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ABSTRACT. Let {T'(t)}+>0 be an a-times integrated semigroup of bounded
linear operators on the Banach space X and let A be their generator. In
this paper, we study the uniform convergence of the Abel averages A(\) =
Aot fooo e~ MT(t)dt as A — 01, with a > 0. More precisely, we show that
the following conditions are equivalent: (i) 7'(¢) is uniformly Abel ergodic;
(i) X = R(A) ®N(A), with R(A) closed; (iii) [[A\2R(\, A)|| — 0 as A — 0T,
and R(APF) is closed for some integer k; (iv) A is a-Drazin invertible and R(A*)
is closed for some k > 1; where N'(A), R(A) and R(\, A) are the kernel, the
range, and the resolvent function of A, respectively. Additionally, we show that
if T(t) satisfies lim— o0 || T(2)||/t*+t = 0, then T(¢) is uniformly Abel ergodic
if and only if # fo T(s)ds converges uniformly as ¢ — 4oco. Finally, we
examine simultaneously this theory with the uniform power convergence of
the Abel averages A(X) for some A > 0.

1. INTRODUCTION

Throughout this paper B(X') denotes the Banach algebra of all bounded linear
operators on a Banach space X into itself. Let A be a closed linear operator in X
with domain D(A) C X; we denote by N(A), R(A), o(A), p(A4), and R(., A) the
kernel, the range, the spectrum, the resolvent set, and the resolvent operator of A,
respectively.

The family {T(¢)}+>0 on B(X) is called a strongly continuous semigroup
(Co-semigroup in short) if it has the following properties (see [18]):

(1) T(0) =1.
(2) TWT(s) =T(t+s).
(3) The map ¢t — T'(t)z from [0, 4o0[ into X is continuous for all z € X.

Their infinitesimal generator A is defined by

T =zl we D),
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where

D(A) = {:17 € X: lim % exists}.

t—0+

The Laplace transformation Ry of a Cy-semigroup T'(t) on B(X) is defined as
Ryx = / e MT(t)x dt,
0

which is exactly the resolvent function of A. Moreover, the infinitesimal generator
of a Cp-semigroup is a linear closed densely defined operator on a Banach space X
(see, for instance, [8] and [I8] p. 25]).

The a-times integrated semigroups, o € R*, and n-times integrated semigroups,
n € N, of operators in a Banach space were introduced by Arendt [I] and studied
by Arendt and Kellermann [2], Hieber [I0], Thieme [24], and many others.

A relevant example is obtained if we assume that {T'(¢)}¢>0 is a Cop-semigroup

of bounded linear operators on X; then S(t) = / T(r)dr defines an integrated
semigroup {S(t) }+>0 having the following three pr(())perties:

(1) S(0)=o0.

(2) S(s)S(t) = / S+ — S(r)dr for ts > 0.

(3) The map ¢ —S S(t) from [0, +oo[ into X is strongly continuous.

Let @ > 0 and let A be a linear operator on a Banach space X'. A is the generator
of an a-times integrated semigroup [10, Definition 2.2] if, for some w € R, we have
Jw, +00[ € p(A) and there exists a strongly continuous mapping T : [0, 400 — B(X)
satisfying

|T(t)| < Me*t for all t > 0 and some M > 0,
+oo
R(\,A) =\ / e MT(t)dt for all A > max{w,0}.
0

In this case, {T'(t)}+>0 is called the a-times integrated semigroup, and the domain
of its generator A is defined by

D(A) = {x cx: /OtT(s)Axds — T(t)z — F(fjfl)}

From the uniqueness theorem of Laplace transforms, {T'(¢)};>o is uniquely deter-
mined. For convenience, we call a Cy-semigroup also a 0-times integrated semigroup,
and the integrated semigroup is also a 1-times integrated semigroup.

Ergodic theorems [14] have a long tradition and are usually formulated via ex-
istence of the limits of the Cesaro averages:

¢
C(t) == til/ T(s)ds fort>0,
0

where {T'(t) }+>0 is a Cp-semigroup of bounded linear operators in a Banach space X'.
The semigroup {7'(t) }+>0 is said to be uniformly (resp., mean) Cesaro ergodic if the
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Cesaro averages C(t) converge in the norm (resp., the strong) operator topology.
This notion is completely connected to studying the limit of the Abel averages of
T(t), defined by

A(N) = /\/ e MT(t)dt, where A\ > 0.
0

Recall that a semigroup T'(t) is called uniformly Abel ergodic if the limit of the
Abel averages A(A) when A — 07 exists in the norm operator topology.
We will denote the growth bound of a Cy-semigroup {T'(¢)},>0 by

wo = inf {w € R : there exists M such that ||T'(t)| < Me™, t > 0}.

Usually one assumes wy < 0 or the even stronger condition ||T'(¢)||/t — 0 as
t — o0, to study the convergence of the Cesaro averages and the Abel averages
of {T'(t)}+>0. Generally, great attention has been focused on the study of the
relationship between Cesaro ergodicity and Abel ergodicity for different classes of
semigroups in B(X'). The result of Hille and Phillips [11, Theorem 18.8.4] deals with
the uniform Abel ergodicity of semigroups of class (A), a class slightly larger than
Cy-semigroups, under the assumption wyg < 0. More precisely, they have shown
that T'(t) is uniformly Abel ergodic if and only if N>R(\, A)x — 0 as A — 0T
for every z € X and X = R(A) ® N(A). Furthermore, if T'(¢) is uniformly Abel
ergodic, then R(A™) = R(A) for all m € N*. A relevant result was obtained by
Shaw [19] for a locally integrated semigroup, under an assumption weaker than
wp < 0, which means T'(t) is uniformly Cesaro ergodic if and only if it satisfies the
following conditions:

(i) The Laplace transformation Ry exists for every A > 0.

(i) ||T(¢t)RA||/t — 0 as t — oo for some A > 0.

(iii) T'(t) is uniformly Abel ergodic.
The condition (i) holds whenever wy < 0. Let us also mention that somewhat
different necessary and sufficient conditions are obtained in [4} 20]. Clearly, if T'(¢)
is uniformly Cesaro ergodic, then it is uniformly Abel ergodic, but the reverse is
not true; for more information see [I4, Chapter 2]. It is useful to mention that the
limits of Ceséaro averages and of Abel averages of the Cy-semigroup {T'(t)}:>0 are
the same, namely, the projection P of X onto N'(A) parallel to R(A), corresponding
to the ergodic decomposition

X =R(A) ®N(4).

