∈ A). (2.2)
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(2) The triple (LAL,∆L, πL) is a comonoid in the category of (L,L)-bimodules
such that

a[1]tL(l)⊗ a[2] = a[1] ⊗ a[2]sL(l); (2.3)
∆L(1A) = 1A ⊗ 1A; (2.4)
∆L(ab) = ∆L(a)∆L(b); (2.5)
πL(1A) = 1L; (2.6)
πL(asL(πL(b))) = πL(ab) = π(atL(πL(b))) (2.7)

for all l ∈ L and a, b ∈ A. Here we write ∆L(a) = a[1] ⊗ a[2], known as
Sweedler’s notation. The right-hand side of (2.5) is well defined because
of (2.3).

We write AL = (A,L, sAL , tAL ,∆A
L , π

A
L ) if there is a possibility of confusion. For a

left bialgebroid AL, these K-algebras A and L are called the total algebra and the
base algebra, respectively.

Definition 2.2. Let AL = (A,L, sL, tL,∆L, πL) and A′L′ = (A′, L′, sL′ , tL′ ,∆L′ ,
πL′) be left bialgebroids. A pair of K-algebra homomorphisms (Φ: A→ A′, φ : L→
L′) is called a left bialgebroid homomorphism AL → A′L′ if and only if

sL′ ◦ φ = Φ ◦ sL; (2.8)
tL′ ◦ φ = Φ ◦ tL; (2.9)
πL′ ◦ Φ = φ ◦ πL; (2.10)
∆L′ ◦ Φ = (Φ⊗ Φ) ◦∆L. (2.11)

The map Φ⊗ Φ : A⊗L A→ A′ ⊗L′ A′ makes sense because of (2.8) and (2.9).

Let AL := (A,L, sL, tL,∆L, πL) be a left bialgebroid and N a K-algebra iso-
morphic to the opposite K-algebra Lop. We suppose that A has a K-algebra anti-
automorphism S satisfying

S ◦ tL = sL; (2.12)
S(a[1])a[2] = (tL ◦ πL ◦ S)(a) (2.13)

for all a ∈ A. The left-hand side of (2.13) makes sense because of (2.12). We
fix a K-algebra isomorphism ω : Lop → N . Then A has left and right N -module
structures NA and AN through the following actions:
NA : n · a = a(sL ◦ ω−1)(n); AN : a · n = a(S ◦ sL ◦ ω−1)(n) (a ∈ A, n ∈ N).

(2.14)
By virtue of (2.12), these two actions (2.14) make A an (N,N)-bimodule. We can
also define two K-linear maps SA⊗LA and SA⊗NA by

SA⊗LA : A⊗L A 3 a⊗ b 7→ S(b)⊗ S(a) ∈ A⊗N A; (2.15)
SA⊗NA : A⊗N A 3 a⊗ b 7→ S(b)⊗ S(a) ∈ A⊗L A. (2.16)

Definition 2.3. Let (AL, S) be a pair of a left bialgebroid AL and a K-algebra
anti-automorphism S : A → A satisfying (2.12) and (2.13). Suppose that SA⊗NA
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has the inverse S−1
A⊗NA. We say that the pair (AL, S) is a Hopf algebroid if and

only if

SA⊗LA ◦∆L ◦ S−1 = S−1
A⊗NA ◦∆L ◦ S; (2.17)

(∆L ⊗ idA) ◦∆N = (idA ⊗∆N ) ◦∆L; (2.18)
(∆N ⊗ idA) ◦∆L = (idA ⊗∆L) ◦∆N . (2.19)

Here we define ∆N = SA⊗LA ◦∆L ◦ S−1. The map S is called an antipode.

We next introduce the notion of weak bialgebras and weak Hopf algebras.

Definition 2.4. Let B be a K-algebra endowed with a K-coalgebra structure by
∆: B → B ⊗K B and ε : B → K. We say that a triple B := (B,∆, ε) is a weak
bialgebra if the following conditions are satisfied:

∆(ab) = ∆(a)∆(b); (2.20)
(∆(1)⊗ 1)(1⊗∆(1)) = 1(1) ⊗ 1(2) ⊗ 1(3) = (1⊗∆(1))(∆(1)⊗ 1); (2.21)

ε(ab(1))ε(b(2)c) = ε(abc) = ε(ab(2))ε(b(1)c) (2.22)

for all a, b, c ∈ B. Here we write simply 1 = 1B and use Sweedler’s notation, which
is written by

∆(a) = a(1)⊗a(2) and ((∆⊗idB)◦∆)(a) = a(1)⊗a(2)⊗a(3) = ((idB⊗∆)◦∆)(a).

In order to avoid ambiguity, we write ∆B = ∆ and εB = ε as needed. The biop-
posite weak bialgebra Bbop of B can be defined similar to the ordinary bialgebra.

Let B′ be a weak bialgebra. A K-linear map f : B → B′ is called a weak bialgebra
homomorphism if f is a K-algebra and K-coalgebra homomorphism.

We introduce two maps εs, εt : B → B defined by

εs(a) = 1(1)ε(a1(2)); (2.23)
εt(a) = ε(1(1)a)1(2) (a ∈ B).

These maps εs and εt are respectively called the source counital map and the target
counital map.

Lemma 2.5. The maps εs and εt satisfy

εs ◦ εs = εs, εt ◦ εt = εt;
εs(1B) = εt(1B) = 1B . (2.24)

Lemma 2.6. For an arbitrary element a in a weak bialgebra B,

1(1)εs(a1(2)) = εs(a), εt(1(1)a)1(2) = εt(a);
∆(εs(a)) = 1(1) ⊗ εs(a)1(2) = 1(1) ⊗ 1(2)εs(a); (2.25)
∆(εt(a)) = εt(a)1(1) ⊗ 1(2) = 1(1)εt(a)⊗ 1(2); (2.26)
a(1) ⊗ εs(a(2)) = a1(1) ⊗ εs(1(2)), εt(a(1))⊗ a(2) = εt(1(1))⊗ 1(2)a; (2.27)
εs(a(1))⊗ a(2) = 1(1) ⊗ a1(2), a(1) ⊗ εt(a(2)) = 1(1)a⊗ 1(2). (2.28)
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Lemma 2.7. We denote by B a weak bialgebra. For any a, b ∈ B,
εs(a)εt(b) = εt(b)εs(a); (2.29)
ε(ab) = ε(εs(a)b), ε(ab) = ε(aεt(b)); (2.30)
εs(ab) = εs(εs(a)b), εt(ab) = εt(aεt(b)); (2.31)
εs(a)b = b(1)εs(ab(2)), aεt(b) = εt(a(1)b)a(2); (2.32)
εs(a)εs(b) = εs(aεs(b)), εt(a)εt(b) = εt(εt(a)b.

Definition 2.8. A weak bialgebra H with an K-linear map S : H → H is called a
weak Hopf algebra if and only if

S(h(1))h(2) = εs(h);
h(1)S(h(2)) = εt(h);

S(h(1))h(2)S(h(3)) = S(h)
are satisfied for all h ∈ H. This S, also called an antipode, is unique if it exists.

If there is a possibility of confusion, we write SWHA for the antipode of a weak
Hopf algebra and SHAD for an antipode of a Hopf algebroid.

Let us recall the notion of Frobenius-separable K-algebras to discuss relations
between the left bialgebroid and the weak bialgebra. A Frobenius-separable K-
algebra is a K-algebra L equipped with a K-linear map ψ : L→ K and an element
e(1) ⊗ e(2) ∈ L⊗K L such that

l = ψ(le(1))e(2) = e(1)ψ(e(2)l), e(1)e(2) = 1L (∀l ∈ L).

This pair (ψ, e(1) ⊗ e(2)) is called an idempotent Frobenius system.

Proposition 2.9 (See [18, Theorem 5.5]). Let AL = (A,L, sL, tL,∆L, πL) be a left
bialgebroid. If the base algebra L is a Frobenius-separable K-algebra with an idem-
potent Frobenius system (ψ, e(1) ⊗ e(2)), then the total algebra A has the following
weak bialgebra structure (A,∆, ε):

∆(a) = tL(e(1))a[1] ⊗ sL(e(2))a[2]; (2.33)
ε(a) = (ψ ◦ πL)(a) (a ∈ A). (2.34)

Under the conditions of Proposition 2.9, we suppose that the left bialgebroid AL
has an antipode SHAD. Then it is important to discuss whether the weak bialgebra
A becomes a weak Hopf algebra or not. Schauenburg [18] solved this problem
when AL is a ×L-Hopf algebra, which is a generalization of the Hopf algebroid.
We briefly sketch a special case of Corollary 6.2 in [18].

For the total algebra A of a Hopf algebroid (AL, SHAD), we can define another
left N -module structure NA by

NA : n · a = (SHAD ◦ sL ◦ ω−1)(n)a (a ∈ A, n ∈ N).
Then the tensor product A⊗N A has two meanings depending on left actions NA
and NA. In order to avoid misunderstandings, we specify these actions by AN⊗NA
and AN ⊗N A. For example, the tensor product A⊗N A in (2.15) and (2.16) stands
for AN ⊗N A.
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Proposition 2.10 (See [4, Proposition 4.2 (iv)]). Let (AL, SHAD) be a Hopf alge-
broid. Then the following K-linear map α is bijective with the inverse α−1:

α : AN ⊗N A 3 a⊗ b 7→ a[1] ⊗ a[2]b ∈ A⊗L A;

α−1 : A⊗L A 3 a⊗ b 7→ a[1] ⊗ SHAD(a[2])b ∈ AN ⊗N A.

These maps make sense by virtue of (2.12). Here we write ∆N (a) = a[1] ⊗ a[2].

Proposition 2.11 (See [18, Corollary 6.2]). Let AL = (A,L, sL, tL,∆L, πL) be
a left bialgebroid satisfying the conditions of Proposition 2.9. If (AL, SHAD) is a
Hopf algebroid, then the total algebra A becomes a weak Hopf algebra whose antipode
SWHA is defined by

SWHA(a) = εs(a[1])SHAD(a[2]) (a ∈ A).
This SWHA makes sense because of α−1 and the following K-linear map:

β : AN ⊗N A 3 a⊗ b 7→ εs(a)b ∈ A.
This β is well defined because of (2.20) and (2.32).

3. Two left bialgebroids A(w) and Aσ

3.1. Summary of left bialgebroid Aσ. In this subsection, we recall a left bial-
gebroid Aσ. For more details, we refer the reader to [16]. This is a generalization
of [21].

Let R be a K-algebra and Λ a non-empty finite set. Let G denote a subgroup
of the opposite group of the symmetric group on the set Λ. We can define a right
group action of this group G on the set Λ:λα = α(λ) (λ ∈ Λ, α ∈ G). We denote
by M the K-algebra consisting of maps from Λ to R. For any α ∈ G, the map
Tα : M →M is defined by

Tα(f)(λ) = f(λα) (f ∈M,λ ∈ Λ).
The map Tα (α ∈ G) is a K-algebra homomorphism such that Tα ◦ Tα−1 = idM .
Let deg be a map from a finite set X to the group G. Define

ΛX := (M ⊗K M
op) t {Lab | a, b ∈ X} t {(L−1)ab | a, b ∈ X}.

Let σabcd ∈M be a collection of elements for a, b, c, d ∈ X, and we denote by K〈ΛX〉
the free K-algebra generated by the set ΛX. The symbol Iσ means the two-sided
ideal of K〈ΛX〉 whose generators are:

(1) ξ + ξ′ − (ξ + ξ′), cξ − (cξ), ξξ′ − (ξξ′) (∀c ∈ K, ∀ξ, ξ′ ∈M ⊗K M
op).

Here the notation ξ + ξ′ stands for the addition in the algebra K〈ΛX〉,
while the notation (ξ + ξ′)(∈ ΛX) is that of the algebra M ⊗K M

op. The
other two generators for the scalar multiplication and multiplication are
similar.

(2)
∑
c∈X

Lac(L−1)cb − δa,b∅,
∑
c∈X

(L−1)acLcb − δa,b∅ (∀a, b ∈ X).

Here δa,b ∈ K (a, b ∈ X) means Kronecker’s delta symbol and ∅ means the
empty word.
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(3) (Tdeg(a)(f)⊗ 1M )Lab − Lab(f ⊗ 1M ),
(1M ⊗ Tdeg(b)(f))Lab − Lab(1M ⊗ f),

(f ⊗ 1M )(L−1)ab − (L−1)ab(Tdeg(b)(f)⊗ 1M ),

(1M ⊗ f)(L−1)ab − (L−1)ab(1M ⊗ Tdeg(a)(f)) (∀f ∈M, ∀a, b ∈ X).

(4)
∑
x,y∈X

(
σxyac ⊗ 1M

)
LydLxb −

∑
x,y∈X

(
1M ⊗ σbdxy

)
LcyLax (∀a, b, c, d ∈ X).

(5) ∅ − 1M ⊗ 1M .

Theorem 3.1 (See also [16, Theorem 2.1]). If the following conditions are satisfied,
then the quotient Aσ := K〈ΛX〉/Iσ is a left bialgebroid whose base algebra is M .{

σabcd(λ) ∈ Z(R) (∀λ ∈ Λ, ∀a, b, c, d ∈ X);
λ deg(d) deg(b) 6= λ deg(c) deg(a)⇒ σbdac(λ) = 0.

(3.1)

Here Z(R) is the center of R.

Proof. It is sufficient to show that the condition (3.1) implies

σbdac(Tdeg(d) ◦ Tdeg(b))(f) = (Tdeg(c) ◦ Tdeg(a))(f)σbdac
for any f ∈M and a, b, c, d ∈ X (see (11) in [16]).

We suppose that λ deg(d) deg(b) = λ deg(c) deg(a). By using the first condition
in (3.1),

(σbdac(Tdeg(d) ◦ Tdeg(b))(f))(λ) = σbdac(λ)(Tdeg(d) ◦ Tdeg(b))(f))(λ)
= σbdac(λ)f(λ deg(d) deg(b))
= f(λ deg(d) deg(b))σbdac(λ)
= f(λ deg(c) deg(a))σbdac(λ)
= (Tdeg(c) ◦ Tdeg(a))(f)(λ)σbdac(λ)
= ((Tdeg(c) ◦ Tdeg(a))(f)σbdac)(λ).

If λ deg(d) deg(b) 6= λ deg(c) deg(a), then the second condition in (3.1) induces that

(σbdac(Tdeg(d) ◦ Tdeg(b))(f))(λ) = f(λ deg(d) deg(b))σbdac(λ)
= 0
= f(λ deg(c) deg(a))σbdac(λ)
= ((Tdeg(c) ◦ Tdeg(a))(f)σbdac)(λ).

Therefore the left bialgebroid Aσ can be constructed by using the condition (3.1).
�

From now on, we will introduce sM , tM , ∆M , and πM in order to construct the
left bialgebroid Aσ.
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The maps sM : M → Aσ and tM : Mop → Aσ are defined by

sM (f) = f ⊗ 1M + Iσ;
tM (f) = 1M ⊗ f + Iσ (f ∈M).

These are K-algebra homomorphisms and satisfy (2.1). Thus Aσ is an (M,M)-
bimodule via (2.2).

Let I2 denote the right ideal of Aσ ⊗K Aσ whose generators are tM (f)⊗ 1Aσ −
1Aσ ⊗ sM (f) (∀f ∈ M). The K-algebra homomorphism ∆: K〈ΛX〉 → Aσ ⊗K Aσ
is defined by

∆(ξ) = sM ⊗ tM (ξ) (ξ ∈M ⊗K M
op);

∆(Lab) =
∑
c∈X

Lac + Iσ ⊗ Lcb + Iσ (a, b ∈ X);

∆((L−1)ab) =
∑
c∈X

(L−1)cb + Iσ ⊗ (L−1)ac + Iσ.

This map ∆ satisfies ∆(Iσ) ⊂ I2. Thus the K-linear map ∆̃(α + Iσ) = ∆(α) + I2
(α ∈ K〈ΛX〉) is well defined. Since Aσ ⊗K Aσ/I2 ∼= Aσ ⊗M Aσ as K-vector spaces,
we can induce the K-linear map ∆M : Aσ → Aσ⊗M Aσ from the map ∆̃. This ∆M

is an (M,M)-bimodule homomorphism.
The next task is to define the map πM : Aσ →M . The K-algebra homomorphism

χ : K〈ΛX〉 → EndK(M) is defined by

χ(f ⊗ g)(h) = fhg (f, g, h ∈M);
χ(Lab) = δa,bTdeg(a);

χ((L−1)ab) = δa,bTdeg(a)−1 (a, b ∈ X).

