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BROWNIAN MOTION ON INVOLUTIVE BRAIDED SPACES

UWE FRANZ, MICHAEL SCHURMANN, AND MONIKA VARSO

ABSTRACT. We study (quantum) stochastic processes with independent and
stationary increments (i.e., Lévy processes), and in particular Brownian mo-
tions in braided monoidal categories. The notion of increments is based on a
bialgebra or Hopf algebra structure, and positivity is taken w.r.t. an involution.
We show that involutive bialgebras and Hopf algebras in the Yetter—Drinfeld
categories of a quasi- or coquasi-triangular x-bialgebra admit a symmetrization
(or bosonization) and that their Lévy processes are in one-to-one correspon-
dence with a certain class of Lévy processes on their symmetrization. We
classify Lévy processes with quadratic generators, i.e., Brownian motions, on
several braided Hopf-*-algebras that are generated by their primitive elements
(also called braided x-spaces), and on the braided SU(2)-quantum groups.

INTRODUCTION

The study of random variables and stochastic processes with values in algebraic
structures has a long and rich history; see, e.g., the monograph [9]. In quantum
probability [24], the commutative algebras of functions on the underlying proba-
bility space and the state space of a stochastic process are replaced by possibly
noncommutative algebras, typically realized as algebras of operators on a Hilbert
space. Quantum (or noncommutative) probability was initially motivated by the
wish to have a common framework for classical probability and quantum physics,
but it also opened the stage for many new interactions between probability and
algebraic structures. In [T, 27], Lévy processes on involutive bialgebras were in-
troduced and studied as a common generalization of Lévy processes with values
in groups and semigroups, and of factorizable representations of groups and Lie
algebras.

In this paper we will study quantum stochastic processes and in particular Brow-
nian motions in braided categories. In quantum probability, Brownian motion is
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defined as a Lévy process with quadratic generator, cf. [27, Section 5.1]. This gen-
eralizes Brownian motions in Euclidean spaces, Lie groups, and Riemannian mani-
folds, which are fundamental examples of stochastic processes, and which have been
the guiding examples in the development of the stochastic calculus and potential
theory. The generator of the Markov semigroup of classical Brownian motion is
a Laplace or Laplace-Beltrami operator and contains valuable information about
the geometry of the underlying space.

In this paper we will develop the theory of Brownian motions and Lévy processes
on braided involutive bialgebras, i.e., involutive bialgebras which are objects of a
braided monoidal category, cf. [I9] [I0]. Our main examples will be such algebras,
also called braided spaces, which are generated by a finite number of primitive
elements satisfying certain quadratic commutative relations coming from an R-
matrix. This article builds on ideas and results from [16] [17 [2, [4! [6].

Our paper introduces several interesting new classes of quantum stochastic pro-
cesses. In dimension one (i.e., with one self-adjoint primitive generator) there is
only one R-matrix which leads to a braided involutive space in our setting, the
1 x 1 matrix R = (q) with ¢ € R\{0}. In this case the braiding can be defined via
a group, and we obtain, e.g., the Azéma process, whose surprising properties have
been studied in [3] 23] [26]. But in higher dimension there are many possibilities
to choose an R-matrix with a compatible involution, and most of them cannot be
obtained from groups. As an example, we will classify the Brownian motions (i.e.,
Lévy processes with quadratic generator) on the braided spaces associated to the
sly- and sl3- R-matrix in Section [6}

Let us outline the structure of this paper.

In Section [T} we give the basic definitions and several fundamental results needed
to define and study braided Lévy processes.

In Section [2| we show how braided categories can be constructed from a Hopf
algebra, a coquasi-triangular or a quasi-triangular bialgebra. Our particular setting
has been chosen since it will be convenient when we consider Lévy processes on
braided *-bialgebras in these categories. We consider three cases. In the first case
we have a Hopf-x-algebra A and the objects of the category are Yetter—Drinfeld
modules carrying an involution, which has to satisfy some compatibility conditions.
In the second case A is a coquasi-triangular bialgebra equipped with an involution.
We show that if the r-form satisfies a compatibility condition with respect to the
involution, then we can build a braided category from the comodules. In the last
case, A is a quasi-triangular bialgebra with an involution. If the R-matrix satisfies
a certain compatibility condition w.r.t. the involution, then we can again build a
braided category, this time from the modules.

In Section [3] we show that for every braided *-bialgebra B in either of the three
types of category we can construct a symmetrization (or bosonization), i.e., we can
embed it into a bigger *-bialgebra H as an algebra in a way that allows us to “lift”
Lévy processes on B to Lévy processes on H. This generalizes the symmetrization
in [27, Ch. 3], where the braiding was defined via actions and coactions of a group.
For more general braidings this kind of construction was introduced by Majid (see
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[19, Section 9.4]) but without the involution, which is crucial for defining and
studying quantum stochastic processes. We show that the symmetrization reduces
the construction and classification of Lévy processes on braided *-bialgebras to
usual involutive bialgebras.

In Section [4] we explicitly construct a family of braided *-spaces and their sym-
metrization. The construction starts from a bi-invertible R-matrix of real type I
and it yields a braided #-space in the category of comodules of the quasi-triangular
x-bialgebra associated to the R-matrix by the Faddeev-Reshetikhin—Takhtajan con-
struction (cf. [25]). Furthermore, these braided *-spaces always come with a canon-
ical quadratic generator that gives rise to a standard Brownian motion on these
spaces.

In Section 5] we prove the existence of these invariant, conditionally positive,
quadratic functionals on our braided *-spaces and study the associated Brownian
motions. These processes can be considered as multi-dimensional analogues of the
Azéma martingale.

Section [6] contains the explicit quantum stochastic differential equations defining
the standard Brownian motion on the braided line and the braided plane as well
as the classification of all quadratic generators for the braided *-spaces associated
to the 1 x 1 R-matrix (¢q), and the standard sls- and sls-R-matrices, and for the
braided SU(2)-quantum groups.

1. PRELIMINARIES

1.1. Lévy processes on braided Hopf-*-algebras. In this section we intro-
duce braided Hopf-x-algebras, braided *-bialgebras, and Lévy processes on braided
x-bialgebras in order to recall some of their elementary theory, in particular the one-
to-one correspondence between these processes and their generators. See [19] [10]
and the references therein for information on braided tensor categories and Hopf
algebras, and [27] [7] for the theory of quantum Lévy processes.

A tensor category or monoidal category is a category C equipped with a bifunctor
® : Cx C — C satisfying certain conditions (see, for example, [15]). A braiding ¥ in
a tensor category is a natural isomorphism between the functors ® : (A, B) — A®B
and ® o7 : (A, B) — B ® A satisfying the so-called Hexagon Axioms. It is called a
symmetry if it is involutive, i.e., if Up 4 0 U4 p = idagp for all objects A, B of C.
A braided tensor category or braided monoidal category is a pair (C,¥) consisting
of a tensor category C and a braiding ¥ of C. It is called symmetric tensor category
if the braiding is a symmetry (cf. [15]).

In this paper we always assume that the objects of our braided tensor categories
(C, W) are complex vector spaces and that the morphisms are linear maps. We call
a linear map L : V — W W-invariant if (idx ® L) o Uy x = Uy x o (L®idx) holds
for any X. Note that due to the naturality of ¥, morphisms of the category (C, ¥)
always have to satisfy both conditions (idx ® L) o Ux y = Uy w o (L ®idx) and
(Leidx)o¥xy =Vx wo(idy ® L), i.e., they are U-invariant and ¥~ '-invariant.
The notions of bialgebras and Hopf algebras can also be defined in a braided tensor
category, this leads to braided bialgebras and braided Hopf algebras. The product,
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coproduct, unit, counit and antipode now have to be morphisms of the braided
tensor category and satisfy similar axioms as in the usual case, cf. [I9]. Bialgebras
and Hopf algebras are special cases of braided bialgebras and braided Hopf algebras
where the flip automorphism 7: A® B - B® A, 7(u® v) = v @ u is the braiding.
Since the axioms proposed by Majid in [I8][19] do not guarantee that the braided
coproduct is a *-algebra homomorphism, we follow the ones in [5].
We want the x-structure *pgp on B ® B to be an anti-homomorphism and the

canonical inclusions B < B ® B <2 B to be *-homomorphisms. Thus we get for
a,be B

(*BeB o MBes)(a®@1®1®Db)
= (mBes © (*BeB @ *BeB) © TBeBE,608)(a® 1@ 1 ® D)
=(mem)o(lde®¥id))(1®b* ®a* ®1)
= (((mo(1®id)) ® (mo (id® 1))) o ¥)(b* ® a*)
= (Vo (x®@=*)oT)(a®b).

Hence we get the following definition.

*B®B( )

Definition 1.1. A braided %-bialgebra is a braided bialgebra (B, m, 1, A, e, ¥) over
C with an anti-linear map * : B — B, such that (B,m,1,x) is a x-algebra and
*BeB = Vo (x® x) o7 is a self-inverse map turning the coproduct A into a
x-algebra homomorphism for xggs.

Remark 1.2.

e This definition is equivalent to the one given in [5] Def. 3.8.2].

e One can show that xggp is indeed an anti-homomorphism and that the
canonical inclusions are x-algebra-homomorphisms.

e In general, the convolution of two positive functionals on a braided
x-bialgebra is not again positive. But if we have two positive functionals
¢ and 6 on a braided *-bialgebra A such that ¢ is U~ !-invariant or  is
U-invariant, then the convolution ¢ x 8 = (¢ ® ) o A is positive (cf. [5,
Lemma 4.2.2]).