The classical uniform ergodic theorem for Cy-semigroups of bounded linear op-
erators on a Banach space X’ goes back to Lin [I6]. He treats the uniform ergodicity
of a Cy-semigroup {7 (¢)}:+>0 under the assumption tlim (IT(t)]|/t = 0. It showed

= —00

that T'(t) is uniformly ergodic if and only if its infinitesimal generator A has a
closed range if and only if T'(¢) is uniformly Abel ergodic. In this case, and under
this latter assumption, we can easily check that T'(¢) is uniformly Abel ergodic if
and only if X = R(A) & N(A). Furthermore, this theory also plays an important
role in the study of power convergence of linear operators. Recall that an oper-
ator T € B(X) is called uniformly power convergent if there exists an operator
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P € B(X) such that nhﬁngc IT™ — P|| = 0. Recently, Lin, Shoikhet, and Suciu [I7]
showed that, for a Cy-semigroup {T'(¢)};>0 on B(X) satisfying tliglo IT )]/t = 0,
T'(t) is uniformly ergodic if and only if there exists some A > 0 such that the Abel
average A(\) of T'(t) is uniformly power convergent on B(X). Kozitsky, Shoikhet,
and Zemanek [13] obtained a necessary and sufficient condition for which the Abel
average of {T'(t)};>0 can be uniformly power convergent. Further conditions have
been obtained more recently by several authors [7, [I'7, 22].

In our paper [3], we studied the convergence of the Cesaro averages and the
Abel averages of an integrated semigroup {S(¢)}¢t>0 C B(X). More precisely, we
have shown that, if S(t) satisfies S(t)/t* — 0 as t — oo, then S(t) is uniformly
Cesaro ergodic if and only if S(t) is uniformly Abel ergodic, if and only if R(A¥) is
closed for some integer k > 1. In the same direction, we continue the development
of ergodic theory in this class of a-times integrated semigroup {T'(¢)}i>0 C B(X).
The purpose of this paper is to give necessary and sufficient conditions for the
Abel averages of an a-times integrated semigroup to converge in the norm operator
topology. If A is the generator of an a-times integrated semigroup {7T'(¢)}:>0 on
B(X), we show that the following conditions are equivalent:

(i) ( ) is uniformly Abel ergodic.
(i) X =R(A) & N(A), with R(A) closed.
(iii) ||)\2 (A A — 0as A — 0T and R(A) is closed.
(iv) [[N2R(\, A)|| — 0 as A — 07 and R(A*) is closed for some integer k;
(v) A is a-Drazin invertible and R(A*) is closed for some &k > 1.
(vi) A is group invertible in the sense of Definition with A% = 4%,

Also, we show that if T'(t) satisfies tlim | T()]|/t* = 0, then T(t) is uniformly
—00
1 t
Abel ergodic if and only 1f / T(s) ds converges in B(X) as t — oo.

Additionally, we examine thls theory with the uniform power convergence of the
Abel average A(N) for some A > 0, until we prove that T'(¢) is uniformly Abel
ergodic if and only if the Abel average A(\) for some A > 0 is uniformly power
convergent.

2. PRELIMINARIES

We start by recalling an interesting concept in operator theory that we need
in what follows. Let A be a closed linear operator with domain D(A) C X; the
smallest non-negative integer p such that N'(A?) = N(AP*!) is called the ascent
of A and denoted by asc(A). If such an integer does not exist, we set asc(A4) = oo.
Likewise, the smallest integer ¢ such that R(A9) = R(A?™) is called the descent
of A and denoted by des(A). If such an integer does not exist, we set des(A4) = oo.
Let A be a bounded linear operator on a Banach space X. If asc(A) and des(A)
are both finite, then asc(A4) = des(A), which is not true if A is an operator (see [23]
Theorem 6.2]). Generally, if A is a closed linear operator, we have the following
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equivalence:
asc(A) = p < 00 <= R(AP)NN (A7) ={0}, j=1,2,....
But the equivalence below is satisfied only if A belongs to B(X):
des(A) =g < o0 <= X =R(A)) + N(AY), j=1,2,....
The first implication is not satisfied when A is a closed linear operator.

Recall that, for A a closed linear operator with domain D(A) C X, if there is
an operator S € B(X) with R(S) C D(A) such that SAS = S, ASz = S Az for all
x € D(A), and A*(I — AS) = 0 for some k € N, then S is called a Drazin inverse
of A. Note that a closed linear operator A has a Drazin inverse if and only if there
exists k € N such that a(A4) = d(A) = k and X = R(A*) @ N (AF); for more details
we refer the reader to [5, [12].

The operator A has the conventional Drazin inverse if and only if 0 is at most a
pole of the resolvent function of A; this occurs if and only if, for some m € N,

R(A™T) = R(A™) and N(A™T) = N (A™).
A special case of the Drazin inverse is the group inverse, defined as follows.

Definition 2.1 ([0, Definition 1.1]). Let A be a closed linear operator with domain
D(A) C X. We say that A is group invertible with the group inverse A% € B(X) if
(i) R(AYUR(I — AAY) c D(A),
(ii) for all z € D(A), AA% = AYAx, ATAA? = AY, and AA? Az = Ax.

The definition was later extended by Butzer and Koliha [6] to introduce the
a-Drazin inverse of a closed linear operator A defined as follows.

Definition 2.2 ([6 Definition 2.5]). Let A be a closed linear operator with domain
D(A) C X. Then A is called a-Drazin invertible if

(i) R(A)NN(A) = {0} and the space R(A) & N(A) is closed in X,
(i) R(A) C R(A2).

The a-Drazin inverse of A, denoted by A%, is unique if it exists, and it is given
by

A = (I -P)(A+P)!,

where P is the spectral projection of A at 0.

Generally, one of the main reasons for our interest in the a-Drazin inverse A%¢ of
the infinitesimal generator A of an operator semigroup is that, at least in the case of
holomorphic semigroups, A%? acts as the infinitesimal generator for an associated
semigroup. For basic concepts of operator theory of closed linear operators, we
refer the reader to [6], @].