Because χ(Iσ) = {0} is satisfied, the map χ(α + Iσ) = χ(α) (α ∈ K〈ΛX〉) makes
sense and is a K-algebra homomorphism. We define the map πM by

πM : Aσ 3 a 7→ χ(a)(1M ) ∈M. (3.2)

This πM is an (M,M)-bimodule homomorphism.
The triplet (Aσ,∆M , πM ) is a comonoid in the tensor category of (M,M)-

bimodules. Since the maps ∆M and πM satisfy the conditions (2.3)–(2.7), the
sextuplet (Aσ,M, sM , tM ,∆M , πM ) is a left bialgebroid.

Let σ = {σabcd}a,b,c,d∈X . This left bialgebroid Aσ has a Hopf algebroid structure
if σ satisfies a certain condition, called rigidity.

Definition 3.2 (See [16, Definition 4.2]). The family σ = {σabcd}a,b,c,d∈X is called
rigid if and only if, for any a, b ∈ X, there exist elements xab, yab ∈ Aσ satisfying
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the following conditions: ∑
c∈X

((L−1)cb + Iσ)xac = δa,b1Aσ ;∑
c∈X

xcb((L−1)ac + Iσ) = δa,b1Aσ ; (3.3)∑
c∈X

(Lcb + Iσ)yac = δa,b1Aσ ;∑
c∈X

ycb(Lac + Iσ) = δa,b1Aσ .

Proposition 3.3 (See [16, Proposition 4.1]). The following are equivalent:
(1) σ is rigid.
(2) There exists a unique K-algebra anti-automorphism S : Aσ → Aσ satisfy-

ing {
S(f ⊗ g + Iσ) = g ⊗ f + Iσ (f, g ∈M);
S(Lab + Iσ) = (L−1)ab + Iσ (a, b ∈ X).

Proposition 3.4 (See [16, Proposition 4.2]). If σ is rigid, then the pair (Aσ, S) is
a Hopf algebroid for N = Mop and ω = idM .

3.2. Left bialgebroid A(w). In this subsection, we introduce a left bialgebroid
A(w) as a generalization of [11]. Similar to the above left bialgebroid Aσ, this A(w)
has a Hopf algebroid structure if the collection w of elements in R satisfies rigidity
(see also [15]).

Definition 3.5. Let Λ be a non-empty set. A set Q endowed with two maps
s, t : Q → Λ is said to be a quiver over Λ. These maps s and t are respectively
called the source map and the target map. For a non-negative integer m, we define
the fiber product Q(m) by
Q(0) := Λ,

Q(1) := Q,

Q(m) := {q = (q1, . . . , qm) ∈ Qm | t(qi) = s(qi+1)∀i ∈ {1, . . . ,m− 1}} (m > 1).

The set Q(m) (m > 0) is a quiver over Λ with s(q) = s(q1), t(q) = t(qm). Q(0) is
also a quiver over Λ by s = t = idΛ.

Let Λ be a non-empty finite set, and Q a finite quiver over Λ. We denote by

G(Q) the linear span of the symbols e
[
p
q

]
(p, q ∈ Q(m), m ∈ Z≥0):

G(Q) :=
⊕

p,q∈Q(m),m∈Z≥0

K e
[
p
q

]
.
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This G(Q) is a K-algebra by the following multiplication:

e
[
p
q

]
e
[
p′

q′

]
= δt(p),s(p′)δt(q),s(q′)e

[
pp′

qq′

]
;

1G(Q) =
∑
λ,µ∈Λ

e
[
λ

µ

]
for p, q ∈ Q(m), p′, q′ ∈ Q(n), and m,n ∈ Z≥0. Here δλ,µ ∈ K (λ, µ ∈ Λ) means
Kronecker’s delta symbol. For a K-algebra R, let w

[
a

c b
d

]
∈ R be a collection

of elements for (a, b), (c, d) ∈ Q(2). We write Iw for the two-sided ideal of the
K-algebra H(Q) := R⊗K R

op ⊗K G(Q) whose generators are∑
(x,y)∈Q(2)

w
[ x
a y
b

]
⊗ 1R ⊗ e

[
x

c

]
e
[
y

d

]

−
∑

(x,y)∈Q(2)

1R ⊗w
[ c
x d
y

]
⊗ e
[
a

x

]
e
[
b

y

]
(∀(a, b), (c, d) ∈ Q(2)). (3.4)

We define A(w) by the quotient A(w) := H(Q)/Iw.

Theorem 3.6. If the following conditions are satisfied, then A(w) is a left bialge-
broid whose base algebra is M :

w
[

a
c b
d

]
∈ Z(R) (∀(a, b), (c, d) ∈ Q(2));

s(a) 6= s(c) or t(b) 6= t(d)⇒ w
[

a
c b
d

]
= 0.

(3.5)

We split the proof of Theorem 3.6 into multiple steps.
The maps sM : M → A(w) and tM : Mop → A(w) are defined by

sM (f) =
∑
λ,µ∈Λ

f(λ)⊗ 1R ⊗ e
[
λ

µ

]
+ Iw;

tM (f) =
∑
λ,µ∈Λ

1R ⊗ f(λ)⊗ e
[
µ

λ

]
+ Iw (f ∈M).

These maps are K-algebra homomorphisms satisfying (2.1). As a result, A(w) is
an (M,M)-bimodule by the actions (2.2).

Let I2 denote the right ideal of A(w) ⊗K A(w) whose generators are tM (f) ⊗
1A(w) − 1A(w) ⊗ sM (f) (∀f ∈ M). In order to construct the map ∆M , we define
the K-linear map ∇ : H(Q)→ A(w)⊗K A(w) by

∇
(
r ⊗ r′ ⊗ e

[
p
q

])
=

∑
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

)
for r, r′ ∈ R, p, q ∈ Q(m), and m ∈ Z≥0. The following proposition plays an
important role in order to construct ∆M . In the proof, we use a map r] ∈ M
(∀r ∈ R) defined by r](λ) = r (λ ∈ Λ).
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Proposition 3.7. The map ∇ is multiplicative and ∇(Iw) ⊂ I2.

Proof. We first show that ∇ preserves the multiplication of the K-algebra H(Q).
Let m and n be non-negative integers. For all r, r′, s, s′ ∈ R, p, q ∈ Q(m), p′, and
q′ ∈ Q(n),

∇
((
r ⊗ r′ ⊗ e

[
p
q

])(
s⊗ s′ ⊗ e

[
p′

q′

]))
= δt(p),s(p′)δt(q),s(q′)

∑
y∈Q(m+n)

(
rs⊗ 1R ⊗ e

[
pp′

y

]
+ Iw

)
⊗
(

1R ⊗ s′r′ ⊗ e
[
y

qq′

]
+ Iw

)
=

∑
u∈Q(m)

v∈Q(n)

(
rs⊗ 1R ⊗ δt(p),s(p′)δt(u),s(v)e

[
pp′

uv

]
+ Iw

)

⊗
(

1R ⊗ s′r′ ⊗ δt(q),s(q′)e
[
uv

qq′

]
+ Iw

)
=
( ∑
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

))

×

( ∑
v∈Q(n)

(
s⊗ 1R ⊗ e

[
p′

v

]
+ Iw

)
⊗
(

1R ⊗ s′ ⊗ e
[
v

q′

]
+ Iw

))

= ∇
(
r ⊗ r′ ⊗ e

[
p
q

])
∇
(
s⊗ s′ ⊗ e

[
p′

q′

])
.

Let us check that ∇(α)β ∈ I2 for any α ∈ H(Q) and β ∈ I2. Since ∇ is

a K-linear map, we have only to prove this fact when α = r ⊗ r′ ⊗ e
[
p
q

]
and

β = tM (f)⊗ 1A(w) − 1A(w) ⊗ sM (f) (f ∈M):

∇(α)β =
∑

u∈Q(m)

λ,µ,τ,ν∈Λ

((
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

))

×
((

1R ⊗ f(λ)⊗ e
[
µ

λ

]
+ Iw

)
⊗ 1A(w)

− 1A(w) ⊗
(
f(τ)⊗ 1A(w) ⊗ e

[
τ

ν

]
+ Iw

))
=

∑
u∈Q(m)

(
r ⊗ f(t(u))⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

)
−
(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(
f(t(u))⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
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=
∑

u∈Q(m)

λ,µ,τ,ν∈Λ

((
1R ⊗ f(t(u))⊗ e

[
µ

λ

]
+ Iw

)
⊗ 1A(w)

− 1A(w) ⊗
(
f(t(u))⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

))
×
((
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

))
=

∑
u∈Q(m)

(tM (f(t(u))])⊗ 1A(w) − 1A(w) ⊗ sM (f(t(u))]))

×
((
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

))
∈ I2.

In order to complete the proof, we need to show that ∇(γ) ∈ I2 for an arbitrary
generator γ as in (3.4). For any (a, b), (c, d) ∈ Q(2), we can induce the following
equality by using the definition of Iw:

∇

( ∑
(x,y)∈Q(2)

w
[ x
a y
b

]
⊗ 1R ⊗ e

[
x

c

]
e
[
y

d

]
−

∑
(x,y)∈Q(2)

1R ⊗w
[ c
x d
y

]
⊗ e
[
a

x

]
e
[
b

y

])

=
∑

(x,y),(u,v)∈Q(2)

(
w
[ x
a y
b

]
⊗ 1R ⊗ e

[
x

u

]
e
[
y

v

]
+ Iw

)
⊗
(

1R ⊗ 1R ⊗ e
[
u

c

]
e
[
v

d

]
+ Iw

)
−

∑
(x,y),(u,v)∈Q(2)

(
1R ⊗ 1R ⊗ e

[
a

u

]
e
[
b

v

]
+ Iw

)(
1R ⊗w

[ c
x d
y

]
⊗ e
[
u

x

]
e
[
v

y

]
+ Iw

)
=

∑
(x,y),(u,v)∈Q(2)

(
1R ⊗w

[ u
x v
y

]
⊗ e
[
a

x

]
e
[
b

y

]
+ Iw

)
⊗
(

1R ⊗ 1R ⊗ e
[
u

c

]
e
[
v

d

]
+ Iw

)
−

∑
(x,y),(u,v)∈Q(2)

(
1R ⊗ 1R ⊗ e

[
a

x

]
e
[
b

y

]
+ Iw

)
⊗
(
w
[ u
x v
y

]
⊗ 1R ⊗ e

[
u

c

]
e
[
v

d

]
+ Iw

)
=

∑
(x,y),(u,v)∈Q(2)

(
tM

(
w
[ u
x v
y

]
]

)
⊗ 1A(w) − 1A(w) ⊗ sM

(
w
[ u
x v
y

]
]

))
×
((

1R ⊗ 1R ⊗ e
[
a

x

]
e
[
b

y

]
+ Iw

)
⊗
(

1R ⊗ 1R ⊗ e
[
u

c

]
e
[
v

d

]
+ Iw

))
∈ I2.

Thus this proposition is proved. �

By this proposition, ∇ induces a K-linear map ∇̃(α + Iw) = ∇(α) + I2 (α ∈
H(Q)). Since A(w) ⊗K A(w)/I2 ∼= A(w) ⊗M A(w) as K-vector spaces, we can
construct the K-linear map ∆M : A(w)→ A(w)⊗M A(w) from the map ∇̃.

The next task is to construct the map πM : A(w) → M . By using the map
δλ ∈ M (∀λ ∈ Λ) defined by δλ(µ) = δλ,µ (µ ∈ Λ), we define the K-linear map
ζ : H(Q)→ EndK(M) as follows:

ζ
(
r ⊗ r′ ⊗ e

[
p
q

])
(f) = δp,q

(
rf(t(q))r′

)
]
δs(q) (f ∈M).

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



352 YUDAI OTSUTO

Proposition 3.8. The map ζ is a K-algebra homomorphism and ζ(Iw) = {0}.

Proof. We first check that ζ is a K-algebra homomorphism. For all r, r′, s, s′ ∈ R,
p, q ∈ Q(m), p′, q′ ∈ Q(n), and f ∈M , we have

ζ
((
r ⊗ r′ ⊗ e

[
p
q

])(
s⊗ s′ ⊗ e

[
p′

q′

]))
(f)

= δt(p),s(p′)δt(q),s(q′)ζ
(
rs⊗ s′r′ ⊗ e

[
pp′

qq′

])
(f)

= δt(p),s(p′)δt(q),s(q′)δp,qδp′,q′
(
rsf(t(q′))s′r′

)
]
δs(q),

and (
ζ
(
r ⊗ r′ ⊗ e

[
p
q

])
ζ
(
s⊗ s′ ⊗ e

[
p′

q′

]))
(f)

= δp′,q′ζ
(
r ⊗ r′ ⊗ e

[
p
q

])(
(sf(t(q′))s′)]δs(q′)

)
= δp,qδp′,q′

(
r((sf(t(q′))s′)]δs(q′)

)(
t(q))r′

)
]
δs(q)

= δt(q),s(q′)δp,qδp′,q′
(
rsf(t(q′))s′r′

)
]
δs(q).

If p = q, p′ = q′, and t(q) = s(q′), then we can deduce that t(p) = s(p′). Thus this
ζ is a K-algebra homomorphism.

We next prove that ζ(Iw) = {0}. Since the map ζ is a K-algebra homomorphism,
it suffices to show that ζ(γ) = 0 for any generator γ as in (3.4). We denote by f
an arbitrary element in M . By using the first condition in (3.5),

ζ

( ∑
(x,y)∈Q(2)

w
[ x
a y
b

]
⊗ 1R ⊗ e

[
x

c

]
e
[
y

d

]
−

∑
(x,y)∈Q(2)

1R ⊗w
[ c
x d
y

]
⊗ e
[
a

x

]
e
[
b

y

])
(f)

=
(
w
[

c
a d
b

]
f(t(d))

)
]
δs(c) −

(
f(t(b))w

[
c

a d
b

])
]
δs(a)

=
(
w
[

c
a d
b

]
f(t(d))

)
]
δs(c) −

(
w
[

c
a d
b

]
f(t(b))

)
]
δs(a)

for all (a, b) and (c, d) ∈ Q(2). If w
[

c
a d
b

]
6= 0, then s(a) = s(c) and t(b) = t(d) are

satisfied because of the second condition in (3.5). This completes the proof. �

As a result of this proposition, the map ζ(α + Iw) = ζ(α) (α ∈ H(Q)) is a
well-defined K-algebra homomorphism. We define the map πM by

πM : A(w) 3 a 7→ ζ(a)(1M ) ∈M.
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Proposition 3.9. The triplet (A(w),∆M , πM ) is a comonoid in the tensor category
of (M,M)-bimodules.

Proof. We first check that the map ∆M is an (M,M)-bimodule homomorphism.
Let ⊗M denote the tensor product of A(w)⊗M A(w). For any f, g ∈M , r, r′ ∈ R,
p, q ∈ Q(m) and m ∈ Z≥0,

f ·∆M

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
· g

=
∑

u∈Q(m)

(
sM (f)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

))
⊗M

(
tM (g)

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

))
=

∑
u∈Q(m)

(
f(s(p))r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗M

(
1R ⊗ r′g(s(q))⊗ e

[
u

q

]
+ Iw

)
= ∆M

(
f(s(p))r ⊗ r′g(s(q))⊗ e

[
p
q

]
+ Iw

)
= ∆M

(
f ·
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
· g
)
.

We next prove that the map πM is an (M,M)-bimodule homomorphism. For
any f, g ∈M , r, r′ ∈ R, p, q ∈ Q(m) and m ∈ Z≥0,

f · πM
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
· g = δp,qf(rr′)]gδs(q).

On the other hand,

πM

(
f · (r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
· g) = πM

(
f(s(p))r ⊗ r′g(s(q))⊗ e

[
p
q

]
+ Iw

)
= δp,q

(
f(s(p))rr′g(s(q)

)
)]δs(q).

Suppose p = q. For all λ ∈ Λ,

((f(s(p))rr′g(s(q)))]δs(q))(λ) = f(s(p))rr′g(s(p))δs(p),λ

= f(λ)rr′g(λ)δs(p),λ

= (f(rr′)]gδs(p))(λ).