We briefly recall the definition of Lévy processes on braided x-bialgebras (see also
[B, Ch. 4]). A quantum probability space is a pair (A, ®) consisting of a x-algebra
and a state (i.e., a normalized positive linear functional) ® on A. A quantum
random variable j over a quantum probability space (A, ®) on a x-algebra B is a
x-algebra homomorphism j : B — A. A quantum stochastic process is a family
of quantum random variables over the same quantum probability space, indexed
by some set, and defined on the same algebra. Two quantum stochastic processes
(jt)ter and (k¢)ier, indexed by the same set I, on the same x-algebra B over the
quantum probability spaces (A;, ®;) and (A, ) are called equivalent if all their
finite-dimensional distributions agree, i.e., if

D (ji, (01) - - - e, (bn)) = P (kz, (b1) - - - ke, (b))
forallm e N, t1,...,t, €I, by,...,b, € B.
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Definition 1.3 ([5, Def. 4.2.1]). Let (A, ®) be a quantum probability space, B a
x-algebra, and U : B&B — B® B a linear map. An n-tuple (j1,...,J,) of quantum
random variables j; : B — A, i =1,...,n, over (A4, ®) on B is called ¥-independent
or braided independent if

(1) @ (Jo) (B1) ot (B0)) = ®lio(1) (1)) - (o) (b)) for all permuta-
tions o € §(n) and all by,...,b, € B, and
(if) mao(i®jk) =mao(jr@g)oPforal 1 <k<l<n.

Definition 1.4 (|5, Def. 4.3.1]). Let B be a braided *-bialgebra. A quantum
stochastic process (js¢)o<s<¢ on B over some quantum probability space (A, ®) is
called a Lévy process if the following conditions are satisfied.

(1) (Increment property)
Jrs % Jst = Jrt for all 0 <r <s<H,
ju=1o0e forall0<t,

where j,s x jst = ma 0 (Jrs @ jst) © Ap denotes the convolution of j,.s; and
Jst-

(2) (Independence of increments) The family (js:)o<s<¢ is ¥-independent, i.e.,
(Jsytyys- -+ Jdsyt, ) is WU-independent for alln € Nand all 0 < 57 <t < s9 <
<t

(3) (Stationarity of increments) The distribution @y = ® o jg of jg depends
only on the difference ¢t — s,

(4) (Weak continuity) js: converges to jss (= 1 o€) in distribution for ¢\ s,
i.e., we have limy s ®(js¢(b)) = (b) for all b € B.

Let (jst) be a Lévy process on some #-bialgebra. The states on B defined by
pr = D o jor are called marginal distributions of (js) and uniquely determine a
Lévy process (up to equivalence). The marginal distributions form a convolution
semigroup. Using the fundamental theorem of coalgebras one can show that there
exists a unique, conditionally positive (i.e., positive on the kernel of €) hermitian,
linear functional L : B — C with L(1) = 0 such that ¢; = exp, tL. The functional
L is called the generator of the process (jst). Using Schoenberg correspondence, we
see that the convolution semigroup generated by a conditionally positive, hermit-
ian linear functional L with L(1) = 0 consists of states, i.e., normalized positive
functionals. Due to Remark and the braided version of the Schoenberg corre-
spondence for U-invariant functionals (see [8]), these results remain true for Lévy
processes on braided *-bialgebras. This is summarized in the following proposition.

Proposition 1.5 ([5, Prop. 4.3.2]). Let B be a x-bialgebra over C in a braided cate-
gory (C,W). Then there is a one-to-one correspondence between (equivalence classes
of) Lévy processes (jst), the set of convolution semigroups (yi): of Y-invariant
states on B, and the set of V-invariant, hermitian, conditionally positive linear
functionals L : B — C.

1.2. Quasi-triangular and coquasi-triangular bialgebras. We will now recall
some definitions (see, e.g., [14]) which allow us later on to “symmetrize” braided
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x-bialgebras. Let B be a bialgebra and R € B B. For R = Zl r; RY;, define Rya,
Ri3 and Ra3 €B®B®Bby

R12:Z$Z®y7®1, R13:Z$,®1®y“ R23:ZI®I7®y7

Definition 1.6. A quasi-triangular bialgebra B is a bialgebra B equipped with an
invertible element R € B ® B, called universal R-matriz, such that the equations

A°(a) = R-A(a)- R71,
(A ®id)(R) = RizRas, (1.1)
(id ® A)(R) = RizRi2
hold.
Note that the universal R-matrix of a quasi-triangular bialgebra satisfies the
quantum Yang-Baxter equation (QYBE)
Ry R13R23 = RozRyi3Rio; (1.2)

see, e.g., [14, Ch. 8.1.1, Prop. 2|, [13, Theorem VIII.2.4].

A coquasi-triangular bialgebra is a bialgebra A equipped with a universal r-form
on A, i.e., a linear functional r : A®.4 — C that is invertible w.r.t. the convolution
product (i.e., there exists another functional 7 : A®.A — C such that r*7 = rxr =
€ ® ¢) that satisfies

mP =rxmxr,
713 *T23 =T O (m X id), (13)
T13 *xT12 =T O (ld ®m),

where 712,723,713 : AQ AR A — C are defined by 712 = 7r ®¢, ro3 = e @7 and
r13 = (r ® ) o (id ® 7). Furthermore we have

ro(l®id)=e=ro(id®1) (1.4)
and, if A has an antipode S, then the antipode is invertible and satisfies
ro(S®id)=F=ro(id®S™1).
The inverse 7 satisfies similar conditions, i.e.,
T12 * T13 x Tag3 = T23 * T'13 * T12,
Toz xT13 = 7 o (m ® id),
T12 *T13 =T o (id ® m),
Fo(l®id)=7Fo(id®1)=c.

2. CONSTRUCTION OF BRAIDED CATEGORIES

We will now study the special case of tensor categories whose objects are Yetter—
Drinfeld modules of some given bialgebra A. Our main goal is to construct such
categories with objects that are equipped with an involution which is compatible
with the braiding in the sense of Definition [[.I} Let A be a bialgebra. A C-vector
space V is called (left) Yetter—Drinfeld module (over A)if it is both a left .A-module
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with action a : AQV — V and a left A-comodule with left coactiony : V' — ARV,
such that the (left) Yetter—Drinfeld equation

> e ®a@v® =3 (aq)0) V) @ (e 0)@,

or equivalently
(m®a)o(id® T ®id) o (A®7)
=(m®id)o(id® 7)o (y®id) o (a®id) o (id® 7) 0o (A ® id),

is satisfied for all a € A, v € V, where a.b := a(a ® b) and v(v) = v @ v?). The
category 4 VD of (left) Yetter Drinfeld modules is well studied (see for example [29]
or [22] Ch. 10]). It is a braided tensor category with braiding ¥ = (e« ®id) o (id ®
7)o (y ®id). For actions ay, ay on a bialgebra A, a linear map ® : V — W is
called (left) module map, if ® o ay = aw o (id ® ®) and (left) comodule map for
coactions vy, yw, if yw o ® = (id @ @) o yy.

(2.1)

2.1. The category (jy’D*, W) of Yetter—Drinfeld modules with an involu-
tion. Now we want to equip the objects in the category ij with an involution
and construct a new category ﬁ)}D*.

Lemma 2.1. Let A be a Hopf-+-algebra with antipode S and V € Obj(ﬁyD) with
action a and coaction . Suppose that there exists a x-structure on V such that o
and vy satisfy

xoa=cao(*®x*) o (S®id), (2.2)
yox=(x®x)or. (2.3)
Then xygy = (@ ®1id) o (T ®id) o (Id ® ¥) o (* ® *) 4s an involution on V V.
Proof. Recall that the inverse of ¥ = (o ®id) o (id ® 7) o (y ® id) is given by
U= (i[d®a)o(r®id)o (ST ®@id®id)o (y®id)or
(see [29, Theorem 7.2]). We have

(x®#) o Wo (x ) B €D (

a®id)o(x@*x®%*)o(S®T)
o(*®*®x)o (y®id)
=700 lor,

since x0 So* = S~1. This proves that *y gy = Yo (x®x)o7 is its own inverse. [
Theorem 2.2. Let A be a Hopf-x-algebra. Then we can define a braided category
ij* as follows. The objects (V, «, v, x) are Yetter—Drinfeld modules equipped with
an involution *, such that equations (2.2) and (2.3) are satisfied. The morphisms
are the linear maps that are module and comodule maps. The tensor product of
objects is given by

(Vav,w,*v) @ (W, aw,yw,*w) = (VO W, avew, wew, *vew),
where

avew = (ay @ aw)o (Id®7®id) o (A ®id ® id),
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Wwew = (m®id®id) o (id® 7 ®id) o (yv @ yw),
*xyew = Yy o (xw ® *y) o Tyw.
The braiding is again given by ¥ = (a ®id) o (id ® 7) o (y ® id).
Proof. To show that this is again a braided category it only remains to show that

(Ve W, avew, VWwvew, *vew) is again an object in the category j)}D*. First we
show that #y g satisfies equation (2.2). We have

*xyew o avew = Po(x®@*)oTo(a®a)o (id®7®id) o (A ®id ® id)
D ys(ama)o(ideroid)o(Aoideid)o(d®r)o(x® %)
o (S®id®id)
=(a®a)o(id®7®id)o (A®id®id) o (ld® V)o (*@*®@x) o (S®T)
=y w © (*A (29 *V@W) o (S 024 ld),
because ¥ is a module map, since it has to be a morphism in the category. Now
we show that it also satisfies equation ([2.3)):
(x4 ® *vew) o Yvew
=ldeV¥)o(m®id)o (7@ 7)o (ld@7R®id) o (*R* @ *® %) o (7R )
= 'YV®W [e] *V(X)W- D
2.2. The category (‘AC*, ) of comodules over a coquasi-triangular

x-bialgebra. We start by considering the category AC of A-comodules over a
coquasi-triangular bialgebra A.

Lemma 2.3. Let A be a coquasi-triangular bialgebra. If v is a coaction of A on V,
then

oy = (F®id)o (id®~v)
defines an action of A on V and (V,,,7) is a Yetter—Drinfeld module. Further-

more, if a linear map f:V — W between two comodules V,W is v-invariant (i.e.,
a comodule map), then it is also a.-invariant.

Proof. First we show that a, is an action. We have
ayo(m®id) = (F®id)o (m®id®id) o (id®id ® v)

" ((’F23 *F13) [ ld) o (ld X ld X ’7)
=(((te@m @ (Foe)o(id®T)))oAsgaga) @id) o (id ®id ® 5)
=(F®id)o(i[d®y)o (Id® ((F®id) o (ild®7))) = ay o (id ® ay)

as well as
ayo(1®id) = ((Fo (1®id) ®id) o’y (e®id) oy =id.