Now, we recall the notion of a-times integrated semigroup, which is a general-
ization of the Cy-semigroup. Let § > —1 and f be a continuous function. The
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convolution jg * f is defined, for all ¢ > 0, by

/t“_‘g)ﬂf(s)ds if B> -1
IRVIUES S |

/Of(t—S) doo(s)  iff=—1,

+oo
where T' is the Euler integral given by I'(5 + 1) = / 2Pe " dx, j_1 = 8y the
0
Dirac measure, and, for all § > —1,
jﬁ : ]0, +OO[ — R
8

" TEr L

A strongly continuous semigroup {T'(¢)};>0 on B(X) is called an a-times inte-
grated semigroup [10], where o > 0, if T'(0) = 0 and, for all ¢,s > 0,

s (st —r)nt S(s+t—r)"t
T, ()T, = —T, — — T, 2.1
T = [ - [ g @)
where n — 1 < a<mnand T,,(¢)(x) = (Jn—a—1 *T)(x) for all x € X.
By the identity (2.1)) the following equality holds for all ¢, s > 0:
T)T(s) =T(s)T(t).

Conversely, let « > 0 and let A be a linear operator on a Banach space X. A is
the generator of an a-times integrated semigroup [10, Definition 2.2] if, for some
w € R, we have Jw,+00[C p(A) and there exists a strongly continuous mapping
T : [0, +oo[ = B(X) satisfying

|T(t)|| < Me**  for all t > 0 and some M > 0,
+oo
R(\, A) = \* / e MT(t)dt for all A > max{w,0}.
0

In this case, {T'(t)}+>0 is called the a-times integrated semigroup, and the domain
of its generator A is defined by

D(A) = {x cx: /OtT(s)Axds — T(t)z — F(jj_’l)}

For convenience we call a Cp-semigroup also 0O-times integrated semigroup and

the integrated semigroup is also a 1-times integrated semigroup. Recall that, if

R(\o, A) exists for a number \g, then R(A, A) exists for all A with Re A > Re Ag.
Let us denote

S(A) ;= inf{u € (00,0) : R(\, A) exists for all A with Re A > u}.

Example 2.3. (1) An important example of generators of an a-times inte-
grated semigroup, with a > 0, is the adjoint A* on X*, where A is the
infinitesimal generator of a Cy-semigroup on a Banach space X.
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In particular [I0, Examples 3.8], we consider X = L*(R) and we define
the linear operator by
Af = —f' forall fe D(A),
with D(A) := {f € X : f is continuous and f’' € X}. Since X* = L*(R),
the adjoint A* of A is defined by
A*f=f" forall f e D(AY),

where D(A*) = {f € X* : f continuous and f’ € X*}. Therefore, A* is a
generator of an a-times integrated semigroup and R(\, A™) exists for all A
with Re A > 0, which means that S(4*) < 0.

(2) We consider X = ¢? and the family {T(¢)};>0 of bounded linear operators
on X defined by

¢
Tt)(zn)nen = (/ en? dsxn> .
0 neN*

Then {T'(t)}+>0 is an integrated semigroup on X.

(3) Let X = C([0,00]) and consider the derivation operator Af = —f’ for all
f € D(A), with D(A) = {f € C*([0,1]) : f(0) = 0}. Since the domain
D(A) is not dense in X, A cannot be an infinitesimal generator of a Cj-
semigroup. Furthermore, the semigroup T'(¢) generated by A is given by

—/x_tf(s)ds if x > t,
T )@= o
/f(s)ds fo<z<t.

Note that T'(¢) is an integrated semigroup of type S(A) < 0, which means
that R(A, A) exists for all A with Re A > 0.

Definition 2.4. Let {T(¢)}:>0 be an integrated semigroup on B(X). We say that
{T'(t)}1>0 is uniformly Abel ergodic if the Abel average of T'(t) defined by

A(N) = Aot / e MT(t)dt fort>0
0

converges in the norm operator topology as A — 07.

The next two propositions were investigated by Arendt [I] in the case of an
n-times integrated semigroup on B(X), where n € N. These results have been
generalized by Hieber [T0] to the a-times integrated semigroup with o € R*.

Proposition 2.5 ([I0, Proposition 2.4]). Let A be the generator of an a-times
integrated semigroup {T'(t)}1>0 on B(X), where o > 0. Then for all x € D(A) and
allt > 0:

(1) T(t)x € D(A) and AT (t)x = T(t)Ax.

(2) T(t)x = : z+ t T(s)Azds.

P(a+1) 0
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(3) Forallx € X, / s)xds € D(A), and

t +o
A/O T(s)xds =T(t)x — mx.

Theorem 2.6 (|21, Theorem 2.7]). Let A be the generator of an a-times integrated
semigroup {T(t)}e>0 in B(X), where o > 0. If tli}m IT@®)]|/t = 0 and R(A) is
1 t
closed, then res) / T(s) ds converges uniformly for all a > 0.
0

3. MAIN RESULTS

The following lemmas are among the most widely used results of this paper.
The first lemma was proved in our paper [2I] and the second is obviously derived
from the first.

Lemma 3.1 ([2I, Lemma 2.3]). Let A be the generator of an a-times integrated
semigroup {T(t)}4+>0 on B(X) with o > 0. Then we have the following assertions:

(1) R(A) = (AR(\, A) — 1) X
(2) N(A) = {x €EX:T()x = F(a+1)
={z € X AR\, A)z = x}.

x for allt>0}

Lemma 3.2. Let A be the generator of an a-times integrated semigroup {T'(t) }1>0
on B(X) with o > 0. Let Xg be a closed subspace of X defined by Xo = N(A) ®
R(A) and P be the projection operator of Xy onto N'(A) parallel to R(A). Then

AR\, A)x — Px = AR(N\, A)(I — P)x  for all x € X,.

Next, we need the following auxiliary results to prove our main theorem.

Lemma 3.3. Let A be the generator of an a-times integrated semigroup {T'(t)}+>0
on B(X) with o > 0. If |N2R(\, A)|| — 0 as A — 0T, then R(A) NN(A) = {0},
which yields asc(A) < 1.