Thus πM is an (M,M)-bimodule homomorphism.
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Let us prove that (A(w),∆M , πM ) is a comonoid in the tensor category of
(M,M)-bimodules. We have((

∆M ⊗ idA(w)

)
◦∆M

)(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
u∈Q(m)

( ∑
v∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

v

]
+ Iw

)
⊗M

(
1R ⊗ 1R ⊗ e

[
v

u

]
+ Iw

))
⊗M

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
=

∑
v∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

v

]
+ Iw

)
⊗M

( ∑
u∈Q(m)

(
1R ⊗ 1R ⊗ e

[
v

u

]
+ Iw

)
⊗M

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

))
=
(

(idA(w) ⊗∆M ) ◦∆M

)(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
.

We write a = r⊗r′⊗e
[
p
q

]
+Iw. By using Sweedler’s notation ∆M (a) = a[1]⊗a[2],

we get

(sM ◦ πM )(a[1])a[2] =
∑

u∈Q(m)

λ,µ∈Λ

δp,u

(
(r]δs(u))(λ)⊗ 1R ⊗ e

[
λ

µ

])(
1R ⊗ r′ ⊗ e

[
u

q

])
+ Iw

=
∑

u∈Q(m)

δp,u

(
r ⊗ r′ ⊗ e

[
u

q

])
+ Iw

= r ⊗ r′ ⊗ e
[
p
q

]
+ Iw.

The proof for (tM ◦ πM )(a[2])a[1] = a is similar. This is the desired conclusion. �

Proposition 3.10. The maps ∆M and πM satisfy the conditions (2.3)–(2.7).
Proof. We first show (2.3). For any r, r′ ∈ R, p, q ∈ Q(m), and m ∈ Z≥0, we write

a = r⊗ r′⊗ e
[
p
q

]
+Iw. Let f be an arbitrary element in M . We can evaluate that

a[1]tM (f)⊗M a[2]

=
∑

u∈Q(m)

(
r ⊗ f(t(u))⊗

[
p

u

]
+ Iw

)
⊗M

(
1R ⊗ r′ ⊗

[
u

q

]
+ Iw

)
=

∑
u∈Q(m)

tM (f(t(u))])
(
r ⊗ 1R ⊗

[
p

u

]
+ Iw

)
⊗M

(
1R ⊗ r′ ⊗

[
u

q

]
+ Iw

)
=

∑
u∈Q(m)

(
r ⊗ 1R ⊗

[
p

u

]
+ Iw

)
⊗M sM (f(t(u))])

(
1R ⊗ r′ ⊗

[
u

q

]
+ Iw

)

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



TWO CONSTRUCTIONS OF BIALGEBROIDS AND THEIR RELATIONS 355

=
∑

u∈Q(m)

(
r ⊗ 1R ⊗

[
p

u

]
+ Iw

)
⊗M

(
f(t(u))⊗ r′ ⊗

[
u

q

]
+ Iw

)
= a[1] ⊗M a[2]sM (f).

Therefore (2.3) is satisfied.
We next prove (2.4). Let ⊗K be the tensor product of A(w) ⊗K A(w) and ⊗M

that of A(w)⊗M A(w). For any λ ∈ Λ,

I2 3 tM (δλ)⊗K 1A(w) − 1A(w) ⊗K sM (δλ)

=
∑

µ,τ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)
−

∑
η,θ,υ∈Λ

(
1R ⊗ 1R ⊗ e

[
η

θ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

υ

]
+ Iw

)
=
∑
µ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

ν

]
+ Iw

)
−
∑
η,υ∈Λ

(
1R ⊗ 1R ⊗ e

[
η

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

υ

]
+ Iw

)
+

∑
µ,τ,ν∈Λ
λ6=τ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)

−
∑

η,θ,υ∈Λ
λ6=θ

(
1R ⊗ 1R ⊗ e

[
η

θ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

υ

]
+ Iw

)

=
∑

µ,τ,ν∈Λ
λ 6=τ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)

−
∑

η,θ,υ∈Λ
λ 6=θ

(
1R ⊗ 1R ⊗ e

[
η

θ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

υ

]
+ Iw

)
.

Because I2 is a right ideal,

I2 3
∑
γ∈Λ

(
tM (δλ)⊗K 1A(w) − 1A(w) ⊗K sM (δλ)

)((
1R ⊗ 1R ⊗ e

[
γ

λ

]
+ Iw

)
⊗K 1A(w)

)
=

∑
µ,τ,ν,γ∈Λ
λ 6=τ

(
1R ⊗ 1R ⊗ δµ,γe

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)

−
∑

η,θ,υ,γ∈Λ
λ 6=θ

(
1R ⊗ 1R ⊗ δγ,ηδλ,θe

[
η

θ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

υ

]
+ Iw

)
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=
∑

µ,τ,ν∈Λ
λ 6=τ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)
.

Since A(w)⊗K A(w)/I2 ∼= A(w)⊗M A(w) as K-vector spaces, we can deduce that∑
µ,τ,ν∈Λ
λ6=τ

(
1R ⊗ 1R ⊗ e

[
µ

λ

]
+ Iw

)
⊗M

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)
= 0. (3.6)

By using the above conclusion, the left-hand side of (2.4) can be evaluated as
follows:

∆M (1A(w)) =
∑

λ,µ,τ∈Λ

(
1R ⊗ 1R ⊗ e

[
λ

τ

]
+ Iw

)
⊗M

(
1R ⊗ 1R ⊗ e

[
τ

µ

]
+ Iw

)
+

∑
λ,µ,τ,ν∈Λ
τ 6=ν

(
1R ⊗ 1R ⊗ e

[
λ

τ

]
+ Iw

)
⊗M

(
1R ⊗ 1R ⊗ e

[
ν

µ

]
+ Iw

)

=
∑

λ,µ,τ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
λ

τ

]
+ Iw

)
⊗M

(
1R ⊗ 1R ⊗ e

[
ν

µ

]
+ Iw

)
.

Thus (2.4) is proved.
The proof for (2.5) is similar to that of multiplicativity of the map ∇.
Let us prove (2.6). Because 1G(Q) =

∑
λ,µ∈Λ e

[
λ
µ

]
, we have

πM (1A(w)) =
∑
λ,µ∈Λ

δλ,µδµ

=
∑
λ∈Λ

δλ = 1M .

Finally, we give the proof of (2.7). Because ζ is a K-algebra homomorphism, it
is sufficient to prove that ζ(a)(1M ) = ζ(sM (πM (a)))(1M ) = ζ(tM (πM (a)))(1M ) for
all a ∈ A(w). Let r, r′ ∈ R, p, q ∈ Q(m), and m ∈ Z≥0. We can evaluate that

ζ
(
sM

(
πM

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)))
(1M )

=
∑
λ∈Λ

δp,qζ
(
rr′ ⊗ 1R ⊗ e

[
s(q)
λ

]
+ Iw

)
(1M )

= δp,q(rr′)]δs(q)

= ζ
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
(1M ).

The proof for ζ
(
tM

(
πM

(
r⊗ r′⊗e

[
p
q

]
+Iw

)))
(1M ) = ζ

(
r⊗ r′⊗e

[
p
q

]
+Iw

)
(1M )

is similar. Thus we conclude (2.7). This completes the proof. �
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The sextuplet (A(w),M, sM , tM ,∆M , πM ) is therefore a left bialgebroid by the
above propositions.

We next introduce a condition under which this A(w) becomes a Hopf algebroid.

Definition 3.11. The family w =
{

w
[

a
c b
d

]}
(a,b),(c,d)∈Q(2)

is said to be rigid if

and only if, for any m ∈ Z≥0, p, and q ∈ Q(m), there exist elements Xp,q, Yp,q ∈
A(w) satisfying the following conditions:∑

u∈Q(m)

(
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
Xu,q = δp,qsM (δs(p)); (3.7)

∑
u∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

)
= δp,qtM (δt(p)); (3.8)

∑
u,v∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)
Xv,q = Xp,q; (3.9)

∑
u∈Q(m)

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

)
Yp,u = δp,qtM (δs(p)); (3.10)

∑
u∈Q(m)

Yu,q

(
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
= δp,qsM (δt(p)); (3.11)

∑
u,v∈Q(m)

Yu,q

(
1R ⊗ 1R ⊗ e

[
v

u

]
+ Iw

)
Yp,v = Yp,q. (3.12)

Definition 3.11 entails that
Xp,qsM (δs(q)) = Xp,q = tM (δt(p))Xp,q; (3.13)
sM (δt(q))Yp,q = Yp,q = Yp,qtM (δs(p))

for any m ∈ Z≥0, p, q ∈ Q(m). We use these identities frequently.

Proposition 3.12. If w is rigid, then the elements Xp,q and Yp,q (m ∈ Z≥0,
p, q ∈ Q(m)) are unique.

Proof. We give the proof only for the uniqueness of Xp,q. Suppose that Xp,q and
X ′p,q ∈ A(w) satisfy (3.7)–(3.9). We have

Xp,q =
(3.13)

Xp,qsM (δs(q))

=
∑

u∈Q(m)

δu,qXp,usM (δs(u))

=
(3.7)

∑
u,v∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

])
X ′v,q

=
(3.8)

∑
v∈Q(m)

δp,vtM (δt(p))X ′v,q
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= tM (δt(p))X ′p,q
=

(3.13)
X ′p,q.

This completes the proof. �

We can construct a K-algebra anti-automorphism S : A(w) → A(w) by using
these elements Xp,q and Yp,q. As a result, A(w) has a Hopf algebroid structure if
w is rigid.

Theorem 3.13. If w is rigid, then A(w) has a Hopf algebroid structure for N =
Mop and ω = idM .

Proof. We first construct a K-algebra anti-automorphism S : A(w) → A(w). The
K-linear map S : H(Q)→ A(w) is defined by

S
(
r ⊗ r′ ⊗ e

[
p
q

])
=
(
r′ ⊗ r ⊗ 1G(Q) + Iw

)
Xp,q

for any r, r′ ∈ R, m ∈ Z≥0, p, and q ∈ Q(m). Let us check that this S is a K-algebra
anti-homomorphism. For the proof, the following lemma plays an important role:

Lemma 3.14. For any r, r′ ∈ R, m,n ∈ Z≥0, p, q ∈ Q(m), p′, q′ ∈ Q(n),

Xp,q(r ⊗ r′ ⊗ 1G(Q) + Iw) = (r ⊗ r′ ⊗ 1G(Q) + Iw)Xp,q; (3.14)
Xp′,q′Xp,q = δt(p),s(p′)δt(q),s(q′)Xpp′,qq′ ; (3.15)

Yp,q(r ⊗ r′ ⊗ 1G(Q) + Iw) = (r ⊗ r′ ⊗ 1G(Q) + Iw)Yp,q;
Yp′,q′Yp,q = δt(p),s(p′)δt(q),s(q′)Ypp′,qq′ .

We postpone the proof of Lemma 3.14 until the end of this section.
Lemma 3.14 implies that

S
((
r ⊗ r′ ⊗ e

[
p
q

])(
s⊗ s′ ⊗ e

[
p′

q′

]))
= δt(p),s(p′)δt(q),s(q′)(s′r′ ⊗ rs⊗ 1G(Q) + Iw)Xpp′,qq′

=
(3.15)

(s′ ⊗ s⊗ 1G(Q) + Iw)(r′ ⊗ r ⊗ 1G(Q) + Iw)Xp′,q′Xp,q

=
(3.14)

(s′ ⊗ s⊗ 1G(Q) + Iw)Xp′,q′(r′ ⊗ r ⊗ 1G(Q) + Iw)Xp,q

= S
(
s⊗ s′ ⊗ e

[
p′

q′

])
S
(
r ⊗ r′ ⊗ e

[
p
q

])
for any r, r′, s, s′ ∈ R, m,n ∈ Z≥0, p, q ∈ Q(m), p′, and q′ ∈ Q(n). Since it is easy
to see that

Xλ,µ = Yλ,µ = 1R ⊗ 1R ⊗ e
[
µ

λ

]
+ Iw (3.16)
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for any λ, µ ∈ Λ, we have

S(1A(w)) =
∑
λ,µ∈Λ

S
(

1R ⊗ 1R ⊗ e
[
λ

µ

]
+ Iw

)
=
∑
λ,µ∈Λ

Xλ,µ

=
∑
λ,µ∈Λ

1R ⊗ 1R ⊗ e
[
µ

λ

]
+ Iw

= 1A(w).

Therefore S is a K-algebra anti-homomorphism. We show that S(Iw) = {0}.
Since the map S is a K-algebra anti-homomorphism, it is sufficient to prove that
S(α) = 0 for every generator α in Iw. We define a collection of elements w

[
a

c b
d

]
(a, b, c, d ∈ Q) in R as follows:

w
[

a
c b
d

]
=

w
[

a
c b
d

]
, (a, b), (c, d) ∈ Q(2);

0, otherwise.
For any x′, y′, x′′, and y′′ ∈ Q,

0 =
∑

a,b,c,d∈Q

Xy′′,bXx′′,a

×

( ∑
x,y∈Q

w
[ x
a y
b

]
⊗ 1R ⊗ e

[
x

c

]
e
[
y

d

]
− 1R ⊗w

[ c
x d
y

]
⊗ e
[
a

x

]
e
[
b

y

]
+ Iw

)
×Xd,y′Xc,x′

=
(3.7),(3.8)

∑
a,b,c,x∈Q

δt(x),s(y′)

(
w
[ x
a y′

b

]
⊗ 1R ⊗ 1G(Q) + Iw

)
Xy′′,bXx′′,a

×
(

1R ⊗ 1R ⊗ e
[
x

c

]
+ Iw

)
Xc,x′

−
∑

b,c,d,y∈Q

δt(x′′),s(y)

(
1R ⊗w

[ c
x′′ d

y

]
⊗ 1G(Q) + Iw

)
Xy′′,b

×
(

1R ⊗ 1R ⊗ e
[
b

y

]
+ Iw

)
Xd,y′Xc,x′

=
(3.7),(3.8)

∑
a,b∈Q
λ∈Λ

δt(x′),s(y′)

(
w
[

x′

a y′

b

]
⊗ 1R ⊗ 1G(Q) + Iw

)
Xy′′,bXx′′,a

×
(

1R ⊗ 1R ⊗ e
[
s(x′)
λ

]
+ Iw

)
−
∑
c,d∈Q
λ∈Λ

δt(x′′),s(y′′)

(
1R ⊗w

[ c
x′′ d

y′′

]
⊗ 1G(Q) + Iw

)
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×
(

1R ⊗ 1R ⊗ e
[

λ

t(y′′)

]
+ Iw

)
Xd,y′Xc,x′ .

By using (3.15) and (3.16), we have

Xx′′,a

(∑
λ∈Λ

1R ⊗ 1R ⊗ e
[
s(x′)
λ

]
+ Iw

)
=
∑
λ∈Λ

Xx′′,aXλ,s(x′)

=
∑
λ∈Λ

δs(x′′),λδs(a),s(x′)Xx′′,a

= δs(a),s(x′)Xx′′,a

for any a ∈ Q. We can similarly prove that

(
1R ⊗ 1R ⊗ e

[
λ

t(y′′)

]
+ Iw

)
Xd,y′ = δt(y′′),t(d)Xd,y′ (∀ d ∈ Q).

Thus, by using the condition (3.5),

0 =
∑
a,b∈Q

δt(x′),s(y′)δs(a),s(x′)

(
w
[

x′

a y′

b

]
⊗ 1R ⊗ 1G(Q) + Iw

)
Xy′′,bXx′′,a

−
∑
c,d∈Q

δt(x′′),s(y′′)δt(y′′),t(d)

(
1R ⊗w

[ c
x′′ d

y′′

]
⊗ 1G(Q) + Iw

)
Xd,y′Xc,x′

=
∑

(a,b)∈Q(2)

(
w
[

x′

a y′

b

]
⊗ 1R ⊗ 1G(Q) + Iw

)
Xy′′,bXx′′,a

−
∑

(c,d)∈Q(2)

(
1R ⊗w

[ c
x′′ d

y′′

]
⊗ 1G(Q) + Iw

)
Xd,y′Xc,x′

= S

( ∑
(a,b)∈Q(2)

1R ⊗w
[

x′

a y′

b

]
⊗ e
[
x′′

a

]
e
[
y′′

b

]
+ Iw

−
∑

(c,d)∈Q(2)

w
[ c
x′′ d

y′′

]
⊗ 1R ⊗ e

[
c

x′

]
e
[
d

y′

]
+ Iw

)
.