Now we want to show that v and «., satisfies the Yetter-Drinfeld equation (2.1)):
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(mM®ay)o(ld®T®id) o (A®Y)
=me®7®id)o(lder®id®id) o (A ® A®id) o (id®7)
(m*7)®id) o (id® )

Iz

(F*m) @id) o (id ® )
=(Fom®id)o (id®id®id® 7)o (d®id ® v ® id) o (id ® v ® id)
o(ld®7)o (A®id)
=(m®id)o (id®@ 7)o (y®id) o (ay ®id) o (id® 7) 0 (A ®1id).
It remains to show that o is a module map. We have

awo(id® f) = (F®id)o (id®id ® f) o (id ® ). O

Note that, for the braiding ¥ = (o, ®id) o (id ® 7) o (y ®id) defined in this way
between two A-comodules V and W, we have

V(v @w) = F(/U(l) ® w(l))w@) ®v®@

for v € V, w € W, and where vy (v) = vV @ v®), y(w) = w @ w®. Up to a
conjugation by the flip and the use of 7 instead of r, this is the same as the definition
of the braiding associated to a universal r-form in [I3, Equation (VIIL.5.9)].

One can show as in [I3] that the category of A-comodules becomes a braided
category (AC7 ) in this way. Unlike for the construction for Yetter—Drinfeld mod-
ules in Theorem this does not require A to be a Hopf algebra, because the
invertibility of ¥ follows from that of the universal r-form.

Now we want to extend the objects in the category AC by an involution % and
define the category Ac,.

A coquasi-triangular *-bialgebra (rvesp., Hopf-+-algebra) is a coquasi-triangular
bialgebra (resp., Hopf-algebra) which is also a *-bialgebra (resp., Hopf-+-algebra)
such that the universal r-form r satisfies the equation

or =70 (x® %), (2.4)

where ~ denotes the complex conjugation on C. A universal r-form that satisfies
equation (2.4) is called an involutive r-form.

Theorem 2.4. Let A be a coquasi-triangular x-bialgebra. Then we can construct a
braided category (AC., U) as follows. The objects are triples (V, vy, ) consisting
of an A-comodule V' with coaction vy and an involution * such that equation (2.3)) is
satisfied. The morphisms between two objects are the comodule maps. The tensor
product of objects is given by

Viyw,*v) @ (Wyw, xw) = (V@ W, ywew, *vew),
where

YW = \IIW,V o (*W X *V) oOTY,W -
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The braiding ¥ is given by

Uy = (ay, ®id) o ([d® 7) o (y ®id)
=70 (T®Rid®id)o (id®7®1id) o (yv ® Yw).

Proof. Let (V,yv,*v), (W,yw,*w) be two objects of (*C,, ¥), i.e., A-comodules
with a coaction and an involution that satisfy . We have to check that xygw
is an involution and that V @ W is again an object of ( C,, V). ForoeV,weW
with vy (v) = v @ v®) | y(w) = w® @ w? we have

(v@w)* = V(w* @v*) =F ((w(l))* ® (v<1>)*) (0(2))* ® (w(2)>*
= r (0 e v0) (1) o (w®)’

and

(vew))* =r (v(l) ®w(1)) (( (2)) ( 2)>*)*
=r (w(l) ® u(1)> ( ® (2)>

— (wu) ® U<1>) 7 <w<2> ® U(2>) o® & w®

=V QR w,

since r 7 = € ® e. Furthermore,
om0 wvow (v &) = wow (T (42 @ (u))
_ (r (wu) ® v<1>) w<2>v<2>)* (U<3>)* ® (w<3>)*
(U 1y ( 2) ®U<2>)>* (v(3>)* ® (w<3>>*
(#96) o (703 (1) (s0))

)*®*V®W

)

(’YV@W VR w

since rxam = m°Pxr. Le., yygw satisfies (2.3)), and therefore (VOW, vy ow, *vew )
is an object of (AC,, ). O

Remark 2.5. In general, A does not have an antipode. Thus equation is not
satisfied and (V,c,7,*) is not an object in (AYD., ), and therefore (“C,, ¥)
cannot be interpreted as a subcategory of (ﬁyD*,\Il). But if A is a coquasi-
triangular Hopf-*-algebra, then the antipode S is automatically invertible and we
have 7 = ro(S®id), which, combined with equation (2.4)), implies that ., satisfies
equation l- So if A is a coquasi-triangular Hopf-x-algebra, then because of
Lemma |2 e category A, can be viewed as a subcategory of AyD
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2.3. The category ( 4C., ¥) of modules over a quasi-triangular x-bialgebra.
We start with the category 4C of A-modules over a quasi-triangular bialgebra A,
and then introduce the category ,C., if A has an involution that is compatible
with the R-matrix, see below. Let A be a quasi-triangular bialgebra and define
R:C— A® Aby R(c) = cR for all ¢ € C.

Lemma 2.6. If o is an action of A on V, then
Yo = (i[d® @) o (r ®id) o (R ® id)

defines a coaction of A on'V and (V,«a,v,) is a Yetter—Drinfeld module. Further-
more, if a linear map f: V — W between two modules V,W is a-invariant (i.e., a
module map), then it is also yq-invariant.

Proof. First we show that v, is a coaction. We have

(A (24 ld) O Vo
(i[d@id®a)o (ideT®id) o (r®id ®id) o (id ® A ®id) o (R ® id)
)

([deid®a)o (id®7®id) o (r®id®id) o (m ®id ® id ® id)
o(id®id®r®id)o (id® 7 ®id®id) o (R® R ®id)
= (id ® Ya) © Yas
as well as
(e®id)oye =ao (id®e®id) o (R®id) = o (1 ®id) = id.
Now we show that « and 7y, satisfy the Yetter—Drinfeld equation :
(m®a)o(id®T®id) o (A ®7s)
—(m®a)o(i[d®T®a)o(id®id®r®id) o (A ® R®id)
—([d®a)o(meid®a)o(id®T®id®id) o (t®7®id) o (R® A ®id)
=(m®id)o(id® 7)o (Yo ®id) o (@ ®id) o (id ® 7) o (A ® id).
That ~, is a comodule map follows directly. U

Define a quasi-triangular x-bialgebra as a quasi-triangular bialgebra which is also
a *-bialgebra such that (* ® *)(R) = R™1L.

Theorem 2.7. Let A be a quasi-triangular Hopf-x-algebra with antipode S. Then
we can construct a braided category (4Cx, ¥) as follows. The objects are triples
(V,a, x) consisting of an A-module V' with action o and an involution * such that
equation 1s satisfied. The morphisms between two objects are the module maps.
The tensor product of objects is given by

Viav,*v) @ (W,aw,*w) = (Vo W, avew, *vew),

where
avew = (ay @aw)o (Id®7®1id) o (A ® id ® id),

QW = \IJW,V o (*W (29 *V) oOTY,W-
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The braiding ¥ is given by
Uyw =(a®id) o (id®7) o (74 ® id)
=(a®a)o(id®T®id)o(r®7) o (R®id ®id).
Proof. This follows directly from Lemma [2.6] and Theorem [2:2 O

Lemma 2.8. Let A be a quasi-triangular Hopf-«-algebra and let (V,a,*) be an
object in (4C., ¥). Then v, satisfies equation (2.3).

Proof. Since (S ®id) o R = R~!, we have
(x®%) 0ya=(®%) o (i[d®a)® (r®id) o (R®id)
2D (40 a)o(x @+ ®%) 0 (i[d®S®id)o (r@id) o (R®id)
(id®a)o(r®id) o (+ @+ ® %) o (R ® id)
=(id®a)o (R® %) =4 0 *. O

Remark 2.9. It follows from Lemma and Lemma that (V, a,7va,*) €
Obj(4YD) and hence (,C,, ¥) is a subcategory of (j}yp*, 0).

2.3.1. Cocommutative bialgebras. If the bialgebra A is cocommutative (i.e., ToA =
A), then 1®1 defines an R-matrix. The corresponding braiding is simply the flip 7.

We show now that the construction in Theorem includes as a special case
the construction given in [27]. Schiirmann’s construction has as input the group
algebra A = CT of some group I', and actions and coactions of A on the objects V'
that satisfy the compatibility condition

yoa=(ad®a)o (id®7®id) o (A ®"), (2.5)

(see [27, p. 14]), where ad = mo (id®@m) o (iId®id ® S) o (id® 7) o (A ®1id) is the
adjoint action of A on itself. The following lemma shows that our construction is
a generalisation of the one presented there.

Lemma 2.10. Let A be a cocommutative bialgebra. Let o and «y be an action and
a coaction of A on some vector space V. If o and ~y satisfy (2.5)), then (V,«a,~) is
a Yetter—Drinfeld module.

Proof. Substituting (2.5 into the right side of (2.1]), we get after some simplifica-
tions

(mY @a)o(id®r®7@id)o (id ® TAga. 0id) o (ida ® S ®id) o (AW © ),

where m®) = mo (m®id) o (m®id®id), A® = (A®id ®id) o (A ®id) o A.
Using the cocommutativity, we can produce a term of the form mo (S ®id) o A,
to which we can apply the antipode axiom. Using the unit and the counit axiom
to clean up the resulting expression, we get the desired result. O

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)



BROWNIAN MOTION ON INVOLUTIVE BRAIDED SPACES 507

3. SYMMETRIZATION OF BRAIDED #*-BIALGEBRAS AND THEIR LEVY PROCESSES

3.1. Symmetrizing braided *-bialgebras. Now we will present a construction
that will allow us in Subsection[3:2]to associate with every Lévy process on a braided
x-bialgebra B a Lévy process on a usual (i.e., symmetric or T-braided) x-bialgebra.
The idea is to construct a bigger (symmetric) bialgebra H that contains the braided
bialgebra B as a subalgebra and whose coproduct is related to that of B in a “nice
way”. For the case where the braiding is defined through the action and coaction of
a group, this construction can be found in [27, Ch. 3]. For the general case a similar
construction, called bosonization, was introduced by Majid (see [19, Section 9.4]
and the references therein). But the role of the involution is not studied there. In
this section we study the left symmetrization of braided *-bialgebras. Note that
the whole theory works analogously for categories consisting of right modules and
comodules.