Proof. We assume that [[A2R(\, A)|| — 0 as A — 07, Let y € R(A) NN (A). T
follows from the second assertion of Lemma [3.1] that

AR(N, A)y =y for all X € p(A4).
Since R(A) = R(AR(A, A) — I), there exist € X and M > 0 such that
= (AR A) ~ D)z and ] < M]ly].
By the resolvent equation,
R(MA)— R(p, A) = (u— A)R(A\, A)R(u, A)  for all X # p € p(A).
We get the following inequality for all A, > 0:
IARO, Al < [ = A [IX2ROS A+ R, )] ]
< M| = A INRRO, A + MR, A .
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Therefore, AR(\, A)y — 0 as A — 0", Since AR()\, A)y = y for A > 0, we have

y = 0. Consequently, R(A) NN (A) = {0}, which yields asc(4) < 1. O
The first main result of this paper is the following theorem.

Theorem 3.4. Let A be the generator of an a-times integrated semigroup {T'(t) }1>0
on B(X), where a > 0. Then the following assertions are equivalent:

(1) T(t) is uniformly Abel ergodic.

(2) X =R(A) ® N (A), with R(A) closed.

(3) INR(N, A)|| — 0 as A — 01 and R(A) is closed.

Proof. (1) = (2) It is known from the mean ergodic theorem [25, p. 217] that if
there exists an operator P € B(X) such that |AR(A, A) — P| — 0 as A — 07,
then P is the projection onto N'(AR(A, A) — I) along (AR(X, A) — I)X, and by
Lemma [3.1] we get

X =R(A) aN(A).

(2) = (3) Assume that X = R(A) ® N(A), where R(A) is closed in X. It is
easy to show that [[A*R(X, A)|ar(a)|| —> 0 when A — 0T. So, to complete the proof
we show that [[A*R(A, A)|g(a)|| — 0 when A — 0. Set Y = R(A) and let A;
be the generator of the restriction of T'(¢) to Y, which is equal to the restriction of
Ato Y ND(A). It is shown in Lemma that ¥ = R(AR(A, A) — I) and by the
decomposition, the operator (/\R()\, A) — I) is invertible on Y. Let y € Y N D(A)
such that A;y = 0, hence

= AR(\, A)y.

Then y € N(AR(X, A) — I), which implies that y = 0. Thus A, is one-to-one.
Clearly, we have R(), A)Y C Y; hence we obtain that (AR(X\, A) — I)Y C R(A;).
Then, we get the following:

Y ODR(4)D (AR()\,A) — I)Y = ()\R()VA) — I)X =R(A) =Y.
Hence Y = R(A4;), so Afl is defined on all Y; since Ay is closed, Afl is also closed,
and by the closed graph theorem Al_1 is continuous.

Let 0 < A< < and y € Y; we get

[
VRO, Ayl = [N RO A) AL ATy
< [A2(AR( A) = D AT 1yl
Hence

INRO, A)yll < A (AR, A+ 1) AT Iyl
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Also, we have
AR Al < (AR, A)[| +1) ATH-
Then, we get

1
ARG, A)) < A
T3] A T

Therefore,
IR, Ayl < A2 (AR, A) = DALy
< N(IARO, A+ 1) [1AT ]yl
< N(M + 1) AT Iy
which implies that [|A2R(), A)|y | — 0 as A — 0. Hence the assertion (3) holds.

(3) = (1) We suppose that [|\2R(), A)|| — 0 as A — 0", and R(A) is closed.
By Lemma we have R(A) = (AR(\, A) — I)X, which means that, for all
A > 0, the operator AR(\, A) — I has a closed range. Fix u > 0 such that, for each
y € (uR(u, A)—1I)X, there exists M > 0 and x € X such that y = (uR(p, A) —1I)z
and ||z|| < M|ly||. So we have

AR, A) (uR(p, A) — T) = AuR(A, A)R(u, A) — AR(A, A).
By the resolvent equation, we obtain
AR(N, A) (uR(p, A) — I) = AuR(X, A)R(p1, A) — M — N)R(N, A)R(p, A) — AR(u, A)
= AN2R(\, A)R(u, A) — AR(u, A)
=N (u =N "R\ A) = R(u, A)] = AR(u, A)
= (1= A AR A) = AuR(p, A)].
This gives
IR, Ayl = AR, A) (uR(p, 4) — T)al
=[|(p =N [NR\, A) — AR (p, A) ] z||
< [ = ATHIN RO A+ A [[pR (i, A Myl
Hence |AR(X, A)|(xr(r,4)-1)x]| —> 0 as A — 0T. Then for a small A > 0, the
operator AR(\, A) — I is invertible on (AR(A, A) — I)X; therefore,
(AR(A, A) — 1)°X = (AR(A, A) — 1) X,

which yields X = (AR(X, A) — I)X + N(AR(X, A) — I), and the summation is
direct by Lemma Since AR(A, A)|ar(ar(x,4)—1) converge to the identity / when
A — 07, AR(\, A) converges uniformly. Hence the assertion (1) holds. O

Now, we recall the following lemma.

Lemma 3.5 ([4, Lemma 3.10]). Let A € C(X) with domain D(A) C X such that
asc(A) = d < oo. If either of the following hold,
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(1) R(A™) is closed for some n > d, or

(ii) R(AY)+N(A) is closed for some positive integers j, k with j+k =n > d,
then R(A™) is closed for all n > d, and R(A’) + N (A¥) is closed for all integers
g,k with j +k > d.

From the previous lemma and Theorem [3.4] we infer the following corollary.
Corollary 3.6. Let A be the generator of an a-times integrated semigroup {T'(t) }+>0
on B(X), where a > 0. Then the following assertions are equivalent:

(1) T(t) is uniformly Abel ergodic.

(2) IN2R\, A)|| — 0 as X — 0T, and R(AF) is closed for some integer k.

(3) INRNA)|| — 0 as A\ — 0, and R(A*) + N(A7) is closed for some

integers k and j.

The second main result of this paper can be stated as follows.

Theorem 3.7. Let A be the generator of an a-times integrated semigroup {T(t)}+>0
on B(X), where a > 0. Then T'(t) is uniform Abel ergodic if and only if the a-Drazin
inverse A of A exists and is bounded, with

A%y = lim A\72Pz — R(\%,A) forallz € X.