This fact implies that S(α) = {0} for any generator α in Iw. Therefore we can
define a K-algebra anti-homomorphism S(β + Iw) = S(β) (β ∈ H(Q)). Similarly,
another K-algebra anti-homomorphism S′ : A(w)→ A(w) can be defined such that

S′
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= (r′ ⊗ r ⊗ 1G(Q) + Iw)Yp,q
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for any r, r′ ∈ R, m ∈ Z≥0, p, and q ∈ Q(m). Let us show that S′ ◦ S = S ◦ S′ =
idA(w). We can calculate that

S′(Xp,q) =
(3.13)

∑
u∈Q(m)

λ∈Λ

δu,qS
′
(
Xp,u

(
1R ⊗ 1R ⊗ e

[
s(u)
λ

]
+ Iw

))

=
(3.16)

∑
u∈Q(m)

λ∈Λ

δu,q

(
1R ⊗ 1R ⊗ e

[
λ

s(u)

]
+ Iw

)
S′(Xp,u)

=
(3.10)

∑
u,v∈Q(m)

(
1R ⊗ 1R ⊗ e

[
v

q

]
+ Iw

)
Yu,vS

′(Xp,u)

=
∑

u,v∈Q(m)

(
1R ⊗ 1R ⊗ e

[
v

q

]
+ Iw

)
S′
(
Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

))
=

(3.8)

∑
λ∈Λ

(
1R ⊗ 1R ⊗ e

[
p
q

]
+ Iw

)
S′
(

1R ⊗ 1R ⊗ e
[
λ

t(p)

]
+ Iw

)
=

(3.16)

∑
λ∈Λ

(
1R ⊗ 1R ⊗ e

[
p
q

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
t(p)
λ

]
+ Iw

)
= 1R ⊗ 1R ⊗ e

[
p
q

]
+ Iw

for all p, q ∈ Q(m). Thus,

(S′ ◦ S)
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= S′(Xp,q)(r ⊗ r′ ⊗ 1G(Q) + Iw)

= r ⊗ r′ ⊗ e
[
p
q

]
+ Iw

for any r, r′ ∈ R, m ∈ Z≥0, p, and q ∈ Q(m). Proving that S ◦ S′ = idA(w) is
similar. Therefore the map S is a K-algebra anti-automorphism.

We next prove that this S gives A(w) a Hopf algebroid structure if w is rigid.
Let N = Mop and ω = idA(w). We assume the lemma below for the moment.

Lemma 3.15. Let Xp,q and Yp,q (p, q ∈ Q(m), m ∈ Z≥0) be elements in A(w)
satisfying (3.7)–(3.12). Then the following identities hold:

∆M (Xp,q) =
∑

u∈Q(m)

Xu,q ⊗Xp,u; (3.17)

∆M (Yp,q) =
∑

u∈Q(m)

Yu,q ⊗ Yp,u; (3.18)

πM (Xp,q) = δp,qδt(p). (3.19)
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For the proof of (2.12), we have

(S ◦ tM )(f) =
∑
λ,µ∈Λ

S
(

1R ⊗ f(λ)⊗ e
[
µ

λ

]
+ Iw

)
=
∑
λ,µ∈Λ

(f(λ)⊗ 1R ⊗ 1G(Q) + Iw)Xµ,λ

=
(3.16)

∑
λ,µ∈Λ

f(λ)⊗ 1R ⊗ e
[
λ

µ

]
+ Iw

= sM (f).

Here the symbol f means an arbitrary element in M . Let us check that the identity

(2.13) holds. We write a = r ⊗ r′ ⊗ e
[
p
q

]
+ Iw for all r, r′ ∈ R, m ∈ Z≥0, p, and

q ∈ Q(m). The left-hand side of (2.13) satisfies

S(a[1])a[2] =
∑

u∈Q(m)

(
1R ⊗ r ⊗ 1G(Q) + Iw

)
Xp,u

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
=

(3.14)

∑
u∈Q(m)

(
1R ⊗ r′r ⊗ 1G(Q) + Iw

)
Xp,u

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

)
=

(3.8)
δp,q

∑
λ∈Λ

1R ⊗ r′r ⊗ e
[
λ

t(p)

]
+ Iw.

By using (3.19), the right-hand side of (2.13) can be calculated as follows:

(tM ◦ πM ◦ S)(a) = δp,qtM (ζ(r′ ⊗ r ⊗ 1G(Q) + Iw)(δt(p)))
= δp,qtM ((r′r)]δt(p))

= δp,q
∑
λ∈Λ

1R ⊗ r′r ⊗ e
[
λ

t(p)

]
+ Iw.

Thus (2.13) is proved. Let ⊗M be the tensor product of A(w) ⊗M A(w) and ⊗N
that of A(w)⊗N A(w). It is easy to show that there exists the inverse S−1

A(w)⊗NA(w)
of SA(w)⊗NA(w). S−1

A(w)⊗NA(w) satisfies

S−1
A(w)⊗NA(w)(a⊗M b) = S−1(b)⊗N S−1(a)
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for all a, b ∈ A(w). We will check (2.17). By using (3.16) and (3.17),

(SA(w)⊗MA(w) ◦∆M ◦ S−1)
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
λ,µ,τ∈Λ
u∈Q(m)

SA(w)⊗MA(w)

(((
r′ ⊗ 1R ⊗ e

[
λ

τ

]
+ Iw

)
Yu,q

)

⊗M
((

1R ⊗ r ⊗ e
[
τ

µ

]
+ Iw

)
Yp,u

))
=

∑
λ,µ,τ∈Λ
u∈Q(m)

((
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)(
r ⊗ 1R ⊗ 1G(Q) + Iw

)
Xτ,µ

)

⊗N
((

1R ⊗ 1R ⊗ e
[
u

q

]
+ Iw

)(
1R ⊗ r′ ⊗ 1G(Q) + Iw

)
Xλ,τ

)
=

∑
λ,µ,τ∈Λ
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
µ

τ

]
+ Iw

)

⊗N
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
τ

λ

]
+ Iw

)
=

∑
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗N

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
for all r, r′ ∈ R, m ∈ Z≥0, p, and q ∈ Q(m). Similarly, the identities (3.16) and
(3.17) imply that(

S−1
A(w)⊗NA(w) ◦∆M ◦ S

)(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
λ,µ,τ∈Λ
u∈Q(m)

S−1
A(w)⊗NA(w)

(((
r′ ⊗ 1R ⊗ e

[
λ

τ

]
+ Iw

)
Xu,q

)

⊗M
((

1R ⊗ r ⊗ e
[
τ

µ

]
+ Iw

)
Xp,u

))
=

∑
λ,µ,τ∈Λ
u∈Q(m)

((
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)(
r ⊗ 1R ⊗ 1G(Q) + Iw

)
Yτ,µ

)

⊗N
((

1R ⊗ 1R ⊗ e
[
u

q

]
+ Iw

)(
1R ⊗ r′ ⊗ 1G(Q) + Iw

)
Yλ,τ

)
=

∑
λ,µ,τ∈Λ
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw)

(
1R ⊗ 1R ⊗ e

[
µ

τ

]
+ Iw

)
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⊗N
(

1R ⊗ r′ ⊗ e
[
u

q

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
τ

λ

]
+ Iw

)
=

∑
u∈Q(m)

(
r ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
⊗N

(
1R ⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
.

Thus (2.17) is proved.
We can check (2.18) and (2.19) similarly to the proof of Proposition 3.9. This

is the desired conclusion. �

Proof of Lemma 3.14. We give the proof only for (3.14) and (3.15).
Let us show (3.14). For any r, r′ ∈ R, m ∈ Z≥0, p, q ∈ Q(m), we have

Xp,q(r ⊗ r′ ⊗ 1G(Q) + Iw)
=

(3.13)
Xp,q(r ⊗ r′ ⊗ 1G(Q) + Iw)sM (δs(q))

=
∑

u∈Q(m)

δu,qXp,u(r ⊗ r′ ⊗ 1G(Q) + Iw)sM (δs(q))

=
(3.7)

∑
u,v∈Q(m)

Xp,u(r ⊗ r′ ⊗ 1G(Q) + Iw)
(

1R ⊗ 1R ⊗ e
[
u

v

]
+ Iw

)
Xv,q

=
∑

u,v∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)
(r ⊗ r′ ⊗ 1G(Q) + Iw)Xv,q

=
(3.8)

∑
v∈Q(m)

δp,vtM (δt(p))(r ⊗ r′ ⊗ 1G(Q) + Iw)Xv,q

= tM (δt(p))(r ⊗ r′ ⊗ 1G(Q) + Iw)Xp,q

=
(3.13)

(r ⊗ r′ ⊗ 1G(Q) + Iw)Xp,q.

We next prove (3.15). For any m,n ∈ Z≥0, let p, q ∈ Q(m) and p′, q′ ∈ Q(n). If
t(p) = s(p′) and t(q) = s(q′), then∑

u,v∈Q(m)

u′,v′∈Q(n)

δt(v),s(v′)Xp′,u′Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)

×
(

1R ⊗ 1R ⊗ e
[
u′

v′

]
+ Iw

)
Xvv′,qq′

=
(3.8)

∑
u′,v′∈Q(n)

λ∈Λ

δt(p),s(v′)Xp′,u′

(
1R ⊗ 1R ⊗ e

[
λ

t(p)

]
+ Iw

)

×
(

1R ⊗ 1R ⊗ e
[
u′

v′

]
+ Iw

)
Xpv′,qq′

=
∑

u′,v′∈Q(n)

δt(p),s(v′)Xp′,u′

(
1R ⊗ 1R ⊗ e

[
u′

v′

]
+ Iw

)
Xpv′,qq′
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=
(3.8)

δt(p),s(p′)tM (δt(p′))Xpp′,qq′

=
(3.13)

Xpp′,qq′ .

On the other hand,∑
u,v∈Q(m)

u′,v′∈Q(n)

δt(v),s(v′)Xp′,u′Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)

×
(

1R ⊗ 1R ⊗ e
[
u′

v′

]
+ Iw

)
Xvv′,qq′

=
∑

u,v∈Q(m)

u′,v′∈Q(n)

δt(u),s(u′)δt(v),s(v′)Xp′,u′Xp,u

(
1R ⊗ 1R ⊗ e

[
uu′

vv′

]
+ Iw

)
Xvv′,qq′

=
(3.7)

Xp′,q′Xp,qsM (δs(q))

=
(3.13)

Xp′,q′Xp,q.

If t(p) 6= s(p′), then it follows that

∑
u,v∈Q(m)

u′,v′∈Q(n)

Xp′,u′Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
u′

v′

]
+ Iw

)
Xv′,q′Xv,q

=
(3.8)

∑
u′,v′∈Q(n)

λ∈Λ

Xp′,u′

(
1R ⊗ 1R ⊗ e

[
λ

t(p)

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
u′

v′

]
+ Iw

)
Xv′,q′Xp,q

=
∑

u′,v′∈Q(n)

δt(p),s(v′)Xp′,u′

(
1R ⊗ 1R ⊗ e

[
u′

v′

]
+ Iw

)
Xv′,q′Xp,q

=
(3.8)

δt(p),s(p′)tM (δt(p′))Xp′,q′Xp,q

=
(3.13)

δt(p),s(p′)Xp′,q′Xp,q

= 0.

In addition, we can calculate that∑
u,v∈Q(m)

u′,v′∈Q(n)

Xp′,u′Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
u′

v′

]
+ Iw

)
Xv′,q′Xv,q

=
(3.7)

∑
u,v∈Q(m)

Xp′,q′Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)
sM (δs(q′))Xv,q

=
(3.8)

Xp′,q′tM (δt(p))sM (δs(q′))Xp,q
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=
(2.1)

Xp′,q′sM (δs(q′))tM (δt(p))Xp,q

=
(3.13)

Xp′,q′Xp,q.

We can similarly prove that Xp′,q′Xp,q = δt(q),s(q′)Xp′,q′Xp,q = 0 if t(q) 6= s(q′).
This completes the proof. �

Proof of Lemma 3.15. We first prove (3.17). By using (3.6),

I2 3

( ∑
λ,µ,τ,ν∈Λ
µ6=τ

(
1R ⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

))

×
(∑
η∈Λ

(
1R ⊗ 1R ⊗ e

[
γ

η

]
+ Iw

)
⊗K 1A(w)

)
=

∑
µ,τ,ν∈Λ
µ6=τ

(
1R ⊗ 1R ⊗ e

[
γ

µ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)

for all γ ∈ Λ. Thus we can calculate that∑
u,v,z∈Q(m)

((
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
Xz,q

)
⊗K

((
1R ⊗ 1R ⊗ e

[
u

v

]
+ Iw

)
Xv,z

)
+ I2

=
(3.7)

∑
u∈Q(m)

((
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
Xu,q

)
⊗K sM (δs(u)) + I2

=
∑

u∈Q(m)

(
tM (δs(u))

(
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
Xu,q

)
⊗K 1A(w) + I2

=
∑

u∈Q(m)

((
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
Xu,q

)
⊗K 1A(w) + I2

=
(3.7)

δp,qsM (δs(p))⊗K 1A(w) + I2

= δp,q
∑
λ,µ∈Λ

(
1R ⊗ 1R ⊗ e

[
s(p)
λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
+ δp,q

∑
λ,τ,µ∈Λ
λ6=τ

(
1R ⊗ 1R ⊗ e

[
s(p)
λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
τ

µ

]
+ Iw

)
+ I2

= δp,q
∑
λ,µ∈Λ

(
1R ⊗ 1R ⊗ e

[
s(p)
λ

]
+ Iw

)
⊗K

(
1R ⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
+ I2

= δp,q
∑
λ∈Λ

∇
(

1R ⊗ 1R ⊗ e
[
s(p)
λ

])
+ I2
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for any m ∈ Z≥0, p, and q ∈ Q(m). We fix Xp,q ∈ H(Q) such that Xp,q =
Xp,q + Iw ∈ A(w). By using (3.13), we can deduce that

Xp,q −
∑
λ∈Λ

Xp,q

(
1R ⊗ 1R ⊗ e

[
s(q)
λ

])
∈ Iw.

We define an element αv ∈ Iw (m ∈ Z≥0, v ∈ Q(m)) as follows:

αv =
∑

u∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

])
− δp,v

(
1R ⊗ 1R ⊗ e

[
λ

t(p)

])
.

As a result,

∇(Xp,q) + I2 =
Prop. 3.7

∑
λ∈Λ

∇
(
Xp,q

(
1R ⊗ 1R ⊗ e

[
s(q)
λ

]))
+ I2

=
∑
λ∈Λ

u∈Q(m)

δu,q∇
(
Xp,u

(
1R ⊗ 1R ⊗ e

[
s(u)
λ

]))
+ I2

=
∇(H(Q))I2∈I2

∑
u,v,z∈Q(m)

∇
(
Xp,u

(
1R ⊗ 1R ⊗ e

[
u

v

]))
(Xz,q ⊗K Xv,z) + I2

=
(3.8)

∑
λ∈Λ

v,z∈Q(m)

δp,v∇
(

1R ⊗ 1R ⊗ e
[
λ

t(p)

]
+ αv

)
(Xz,q ⊗K Xv,z) + I2

=
(3.16)

∑
λ,µ∈Λ
u∈Q(m)

Xµ,λXu,q ⊗K Xt(p),µXp,u + I2

=
(3.15)

∑
u∈Q(m)

Xu,q ⊗K Xp,u + I2.

Since A(w)⊗KA(w)/I2 ∼= A(w)⊗M A(w) as K-vector spaces, we can induce (3.17).
It is similar to show (3.18).

Finally, let us check (3.19). By using (3.13), we have

πM (Xp,q) =
∑
λ∈Λ

πM

(
Xp,q

(
1R ⊗ 1R ⊗ e

[
s(q)
λ

]
+ Iw

))
=
∑
λ∈Λ

δs(q),λζ(Xp,q)(δλ)

= ζ(Xp,q)(δs(q))

for any m ∈ Z≥0, p, and q ∈ Q(m). On the other hand, we have∑
u∈Q(m)

πM

(
Xp,u

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

))
=
∑
u∈Qm

δu,qζ(Xp,u)(δs(q))

= ζ(Xp,q)(δs(q)).
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Since πM is an (M,M)-bimodule homomorphism, we can conclude that

πM (Xp,q) =
∑

u∈Q(m)

πM

(
Xp,u

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

))
=

(3.8)
δp,qπM (tM (δt(p)))

= δp,qδt(p).