Theorem 3.1. Let A be a Hopf-x-algebra and let B be a braided x-bialgebra in
(ﬁyD*, V). Then H=B® A (as a vector space) becomes a x-bialgebra with

my = (mp@my)o (id®a®id®id)o (id®id® 7 ®id) o (id ® A ® id ® id),
Iy =1p®@ 14,
Ay=(1(dem®id®id) o ([d®id® 7 ®id)o (id ®y®id ®id) o (A ® Ay),
EH = EB X EA,

(a®id)o (r®id)o (id ® A) o (x5 ® *4).

*H

The map idg @ 14: B — B® A = H defines an embedding, i.e., an injective
x-algebra homomorphism. Furthermore we have the following commutative dia-
grams:

idp® 14 idp ® €4
B H B H
Ap ‘/AH AB‘ Ayn
B® B @ H B®B HQOH

H
dp ® v 1a idp ®eq ®idp R eqa

Proof. For the proof that H is a bialgebra, see [19, Section 9.4]. To show that it
is even a x-bialgebra we first have to verify that %4 is its own inverse. Using the
facts that A is a %-algebra homomorphism and x* is self-inverse, as well as equation
[2-2) and the relation x 0 S o = S~ we get

xp 0%y = (a@®id) o (id®@a®id) o (Tt ®id®id) o (id® 7 ® id)
o(i[d@id®A)o (S™'®@id®id) o (r ®id) o (id ® A).

Applying the module equation and the coassociativity, this expression transforms
into

(a®id)o ((mo(iId®S ! oroA)®id®id) o (r®id) o (id® A),
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and, using the antipode axiom, into
(a®id)o((loe)®@T)o (A®id)or=ToT =id®1id,

which shows that %4 is its own inverse. Next we want to show that %4 is an
algebra antihomomorphism. After applying some basic transformations, as well as
equation (2.2) and the bialgebra equation

Aom=(m®@m)o(id®7T®id) o (A® A)
twice, we get the expression
xyomy=(m®id)o(a®@a®id)o (id®T7® 7)o (M®@m®id ®id ® id)
0(ld®T®id®T®id) o (A®A®id®id® id)
o(d®idemeid®id)o (id®7®id ® id ® id)
0o (AR A®iId®id)otygnr o (T® 7)o (Id® a®id ®id)
0(ild®S'®r®id)o(Id® A®id®id) o (* ® * ® * ® *).
Again after using some basic transformations and reordering, we get the expression
(mem)o(id®a®id®id)e (d®id®T®id) o (id ® A ® id ® id)
o(a®id®a®id)o(ild®7®id®7)o (ARId®A®id)o (T®T)
o(id@7®id)o (@ 7)o ([d®a®id®id) o (id®@m ® 7 ® id)
o(i[d®S®id®S®id®id)o (id® A ®id ® id ® id)
o(ld®7®id®id) o (id® A ®id ®id)
0(ild®S!'®id®id) o (*+®* ® * ® *).
After applying the antipode axiom and some simplifications, this becomes
(mem)o(d®a®id®id)o(id®id®7®id) o (Id® A ®id ® id)
o(a®id®a®id)o(TRid®T®id)o (Id®A®id® A) o (x ® *x ® * ® *)
o(T®7)o(id®7T®id) = myy o (¥ @ *31) © THRH-
Thus we have shown that x4 is an algebra homomorphism.

Now we want to show that A is a x-algebra homomorphism. After using the
coassociativity twice and some reordering, we get the expression

Agy 0%y
= (id® ((m®id)o (i[d® 7)o (y®id) o (a ®id) o (id ® 7) 0 (A ®id)) ® id)
o(((e®id)o (id® 7)o (A®id)) ®id ®id)
o(7®id®id)o (Id®7®id) o (A ® A) o (x ® *).
Using the Yetter-Drinfeld equation as well as the equations and (2.3), this

transforms into

(x@*@*x®*) o (ld® (M@ a)o(r®id®id) o (id® T ®id) o (A ®id ®id)) ®id)
o(((a®id)o (S7'®7)o(A®id)oT) ®id®id®id) o (a® 7 ® id ® id)
0(S'®ideider®id)o(t®y®id®id) o (i[d®y®id ® id) o (A ® A).
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After a few more basic transformations, this becomes
(x@xR*@x) o ((ao(S7'®id)or)®id® (a0 (S7'®id) o 1) ®id)

o(ild® ((m®m)o(id®r®id) o (A®A)) ®id ®id)

o(ld®id®r®id®id)o (d®y®id ® A)o (A® A).
Using the bialgebra equation, we get

((a®id)o (1 ®@id) o (id ® A) o (x ® *))
® ((@®id) o (r ®id) o (id® A) o (x ® *)))
o(ild® (m®id)o (id® 7)o (y®id)) ®id) o (A ® A),

and thus we have shown that A is a %-algebra homomorphism. It remains to

show that the inclusions are *-algebra homomorphisms and that both diagrams
commute. This can easily be verified by straightforward calculations. O

Due to the connection between the categories we get the following corollaries for
the categories (“4(]*7 \IJ) and (AC*, \IJ)

Corollary 3.2. Let A be a coquasi-triangular *x-bialgebra and B a braided *-
bialgebra in (AC*, \If) Then H =B ® A (as a vector space) becomes a x-bialgebra
with 13, Ay and €3 as in Theorem[3.1] and
my = (mp@mu)o(id®a,®id®id) o (Id®id® 7 ®id) o (id ® A ® id ® id)
(mp®@my)o (ldeTFeTRIid)o(ld®id®7®id ®id) o (id ® A ® vy ®id),
k= (@, ®id) o (T ®id) o (Id ® A) o (¥ @ *4)
=rFRideid)o(t®id®id)o (Id®7®id) o (Y ® A) o (x5 @ *4).

Corollary 3.3. Let A be a quasi-triangular x-bialgebra and B a braided *-bialgebra
in (4Cx, U). Then H =B ® A (as a vector space) becomes a *-bialgebra with my,
13, ey and x3; as in Theorem[3.1] and

Ay =(1dedm®id®id) o (id®id®7®id) o (id® v, ®id ®id) o (A ® A4)
=(ldomeid®id)o (Id®id®7®id) o (id®id ® a ® id ® id)
o(id®7®id®id®id)o(id®1§®id®id®id)o(A®A).
3.2. Symmetrizing braided Lévy processes. The following proposition is im-
portant for symmetrizing Lévy processes, i.e., for constructing a Lévy process on
‘H for a given Lévy process on B. In Theorem below we shall show that the

process we construct on H allows us to recover a process on B which is equivalent
to the original process.

Proposition 3.4. The map F : B — H', ¢ — ¢ ® €4 is a unital injective alge-
bra homomorphism w.r.t. the convolution product. Furthermore, it maps positive
(resp., hermitian, conditionally positive) ¥ -invariant functionals ¢ € B’ to positive
(resp., hermitian, conditionally positive) functionals F(p) € H'.
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Proof. The injectivity of I is clear, because F:H — B (B® 1) defined by
F(y) =1 o(id®1) is a left inverse of F'. It is unital, since F(eg) = ep Qe = ey.
Furthermore it preserves the convolution product, because
F(p1) x Fpa) = (F(p1) @ F(pz)) 0 A
=(p1ReRpa®e)o(idem®id®id) o (id®id ® T ® id)
o(idevy®id®id)o (A® A)
= (P ReR P Ree)o(dRy®id®id) o (A® A)
(p1®p2)0A)®e
F((¢1 ® p2) 0 A)
= F(p1 % ¢2).

Assume now that ¢ is positive and W-invariant. Let c =), by ® ar € B A= H.
We want to show that F(¢p) is again positive. Because (by ® ax)* = U(aj @b;), we
have

cfe= (Zbk(@ak)*(z:bk@ak) ZmH(Z(bk®ak)*®(bl®al)>

k,l

:mH<ZqJ(a;®b;)®bl®al).

k.l
Since m is a morphism and thus W-invariant, we have
(m@m)o(ide ¥ ®id)o (¥®id®id) = (Id®@m) o (¥ ®id) o (id ® m ® id),
and therefore we get
(F(0))(cc)

= (@@8)07)@7{(2‘1’(@2@1)2)@()[®al>
&l

:(so@so(m®m)o(id®‘1’®id)0(\ﬂ®id®id)(2a,ﬁ®bz®bz®al>
k,l

—(g0®5)o(id®m)o(\11®id)o(id®m®id)(2a}';®b};®bl®al>
k.l

zaomo(\PA,C®id)O(id®g@®id)o(id®m®id)(2a}‘;®b}2®bl®al>

k,l
—(com)( X vltiniai o

k,l

=" p(bpb)e(aga).
k,l
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This is positive, since it is the Schur product of two positive definite matrices.
Conditional positivity can be shown similarly and hermitianity is a straightforward
calculation. (]

Theorem 3.5. Let B be a braided x-bialgebra in one of the categories (ij*),
(AC*,\II) or (AC*,\I/). Let (jst)o<s<t be a Lévy process on B with convolution
semigroup (¢i)i>0 and let (jst)0< <t be a Lévy process on H = B & A with convo-

tution semigroup (F(g0))is0. Then (Gut)ocsze with
jst =mo (]05 ®]st) o (]].B Y& ]]._A)

defines a Lévy process on B. Furthermore (si)o<s<t 15 equivalent to (jsi)o<s<t-

Remark 3.6. This theorem generalizes [27, Theorem 3.3.1].