A—0t

Proof. By means of Theorem [3.4) T'(¢) is uniformly Abel ergodic; then there exists
an operator P € B(X) such that ||[A(A\) — P| — 0 as A — 0", where P is the
projection onto N (A) along R(A) corresponding to the ergodic decomposition

X =R(A) e N(A).
From Definition we easily check that A is a-Drazin invertible and
A = (I - P)(A+P) L.

Let us show that A% is bounded. Indeed, let 2 € D(A%?); then z = Ag + Px for
some g € R(A)ND(A), and A%z = g. Moreover, if z € N(A), then = = Pz,
so we get Ag = 0, which means that g € N(A). Since g € R(A) N D(A) and
R(A)NN(A) = {0}, we have g = 0. Consequently, N'(A) € N (A%?). On the other
hand, if € R(A), then Pz = 0, which gives x = Ag. Since R(A) is closed, there
exists M > 0 such that ||g|| < M||z|. Therefore,

Az = |lgll < llg + (RN, A)z — A~ Pz
< llg + R(A, A)Ag||
<|lg+ (AR A)g —g)
< AR, A)g]
< MIARA, A)|[[|]]-

Then, from the decomposition of X, it follows that A%¢ is bounded.
Next, we show that A%z = )\lir& A 1Pz — R(\, A)z. Indeed, let = € D(A),
—

where D(A%?) is the domain of A%; then we have

x = Ag + Pz for some g € R(A) ND(A) and A%z = g.
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From Lemma 3.2 we get
R\, Az — A\ 1Pz + A%y = R(\, A)(I — P)z + Ax
R(A, A)Ag +g.
Using the identity AR(A, A)z = (AR(\, A) — I)7 we get
R\, A)x — A 'Pa+ A%z = (AR(\, A)g —Ig) +¢
= AR(\ A)g.

Since R(A) = N(P) and g € R(A)ND(A), AR(\, A)g — 0 as A — 0T. Therefore,
A%y = Jlim, APz — R(\ A).
—

A
A

Conversely, suppose that the a-Drazin inverse A% of A exists and is bounded,
which means D(A%) = X; then by Definition we get

X =R(A)+N(A) and R(A) C R(A2). (3.1)

Then, for any = € X, we have z = Ay + Pz with A%z = y and P is the spectral
projection of A on 0, corresponding to the above decomposition. Then, we can write
T = x1 + x2 such that 21 € R(A) and 22 € N(A). Since N(4) = N(AR(N, A) —I)
which coincides with the set of fixed points of T'(t), AR(\, A) converges to I on
N(A). To complete the proof, let us show that AR()\, A) converges to 0 on R(A).
Indeed, let © € X; then there exists 21 € R(A) and zy € N(A) such that x =
x1 + x2. So, we get & = Ay + Px = Ay + Pxo with A%z = y, hence we obtain
= Ay and y = A%%z4.

1
Now, let 0 < A < < HAadH : then

IAR(A, Az || = [IAR(A, A) Ay
< [AARM, A)y = Iy)||
< [INAR, A) = D [[[|A|[ |+ |
< A(IARO, A+ 1) Al .

So, we get [|AR(A, A)|| < 8[(AR(N, A)|| + 1) || A%
It follows that

IAR(Y, A< (AR, A +1) [lA].

Then, we obtain [|[AR(A, A)|| < M.
’ s T =4l A

INROX, a1 || < [INAR(A, A) = D[] A“]] |21

5||Aad|| d
< 14+ ———— ] |A%
_A( 2 sae ) 1A

which implies that AR(\, A) — 0 as A — 0" on R(A).
Finally, by the decomposition (3.1]), we get that T'(¢) is uniformly Abel ergodic.
O

Therefore,
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The following corollary is an immediate consequence of Theorem [3.4] Theo-
rem [3.7 and Lemma [3.5]

Corollary 3.8. Let {T'(t)}+>0 be an a-times integrated semigroup on B(X) gener-
ated by A, with a > 0. The following conditions are equivalent:

(1

) T(t) is uniformly Abel ergodic.

) The point 0 is a simple pole of the resolvent R(A, A) of A.

) A is a-Drazin invertible and R(A) is closed.

) A is a-Drazin invertible and R(A*) is closed for some k > 1.

) A is a-Drazin invertible and R(A) + N (A) is closed.

) A is a-Drazin invertible and the descent d(A) of A is finite.

(7) A is group invertible in the sense of Deﬁmtion with A4 = A%,

(2
(3
(4
(5
(6

Next, we give the following result which proves that the study of the convergence
of Abel averages A(\) of an a-times integrated semigroup {T'(¢) };+>0 can be limited
to studying the convergence | A(A)|g(4)l — 0 as A = 0T, where R(A) is closed.

Proposition 3.9. Let A be the generator of an a-times integrated semigroup
{T(t)}i>0 on B(X), with « > 0. Then, T(t) is uniformly Abel ergodic if and
only if R(A) is closed and || A(X)|g(a)ll — 0 as A — 0T
Proof. The necessary part of this proposition is obvious.

Conversely, let R(A) be closed and [|[AR(X, A)|g(a)|| — 0 as A — 0%, where
R(X, A)|r(a) is the restriction of R(X, A) to R(A). Since R(A) = (AR(N\, A)—1)X
H/\R()\,A)|()\R(>\,A)_I)XH — 0 as A — 0". Then, for a small )\, the operator
()\R(/\, A) — I) |(AR(),4)—1)x is invertible. Therefore,

2
R(ARA,A) —I) = R((AR(X, A) — I)|ra)) = R[(ARN, A) —I)7].

Hence

X =R(AR\A)—I) + N(ARXA) —I). (3.2)
Now, let y € R()\R()\,A) — I) ﬂN()\R(/\, A) — I), s0 AR(\, A)y = y for all A > 0,
and by assumption AR(\, A)y — 0 as A — 07; hence y = 0, which means that

R(ARN,A) —I) NN (AR(N, A) — I) = {0}.
Then, the summation in (3.2)) is direct. Finally, Theorem implies that T'(¢) is
uniformly Abel ergodic. O

Now, we present our third main result as follows. Theorems of this nature are
referred to in the literature as ergodic theorems.

Theorem 3.10. Let A be the generator of an «-times integrated semigroup
{T(t) }4>0 on B(X), with « > 0. Assume that tlirgo||T(t)|\/t"“rl = 0. Then the
following assertions are equivalent:

(1) T'(t) is uniformly Abel ergodic.