This is the desired conclusion. �

4. Left bialgebroid homomorphism Φ

In this section, we induce a left bialgebroid A(wσ) as in Subsection 3.2 from the
settings of the left bialgebroid Aσ in Subsection 3.1, and construct a left bialgebroid
homomorphism Φ from A(wσ) to Aσ. This is a generalization of [12]. Moreover,
we can also show that the bijectivity of Φ is equivalent to a part of the condition
of rigidity for w (see also [15]).

Let Aσ be a left bialgebroid as in Subsection 3.1 and σabcd ∈ M (a, b, c, d ∈ X)
satisfying the condition (3.1). We define a quiver Q over Λ by

Q := Λ×X, s(λ, x) = λ, t(λ, x) = λ deg(x) (λ ∈ Λ, x ∈ X) (4.1)

and set

w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
= δλ,µσ

ba
dc(λ) (4.2)

for all ((λ, a), (λ′, b)), ((µ, c), (µ′, d)) ∈ Q(2).

Proposition 4.1. The definition (4.2) satisfies the condition (3.5).

Proof. Let ((λ, a), (λ′, b)), ((µ, c), (µ′, d)) ∈ Q(2). That w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
∈ Z(R)

is clear because of σbadc(λ) ∈ Z(R).

We next prove that w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
= 0 if s(λ, a) 6= s(µ, c) or t(λ′, b) 6=

t(µ′, d). It follows from (4.2) that w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
= 0 if s(λ, a) 6= s(µ, c).

Suppose that t(λ′, b) 6= t(µ′, d). By the definition of the fiber product of the
quiver Q, we have

t(λ′, b) = λ deg(a) deg(b) and t(µ′, d) = µdeg(c) deg(d).

If λ = µ, then w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
= 0 because σbadc(λ) = 0. This completes the

proof. �

Therefore we can construct the left bialgebroid A(wσ) := A(w) as in Subsec-
tion 3.2.
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Theorem 4.2. Let r, r′ ∈ R, m ∈ Z≥0, p = ((λ1, x1), . . . , (λm, xm)), and q =
((µ1, y1), . . . , (µm, ym)) ∈ Q(m). We define the K-linear map Φ: H(Q)→ Aσ by

Φ
(
r ⊗ r′ ⊗ e

[
p
q

])
= (r] ⊗ r′])(δs(p) ⊗ δs(q))Lx1y1 · · ·Lxmym + Iσ.

Then Φ induces a left bialgebroid homomorphism (Φ: A(wσ)→ Aσ, idM ).

Proof. We first prove that Φ(Iwσ ) = {0}. Since the map Φ is a K-algebra homo-
morphism, we only need to prove that Φ(α) = 0 for every generator α as in (3.4).
For any ((µ, a), (µ′, b)), ((ν, c), (ν′, d)) ∈ Q(2), we have

∑
((λ,x),(λ′,y))∈Q(2)

Φ
(

w
[ (λ,x)

(µ,a) (λ′,y)
(µ′,b)

]
⊗ 1R ⊗ e

[
(λ, x)
(ν, c)

]
e
[
(λ′, y)
(ν′, d)

])

=
∑

λ∈Λ,x,y∈X

(δλ,µσyxba (λ)] ⊗ 1M )(δλ ⊗ δν)LxcLyd + Iσ

=
∑
x,y∈X

(σyxba ⊗ 1M )(δµ ⊗ δν)LxcLyd + Iσ

= (δµ ⊗ δν)
∑
x,y∈X

(σyxba ⊗ 1M )LxcLyd + Iσ,

and

∑
((λ,x),(λ′,y))∈Q(2)

Φ
(

1R ⊗w
[ (ν,c)

(λ,x) (ν′,d)
(λ′,y)

]
⊗ e
[
(µ, a)
(λ, x)

]
e
[

(µ′, b)
(λ′, y)

])

=
∑

λ∈Λ,x,y∈X

(1M ⊗ δν,λσdcyx(ν)])(δµ ⊗ δλ)LaxLby + Iσ

=
∑
x,y∈X

(1M ⊗ σdcyx)(δµ ⊗ δν)LaxLby + Iσ

= (δµ ⊗ δν)
∑
x,y∈X

(1M ⊗ σdcyx)LaxLby + Iσ.

Hence Φ induces a K-algebra homomorphism Φ: A(wσ)→ Aσ.
Let us prove that the pair of K-algebra homomorphisms (Φ, idM ) satisfies (2.8)–

(2.11). We can prove (2.8) as follows:

(Φ ◦ sA(wσ)
M )(f) =

∑
λ,µ∈Λ

(f(λ)⊗ 1M )(δλ ⊗ δµ) + Iσ

=
∑
λ∈Λ

f(λ)δλ ⊗ 1M + Iσ

= f ⊗ 1M + Iσ = sAσM (f).
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The proof of (2.9) is similar to that of (2.8). We next prove (2.10). Since Tdeg(a) is
a K-algebra homomorphism for all a ∈ X, the left-hand side of (2.10) satisfies that

(πAσM ◦ Φ)
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= χ((r] ⊗ r′])(δλ1 ⊗ δµ1)Lx1y1 · · ·Lxmym + Iσ)(1M )
= δx1,y1 · · · δxm,ym(rr′)]δλ1δµ1 .

For any i ∈ {1, . . . ,m − 1}, we can induce that λi+1 = λi deg(xi) and µi+1 =
µi deg(yi). This fact implies that

π
A(wσ)
M

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= δλ1,µ1δx1,y1 · · · δxm,ym(rr′)]δµ1

=
{

(rr′)]δλ1 , p = q;
0, otherwise.

We conclude (2.10) because of the above calculation. Finally, we give the proof of
(2.11). Let ⊗K be the tensor product of Aσ⊗KAσ and ⊗M that of Aσ⊗M Aσ. We
have

(∆Aσ
M ◦ Φ)

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
z1,...,zm∈X

((r]δλ1 ⊗ 1M )Lx1z1 · · ·Lxmzm + Iσ)

⊗M ((1M ⊗ r′]δµ1)Lz1y1 · · ·Lzmym + Iσ),(
(Φ⊗ Φ) ◦∆A(wσ)

M

)(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
τ∈Λ

z1,...,zm∈X

((r]δλ1 ⊗ δτ )Lx1z1 · · ·Lxmzm + Iσ)

⊗M ((δτ ⊗ r′]δµ1)Lz1y1 · · ·Lzmym + Iσ).
We can check the following, whose proof is similar to that of (2.4) in Proposi-
tion 3.10:

I2 3 (tAσM (δλ)⊗K 1Aσ − 1Aσ ⊗K s
Aσ
M (δλ))((1M ⊗ δλ + Iσ)⊗K 1Aσ )

=
∑
µ∈Λ
λ6=µ

(1M ⊗ δλ + Iσ)⊗K (δµ ⊗ 1M + Iσ)

for any λ ∈ Λ. Since Aσ ⊗K Aσ/I2 ∼= Aσ ⊗M Aσ as K-vector spaces, (2.11) is
proved. �

We introduce an example of σ satisfying (3.1). This example is not induced by
dynamical Yang–Baxter maps.

Example 4.3. Let Λ := Z/2Z and X := Z/2Z. We will denote by G the opposite
group of the symmetric group on the set Λ. For a ∈ Z/2Z, deg(a)(λ) = a + λ
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(λ ∈ Λ = Z/2Z). The map σi : Λ ×X ×X → X ×X (i = 1, 2) is defined by the
following table:

(λ, a, b) σ1(λ, a, b) σ2(λ, a, b)
(0, 0, 0) (0, 0) (1, 1)
(0, 0, 1) (0, 1) (1, 0)
(0, 1, 0) (0, 1) (1, 0)
(0, 1, 1) (0, 0) (1, 1)

(λ, a, b) σ1(λ, a, b) σ2(λ, a, b)
(1, 0, 0) (1, 1) (0, 0)
(1, 0, 1) (1, 0) (0, 1)
(1, 1, 0) (1, 0) (0, 1)
(1, 1, 1) (1, 1) (0, 0)

Table 1. The definition of σi

We denote by R a K-algebra. For any i = 1, 2 and a, b, c, d ∈ X, the map
iσabcd ∈M is defined by

iσabcd(λ) =
{

1R, σi(λ, a, b) = (c, d);
0, otherwise.

For any i = 1, 2, the maps deg and iσabcd (a, b, c, d ∈ X) satisfy the condition (3.1).
Thus we can construct the left bialgebroids Aσ, A(wσ), and the left bialgebroid
homomorphism Φ for each i = 1, 2.

Remark 4.4. (1) This map σi (i = 1, 2) is not a dynamical Yang–Baxter map
because the map σi : Λ × X × X 3 (λ, x, y) 7→ σi(λ, y, x) ∈ X × X does
not satisfy (2.1) in [19]. Thus this example is a new one that we cannot
construct by using the way of [16] and [21].

(2) The family iσ = {iσabcd}a,b,c,d∈X in Example 4.3 is rigid. Thus, this Aσ is
a Hopf algebroid whose antipode S : Aσ → Aσ satisfies S((L−1)ab + Iσ) =
Lab + Iσ (a, b ∈ X).

By using a part of the condition of rigidity for w, we can specify a necessary
and sufficient condition for Φ to be invertible.

Theorem 4.5. The following conditions are equivalent:
(1) Φ is bijective.
(2) For any m ∈ Z≥0, p, and q ∈ Q(m), there exist elements Xp,q ∈ A(w)

satisfying (3.7)–(3.9).

Proof. We first assume the condition (1). For any m ∈ Z≥0, p, and q ∈ Q(m), we
set

Xp,q = Φ−1((L−1)xmym · · · (L−1)x1y1(δs(q) ⊗ δs(p)) + Iσ).
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Here p = ((λ1, x1), . . . , (λm, xm)) and q = ((µ1, y1), . . . , (µm, ym)). Let us show
that this Xp,q satisfies (3.8). It is easy to show that

∑
λ,µ∈Λ

f(λ)⊗ g(µ)⊗ e
[
λ

µ

]
+ Iw = Φ−1(f ⊗ g + Iσ),

1R ⊗ 1R ⊗ e
[
p
q

]
+ Iw = Φ−1((δs(p) ⊗ δs(q))Lx1y1 · · ·Lxmym + Iσ)

for any f, g ∈ M , m ∈ Z≥0, p, and q ∈ Q(m). Since λi+1 = λi deg(xi) and
µi+1 = µi deg(yi) for any i ∈ {1, . . . ,m− 1},

∑
u∈Q(m)

Xp,u

(
1R ⊗ 1R ⊗ e

[
u

q

]
+ Iw

)
=

∑
τ∈Λ

z1,...,zm∈X

Φ−1((L−1)xmzm · · · (L−1)x1z1(δτ ⊗ δλ1δµ1)Lz1y1 · · ·Lzmym + Iσ)

= δλ1,µ1δx1,y1 · · · δxm,ymΦ−1(1M ⊗ δt(p) + Iσ)
= δp,qtM (δt(p)).

Here we use the generators (2) and (3) in Iσ to induce the second equality. Thus
(3.8) is proved. It is similar to show (3.7) and (3.9).

We suppose the condition (2). Let Θ denote the K-algebra homomorphism
defined by

Θ: M ⊗K M
op 3 f ⊗ g 7→

∑
λ,µ∈Λ

f(λ)⊗ g(µ)⊗ e
[
λ

µ

]
+ Iw ∈ A(wσ).

By using this Θ, we can define the K-algebra homomorphism Φ′ : K〈ΛX〉 → A(wσ)
as follows:

Φ′(ξ) = Θ(ξ) (ξ ∈M ⊗K M
op);

Φ′(Lab) =
∑
λ,µ∈Λ

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw;

Φ′((L−1)ab) =
∑
λ,µ∈Λ

X(λ,a),(µ,b) (a, b ∈ X).

We prove that Φ′(Iw) = {0}. It suffices to show that

Φ′(α) = 0 (4.3)

for every generator in Iσ. Because Θ is a K-algebra homomorphism, it is easy to
prove (4.3) for any generator (1) in Iσ. We next show (4.3) with respect to the
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generators (2) in Iσ. For any a, b ∈ X,

Φ′
(∑
c∈X

Lac(L−1)cb
)

=
∑
c∈X

λ,µ,τ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, c)

]
+ Iw

)
X(τ,c),(ν,b)

=
(3.15)

∑
c∈X

λ,µ,τ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, c)

]
+ Iw

)
Xτ deg(c),ν deg(b)X(τ,c),(ν,b)

=
(3.16)

∑
c∈X

λ,µ,τ,ν∈Λ

(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, c)

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
ν deg(b)
τ deg(c)

]
+ Iw

)
X(τ,c),(ν,b)

=
∑
c∈X

λ,µ,τ,ν∈Λ

δλ deg(a),ν deg(b)δµ,τ

(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, c)

]
+ Iw

)
X(τ,c),(ν,b)

=
∑
c∈X
λ,µ∈Λ

(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, c)

]
+ Iw

)
X(µ,c),(λ deg(a) deg(b)−1,b)

=
(3.7)

δa,b
∑
λ,µ∈Λ

δλ,λ deg(a) deg(b)−1

(
1R ⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
= Φ′(δa,b∅).

The proof for Φ′(
∑
c∈X(L−1)acLcb − δa,b∅) = 0 (a, b ∈ X) is similar. Let us check

that any generator as in (3) satisfies (4.3). For all f ∈M , a, and b ∈ X,

Φ′((f ⊗ 1M )(L−1)ab − (L−1)ab(Tdeg(b)(f)⊗ 1M ))

=
∑

λ,µ,τ,ν∈Λ

(
f(λ)⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
X(τ,a),(ν,b)

−
∑

γ,η,θ,κ∈Λ

X(γ,a),(η,b)

(
f(θ deg(b))⊗ 1R ⊗ e

[
θ

κ

]
+ Iw

)
=

(3.16)

∑
λ,µ,τ,ν∈Λ

(f(λ)⊗ 1R ⊗ 1G(Q) + Iw)Xµ,λX(τ,a),(ν,b)

−
∑

γ,η,θ,κ∈Λ

(f(θ deg(b))⊗ 1R ⊗ 1G(Q) + Iw)X(γ,a),(η,b)Xκ,θ

=
(3.15)

∑
λ,µ,τ,ν∈Λ

δτ deg(a),µδν deg(b),λ(f(λ)⊗ 1R ⊗ 1G(Q) + Iw)X(τ,a),(ν,b)

−
∑

γ,η,θ,κ∈Λ

δγ,κδη,θ(f(θ deg(b))⊗ 1R ⊗ 1G(Q) + Iw)X(γ,a),(η,b)
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=
∑
τ,ν∈Λ

(f(ν deg(b))⊗ 1R ⊗ 1G(Q) + Iw)X(τ,a),(ν,b)

−
∑
γ,η∈Λ

(f(η deg(b))⊗ 1R ⊗ 1G(Q) + Iw)X(γ,a),(η,b)

= 0.