Proof. We will use Sweedler’s notation Ag(b) = Y b1y ® b2y € B® B and ~(b) =
S0 ® b2 € B® A for the coproduct and coaction on an element b € B. We

have
Ja(0) =mo (jL @ ilf) o (1s 7 ©14) (0) =38 (1@ b)) F P 1) (3.1)
as well as
o) = ()00 =mo (et on(ton
=itr(1@aqm) -3 (1®aw) |

and
2 _ @ @ Mgy @
A (0P @1) =07 @b M er? P el (3.3)

Let 0 <r < s <t. Then we have
(jrs *jst)(b) =mo (jrs ® jst) © A(b)
- jrs(b(l)) . jst(b(Q))

: 2 , 0y 2
.]Or(]]' ® b(l)( ) ~J3§(b<1)( ‘o) ftae b(z)( ) 'Jﬁ(b(z)( '@ 1)

ﬁ

@
I[E]

Y itae b(1)( itae b(z)(l)u)) 'jZ{s(bu)@) ®1)
. 1 . 2
Gl(l® b(z)( )(2)) 'J;f(b(z)( ‘o 1)
_ M (1) (1) H (2) (1) H (2)
=Jor(1® b(l) 'b(g) (1)) 'Jrs(b(1) ® b(2) (2)) st (b(z) ®1)
=mo (m®id)o (i @ j/L @ ji})
0o (ld®id®id ®v®id) o (id® m ® id ® id ® id)
o(id@id®r®id®id)o (id®y®y®id) o (15 ® A ® 1.4)(b)
=it @b®) e @0y M) ey e 1)
G @) - (mo (i @4l o An (b ® 1))
i @b (G P @ 1) = i1 eb®) - e 01)
mo (ji @ jl) o (ls ® ¥ @ 14)(b) = i (b).
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Thus we have shown that (7s:)o<s<: satisfies the increment property. Furthermore,
because of the independence of increments, it follows that
®ojy = ((2ojfl)®(ojlf)o(ls©y®1a)

= (F(ps) ® F(p1—5)) 0 (I @ y @ 1)

= (ps ®eA® pr_s ®en) o (Ip QY@ 14)

= Pt—s,
i.e., the processes (jst)o<s<t and (Jst)o<s<¢ have the same marginal distributions.
This implies the stationarity and the weak continuity of the increments of (s )o<s<t
and completes the proof that (js¢)o<s<¢ is a Lévy process. Furthermore it estab-

lishes the equivalence of the two processes and completes the proof of the theo-
rem. O

Lévy processes on symmetric *-bialgebras can be realized on Bose-Fock spaces
using quantum stochastic differential calculus [IT}, 24} 21]. The necessary input is
a triple (p,n, L), where p is a x-representation of .4 on some pre-Hilbert space P,
n:A— Pisa p-cocycle (ie.,

n(ab) = p(a)n(b) — n(a)e(b)

for a,b € A), and L : A — C is a hermitian linear functional such that
(n(a”),n(b)) = &(a)L(b) + L(ab) — L(a)e(b)
for a,b, € A. Such triples are called Schiirmann triples in [2I, Ch. VII] and [7].

Let us recall the GNS-type construction of the triple (p,n, L) from the func-
tional L (see [27, Section 2.3]). Let B be a *-algebra with a unital, hermitian char-

acter € : B — C (i.e., e(1) = 1, e(b*) = £(b), and e(ab) = (a)e(b) for all a,b in B)
and let L : B — C be a generator. We define an inner product (-, -)g, : By x By — C
on By := kere by (a,b) — L(a*b). This inner product is positive semi-definite, since
L is conditionally positive. We define the null space by Ny == {b € By | (b, b) = 0}.
The quotient space P := By/Ny with inner product

<a JFNO, b+ N0>P = <CL, b>Bo

becomes a pre-Hilbert space. The (left) action « : B x By — By with (a,b) — a - b
induces an action & on P, since a(Ny) € Ny. Now we define p(a) € L(P, P) by

p(a)(b+ Np) := ala, b+ Np)
for a € B and b+ Ny € P, as well as
n:B—P
bis (b—e(b) - 15) + No,
where
(b) = {b—l—./\fo for all b € By,
0+ N, forallbe (1z).

The equations
n(a-b) = p(a)n(b) + nla)e(b)
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and
(n(a),n(b)) = L(a"b) — e(a”)L(b) — L(a")e(b)
hold. Thus (p,n, L) is a surjective triple, i.e., a triple whose cocycle 7 is surjective.
If we know the triple for a generator L on a braided *-bialgebra B, then the
following proposition tells us how to extend it to a triple for L* = F(L).

Theorem 3.7. Let (jst)o<s<t be a Lévy process on a braided *-bialgebra B in
(ﬁyD*), (AC*, \Il) or (AC*, \Il) with a-invariant generator L and triple (p,n, L).
Furthermore let (jg)ogsgt be the Lévy process on the symmetrization H = B® A
from Theorem with triple (pH,nH, LH). Then we have:

o The pre-Hilbert spaces P and P™ belonging to the triples are isometrically
isomorphic, i.e., there exists a linear, bijective map T : P" — P such that

(a,b) pre = (T(a), T()) p-
o Tont(b®a) =ea(a)y(d), and T o n™ vanishes on 1z ® A.
o p’t is determined by
T(p" (15 @ a)n™ (b @ La)) = n(a(a b))
T(p™(b@ 1a)n™ (b @ 1.a)) = n(bbp)
forae A, be B, b € By.
Proof. Using the construction above we know that the triple (p,n, L) belonging to
(Jst)o<s<t is defined on the pre-Hilbert-space P := By /N, with inner product
<a‘ +N0’ b+ N0>P = <a7 b>30 = L(a*b)a
where Ny = {G € By|(G,G)p, = 0}. The representation p is given by p(a)(b +
No) = (a- b+ Np) and the p-cocycle by
n(a) = (a —e(a) - 1g) + No.

Analogously, the triple (pH, n™, LH) of the process (jﬁ)oqq
trization H of B, with L* = F(L), is defined on the pre-Hilbert space P" :=
Ho /NGt with inner product

(a+ N b+ N pr = (a,b) 3, = L (a™D), (3.4)
where Ho = kerey. The representation p is defined by p™(a)(b + NJt) =
(a-b) + NJt and the p-cocycle n* is given by

ntb®a)=(b®a—enb®@a)- 1y) + N (3.5)
First we want to show that the pre-Hilbert spaces P and P are isometrically
isomorphic, i.e., there exists a linear bijective map T : P* — P with

(a,b) pu = (T(a), T(b))p
for all a,b € P™. Let b®a, d®c € Ho = ker(eg @ €4), b,d € B and a,c € A. We
have

on the (left) symme-

(L@ea)((b@a)(d®@c)) = eala”c)L(b"d),
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since
LM omy o (xy ® idy)
=(Lee)o(medm)o(id®a®id®id)o(id®id®r®id)o (Id® A ®id ®id)
o (((a@id)o (r@id)o(id®A)o (+ @ %) @id @ id)
=(L®exe)o(m®id®id)o(a®a®id®id)o (T ®id® 7 @ id)
0 (id® (A®id) o A)®id®id) o (* ® * ® id ® id)
=(L®ec)o(m®id)o(a®a®id)o(id®7®id®id) o (A®id®id® id)
o(T®id®id) o (* ® * ®id ® id)
=(L®e)o(a®id)o(id@m®id)o (T ®id®id) o (* ® * ® id ® id)
=(e®e)o(id®id®@m)o(ideT®id)o (T® 7)o (*® *®id ®id)
=(E®@L)o(me@m)o(ld®7T®id)o(1® 7)o (*®* ®id ® id),
and thus
LH((b®a)*(d®c))
=L omy 0 (x4 ®idy)(b®a®d® c)
=(Ea®@L)o(m@m)o (ld®7®id)o (7@ 7)o (*®*x®id®id)(b®a®dQ c)
=ey(a*c)L(b*d).
From this it follows that
(b@a,d®chy, = L((b@a)"(d®c) = (LRea)((b®a) (d®c))
=c4(a"c)L(b*d) = ea(a*c)(b,d)p,-
That (p,n, L) is the triple of the generator L means that
L(b*d) = (n(b),n(d)) p + £(b")L(d) + L(b")e(d).
Thus from equation it follows that
e (0" ) L(b"d) = £.4(a” ) n(b), n(d) p
+ e ala*)ea(@)es(b')L(d) + 2a(a")ea(@) L6 )en(d).

(3.6)

We have
kerey = (kerep ® (kereqg @ (14))) @ ((kerep @ (1)) @ kere 4
= (kereg @ kereg) @ (kerep ® (14)) ® ((1g) @ kere 4),
and the second and the third addend vanish. Hence we have
(n(b),n(d))p = L(b*d) = (b,d)p, (3.7)
and with equations and it follows that
(b®a,d® cu, = ala*c)L(bc)
=calac)(n(b),n(d))p
= (eala)n(b),calc)n(d))p.
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Now we define the map
T:Ho— P
b®a— ea(a)n(b).

Since T(b® a) = 0 for b® a € NJt, we can lift the map to P* and we get the
isometric isomorphism

T:P" o p
n* s ea(a)n(b),

where the injectivity follows from ker T’ = {0} and the surjectivity of T from the
surjectivity of n. Since we have

n(1p) = (1g — (1) - 1) + N§* = 0+ A, (3.8)
it follows that

Ton(b®a) f((b@oa—sﬂ(b@a).nHHNg*)

T(boa+ ) - T(epb)eala) (15 @ 1a) + AYY)
eala)n(b) —ep(b)eala)ea(la)n(ls)
' calan(d).
From equation it also follows that
Ton™(lp®a) = eala)(lp) —ep(lp)ea(a)ea(la)n(ls) =0

for all @ € A, and thus To n* vanishes on 1z ® A. For the proof of the last part
letb=0byg+c,-Ilgekereg@®C-Ig=Banda=ag+c, 14 €Ekere,dC-14 = A.
We have

[5Y
5

Ba) .
(bo ® ao,bo ® ao)n, L ((bo ® ag)*(bo ® ao)>

= ca((ao)*)ealao)L((bo)*bo) =0,
and hence we get
n*(b®a) =n"(by ® ag) + 1" (bo @ cq - 1a) + 0™ (cr - 15 ® ag)
+n"(cp - 1+ ca - 1a)
= nH(bo ®cq-1a).