(2) R(AF) is closed for some integer k > 1.

1 t
(3) There exists P € B(X) such that lim H T(s)ds — PH =0.
t—oo || tat1 0
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We need the following auxiliary result to prove this theorem.
Lemma 3.11. Let A be the generator of an a-times integrated semigroup {T'(t) }+>0

on B(X), with o > 0. If T(t) satisfies Jim |T )|/t =0, then
bde el

INR(A, A)|| = 0.

lim
A—0t
Proof. Let {T'(t)}1>0 be an a-times integrated semigroup on B(X), where a > 0
such that lim |T(t)||/t*T = 0. Then, there exist £ > 0 and a > 0 such that
— 00

1Tt < ettt for all t > a.
Using the resolvent equation, we obtain, for all x € X,
IN RO, Al = [X[R( A) + (1~ MR, A)R(, Aal|
< VR, Al + 1~ AN | RO ARG, A)a

< IV RGe A) ] + = AN [ TR, Ay a
< IV RGe Al + = AL[x*2 [ e 7RG A

+enot? / e MO R, Az dt].
It is known that, for any operator P € B(X) and all A € C,
oo
)\a+2/ e Mt IPdt = (a+1)!P for all a,t > 0.
0

Therefore,

IN2RO, Ay <IN R(a, )l + | = N X 2a( sup | ()| R (s, A)])
<a

+e(ac+ VIR, Al o]l
It is easily seen from the above estimate that [|\2R(\, A)|| — 0 when A — 0. O

Proof of Theorem[3.10. (1) <= (2) It follows from Lemma and Corollary [3.6]

(1) = (3) Assume that T'(¢) is uniformly Abel ergodic. Then by Theorem (3.4
we obtain the decomposition X = R(A) & N(A), with R(A) closed, and from
Lemma [3.1] we have

(i) R(A) = ()\R()\,A) — I)X.
" _ . "
(i) N(A) = {x €A TV = fr
={r € X: AR\, A)x = x}.
By hypothesis and through a simple calculation, we get

1 ¢ Iz
— [T - | =0 foran A).
proEs) /0 (s)zds CESVACESY 0 forall z € N(A)

x for alltZO}

lim ‘
t—o0
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1 t
So, to complete the proof, we show that Ht“ﬁ/ T(s)y dsH — 0 when t — o0
0

for all y € R(A). Let A; be the generator of the restriction of T'(t) to R(A),
which is equal to the restriction of A to R(A)ND(A). It was shown in the proof of
Theoremthat A7 is defined on all R(A) and continuous, then for all y € R(A),
there exists © € D(A) such that y = Az and ||z < [|A7Y|||lyll. The second
assertion of Proposition implies that, for all x € D(A), we have

t te
/0 T(s)Axds =T(t)x — mx.

It follows that we get

[ | was] <]

<[l

[T - ﬁx} H

tTa(ﬁ H * Htr(a1+ 1) H] Iyl

Then lim

t—o00

1 t
ey / T(s)y dsH =0 for all y € R(A). Hence the assertion (3) holds.
0

(3) —> (1) Let Z(t) = /t T(s) ds for all £ > 0, and C(t) — ta% /Ot T(s) ds. We

0
assume that there exists an operator P € B(X) such that tlim IC(t) — P|| = 0. So,
— 00

there exist € > 0 and a > 0 such that ||C(t) — P|| < ¢ for all t > a.
Now, we use integration by parts to get the following identity:

R\ A) = )\QH/ e MIZ(t)dt for all A >0 and t > 0.
0
Then for every = € X, we have

H)\R(A, Az — (a+ 1)!Pm” - HAR(A, A) — Ao+2 /oo e"\tt"“PdtH
0

:,\a+2H/ e M(Z(t) -t P) dtH
0

)\a+2/ e/\tl-(t) dt — )\a+2/ e—/\ttoz-‘rlEdtH
0 0

< [ [ ez + et Py ar
0
] [T e - Pl o)
)\a+2 T a+1 P 1! )
< [+l (sup 21|+ a2 1P]) + (0 + 1)t ]

Then the above estimate implies that [[AR(X, A) — (a+1)!P|| — 0 when A — 0,
which means that T'(¢) is uniformly Abel ergodic, and the proof is finished. O

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)



582 FATTH BARKI AND ABDELAZIZ TAJMOUATI

Remark 3.12. Let A be the generator of an a-times integrated semigroup {7'(t) }+>0
on B(X), where o > 0.

(1) If we assume that & = 0 in Theorem we get the uniform ergodic
theorem proved by Lin in [I6].
(2) If T'(t) is of type a > 1 satisfying tli}m IT(t)||/t = 0, then it follows from
o0

Lemma [3.] that A is one-to-one. In this case, if the Abel average is con-
vergent, it will converge to zero.
(3) If T(t) is of type a > 0 satisfying tlim IT(t)]|/t = 0 and their genera-
— 00

tor A has a closed range, the strong limit of Cesaro averages C(t) :=

1 t
n / T'(s) ds may be divergent, as the following example shows.
0

Example. Hieber showed in [10] that if an operator A generates a Cp-semigroup on
a Banach space X, then its adjoint A* generates an a-times integrated semigroup
on X* for all @ > 0. In particular, let X be the set of all Lebesgue measurable
functions and let f: X — [0, co] such that

||f||::</0 eps2f(s)pds>p+</0 |f(s)|qu>q<oo for 1 <p < q< oo.

Then (X, ].||) is a reflexive Banach space whenever p > 1.
Now, let {T'(t)}:>0 be the Cp-semigroup defined by

(T()f)(s):= f(t+s) forall f€ X ands,t>0.
Hence T'(¢) is of type wp = 0 and ||T'(¢)|| = 1 for all ¢ > 0, where wy is the growth
bound of T'(t). Thus tlim IT(t)||/t = 0. Further, their infinitesimal generator is

— 00
defined by A = d/dt and has empty spectrum. Then
AR, Q)| = [[A\A=A4)7!| =0 asA—0t.