It is similar to show that the other three generators as in (3) satisfy (4.3). We will
prove that the generators (4) in Iσ satisfy (4.3). By using the relations (3.4) and
(4.2), we get

Φ′
( ∑
x,y∈X

(σxyac ⊗ 1M )LydLxb −
∑
x,y∈X

(
1M ⊗ σbdxy

)
LcyLax

)

=
∑
λ.µ∈Λ
x,y∈X

σxyac (λ)⊗ 1R ⊗ e
[
((λ, y), (λ deg(y), x))
((µ, d), (µdeg(d), b))

]
+ Iw

−
∑
τ.ν∈Λ
x,y∈X

1R ⊗ σbdxy(ν)⊗ e
[

((τ, c), (τ deg(c), a))
((ν, y), (ν deg(y), x))

]
+ Iw

=
∑

λ.µ,η∈Λ
x,y∈X

w
[

(λ,y)
(η,c) (λ deg(y),x)

(η deg(c),a)

]
⊗ 1R ⊗ e

[
((λ, y), (λ deg(y), x))
((µ, d), (µdeg(d), b))

]
+ Iw

−
∑

τ.ν,θ∈Λ
x,y∈X

1R ⊗w
[

(θ,d)
(ν,y) (θ deg(d),b)

(ν deg(y),x)

]
⊗ e
[

((τ, c), (τ deg(c), a))
((ν, y), (ν deg(y), x))

]
+ Iw

= 0

for all a, b, c, and d ∈ X. Since 1G(Q) =
∑
λ,µ∈Λ e

[
λ
µ

]
, it is obvious that the

generator (5) satisfies (4.3). Thus we can conclude Φ′(Iw) = {0} and construct a
well-defined K-algebra homomorphism Φ′(α+ Iσ) = Φ′(α) for all α ∈ K〈ΛX〉. We
finally show that this Φ′ becomes the inverse of Φ. For any r, r′ ∈ R, m ∈ Z≥0,
p = ((λ1, x1), . . . , (λm, xm)), and q = ((µ1, y1), . . . , (µm, ym)) ∈ Q(m), we get

(Φ′ ◦ Φ)
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= Φ′

(
(r] ⊗ r′])(δs(p) ⊗ δs(q))Lx1y1 · · ·Lxmym + Iσ

)
=

∑
τ1,...,τm,ν1,...,νm∈Λ

(r ⊗ r′ ⊗ 1G(Q))
(

1R ⊗ 1R ⊗ e
[
s(p)
s(q)

])
×
(

1R ⊗ 1R ⊗ e
[
(τ1, x1)
(ν1, y1)

])
· · ·
(

1R ⊗ 1R ⊗ e
[
(τm, xm)
(νm, ym)

])
+ Iw

= r ⊗ r′ ⊗ e
[
p
q

]
+ Iw.

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



TWO CONSTRUCTIONS OF BIALGEBROIDS AND THEIR RELATIONS 375

Let us check that Φ ◦ Φ′ = idAσ . Since the maps Φ and Φ′ are K-algebra homo-
morphisms, it is sufficient to show that (Φ◦Φ′)(α+Iσ) = α+Iσ. Here α ∈ K〈ΛX〉
means that

α =


f ⊗ g (∀f, g ∈M);
Lab;
(L−1)ab (∀a, b ∈ X).

Since
∑
λ∈Λ f(λ)]δλ = f for all f ∈M ,

(Φ ◦ Φ′)(f ⊗ g + Iσ) =
∑
λ,µ∈Λ

Φ
(
f(λ)⊗ g(µ)⊗ e

[
λ

µ

]
+ Iw

)
=
∑
λ,µ∈Λ

(f(λ)] ⊗ g(µ)])(δλ ⊗ δµ) + Iσ

= f ⊗ g + Iσ

for any f, g ∈ M . Similarly, we can prove that (Φ ◦ Φ′)(Lab + Iσ) = Lab + Iσ for
all a, b ∈ X. Let α = (L−1)ab. We can calculate that

(Φ ◦ Φ′)((L−1)ab + Iσ)

=
∑
λ,µ∈Λ

Φ(X(λ,a),(µ,b))

=
(3.13)

∑
λ,µ∈Λ

Φ(X(λ,a),(µ,b)sM (δµ))

=
∑
c∈X

λ,µ,τ∈Λ

δa,cΦ
(
X(λ,c),(µ,b)

(
1R ⊗ 1R ⊗ e

[
µ

τ

]
+ Iw

))
=
∑
c,d∈X
λ,µ∈Λ

((L−1)adLdc + Iσ)Φ(X(λ,c),(µ,b))(δµ ⊗ 1M + Iσ)

=
∑
c,d∈X

λ,µ,τ,ν∈Λ

((L−1)ad + Iσ)Φ
((

1R ⊗ 1R ⊗ e
[
(τ, d)
(ν, c)

]
+ Iw

)
X(λ,c),(µ,b)

)
× (δµ ⊗ 1M + Iσ)

=
∑
c,d∈X

λ,µ,τ,ν∈Λ

((L−1)ad + Iσ)

× Φ
((

1R ⊗ 1R ⊗ e
[
(τ, d)
(ν, c)

]
+ Iw

)(
1R ⊗ 1R ⊗ e

[
τ deg(d)
ν deg(c)

]
+ Iw

)
X(λ,c),(µ,b)

)
× (δµ ⊗ 1M + Iσ)

=
(3.15),(3.16)

∑
c,d∈X
λ,µ∈Λ

((L−1)ad + Iσ)
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× Φ
((

1R ⊗ 1R ⊗ e
[
(µdeg(b) deg(d)−1, d)

(λ, c)

]
+ Iw

)
X(λ,c),(µ,b)

)
× (δµ ⊗ 1M + Iσ)

=
(3.7)

∑
d∈X
λ∈Λ

δλ deg(b) deg(d)−1,λδb,d((L−1)ad + Iσ)

× Φ
(
s
A(wσ)
M (δλ deg(b) deg(d)−1)

)
(δλ ⊗ 1M + Iσ)

=
Thm. 4.2

∑
λ∈Λ

(L−1)ab(δλ ⊗ 1M ) + Iσ

= (L−1)ab + Iσ.

Thus we can conclude that Φ′ is the inverse of Φ. This completes the proof. �

Corollary 4.6. w is rigid if and only if Φ is bijective and σ is rigid.

Proof. Let us suppose that the family w is rigid. It is sufficient to prove that σ
is rigid because of Theorem 4.5. For any a, b ∈ X, we define elements xab and
yab ∈ Aσ as follows:

xab =
∑
λ,µ∈Λ

(Φ ◦ S)(X(λ,a),(µ,b));

yab =
∑
λ,µ∈Λ

Φ(Y(λ,a),(µ,b)).

We give the proof only for (3.3). Since
∑
λ,µ∈Λ Φ(X(λ,a),(µ,b)) = (L−1)ab + Iσ for

a, b ∈ X, we can calculate that∑
c∈X

xcb((L−1)ac + Iσ)

=
∑
c∈X

λ,µ,τ,ν∈Λ

Φ(S(X(λ,c),(µ,b))X(τ,a),(ν,c))

=
∑
c∈X

λ,µ,τ,ν∈Λ

(Φ ◦ S)
((

1R ⊗ 1R ⊗ e
[
(τ, a)
(ν, c)

]
+ Iw

)
X(λ,c),(µ,b)

)

=
∑
c∈X

λ,µ,τ,ν∈Λ

(Φ ◦ S)
((

1R ⊗ 1R ⊗ e
[
(τ, a)
(ν, c)

]
+ Iw

)

×
(

1R ⊗ 1R ⊗ e
[
τ deg(a)
ν deg(c)

]
+ Iw

)
X(λ,c),(µ,b)

)
=

(3.15),
(3.16)

∑
c∈X

λ,µ,τ,ν∈Λ

δλ,νδµ deg(b),τ deg(a)(Φ ◦ S)
((

1R ⊗ 1R ⊗ e
[
(τ, a)
(ν, c)

]
+ Iw

)
X(λ,c),(µ,b)

)
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=
∑
c∈X
λ,µ∈Λ

(Φ ◦ S)
((

1R ⊗ 1R ⊗ e
[
(µdeg(b) deg(a)−1, a)

(λ, c)

]
+ Iw

)
X(λ,c),(µ,b)

)

=
(3.7)

δa,b
∑
λ,µ∈Λ

δλ deg(b) deg(a)−1,λ(Φ ◦ S)
(

1R ⊗ 1R ⊗ e
[
λdeg(b) deg(a)−1

µ

]
+ Iw

)
= δa,b1Aσ

for all a, b ∈ X. The proofs for the other conditions are similar.
We assume that Φ has the inverse Φ−1 and σ is rigid. For any m ∈ Z≥0,

p = ((λ1, a1), . . . , (λm, am)), and q = ((µ1, b1), . . . , (µm, bm)) ∈ Q(m), the elements
Xp,q and Yp,q are defined by

Xp,q = Φ−1((L−1)ambm · · · (L−1)a1b1(δs(q) ⊗ δs(p)) + Iσ);
Yp,q = Φ−1(yambm · · · ya1b1(δs(q) ⊗ δs(p)) + Iσ).

We give the proof only for (3.11). By using the relations (2) and (3) of the gener-
ators in Iσ,∑
u∈Q(m)

Yu,q

(
1R ⊗ 1R ⊗ e

[
p

u

]
+ Iw

)
=

∑
τ∈Λ

c1,...,cm∈X

Φ−1(ycmbm · · · yc1b1(δµ1δλ1 ⊗ δτ )La1c1 · · ·Lamcm + Iσ)

= δλ1,µ1

∑
c1,...,cm∈X

Φ−1(ycmbm · · · yc1b1La1c1 · · ·Lamcm(δλ1 deg(a1)··· deg(am) ⊗ 1M ) + Iσ)

= δλ1,µ1δa1,b1 · · · δam,bmΦ−1(δt(p) ⊗ 1M + Iσ)

= δp,q
∑
λ∈Λ

1R ⊗ 1R ⊗ e
[
t(p)
λ

]
+ Iw

= δp,qsM (δt(p)).

This is the desired conclusion. �

Remark 4.7. This homomorphism Φ is not always injective. Let R = K and
|Λ| = 1. Then M is isomorphic to K as K-algebras and G = {idΛ}. For any
a, b ∈ X, let αab( 6= 0) ∈ K be an arbitrary element such that α2

11, α2
22, and α12α21

are mutually different. We set X = {1, 2} and define

σabcd =
{
αab, c = b and d = a;
0, otherwise

for all a, b, c, d ∈ X. By using these settings and the relation (4.2), we can construct
ordinary bialgebras Aσ and A(wσ) over K.
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Let Tab = 1K⊗ 1K⊗ e
[
(∗, a)
(∗, b)

]
+ Iw for all ∗ ∈ Λ and a, b ∈ X. By the definition

of Iw,

0 =
∑
x,y∈X

w
[ x
a y
b

]
TxcTyd −

∑
x,y∈X

w
[ c
x d
y

]
TaxTby

=
∑
x,y∈X

σyxba TxcTyd −
∑
x,y∈X

σdcyxTaxTby

= σabbaTbcTad − σdccdTadTbc
= αabTbcTad − αdcTadTbc

for any a, b, c, d ∈ X. This equality induces that

αaaTaaTab − αbaTabTaa = 0;
αaaTabTaa − αabTaaTab = 0 (∀a, b ∈ X, a 6= b).

Thus we can calculate that

αaa(αaaTaaTab − αbaTabTaa) + αba(αaaTabTaa − αabTaaTab)
= (α2

aa − αabαba)TaaTab
= 0.

Since α2
aa − αabαba 6= 0, TaaTab = 0 for any a, b ∈ X (a 6= b). We can similarly

prove that

TaaTba = TabTaa = TbaTaa = 0;
T 2
ab = 0 (∀a, b ∈ X, a 6= b).

By using these facts,

∆M (T 2
11) = T 2

11 ⊗ T 2
11 + T11T12 ⊗ T11T21

+ T12T11 ⊗ T21T11 + T 2
12 ⊗ T 2

12

= T 2
11 ⊗ T 2

11.

In addition, because πM (T 2
11) = 1K, we conclude that T 2

11 is a group-like element
of A(wσ). Thus the localization A(wσ)[〈T 2

11〉] with respect to the monoid 〈T 2
11〉

generated by T 2
11 can be constructed. Since T 2

11T21 = 0, T21 is an element in the
kernel of the canonical map ι : A(wσ)→ A(wσ)[〈T 2

11〉].
Moreover,

1Aσ = ((L−1)11)2L2
11 + Iσ = L2

11((L−1)11)2 + Iσ

is satisfied because of [21, Lemma 4.2]. Therefore we can conclude that Φ(T21) = 0
and Φ is not injective (see also [11, Remark 8.1]).
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5. Relations between Aσ, A(w), and Φ

In this section, we show that A(w), Aσ, and Φ satisfy a certain universal prop-
erty in case the K-algebra R is a Frobenius-separable K-algebra. To this end, we
characterize weak bialgebras (weak Hopf algebras) by generalizing the notion of
the antipode SWHA and Hayashi’s antipode f− in [11, Section 2].

We first recall the convolution product. For an arbitrary K-coalgebra (C,∆, ε)
and K-algebra A, the K-vector space HomK(C,A) becomes a K-algebra by the
following multiplication:

(f ? g)(c) = f(c(1))g(c(2)) (f, g ∈ HomK(C,A), c ∈ C);
1HomK(C,A)(c) = ε(c)1A.

This multiplication is called the convolution product.
Let A be a K-algebra and e+, e−, and x+ elements in A. An element x− ∈ A is

called an (e+, e−)-generalized inverse of x+ if the following conditions are satisfied:
x±x∓ = e∓, x±x∓x± = x±.

We can easily check that the (e+, e−)-generalized inverse of x+ is unique if it exists.
Definition 5.1. Let H be a weak bialgebra, A a K-algebra, and f+ : H → A a
K-linear map. A K-linear map f− : H → A is called an antipode of f+ if f− is the
(f+ ◦ εs, f+ ◦ εt)-generalized inverse of f+ with regard to the convolution product
of HomK(H,A).

The following lemmas are generalizations of [11, Lemma 2.1 and 2.2].
Lemma 5.2. Let H be a weak bialgebra.

(1) This H is a weak Hopf algebra with the antipode S if and only if S ∈
EndK(H) is the antipode of idH .

(2) If H ′ is a weak Hopf algebra with the antipode S and f+ : H → H ′ is a
weak bialgebra homomorphism, then S ◦ f+ is the antipode of f+.

Proof. We first prove (1). It is clear that H becomes a weak Hopf algebra whose
antipode is S if S ∈ EndK(H) is the antipode of idH . Suppose that H is a weak
Hopf algebra with the antipode S. We give the proof only for idH ? S ? idH = idH .
By using (2.20),

h(1)S(h(2))h(3) = h(1)εs(h(2))
= h(1)1(1)ε(h(2)1(2))
= h

for any h ∈ H. Hence the antipode of idH is S ∈ EndK(H).
Let us show (2). Since f+ is a weak bialgebra homomorphism, we have

(εt ◦ f+)(h) = εH′(1(1)f
+(h))1(2)

= εH′(f+(1(1)h))f+(1(2))
= εH(1(1)h)f+(1(2))
= (f+ ◦ εt)(h)
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and

(f+ ? (S ◦ f+))(h) = f+(h)(1)S(f+(h)(2))
= (εt ◦ f+)(h)
= (f+ ◦ εt)(h).

Similarly, we can also prove that εs ◦ f+ = f+ ◦ εs and (S ◦ f+) ? f+ = f+ ◦ εs.
The identity (2.20) induces

(f+ ? (S ◦ f+) ? f+)(h) = f+(h)(1)εs(f+(h)(2))
= f+(h)(1)1(1)εH′(f+(h)(2)1(2))
= f+(h)

for all h ∈ H. The proof for (S ◦ f+) ? f+ ? (S ◦ f+) = S ◦ f+ is similar. �

Lemma 5.3. Let H be a weak bialgebra, A a K-algebra, and f+ : H → A a K-
algebra homomorphism.

(1) If f+ has the antipode f−, then f− : H → Aop is a K-algebra homomor-
phism.

(2) In addition to the above situation (1), if A is a weak bialgebra and f+ is
a weak bialgebra homomorphism, then the antipode f− : H → Abop is a
weak bialgebra homomorphism.

Proof. Let us first show (1). We define five maps P+, P−1 , P−2 , E+, and E− ∈
HomK(H ⊗K H,A) as

P+(g ⊗ h) = f+(g)f+(h);
P−1 (g ⊗ h) = f−(gh); P−2 (g ⊗ h) = f−(h)f−(g);
E+(g ⊗ h) = f+ ◦ εs(gh); E−(g ⊗ h) = f+ ◦ εt(gh) (g, h ∈ H).