Therefore it remains to show the assertion for by ® ¢, - 14 € kereg @ C - 15. Let
beB,ac Aand by € kereg. We have my(b®a®d®c) =b-a(aq)®@d)@a) -c.
Because of that we get

T(p*(b® ay™ () © 1))

ST (" (b0 a) (0 © Ta— enlth © 1) - 1oy + ATY))
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=T(b@a) u (b ©14)) = T(en(bh @ 1) (0@ a))
=T(b-alagy @ b)) @ agw) =n(b-ala@by)).
Since p™ is an algebra homomorphism, we have
’f(p”(]lg ®a)nt (b @ ILA)> =n(ala®bp)) for b®a =1 ®a,
and
T(pH(b ® L™, ® nA)) = n(b-a(ls ®by) = n(bb)) for bo a =b@ 1 4.

This completes the proof of the theorem for triples constructed in the way described
above. But since the pre-Hilbert spaces belonging to two surjective triples which
come from the same generator L are isometrically isomorphic, this gives rise to an
isometric isomorphism 7" : P* — P with T o n*(b® a) = £.4(a)n(b) such that the
assertions hold for arbitrary triples belonging to the same generator. O

4. A CONSTRUCTION OF BRAIDED *-SPACES

In this section we will construct a large class of braided x-spaces and their
symmetrizations.
Let R € C"*™®@C"™*™ be a universal R-matrix and thus R satisfies the quantum
Yang—Baxter equation (|1.2]). We suppose that R is of real type I, i.e.,
pij Ik
Rkl R]z?

and that R is bi-invertible, i.e., that there exist matrices R~! and R € CnxngCnxn
such that
2 (R ii ey = 2 R (R ) = 58
k,l
Z RYRM = Z R Ry = 6157

Note that if R is of real type I and bi-invertible, then R~! and R are also of real
type L.

4.1. The FRT-*-bialgebra. We denote by A.(R) the x-bialgebra generated by
the elements {a;‘-}i’jzl’g,wn and their adjoints {bf}k’lzl 2....m, Where b’“ = (aﬁﬁ)*,
with the relations
ik k i
Z Ry a%aj Z aqaprlq’

p,q

ZR”b’“ b= Zafble;;,
ZA , —ak®aj7

.....
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The proof that these relations define indeed a #*-bialgebra is similar to the con-
struction of the FRT-bialgebra in [25]; see also [20].

Lemma 4.1. Let V be a finite dimensional vector space and R € End(V®@V) a
bi-invertible solution of the quantum Yang-Baxter equation (1.2). Then A.(R) is
a coquasi-triangular x-bialgebra, with the unique involutive r-form

r: A (R)® A (R) —» C
such that
r(az- ®af) = R]l, r(aé QbF) = le,
r(a;®@1)=r(l®a;) = 5;-.
The inverse (w.r.t. the convolution) 7 : A (R) @ A.(R) — C is defined by

F(“;‘ ® af) = (R_l)é"?’ F(a} ® bf) Rl]ﬁ

T(ai®1) =F(1®d}) =0
Proof. The proof is similar to that of [I4, Ch. 10.1.2, Thm. 7]. See [20] for a more
detailed treatment. O

4.2. The left symmetrization H = V(R) ® A,(R’). Consider the FRT-*-bi-
algebra A.(R’) for R’ := 7(R). From Lemma [4.1]it follows that A, (R’) is coquasi-
triangular with the r-form r’ : A, (R') ® A.(R') — C, where

'r'(aj- ®ay) = nga ' (aj L@ b)) = _]l7

Ir,(b; ®al) le’ r (b;®bl) = ( );];7
and the inverse r’ : A,(R') ® A,(R') — C with

P(CL; ® af) = (R_l)ﬁi7 F(“; ® bf) le’

(b @ af) = Ry, (b @ by) = Rij.

We extend r’ to general elements such that equations (1.3|) are satisfied. Let
V(R) be the free algebra generated by the elements x1,...,z, and their adjoints
vl = (21)*,...,v" = (2,)*. The map v: V(R) — A.(R) ® V(R) with

Y1) =101, (@)=Y boz, y©)=) e
- :

defines a left coaction on V(R). Thus the left action o = (r’ @ id) o (id ® )
introduced in Lemma is given by

ala i®mk)—ZRstcl, ala i®v’“)—Z(R_1)f;vl,
bl ®(Ek ZR]kxlv bZ ®’U ZR]“ !

and the braiding ¥ is given by
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U (x; ®xj ZR”Il ® Tk,
U(z; @07) = ZR{fvl ®
(v ® z;) ZRijl ® v,
T(v' @vl) = Z(R* ){,:vl ® vk
k.l

on the generators and extended to arbitrary elements by

V(1l®u) =u®l,

T(uel)=1Qu,
Vo(id®m)=(m®id)o(id® V) o (¥ ®id),
Po(m®id) =(1d®@m)o (¥ ®id) o (id ® ¥),

such that the multiplication is U-invariant. V(R) becomes a bialgebra with comulti-
plication A and counit € given by

Alx)=2; 1+ 1®x;, A =v'@1+1ev,
e(1) =1, e(z;) =e(v’) =0

on the generators and extended such that it is a homomorphism from V(R) to
V(R) ® V(R), where the latter is equipped with the multiplication (m ® m) o (id ®
U ®id). Hence V(R) is a braided *-bialgebra in the braided category (A*(R/)C*, \Il)
and we can give the relations of the (left) symmetrization H = V(R) @ A(R') of
V(R) (cf. Corollary . ‘H is the x-bialgebra generated by the elements z; ®

Ta,(ry: 0" @ T ry = ()" @ La(ry, Tyr) ® a5, Ly, (r) © b =1y, © (af)*
with the relations
ik k 1
Zqu ajaj = ZaqapRﬁlq’
p,q
371k k1i pJ
S s - et
k.j
aixi = Z E;lixlai,
p,l
bl =Y Ryabl,
p,l

alvi = Z(R ip'ag,

bt = Z Rpv'b),
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(a}) = aj ®al,
k

=Y o,
k

A(z;) in®]l+sz ® x;,
J
AW)=v' @1+ a) @,
J
elal) = 5(b§») = (5;-,
e(z;) = e(v') = 0.
4.3. The right symmetrization Hr = A.(R) ® V(R). For the second con-

struction we choose the coquasi-triangular x-bialgebra A, (R) with universal r-form
r: A.(R) ® A.(R) — C from Lemma [{.1| given by

r(ai» ®ay) = le, r(aé @ by) = le,
7( Z®az) R]n T(bz‘@bz):(ﬁ’/ )ff’
and inverse 7 : A, (R) ® A,(R) — C given by
7(aj ®ay) = (R, 7(aj @ bf) = Ry,
m(b; @ af) = Rif, T(b) ®b7) = Ry
The map 7 : V(R) — V(R) ® A.(R) with
1

D) =181, F@) =Y z;ed, F0)=> v @b
J J

defines a right coaction on V(R). Thus @ = (id ® r) o (§ ® id) gives us a right
action @ : V(R) ® A,(R) — V(R) as an analog of Lemma [2.3| which is given on the
generators by

a(z; ® aj) R STl alz; ® bf) Rklxl,
a(v' @ ab) = Rk, a(v' @ bh) = (R~
Furthermore, the braiding is defined by
U(z; @ xj) = Z Rlfap @ ay,

7:1:1@7]‘7 ZR 'U ®'1:la
71) ®xj ZR xk®v

V(o' @) = Z(R_ )%vk ® vl
k
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Therefore we can define a braided category ((C4+(),, ¥) whose objects are right
A.(R)-comodules in the same way as we constructed (C,, ¥) in Subsection
and V(R) is a braided #-bialgebra in the category ((C4+(®)), ¥). Using a version
of Corollary for this category, we get the right symmetrization Hr = A.(R) ®
V(R). I‘F is the *-bialgebra generated by the elements 14, (ry ® i, 14, (r) ® V", a} ®
Ly(r),b; ® 1y(g) with the relations

ik k i
Zqu ajaf Z%%R?lq’
17 1.k 7,
R
k.j
ziai = ZR ajzl,
a:ib] ZRﬂxl '
viai = ZREfvlak,
v'b], = Z Polbd,
Zak ®aa’
= Zb? @b},
k
A(z;) :ij@)a; +1® z;,
J
Av') :Zvj@)bf—k]l@vj,
J
e(aj) = e(bj) = 07,
e(z;) = e(v') = 0.

5. REALIZATION OF QUANTUM LEVY PROCESSES ON BRAIDED *-BIALGEBRAS

In this section we will show that there always exists a Lévy process on the
braided *-spaces constructed in the previous section that can be considered as a
standard Brownian motion on these spaces.

Definition 5.1 ([27, Section 5.1]). Let B be a braided bialgebra. A linear func-
tional ¢ : B — C is called quadratic (or Gaussian) if it satisfies

¢(abc) =0

for all a,b,c € kereg. A Lévy process whose generator is quadratic is called
Brownian motion.
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For the rest of this section R will denote a fixed bi-invertible R-matrix of real
type I, and V(R) the associated free braided *-space from the previous section. For
explicit calculations we will use the basis B consisting of the words in the generators
Tiy...,Tp, vl o 0™ Let L: V(R) — C be the functional defined by L(z;07) = 67
on basis elements of the form 2;v7, and zero on all other basis elements.

Proposition 5.2. The functional L is quadratic, ¥ -invariant, hermitian, and con-
ditionally positive (i.e., positive on kereg).

Proof. For the U-invariance we have to show that (id® L) o ¥ = ¥ o (L ® id). We
have
(id® L) o ¥(z;v? @ xp) = Z RJqR”J;é ® L(xoP) = Z 6J5ka:é
7,8,P,q

= Vo (L ®id)(z;v! @ zp).

Similarly, we get
(id® L) o ¥(z;07 @ vk) = Z (R™HMREY" ® L(xsv?) Zékégvr
7,8,0,9
= Vo (L ®id)(z;v! @ o").