Hence T'(t) is uniformly Abel ergodic to 0. Since T'(t) are positive operators for all
t > 0, we have, for every function f € X,

1 [ 1 [
?/ T(s)fds < ;/ el =M (s) f ds

0

o ,
< e,u/ e MT(s)fds with u= T
0
Then,
1t
Hg/ T(s) dsH < |lenR(p, A)||-
0

Consequently, it follows from the above estimate that T'(t) is uniformly Cesaro
ergodic to 0 when ¢ — oo, and the ergodic decomposition is given by X = R(A).
By Hieber’s remark, the adjoint A* generates an a-times integrated semigroup
{T*(t)}4+>0 on (X*,||.]|), where o > 1. Thus R(A*) is closed and tll)rgo 17*(@)||/t =
0. Hence Theoremimplies that T (t) is uniformly Abel ergodic but is not mean
Cesaro ergodic. Indeed, assume that 77 (t) is mean Cesaro ergodic; then there exists
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an operator P such that hm H / T*(s)gds — PgH = 0 for all g € X*. Hence
P? = P and X* = R(X*) @N(A*), with P(X*) = N(A*) and N (P) = R(A*)
by the mean ergodic decomposition. Since tlim IT*(®)||/t = 0, A* is one-to-one.
Therefore, P(X*) = {0}, X* = R(A"), and

tE?ooH%A T*(s)gds” =0 forallge X".

Let g € X*\{0}; applying Proposition we get

A T*(t)g g
A?/OT(S)gdS_ t  T(a+1)

Since A* is invertible, we get the following inequality:

tal

t
Il = gl f oo+

It follows that

(t)gH.

tozflg

lim ——— =
t=rt00 D(a + 1)
Since o > 1, we get g = 0, absurd. Hence T™(t) is not mean Cesaro ergodic.

Proposition 3.13. Let A be the generator of an a-times integrated semigroup
1 t

{T(t)}1>0 on B(X) with o > 0. If igg Ht“ﬁ/o T(s) dsH < M for some M > 0,

then S(A) < 0, which means that R(\, A) exists for all A € C with Re A > 0.

Proof. Assume that there exists M > 0 such that

1 t
—/ T(s) dSH <M foralla>0.
tot1 0

sup
t>0

Set Z(t) = / T(s)ds for all t > 0, and let A € C such that Re A > 0. Then, for all
0
0<u<wvandze X, we have

‘ A% /U e MT(t)x dtH = ’

<M‘

X [e NI (1]’ + A+ / ety df|

I —)\tta+1] )\a-l—l/ o~ Atpatl dtHHUCH
u
S M|:|)\oz’(e—/\v,va+l +6—Auua+1)

v
+|A°‘“|/ e oA gy
u

Hence, for all a > 0, we get

v
O‘/ e NT(t) dtH — 0 when u — oco. Therefore,
R(\, A) exists for all A € C with Re ) > 0, which means that S(A) < 0. O
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The power convergence of the Abel average A(A) has been studied by several au-
thors for the class of Cy-semigroups acting on B(X) (see, for instance, [I3] and [I7]).
In the same direction, we obtain the following results.

Theorem 3.14. Let {T(t)}i>0 be an a-times integrated semigroup on B(X), with
a > 0. If T(t) is uniformly Abel ergodic, then, for small enough A > 0, the sequence
{AN)" }nen converges in B(X).

Proof. We assume that T'(¢) is uniformly Abel ergodic; then there exists P € B(X)
such that lim, |A\) — P|| = 0, with P = P? = T(t)P = PT(t) for all t > 0,
—

which is equivalent to |[A\2R(\, A)|| — 0 as A — 0T, and X = R(A) ® N(A) by
Theorem 3.4

Moreover, we have from Lemma [3.1| R(P) = N(A) = N'(AR(X, A) — I); hence,
for A > 0 and each n € N, we get

AR\, A)P =P and (AR(\A))"P=P.
Clearly, I — P is the projection of X onto R(A) along N'(A). Then, we have
R(I — P) = R(A) = R(AR(A, A) — I).
So, for z € X and n € N, we obtain

I[(AR(A, A)" = Pla| = [[[(AR(A, 4))" — (AR(A, 4))"Pl«|
= |[(AR(\, 4))"(I — Pz
< [JOARO A) = [T = Pl ||]]-

As mentioned in Proposition T(t) is uniformly Abel ergodic if and only if
R(A) is closed and ||AR(A, A)|g(a)ll —> 0 as A — 0%, Then, for a small enough
A > 0, the operator AR(X, A) is a strict contraction on R(A), which means that
[AR(A, A)lra)ll < 1. Consequently,

[(ARX, A)) " |r(a)|| — 0 asn — oc.

Then, it is easy to see from the above estimate that, for such fixed A\, where
0 < X < 6, the sequence {A(X)"},en converges in B(X). O

Corollary 3.15. Let {T'(t)}+>0 be an a-times integrated semigroup on B(X), with
a > 0. T(t) is uniformly Abel ergodic if and only if the sequence {A(N)" }nen for
some A > 0 converges in B(X).

Proof. The first implication follows from Theorem

Conversely, we assume that there exists A > 0 such that the Abel average A(X) is
uniformly power convergent; then the discrete Cesaro mean M, ()\R()\, A)) defined
by

n—1

My (AR, A)) = % S (RO, 4)

k=0
converges uniformly in B(X), and by the uniform ergodic theorem [15], we have

X = AR\ A) — )X ® N(AR(N, A) — I).
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It follows that X = R(A) & N (A) by Lemma Therefore, Theorem [3.4] implies
that T'(t) is uniformly Abel ergodic. O

Corollary 3.16. Let {T'(t)}1>0 be an a-times integrated semigroup on B(X), with
a > 0. The following statements are equivalent:

(1) T'(t) is uniformly Abel ergodic.

2) The sequence {A(N)" }nen, for some XA > 0, converges in B(X).

(2)
(3) The sequence {A(X)" }nen, for all A > 0, converges in B(X).
(4)

The discrete Cesaro mean M, (/\R(/\,A)), for some X > 0, converges in
B(X).

(5) The discrete Cesaro mean M, ()\R()\, A)), for all A > 0, converges in B(X).

ACKNOWLEDGMENTS

The authors gratefully thank the referee for the constructive comments and

recommendations, which definitely helped to improve the readability and quality
of the paper.