Since the generalized inverse is unique, it suffices to prove that P−1 and P−2 are
(E+, E−)-generalized inverses of P+. It is easily seen that P−1 is an (E+, E−)-
generalized inverse of P+ because the map f+ has the antipode f−. For all g and
h ∈ H, we can calculate that

(P+ ? P−2 )(g ⊗ h) = f+(g(1))f+(h(1))f−(h(2))f−(g(2))
= f+(g(1)εt(h))f−(g(2))
=

(2.20)
f+(g(1)1(1)εt(h))f−(g(2)1(2))

=
(2.26)

f+(g(1)εt(h)(1))f−(g(2)εt(h)(2))

= (f+ ◦ εt)(gεt(h))
=

(2.31)
(f+ ◦ εt)(gh)

= E−(g ⊗ h),
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and

(P+ ? P−2 ? P+)(g ⊗ h) = f+(g(1))f+(h(1))f−(h(2))f−(g(2))f+(g(3))f+(h(3))
= f+(g(1))(f+ ◦ εt)(h(1))(f+ ◦ εs)(g(2))f+(h(2))
=

(2.29)
f+(g(1))(f+ ◦ εs)(g(2))(f+ ◦ εt)(h(1))f+(h(2))

= f+(g)f+(h)
= P+(g ⊗ h).

We can also prove that P−2 ? P+ = E+ and P−2 ? P+ ? P−2 = P−2 by using (2.20),
(2.25), (2.29), and (2.31). Hence f− is multiplicative. In addition, this f− preserves
the unit. By using (2.21) and (2.24),

f−(1H) = f−(1(1))f+(1(2)1′(1))f−(1′(2))
= (f+ ◦ εs)(1H)(f+ ◦ εt)(1H)
= 1A.

Therefore f− : H → Aop is a K-algebra homomorphism.
We next prove (2). For this purpose, we assume the following lemma for the

moment (see also [14, Lemmas B1 and B2]).

Lemma 5.4. Let H and A be a weak bialgebra. If a weak bialgebra homomorphism
f+ : H → A has the antipode f−, the following conditions are satisfied for all
g, h ∈ H:

gh(1) ⊗ f−(h(2))f+(h(3)) = g(1)h(1) ⊗ f−(g(2)h(2))f+(g(3))f+(h(3)); (5.1)
h(1)g ⊗ f+(h(2))f−(h(3)) = h(1)g(1) ⊗ f+(h(2))f+(g(2))f−(h(3)g(3)); (5.2)
f−(h(1))⊗ f−(h(2)) = f−(h(1))f+(h(4))f−(h(5))⊗ f−(h(2))f+(h(3))f−(h(6)).(5.3)

For the comultiplicativity of f−, it is equivalent to show that

f−(h(2))⊗ f−(h(1)) = f−(h)(1) ⊗ f−(h)(2)

for all h ∈ H. We set

J = (f−(1(2))⊗ f−(1(1)))∆((f+ ◦ εt)(1(3))),
J̃ = ∆((f+ ◦ εs)(1(1)))(f−(1(3))⊗ f−(1(2))).

For J and J̃ , see [14, Proposition B4]. Let h be an arbitrary element in H. We
show the following three formulas:

(f−(h(2))⊗ f−(h(1)))J = J(f−(h)(1) ⊗ f−(h)(2)); (5.4)
J = ∆(1A) = J̃ ; (5.5)

JJ̃ = f−(1(2))⊗ f−(1(1)). (5.6)
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For (5.4), it follows that

(f−(h(2))⊗ f−(h(1)))J
= (f−(1(2)h(2))⊗ f−(1(1)h(1)))∆(f+(1(3))f−(1(4)))
=

(5.2)
(f−(1(2)h(2))⊗ f−(1(1)h(1)))∆(f+(1(3)h(3))f−(1(4)h(4)))

=
(2.20)

(f−(h(2))⊗ f−(h(1)))∆(f+(h(3))f−(h(4)))

= ((f+ ◦ εs)(h(2))⊗ f−(h(1))f+(h(3)))∆(f−(h(4)))
=

(2.27)
((f+ ◦ εs)(1(2))⊗ f−(h(1)1(1))f+(h(2)))∆(f−(h(3)))

= ((f+ ◦ εs)(1(2))⊗ f−(1(1))(f+ ◦ εs)(h(1)))∆(f−(h(2)))
=

(2.28)
((f+ ◦ εs)(1(2))⊗ f−(1(1))(f+ ◦ εs)(1′(1)))∆(f−(h1′(2)))

= (f−(1(2))f+(1(3))⊗ f−(1′(1)1(1))f+(1′(2)))∆(f−(h1′(3)))
=

(5.1)
(f−(1(2)1′(2))f+(1(3)1′(3))⊗ f−(1(1)1′(1))f+(1(4)))∆(f−(h1(5)))

=
(2.20)

(f−(1(2))⊗ f−(1(1)))∆(f+(1(3)))∆(f−(1(4)))∆(f−(h))

= J(f−(h)(1) ⊗ f−(h)(2)).

Let us prove (5.5):

J = ((f+ ◦ εs)(1(2))⊗ f−(1(1))f+(1(3)))∆(f−(1(4)))
=

(2.28)
(f+(1(1))⊗ f−(1′(1))f+(1′(2)1(2)))∆(f−(1′(3)))

= (f+(1(1))⊗ (f+ ◦ εs)(1′(1))f+(1(2)))∆(f−(1′(2)))
=

(2.28)
(f+(1(1))⊗ f+(1′(1)1(2)))∆(f−(1′(2)))

=
(2.21)

(f+(1(1))⊗ f+(1(2)))∆(f−(1(3)))

= ∆((f+ ◦ εt)(1H))
=

(2.24)
∆(1A).

Similarly, we can prove that J̃ = ∆(1A). For the proof of (5.6), we have

JJ̃ = J∆(f−(1(1)))∆(f+(1(2)))(f−(1(4))⊗ f−(1(3)))
= (f−(1(2))⊗ f−(1(1)))J∆(f+(1(3)))(f−(1(5))⊗ f−(1(4)))
= (f−(1(2)1′(2))⊗ f−(1(1)1′(1)))
×∆(f+(1(3))f−(1(4))f+(1′(3)))(f−(1′(5))⊗ f−(1′(4)))

=
(5.2)

(f−(1(2)1′(2))⊗ f−(1(1)1′(1)))

×∆(f+(1(3)1′(3))f−(1(4)1′(4))f+(1′(5)))(f−(1′(7))⊗ f−(1′(6)))
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=
(2.20)

(f−(1(2))⊗ f−(1(1)))∆(f+(1(3)))(f−(1(5))⊗ f−(1(4)))

= f−(1(2))f+(1(3))f−(1(6))⊗ f−(1(1))f+(1(4))f−(1(5))
=

(5.3)
f−(1(2))⊗ f−(1(1)).

It follows from (5.4)–(5.6) that J = JJ̃ = f−(1(2)) ⊗ f−(1(1)). Therefore we can
calculate that

(f−(h)(1) ⊗ f−(h)(2)) = ∆(1A)(f−(h)(1) ⊗ f−(h)(2))
= J(f−(h)(1) ⊗ f−(h)(2))
= (f−(h(2))⊗ f−(h(1)))J
= (f−(h(2))⊗ f−(h(1)))(f−(1(2))⊗ f−(1(1)))
= (f−(h(2))⊗ f−(h(1)))

for any h ∈ H. Thus f− : H → Abop preserves the comultiplication. By using
(2.30), we can prove that f− is counital:

(εA ◦ f−)(h) = εA(f−(h(1))(f+ ◦ εt)(h(2)))
= εA(f−(h(1))f+(h(2)))
= εA((εs ◦ f+)(h))
= (εA ◦ f+)(h)
= εH(h)

for all h ∈ H. This is the desired conclusion. �

Proof of Lemma 5.4. We first prove (5.1). For all g, h ∈ H,
gh(1) ⊗ f−(h(2))f+(h(3)) = gh(1) ⊗ (f+ ◦ εs)(h(2))

= gh1(1) ⊗ (f+ ◦ εs)(1(2))
= g(1)h(1) ⊗ (f+ ◦ εs)(g(2)h(2))
= g(1)h(1) ⊗ f−(g(2)h(2))f+(g(3))f+(h(3)).

Here we use the identity (2.27). The proof for (5.2) is similar.
Let us evaluate (5.3). By using (5.1), (5.2), and Lemma 5.3 (1),
f−(h(1))⊗ f−(h(2))

= f−(h(1))f−(1(1))f+(1(2))f−(1(3))⊗ f−(h(2))f+(h(3))f−(h(4))
= f−(1(1)h(1))f+(1(4))f−(1(5))⊗ f−(1(2)h(2))f+(1(3)h(3))f−(h(4))
= f−(1(1)h(1))f+(1(4)h(4))f−(1(5)h(5))⊗ f−(1(2)h(2))f+(1(3)h(3))f−(h(6))
= f−(h(1))f+(h(4))f−(h(5))⊗ f−(h(2))f+(h(3))f−(h(6))

for any h ∈ H. This completes the proof. �

The convolution product and the antipode f− generalize the notion of the Hopf
envelope in [2].
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Definition 5.5. Let H be a weak bialgebra, H a weak Hopf algebra, and ι : H → H
a weak bialgebra homomorphism. A Hopf closure of H is a pair as above (H, ι)
satisfying the following universal property:

For any weak bialgebra B and any weak bialgebra homomorphism
f+ : H → B with the antipode f−, there exists a unique weak bial-
gebra homomorphism F : H → B such that the following diagram
is commutative:

H

f+

  

ι // H

F

��
B.

We can deduce that H is unique up to isomorphism if it exists.

Remark 5.6. (1) In [2], the weak bialgebra B is always a weak Hopf algebra
with the antipode S. Thus Definition 5.5 is a generalization of Definition
3.14 in [2] because S ◦ f+ gives the antipode of f+ ∈ HomK(H,B).

(2) Let H be a face algebra. Hayashi [11] considered the construction of the
Hopf closure H if H is coquasitriangular and closurable. Then this H
satisfies Definition 5.5 replaced with the notion of face algebras, that is to
say, f+ : H → B and F : H → B are face algebra homomorphisms (see [11,
Theorems 5.1, 8.2, and 8.3]).

Let Λ be a non-empty finite set and X a finite set. For a left bialgebroid Aσ
as in Subsection 3.1, we suppose that the K-algebra R is a Frobenius-separable K-
algebra with an idempotent Frobenius system (ψ, e(1)⊗e(2)). For the K-algebra M ,
we define a K-linear map Ψ: M → K and an element E(1) ⊗ E(2) ∈ M ⊗K M as
follows:

Ψ(f) =
∑
λ∈Λ

ψ(f(λ)) (f ∈M);

E(1) ⊗ E(2) =
∑
λ∈Λ

e
(1)
] δλ ⊗ e(2)

] δλ.

Proposition 5.7. The pair (Ψ, E(1) ⊗ E(2)) is an idempotent Frobenius system
of M .

Proof. For any f ∈M and τ ∈ Λ,

(Ψ(fE(1))E(2))(τ) =
∑
λ,µ∈Λ

(ψ((fe(1)
] δλ)(µ))e(2)

] δλ)(τ)

=
∑
λ∈Λ

(ψ(f(λ)e(1))e(2)
] δλ)(τ)

= ψ(f(τ)e(1))e(2)

= f(τ).

The proof for E(1)Ψ(E(2)f) = f is similar.

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



TWO CONSTRUCTIONS OF BIALGEBROIDS AND THEIR RELATIONS 385

On the other hand,

(E(1)E(2))(τ) =
∑
λ∈Λ

((e(1)e(2))]δλ)(τ)

=
∑
λ∈Λ

δλ,τe
(1)e(2)

= e(1)e(2)

= 1R
for any τ ∈ Λ.

Hence this (Ψ, E(1) ⊗ E(2)) is an idempotent Frobenius system of M . �

By virtue of Proposition 2.9 and 5.7, the left bialgebroid Aσ has a weak bialge-

bra structure. The quiver Q defined by (4.1) and elements w
[ (λ,a)

(µ,c) (λ′,b)
(µ′,d)

]
∈

R (((λ, a), (λ′, b)), ((µ, c), (µ′, d)) ∈ Q(2)) as in (4.2) give birth to a weak bialgebra
A(wσ) and its homomorphism Φ as in Section 4. The symbols w, w[1]c, and w[2]c
stand for

w =
{
Lab

(L−1)ab
(a, b ∈ X);

w[1]c =
{
Lac (w = Lab);
(L−1)cb (w = (L−1)ab);

w[2]c =
{
Lcb (w = Lab);
(L−1)ac (w = (L−1)ab)

for any c ∈ X. By using these notations, we get the explicit formulas of these weak
bialgebras Aσ and A(wσ):

∆Aσ ((f ⊗ g) + Iσ) =
∑
λ∈Λ

((
f ⊗ e(1)

] δλ

)
+ Iσ

)
⊗
((
e

(2)
] δλ ⊗ g

)
+ Iσ

)
;

∆Aσ (w + Iσ) =
∑
λ∈Λ
c∈X

((
1M ⊗ e(1)

] δλ

)
w[1]c + Iσ

)
⊗
((
e

(2)
] δλ ⊗ 1M

)
w[2]c + Iσ

)
;

εAσ ((f ⊗ g)w + Iσ) = δa,b
∑
λ∈Λ

ψ((fg)(λ)) (f, g ∈M);

∆A(wσ)

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
u∈Q(m)

(
r ⊗ e(1) ⊗ e

[
p

u

]
+ Iw

)
⊗
(
e(2) ⊗ r′ ⊗ e

[
u

q

]
+ Iw

)
;

εA(wσ)

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= δp,qψ(rr′) (r, r′ ∈ R, m ∈ Z≥0, p, q ∈ Q(m)).

Theorem 5.8. If σ is rigid, the pair (Aσ,Φ) satisfies the following universal prop-
erty:

For any K-algebra A and any K-algebra homomorphism
f+ : A(wσ)→ A with the antipode f−, there exists a unique K-algebra
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homomorphism F : Aσ → A such that the following diagram is
commutative:

A(wσ)

f+

""

Φ // Aσ

F

��
A.

If this K-algebra A has a weak bialgebra structure (A,∆, ε) and f+ is a weak bial-
gebra homomorphism, then so is F .

Proof. We first show the existence of the K-algebra homomorphism F . The K-
algebra homomorphism Υ: M ⊗K M

op → A is defined by

Υ(g ⊗ h) =
∑
λ,µ∈Λ

f+
(
g(λ)⊗ h(µ)⊗ e

[
λ

µ

]
+ Iw

)
(g, h ∈M).

By using this Υ, we define the K-algebra homomorphism F : K〈ΛX〉 → A as follows:

F (ξ) = Υ(ξ) (ξ ∈M ⊗K M
op);

F (Lab) =
∑
λ,µ∈Λ

f+
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
(a, b ∈ X);

F ((L−1)ab) =
∑
λ,µ∈Λ

f−
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
.

We prove that F (Iσ) = {0}. It suffices to check that

F (α) = 0 (5.7)

for every generator α in Iσ. For any α as in the generators (1), the condition (5.7)
is obviously satisfied since the map Υ is a K-algebra homomorphism. We next
prove that the generators (2) satisfy (5.7). Let r and r′ be arbitrary elements in R.
For any m ∈ Z≥0, p, and q ∈ Q(m), we get

εs

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
=

∑
λ,µ,τ∈Λ

(
1R ⊗ e(1) ⊗ e

[
λ

τ

]
+ Iw

)
ε
((
r ⊗ r′ ⊗ e

[
p
q

])(
e(2) ⊗ 1R ⊗ e

[
τ

µ

])
+ Iw

)
=

∑
λ,µ,τ∈Λ

(
1R ⊗ e(1) ⊗ e

[
λ

τ

]
+ Iw

)
ε
(
re(2) ⊗ r′ ⊗ δt(p),τδt(q),µe

[
p
q

]
+ Iw

)
=
∑
λ∈Λ

(
1R ⊗ e(1) ⊗ e

[
λ

t(p)

]
+ Iw

)
ε
(
re(2) ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= δp,q

∑
λ∈Λ

(
1R ⊗ e(1)ψ

(
re(2)r′

)
⊗ e
[
λ

t(p)

]
+ Iw

)
.
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We can also prove the following in a similar way:

εt

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
= δp,q

∑
λ∈Λ

rr′ ⊗ 1R ⊗ e
[
s(q)
λ

]
+ Iw.