A generator L is quadratic if and only if the associated representation is of the form
p = &(+)id. This is the case, since we have p(x;) = p(v") = 0 (see below). That L
is hermitian and conditionally positive are straightforward calculations. O

We can now carry out the construction described in [27], Ch. 2] to obtain quantum
stochastic differential equations for the symmetrization of the process (jsi)o<s<t
associated to the generator L. Let

N :={beV(R)|L((u—-e(u)l)*(u——e(u)l)) =0}
and P :=V(R)/N. P is a Hilbert space with the inner product induced by (u,v) =
L(u—e(u)1)*(v —e(v)1)). Furthermore, (1(v*))ieq1,....n}, with

n:V(R)— P
brsb+ N,
forms an orthonormal basis in P, and we have
v+ N ify =0
ny) = {O otherwise.

Therefore we have P = C”. Since 7 is a p-cocycle, we have

pxi)n(v’) = n(ziv?) —n(zi)e(v’) =0,

p(v)n(v?) = n(v'v’) —n(v')e(v?) =0,
and thus p(z;) = p(v') = 0. One verifies that L is a-invariant for the right ac-

tion @ = (Id ® r) o (§ ® id) from Lemma ie., L(a(u® a)) = ea(a)L(u) for
all a € A(R), v € V(R). Therefore we can use Theorem to get the triple
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(pMr pHr [*r) on the right symmetrization Hz. The pre-Hilbert space is given
by P*r = (A(R) ® V(R))/N7® with

NHE = La@b | LM (a @b — 63, (a @b)Lyy,) (@b — 6ypy(a®b)ly,) =0}

The p-cocycle "7 : Hp — P~ is given by

n(l®y)=v'+N fory=n1"
ey = 10EY) | (5.1
0 otherwise,
and it follows that for the %-representation p*% we have
. ‘ for b= 15 (th t d
(g bytn(14 oty = § U TN for b= Ly (the empty word),
0 otherwise,
and
, RFipHa(1 4 @ oP) for a = at,
pHria@ 1)t (la@o’) =4 7 !
(RY)&n"r(1a@0P) for a = bi.
The generator L is given by
LHR(a 2 b) = 030 fora= aé» or b; and b = z,0!, (5.2)
0 otherwise.

Using the theory of Schiirmann [27, Ch. 2] we get the following theorem.

Theorem 5.3. Let jH be the Lévy process in Hr with triple (n7t7, ptr LHr)
given in equations 7. Then a realization of the right symmetrization j
on the Fock space T'(L*(R,,C")) is given by the unique solution of the quantum
stochastic differential equations

dx; = 3" dx; -dA ((EZJ’ - 5{51’“)19,@) +dA;,
J

* * —hyik _ sigk *
dX; = zj:dxj dA (((R )ip 515;))19@9) + d4j7,
ad =3 Af - (Bl — 556) 121 pe0)

k

aB) = 3" A -dA (RO, = 010) 2 e )
k
where
dX; = djlir (1@ z;),
dX; = djl" (1 ®v;)
dAj = djfi*(a; ® 1)
dBj = djl{" () © 1).

)

9
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6. EXAMPLES

6.1. The one-dimensional R-matrix R = (q). Let us first consider the one-
dimensional R-matrix Ry = (¢). For ¢ € R, ¢ # 0, this is a bi-invertible R-matrix
of real type I and defines therefore a braided *-space V(q). As an algebra, V(q) is
the free algebra generated by = and =* = v. We will use the words in x and v as a
basis for V(q). The braiding is given by

U(r®z)=qrQu, U(x®@v)=queu,
Vver)=q¢ lzemv, V(vev)=q lvaw.

To be a generator of a Brownian motion a linear functional L : V(¢q) — C has to
be W-invariant, i.e., it has to satisfy

Liz)zx=Yo(Leid)(z®x)=(1d® L) o ¥(z ® z) = ¢L(x)z,

)
Lwx=Yo(Leid)(vezr)=_1d®L)o¥(v®z)=qL(v)x,
L(zz)z = Vo (L®id)(ze @) = (id® L) o ¥(zz ® x) = ¢*L(xx)z,
L(zv)r =Yoo (L®id)(zv®z) = (id® L) o ¥(zv ® ) = L(av)z,
Lwz)xr=Yo (L®id)(vz®x) = (id® L) o ¥(vz ® x) = ¢L(vz)z,
L)z = Vo (L®id)(vv®z) = (id® L) o ¥(vv ® ) = ¢~ *L(vv)z,

and a similar set of equations for v. Thus, for ¢ # 1, a U-invariant quadratic
functional can have non-zero values only on zv and vz. A quadratic functional on
V(q) is conditionally positive if and only if the matrix

b () o)

is positive semi-definite. It is also hermitian if we have L(v) = L(z). Thus we get
the following classification for the quadratic generators on V(q).

Theorem 6.1. A quadratic functional L : V(q) — C is a generator of a Lévy
process on V(q) if and only if

(1) for q=1: L is positive semi-definite and L(v) = L(z);

(2) for g = —1: L is positive semi-definite and L(x) = L(v) = 0;

(3) for ¢*> # 1: L(av), L(vx) > 0 and L vanishes on all other basis elements.

The symmetrization of this braided #-space gives for A(q) the free commutative
algebra with group-like generator a and its adjoint b. H is generated by a, x and
their adjoints b = a® and v = x*. The algebraic relations are

ab = ba, ra = qar, bx = qxb,
and the coalgebraic relations are
Aa) = a® a, Alz)=z®a+1®x.

Let L now be the generator with L(zv) = 1 and L(u) = 0 on all other basis
elements. The construction of the triple gives the pre-Hilbert space D"® = C, the

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)



524 UWE FRANZ, MICHAEL SCHURMANN, AND MONIKA VARSO

p-cocycle
= () s
and the representation
—1
= {1 e e
Thus we get the stochastic differential equations
dX = X dA(g™! — 1) +dA(1),
dV =V dA(g~ — 1) +dA*(1),
dA =AdA(g7 - 1),
dB = BdA(g™* — 1),

for the processes X (t) = ji(z), V(t) = ji(v), A(t) = ji(a), B(t) = je(b). The
solution of this system of quantum stochastic differential equations is the quantum
Azéma martingale (see [23], [26]).

6.2. The sla-R-matrix. Let Ry be the R-matrix of the standard two-dimensional
quantum plane, i.e.,
2

q
0
0

o ©
<

[ V)
I

—
oo o

R =
? q

00 0 ¢

(cf. [19, Example 10.2.2]). Then tRy with ¢,t € R, ¢,t # 0 is bi-invertible and

of real type I, and we can therefore define a braided *-space V(tRz) for it. As an
algebra, this is the free algebra generated by x1, zo and their adjoints 2} = v?,
x5 = v2. We will use the words in these four elements as a basis of V(tRz). It

turns out that the W-invariance restricts very much the possible generators.

Proposition 6.2. Let L be a quadratic functional on V(tR2), q,t # 0. Then L is
characterized by

A= (Ay) = (L(wizy)),  B=(B) = (L(z:")),
C=(C4)=(Llz)), D=(DY)= (L"),
a = (a;) = (L(zi)), b= (") = (L(v")).
The functional L is V-invariant if and only if
(1) forgq=1 and
(a) t =1: all functionals are ¥-invariant;
(b) t=—1:a=b=0and A, B, C and D are arbitrary;
(c) t2#1: A=D=0anda=>b=0 and B and C are arbitrary;
(2) forq=—1 and
(a) 2 =1: A, B, C and D are diagonal and a, b vanish;
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(b) t?2 #1: B, C are diagonal and A, D, a, b vanish;
(3) for ¢* #1 and
(a) t2¢* = 1: qA12 + Ay =0, B11 = 3227 011 = 2022; D'? 4 ¢D* =0
and all other coefficients vanish;
(b) t2¢® # 1: Byt = B,2, CY, = ¢*>C?, and all other coefficients vanish.

Proof. Let L be an arbitrary quadratic functional. L is W-invariant if and only if
the following equations are satisfied:

l _ E 2 n3 1 ni n2
Aijék - 3 Anxan i’ﬂzR i Kk

ni,n2,n3
k _ 2 na n3 pk N1
Ao = E " Ay, B, R7, )™ 5
n1,n2,n3
Jsl ni pns 1 i n2
Bi 6k: - § Bng R ingR ni k°
n1,n2,M3
Jsk _ n1 pPn2 N3 —1\k J
Bi 6l - E B7L3 R l z(R ) ng Ny
ni,nz,n3
i ool E ny i 1 ni n2
Cj(sk* C TLang 7L2R i Kk
ni,n2,n3
v ok ns —1\na % kE  ni
Cop = E cm, (R Lns B on, g
ni,n2,n3

Dzjéfc — Z t—QDng'n,l El l E] 7L2k,

n3 n2 ni

ni,n2,n3
ij sk -2 —1y\nz i —\k
Dzjgl = Z t DnSnl(R )nzllng,(R ) nzjnl’
ni,n2,n3
aﬁf = ZtRnlikjanlv aiéi = ZtRjknliama
n1 ny
bZ(S;C _ thléinlkjbnl bzéi _ thl(Rfl)jkinlbrn
ni ni
for all 4,7,k,l = 1,...,n. These equations follow directly from the invariance

condition. For the first equation, e.g., we apply Vo (L ®id) = (id® L) o ¥
to x;x; ® x,. Solving this system of linear equations (using, e.g., a computer
program for symbolic computation like Maple) one arrives at the results listed in
the proposition. O

The functional L is conditionally positive semi-definite if and only if the matrix

- vl wix; (B A
L= (L (Uivj Uimj)> - (D C’)

is positive semi-definite. For L to be hermitian, we need to impose furthermore
a; = L(z;) = L(v*) = b, for i = 1,...,n. This leads to the following classification.
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Theorem 6.3. Suppose ¢* # 1.
(a) Ift2q3 = 1, then all Y-invariant generators on V(tRy) are of the form

b 0 0 —qa

A 0 b a 0
L= 0 a ¢’ 0 |’
—qa 0 0 c
and L(x;) = L(v') = 0 for i = 1,...,n, where b,c > 0, bc > ¢*|a|?, and
be > q2|al?.
(b) If t2¢® # 1, then all Y-invariant generators on V(tRy) are of the form
b 0 0 O
- 0O b 0 O
L= 0 0 ¢’ 0}’
0 0 0 ¢

and L(x;) = L(v') =0 fori=1,...,n, where b,c > 0.
Proof. (a) Proposition [6.2](3) (a) implies that a U-invariant functional

L: V(tRQ) —C
is of the form
b 0 0 —qa
A 0 b a 0
L= 0 d ¢’ 0 |’
—qd 0 0

and L(z;) = L(v') = 0, where a = L(zgx1), b = L(z1v'), ¢ = L(v?x3) and
d = L(v'xs). Such an invariant functional L is a generator if and only if this matrix

is positive semi-definite. This is the case if and only if the matrices (_Z d —ga)

and q§C> are positive semi-definite, which leads immediately to the conditions

d
given in the theorem.
roposition (6. shows us that if t°¢q , then L is W-invariant if an
b) P ition [6.2((3) (b) sh hat if t2¢® # 1, then L is U-i i if and
only if we also have a = d = 0. O

6.3. The sl3-R-matrix. Let now

@2 00 0 0 0 0 0 0
0 ¢ 0 ¢2~1 0 0 O 0 0
0 0g 0O 00 ¢-1 0 0
000 ¢ 00 0 0 0
Ri=]0 00 0 ¢ 0 0 0 0
000 0O 0 ¢ 0 ¢-10
000 0 00 g 0 0
000 0 00 0 qg 0
000 0 00 0 0 ¢
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be the sls-R-matrix. We get a similar classification for the generators on V(tR3)
as in the previous subsection, but there are no additional generators for the special
case t2¢> = 1 (as in Proposition [6.2)).

Theorem 6.4. Suppose q> # 1. Then all V-invariant generators on V(tR3) are
of the form

~
Il

c

OO O OO T

O OO o T O

OO o oo O
Le)

OO ~AO OO

O MO OO O

O DO O OO

and L(z;) = L(v') =0 fori=1,...,n, where b,c > 0.

Proof. We first determine all invariant quadratic functionals and then we check
positivity, as in Proposition [6.2] and Theorem [6.3] O

6.4. The braided quantum SU(2) groups SU,(2), ¢ € C\{0}. Finally, let us
treat the braided Hopf-x-algebra underlying the braided compact quantum groups
introduced and studied by Kasprzak, Meyer, Roy, and Woronowicz [12]. The braid-
ing is not actually defined in [12], instead the authors define a monoidal category
of C*-algebras. Here we show how this example fits into the framework of braided
x-bialgebras that we used in this paper.

Let CZ = Pol(T) be the group algebra of Z. We will write [z] for the canonical
basis element of CZ associated to an integer z € Z. Recall that CZ is a Hopf-*-
algebra with the following operations: for z, 21,29 € Z, c € C, we set

mez([21] ® [22]) = [21 + 22],
1(c) = [0],
A(lz]) = [z] © [4],
e(2]) =1,
S([2]) = [=2] = [,

and extend mcyz, 1,4A,d as algebra homomorphisms, S as an algebra anti-homo-
morphism, and * as an anti-linear algebra anti-homomorphism.

Let B be a CZ-graded *-bialgebra. In particular, we have deg(vw) = deg(v) +
deg(w) and deg(v*) = —deg(v). Let ¢ = £ for 0 < [q < 1.

We can use the grading to define an action of CZ.
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Lemma 6.5.
V:CZ&B— B,
[2] @ v s (T8 Ly
defines a left action and
p:B—CZ®-B,
v [deg(v)] @ v
defines a left coaction.
Lemma 6.6. U and j satisfy the Yetter—Drinfeld condition, i.e.,
(mez @ 0) o (id® 7 ®id) o (A ® p)
= (mez®id) o (id@ 7)o (p®id) o (I ®id) o (id® T) o (A ®id).
Proof. For the left hand side we get
(mez @ 0) o (id® 7 ®id) o (A® p)([z] @ v)
= (mez ®9) o (id® 7 ®id)([2] ® [2] ® deg(v) @ v)
= (mcz @ 9)([2] ® [deg(v)] @ [2] @ v)
— (=0 (2 1 deg(v)]) © v,
and the right hand side can be reduced to the same expression,
(mez ®@id) o (id@7) 0 (F®id) 0 (V@ id) o (id ® 7) o (A @id)([2] ® v)
= (mez ®id) o (id®@ 1) 0 (f®id) o (¥ ®id) o (id @ 7)([2] ® [2] ® v)
= (mez ®id) o (id® 7) 0 (p ®1id) o (¥ ® id)([2] @ v @ [2])
= (mez ®id) o (Id ®@ 7) o (@ id)(C™*%Y . v @ [2])
= (mez ®id) o (id © 7)(¢ >4 [deg(v)] @ v ® [2])
= (mcz @ id)((T " - [deg(v)] ® [2] ® v)
= (77987 (deg(v) + 2) ® v
Lemma 6.7. The following equations hold:
xod) =10 (x®*)o(S®id), pox=(x®x)op.
Proof. For the first equation:
¥ 0D([2] @ v) = (¢~24°8W) . y)* = (—zdeg(v) .y = Zfzdeg(v) o
— 7des(v) | pr — cm=der() L — G2 @ o)
=do(x@%)([-2] ®@v) =D o (x® *)(S ®id)([z] ® v).
For the second equation:
pox(v) =pv") = [deg(v")] @ v* = [~ deg(v)] ® v*
= [deg(v)]" ® v* = (x @ *)([deg(v)] ® v) = (x @ *) o f(v).
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Corollary 6.8. (B, v, p) is an involutive Yetter—Drinfeld module and thus an object
in the category %%yp*.
The category %%yD* is braided with the braiding ¥ given by
T(o@w)= 0 ®id) o (id® 7)o (fRid)(v @ w) = ¢~ e desw) 4, @y,
Thus the multiplication on the tensor product is given by
mpes(v1 U @w; @ws) = (Mm)o (id® ¥ ®id)(v; ® ve @ wy ® way)
= ¢~ deg(v2) dea(wi) g, 01 @ pows,
and the involution is given by
*pep(V@w)=Vo (xQx*)oT(vQw)=_" deg(w”) deg(v™) % & 4%
— ¢ deg(w) deg(v) ¢ @ 4%
Let A = Cla, a*,v,7*) be equipped with a CZ-graduation determined by
deg(a) = deg(a*) = 0, deg(y) = 1, deg(vy*) = —1.
Lemma 6.9. A: A~ Ag A given by
Ala)=a®a—q¢y* @7, Af)=v7@a+a* @7y

is coassociative, and & : A — C with &(a) = 1 and &(v) = 0 satisfies the counit
aziom.

Proof. First we show that (id ® A) o A(a) = (A ®id) o A(a). We have
(i[d@A)oAla) = (i[d@ A)(a®a —g¢y* ®@7)
=a®A() - g7 @A(y)
=a®@®@a—g¢y"' @) -y @(y®@a+a"®"y)
=aRa®a—qRY 7-¢Y@7®a+q¢y ®a" @y
=a®a®a—¢y ' 70a—qy* ®a +a®y) @y
=(@®@a-¢Y"®@7)@a—qy@a+a"®@7y) @7
—A@@a—gA(n) @y
=(Awid)(a®a—g¢v* ®7) = (A®id) o A(a).
Similarly, we can check that (id ® A) o A(y) = (A ®@id) o A(y).
The counit property for « is verified as follows:
(i[d@ &) oA(a)=([d®&)(a®a—qgy" @)
=a@d(a) - ¢ ®E()
=a
=) ©a—g¢n) 0y
= (E@id)(a®a—g¢y" ®7) = (E®id) o Ala).

The counit property for v can be verified in the same way. O
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It is also straightforward to check that A preserves the grading.
Let I be the two-sided x-ideal in A generated by the relations

I =a"a+~v"y -1,
I = aa” + |g[*y*y — 1,
Is =" =",
Iy = ay —qya,
I=ay —qva,

and A := A/I the quotient algebra.

Lemma 6.10. [ is a coideal in A.

Proof. One checks that

(HNCAQI+I®A,
&(I) = {0}. O

>

Since I is a coideal in A and A is coassociative, there exists a unique bialgebra-
structure A, § on the quotient algebra A = .,Zl/f We have degl = 0, so A
inherits a grading, and we can lift the action and the coaction on A to an action
¥:CZ® A — Aand a coaction p: A — CZ® A on A. It follows that (A9, p) is
again an object in E5YD,. With these structures, A = Pol(SU,(2)) is the braided
Hopf-*-algebra of the braided compact quantum groups SU,4(2), 0 < |g| < 1, defined
and studied in [I2].

Schiirmann and Skeide described all generators on Pol(SU,(2)) for ¢ € R\{0},
i.e., in the unbraided case [28]. We extend the classification of the quadratic gen-
erators in [28, Corollary 3.3] to the braided SU(2) quantum groups.

Proposition 6.11. Let H be a Hilbert space. For any vector v € H and real
number X there exists a unique triple (e,m, L) such that

n(y) =n(y*) =0,
n(a) = —n(a*) = v,
L(y)=L(v*) =0,
)
5

L(a) = iA
oy ol
L(a™) = —iA 5

Two such triples determined by pairs (v, \) and (v',\") have the same generator L
if and only if ||v|]] = ||V'|| and A = X'. Furthermore, all quadratic generators on
Pol(SU4(2)) arise in this way.

Proof. Similar to [2§]. O
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It turns out that all quadratic generators on Pol(SU,(2)) are invariant and there-
fore define Brownian motions. In fact, as in [28], ¢, n, and L vanish on v and ~*,
which implies that the triple factorizes through the quotient map

A= A/ J, = CZ = Pol(T),

where J, denotes the x-ideal generated by 7. This means that the Brownian
motions on SU4(2) are induced from Brownian motions of the undeformed subgroup
T C SU4(2).
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