For all a, b ∈ X,

F
(∑
c∈X

(L−1)acLcb
)

=
(2.24)

∑
c∈X

λ,µ,τ,ν∈Λ

f−
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)(
f+ ◦ εs

)(
1A(wσ)

)

× f+
(

1R ⊗ 1R ⊗ e
[
(τ, c)
(ν, b)

]
+ Iw

)
=

∑
c∈X

λ,µ,τ,ν,γ,η,κ∈Λ

f−
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× f−
(

1R ⊗ e(1) ⊗ e
[
τ

ν

]
+ Iw

)
f+
(
e(2) ⊗ 1R ⊗ e

[
ν

γ

]
+ Iw

)
× f+

(
1R ⊗ 1R ⊗ e

[
(η, c)
(κ, b)

]
+ Iw

)
=

Lem. 5.3 (2)

∑
c∈X

λ,µ,τ∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)
f+
(
e(2) ⊗ 1R ⊗ e

[
(µ, c)
(τ, b)

]
+ Iw

)

=
∑
λ,µ∈Λ

(f+ ◦ εs)
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
= δa,b

∑
λ,µ,τ∈Λ

δλ,µf
+
(

1R ⊗ e(1)ψ(e(2))⊗ e
[

τ

λ deg(a)

]
+ Iw

)
= δa,b

∑
λ,µ∈Λ

f+
(

1R ⊗ 1R ⊗ e
[

λ

µdeg(a)

]
+ Iw

)
= F (δa,b∅).

Therefore F (
∑
c∈X(L−1)acLcb − δa,b∅) = 0 is satisfied for any a, b ∈ X. We can

prove that F (
∑
c∈X Lac(L−1)cb − δa,b∅) = 0 for all a, b ∈ X in a similar way. Let

us check that any generator α as in (3) satisfies (5.7). For g ∈M , a, and b ∈ X,

F ((Tdeg(a)(g)⊗ 1M )Lab − Lab(g ⊗ 1M ))

=
∑

λ,µ,τ,ν∈Λ

f+
((
g(λ deg(a))⊗ 1R ⊗ e

[
λ

µ

])(
1R ⊗ 1R ⊗ e

[
(τ, a)
(ν, b)

])
+ Iw

)
−

∑
γ,η,θ,κ∈Λ

f+
((

1R ⊗ 1R ⊗ e
[
(γ, a)
(η, b)

])(
g(θ)⊗ 1R ⊗ e

[
θ

κ

])
+ Iw

)
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=
∑
λ,µ∈Λ

f+
(
g(λ deg(a))⊗ 1R ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
−
∑
γ,η∈Λ

f+
(
g(γ deg(a))⊗ 1R ⊗ e

[
(γ, a)
(η, b)

]
+ Iw

)
= 0.

The proof of F ((1M ⊗ Tdeg(b)(g))Lab − Lab(1M ⊗ g)) = 0 (∀a, b ∈ X) is similar.
To complete the proof of the other two generators as in (3), we use the following

two identities (for the proof, see the calculation of εs
(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
and

εt

(
r ⊗ r′ ⊗ e

[
p
q

]
+ Iw

)
):

∑
µ∈Λ

εs

(
1R ⊗ r ⊗ e

[
µ

λ

]
+ Iw

)
=
∑
µ∈Λ

1R ⊗ r ⊗ e
[
µ

λ

]
+ Iw; (5.8)

∑
µ∈Λ

εt

(
r ⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
=
∑
µ∈Λ

r ⊗ 1R ⊗ e
[
λ

µ

]
+ Iw (∀r ∈ R, λ ∈ Λ). (5.9)

For any g ∈M , a, and b ∈ X, we have

F ((g ⊗ 1M )(L−1)ab)

=
∑

λ,µ,τ,ν∈Λ

f+
(
g(λ)⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
f−
(

1R ⊗ 1R ⊗ e
[
(τ, a)
(ν, b)

]
+ Iw

)
=

(5.9)

∑
c∈X

λ,µ,τ,ν,γ∈Λ

(f+ ◦ εt)
(
g(λ)⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)

× (f+ ◦ εs)
(

1R ⊗ e(1) ⊗ e
[
(τ, a)
(γ, c)

]
+ Iw

)
× f−

(
e(2) ⊗ 1R ⊗ e

[
(γ, c)
(ν, b)

]
+ Iw

)
=

(2.29)

∑
c∈X

λ,µ,τ,ν,γ∈Λ

(f+ ◦ εs)
(

1R ⊗ e(1) ⊗ e
[
(τ, a)
(γ, c)

]
+ Iw

)

× (f+ ◦ εt)
(
g(λ)⊗ 1R ⊗ e

[
λ

µ

]
+ Iw

)
× f−

(
e(2) ⊗ 1R ⊗ e

[
(γ, c)
(ν, b)

]
+ Iw

)
=

∑
c,d∈X

λ,µ,τ,ν,γ,η,θ∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



TWO CONSTRUCTIONS OF BIALGEBROIDS AND THEIR RELATIONS 389

× f+
(
e(2) ⊗ e(1)′ ⊗ e

[
(µ, c)
(τ, d)

]
+ Iw

)
× f+

(
g(ν)⊗ e(1)′′ ⊗ e

[
ν

γ

]
+ Iw

)
f−
(
e(2)′′ ⊗ 1R ⊗ e

[
γ

η

]
+ Iw

)
× f−

(
e(2)′ ⊗ 1R ⊗ e

[
(τ, d)
(θ, b)

]
+ Iw

)
=

Lem. 5.3 (2)

∑
c,d∈X

λ,µ,τ,ν∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× f+
(
e(2)g(µdeg(c))⊗ e(1)′′e(1)′ ⊗ e

[
(µ, c)
(τ, d)

]
+ Iw

)
× f−

(
e(2)′e(2)′′ ⊗ 1R ⊗ e

[
(τ, d)
(ν, b)

]
+ Iw

)
=

∑
c,d∈X

λ,µ,τ,ν∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× f+
(
e(2)g(µdeg(c))⊗ e(1)′′′ψ

(
e(2)′′′e(1)′′e(1)′)⊗ e

[
(µ, c)
(τ, d)

]
+ Iw

)
× f−

(
e(2)′e(2)′′ ⊗ 1R ⊗ e

[
(τ, d)
(ν, b)

]
+ Iw

)
=

∑
c,d∈X

λ,µ,τ,ν∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× f+
(
e(2)g(µdeg(c))⊗ e(1)′ ⊗ e

[
(µ, c)
(τ, d)

]
+ Iw

)
× f−

(
e(2)′ ⊗ 1R ⊗ e

[
(τ, d)
(ν, b)

]
+ Iw

)
=

∑
c∈X

λ,µ,τ∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× (f+ ◦ εt)
(
e(2)g(µdeg(c))⊗ 1R ⊗ e

[
(µ, c)
(τ, b)

]
+ Iw

)
=

∑
c∈X

λ,µ,τ,ν∈Λ

δµ,τδb,cf
−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, c)

]
+ Iw

)

× f+
(
e(2)g(µdeg(c))⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)
=

∑
λ,µ,τ∈Λ

f−
(

1R ⊗ e(1) ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
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× f+
(
e(2)g(µdeg(b))⊗ 1R ⊗ e

[
µ

τ

]
+ Iw

)
=

∑
λ,µ,τ,ν∈Λ

f−
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
(f+ ◦ εs)(1A(wσ))

× f+
(
g(τ deg(b))⊗ 1R ⊗ e

[
τ

ν

]
+ Iw

)
=

(2.24)
F
(
(L−1)ab(Tdeg(b)(g)⊗ 1M )

)
.

That F ((1M ⊗ g)(L−1)ab − (L−1)ab(1M ⊗ Tdeg(a)(g))) = 0 (∀a, b ∈ X) is also
induced by using Lemma 5.3 (2), (2.24), (2.29), and (5.8). We can show (5.7) for any
generator α as in (4) similar to the proof of (4.3) in Theorem 4.5. It is easy to prove
that the generator (5) satisfies (5.7) because of 1A(wσ) =

∑
λ,µ∈Λ 1R⊗1R⊗e

[
λ
µ

]
+Iw.

Hence the K-algebra homomorphism F (α + Iσ) = F (α) (α ∈ K〈ΛX〉) is well
defined.

We next show that f+ = F ◦ Φ. Since these three maps f+, F and Φ are
K-algebra homomorphisms, it is sufficient to prove that

f+
(
r ⊗ r′ ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
= (F ◦ Φ)

(
r ⊗ r′ ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
for all r, r′ ∈ R, (λ, a), and (µ, b) ∈ Q. We can evaluate that

(F ◦ Φ)
(
r ⊗ r′ ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
= f+

(
r ⊗ r′ ⊗ e

[
λ

µ

]
+ Iw

)( ∑
τ,ν∈Λ

f+
(

1R ⊗ 1R ⊗ e
[
(τ, a)
(ν, b)

]
+ Iw

))
= f+

(
r ⊗ r′ ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
.

We give the proof of the uniqueness of F . Let F ′ be a K-algebra homomorphism
such that f+ = F ′ ◦ Φ. We see at once that F ′(g ⊗ h + Iσ) = F (g ⊗ h + Iσ) and
F ′(Lab + Iσ) = F (Lab + Iσ) for all g, h ∈M , a, and b ∈ X. Let SWHA denote the
antipode of the weak Hopf algebra Aσ. We assume the following lemma for the
moment.

Lemma 5.9. We suppose that the family σ is rigid. For any a, b ∈ X,

∆N (Lab + Iσ) =
∑
c∈X

(Lac + Iσ)⊗N (Lcb + Iσ).
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For any α ∈ Aσ,
εs(α) =

(2.23)
1(1)ε(α1(2))

=
(2.34)

1(1)(Ψ ◦ πM )(α1(2))

=
(2.33)

tM (E(1))(Ψ ◦ πM )(αsM (E(2)))

= (Ψ ◦ πM )(α(E(2) ⊗ 1M + Iσ))(1M ⊗ E(1) + Iσ).

According to Proposition 2.11 and 5.7, Lemma 5.9, and the generators (3), SWHA

satisfies that
SWHA(Lab + Iσ)

=
∑
c∈X

εs(Lac + Iσ)SHAD(Lcb + Iσ)

=
∑
c∈X

(Ψ ◦ πM )(Lac(E(2) ⊗ 1M ) + Iσ)((1M ⊗ E(1))(L−1)cb + Iσ)

=
∑
c∈X

(Ψ ◦ πM )((Tdeg(a)(E(2))⊗ 1M )Lac + Iσ)((L−1)cb(1M ⊗ Tdeg(a)(E(1))) + Iσ)

=
∑
c∈X

Ψ
(
(χ(Tdeg(a)(E(2))⊗ 1M + Iσ)χ(Lac))(1M )

)
×
(
(L−1)cb(1M ⊗ Tdeg(a)(E(1))) + Iσ

)
=

(3.2)

∑
c∈X

δa,cΨ(Tdeg(a)(E(2)))((L−1)cb(1M ⊗ Tdeg(a)(E(1))) + Iσ)

=
∑
λ∈Λ

(L−1)ab(1M ⊗ e(1)
] δλ deg(a)−1Ψ(e(2)

] δλ deg(a)−1)) + Iσ

= (L−1)ab(1M ⊗ E(1)Ψ(E(2))) + Iσ

= (L−1)ab + Iσ

for any a, b ∈ X. Therefore we compute that
F ′((L−1)ab + Iσ) = (F ′ ◦ SWHA)(Lab + Iσ)

=
∑
λ,µ∈Λ

(
F ′ ◦ SWHA ◦ Φ

)(
1R ⊗ 1R ⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
.

Let us prove that the map f̃ := F ′ ◦ SWHA ◦ Φ is the antipode of f+. For all
α ∈ A(wσ),

(f̃ ? f+)(α) = F ′(SWHA(Φ(α(1)))Φ(α(2)))
= F ′(SWHA(Φ(α)(1))Φ(α)(2))
= F ′((εs ◦ Φ)(α))
= (F ′ ◦ Φ ◦ εs)(α)
= (f+ ◦ εs)(α).
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The proof for f+ ? f̃ = f+ ◦ εt and f̃ ? f+ ? f̃ = f̃ is similar. Thus f̃ is the antipode
of f+. We can deduce that f̃ = f− because of the uniqueness of the antipode.
Hence F ′ = F is satisfied.

Finally, we show that F is a weak bialgebra homomorphism if A is a weak
bialgebra and f+ is a weak bialgebra homomorphism. Let us prove that F is
comultiplicative. Since ∆Aσ and ∆A satisfy (2.20), it suffices to check that ((F ⊗
F ) ◦∆Aσ )(α+ Iσ) = (∆A ◦ F )(α+ Iσ). Here,

α =


g ⊗ h (∀g, h ∈M);
Lab;
(L−1)ab (∀a, b ∈ X).

If α = g ⊗ h (∀g, h ∈M), we get

((F ⊗ F ) ◦∆Aσ )(g ⊗ h+ Iσ)

=
∑

λ,µ,τ∈Λ

f+
(
g(λ)⊗ e(1) ⊗ e

[
λ

τ

]
+ Iw

)
⊗ f+

(
e(2) ⊗ h(µ)⊗ e

[
τ

µ

]
+ Iw

)
=
∑
λ,µ∈Λ

(∆A ◦ f+)
(
g(λ)⊗ h(µ)⊗ e

[
λ

µ

]
+ Iw

)
= (∆A ◦ F )(g ⊗ h+ Iσ).

The proof for α = Lab (∀a, b ∈ X) is similar. Let us suppose that α = (L−1)ab for
any a and b ∈ X. Since f− : A(wσ) → Abop is a weak bialgebra homomorphism
(see Lemma 5.3 (2)), we can deduce that

((F ⊗ F ) ◦∆Aσ )((L−1)ab + Iσ)

=
∑
c∈X

λ,µ,τ,ν∈Λ

∆A(1A)

× f−
(

1R ⊗ 1R ⊗ e
[
(λ, c)
(µ, b)

]
+ Iw

)
⊗ f−

(
1R ⊗ 1R ⊗ e

[
(τ, a)
(ν, c)

]
+ Iw

)
=

∑
c∈X

λ,µ,τ,ν∈Λ

(
(f− ⊗ f−) ◦∆op

A(wσ)
)
(1A(wσ))

× f−
(

1R ⊗ 1R ⊗ e
[
(λ, c)
(µ, b)

]
+ Iw

)
⊗ f−

(
1R ⊗ 1R ⊗ e

[
(τ, a)
(ν, c)

]
+ Iw

)
=

∑
λ,µ,τ∈Λ

f−
(
e(2) ⊗ 1R ⊗ e

[
(τ, c)
(µ, b)

]
+ Iw

)
⊗ f−

(
1R ⊗ e(1) ⊗ e

[
(λ, a)
(τ, c)

]
+ Iw

)
=
∑
λ,µ∈Λ

(∆A ◦ f−)
(

1R ⊗ 1R ⊗ e
[
(λ, a)
(µ, b)

]
+ Iw

)
= (∆A ◦ F )((L−1)ab + Iσ).
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Hence the map F is comultiplicative. We prove that F preserves the counit. Since
the counit satisfies (2.22), it suffices to show that

(εA ◦ F )((g ⊗ h)Lab + Iσ) = εAσ ((g ⊗ h)Lab + Iσ); (5.10)
(εA ◦ F )((g ⊗ h)(L−1)ab + Iσ) = εAσ ((g ⊗ h)(L−1)ab + Iσ) (5.11)

for any g, h ∈M , a, and b ∈ X. For (5.10), we can evaluate that

(εA ◦ F )((g ⊗ h)Lab + Iσ) =
∑
λ,µ∈Λ

εA(wσ)

(
g(λ)⊗ h(µ)⊗ e

[
(λ, a)
(µ, b)

]
+ Iw

)
=
∑
λ,µ∈Λ

δλ,µδa,bψ(g(λ)h(µ))

= δa,b
∑
λ∈Λ

ψ((gh)(λ))

= εAσ ((g ⊗ h)Lab + Iσ).

We can prove (5.11) in a similar way. This completes the proof. �

Proof of Lemma 5.9. Let a and b be arbitrary elements in X. Since we can easily
prove that S−1

Aσ⊗NAσ (a ⊗L b) = S−1(b) ⊗N S−1(a) (see also [21, Theorem 3.9]), it
follows that

∆N (Lab + Iσ) = (S−1
A⊗NA ◦∆L ◦ S)(Lab + Iσ)

=
∑
c∈X

S−1
A⊗NA((L−1)cb + Iσ ⊗M (L−1)ac + Iσ)

=
∑
c∈X

Lac + Iσ ⊗N Lcb + Iσ.

This is the desired conclusion. �

Corollary 5.10. If σ is rigid, then the pair (Aσ,Φ) is the Hopf closure of A(wσ).
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