(1]

2]

(3]
(4]

(5]

(6]
[7]
(8]

(9]

(10]

(11]

REFERENCES

W. ARENDT, Vector-valued Laplace transforms and Cauchy problems, Israel J. Math. 59
no. 3 (1987), 327-352. DOI| MR/ Zbl

W. AReENDT and H. KELLERMANN, Integrated solutions of Volterra integrodifferential equa-
tions and applications, in Volterra Integrodifferential Equations in Banach Spaces and Ap-
plications (Trento, 1987), Pitman Res. Notes Math. Ser. 190, Longman Sci. Tech., Harlow,
1989, pp. 21-51. MR/ |Zbl

F. BARKI, Cesaro and Abel ergodic theorems for integrated semigroups, Concr. Oper. 8 no. 1
(2021), 135-149. DOI| MR | Zbl

F. BARrki, A. TaimouATi, and A. EL BAKKALI, Uniform and mean ergodic theorems for
Co-semigroups, Methods Funct. Anal. Topology 27 no. 2 (2021), 130-141. DOI MR || Zbl

E. Boasso, Isolated spectral points and Koliha-Drazin invertible elements in quotient Banach
algebras and homomorphism ranges, Math. Proc. R. Ir. Acad. 115A no. 2 (2015), 121-135.
DOI! IMRI[Zbl

P. L. BuTzER and J. J. KOLIHA, The a-Drazin inverse and ergodic behaviour of semigroups
and cosine operator functions, J. Operator Theory 62 no. 2 (2009), 297-326. | MR | Zbl

M. ELIN, S. REIcH, and D. SHOIKHET, Numerical Range of Holomorphic Mappings and
Applications, Birkhduser/Springer, Cham, 2019. | DOI| | MR || Zbl

K.-J. ENGEL and R. NAGEL, One-parameter Semigroups for Linear Evolution Equations,
Graduate Texts in Mathematics 194, Springer-Verlag, New York, 2000.| DOI| MR/| Zbl

A. GESSINGER, Connections between the approximation and ergodic behaviour of cosine
operators and semigroups, in Proceedings of the Third International Conference on Func-
tional Analysis and Approximation Theory (Acquafredda di Maratea, 1996), Rend. Circ.
Mat. Palermo (2) Suppl., no. 52, vol. II, 1998, pp. 475-489. MR || Zbl

M. HIEBER, Laplace transforms and a-times integrated semigroups, Forum Math. 3 no. 6
(1991), 595-612. DOI| MR Zbl

E. HiLLE and R.. S. PHILLIPS, Functional Analysis and Semi-groups, rev. ed., American Math-
ematical Society Colloquium Publications 31, American Mathematical Society, Providence,
RI, 1957. MR/||Zbl

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)


https://doi.org/10.1007/BF02774144
http://www.ams.org/mathscinet-getitem?mr=920499
https://zbmath.org/?q=an:0637.44001
http://www.ams.org/mathscinet-getitem?mr=1018871
https://zbmath.org/?q=an:0675.45017
https://doi.org/10.1515/conop-2020-0119
http://www.ams.org/mathscinet-getitem?mr=4323365
https://zbmath.org/?q=an:07427886
https://doi.org/10.31392/MFAT-npu26_2.2021.02
http://www.ams.org/mathscinet-getitem?mr=4296402
https://zbmath.org/?q=an:1513.47026
https://doi.org/10.3318/pria.2015.115.12
http://www.ams.org/mathscinet-getitem?mr=3647696
https://zbmath.org/?q=an:1345.46041
http://www.ams.org/mathscinet-getitem?mr=2552084
https://zbmath.org/?q=an:1211.47001
https://doi.org/10.1007/978-3-030-05020-7
http://www.ams.org/mathscinet-getitem?mr=3890097
https://zbmath.org/?q=an:1437.30001
https://doi.org/10.1007/b97696
http://www.ams.org/mathscinet-getitem?mr=1721989
https://zbmath.org/?q=an:0952.47036
http://www.ams.org/mathscinet-getitem?mr=1644568
https://zbmath.org/?q=an:0918.47040
https://doi.org/10.1515/form.1991.3.595
http://www.ams.org/mathscinet-getitem?mr=1130001
https://zbmath.org/?q=an:0766.47013
http://www.ams.org/mathscinet-getitem?mr=89373
https://zbmath.org/?q=an:0078.10004

586

[12]
[13
[14
[15]
[16]
[17]
[18]
[19]

(20]

21]

(22]
(23]
(24]

25]

FATIH BARKI AND ABDELAZIZ TAJMOUATI

J. J. KoLHA, A generalized Drazin inverse, Glasgow Math. J. 38 no. 3 (1996), 367-381.
DOII MR, |Zbl

Y. Kozitsky, D. SHOIKHET, and J. ZEMANEK, Power convergence of Abel averages, Arch.
Math. (Basel) 100 no. 6 (2013), 539-549. | DOI |MR/| Zbl

U. KRENGEL, Ergodic Theorems, De Gruyter Studies in Mathematics 6, De Gruyter, Berlin,
1985. DOI! MR/ [Zbl

M. LiN, On the uniform ergodic theorem, Proc. Amer. Math. Soc. 43 (1974), 337-340. DOI
MR Zbl

M. LIN, On the uniform ergodic theorem. II, Proc. Amer. Math. Soc. 46 (1974), 217-225.
DOII MR/ | Zbl

M. LiN, D. SHOIKHET, and L. Suciu, Remarks on uniform ergodic theorems, Acta Sci. Math.
(Szeged) 81 no. 1-2 (2015), 251-283. DOI MR | Zbl

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,
Applied Mathematical Sciences 44, Springer-Verlag, New York, 1983. DOI| MR| Zbl

S.-Y. SHAW, Uniform ergodic theorems for locally integrable semigroups and pseudoresol-
vents, Proc. Amer. Math. Soc. 98 no. 1 (1986), 61-67. DOI| | MR | Zbl

S.-Y. SHAw, Uniform ergodic theorems for operator semigroups, in Proceedings of the Anal-
ysis Conference, Singapore 1986, North-Holland Math. Stud. 150, North-Holland, Amster-
dam, 1988, pp. 261-265. DOI MR | Zbl

A. TaIMOUATI, A. EL BAKKALI, F. BARKI, and M. A. OULD MOHAMED BABA, On the uniform
ergodic for a-times integrated semigroups, Bol. Soc. Parana. Mat. (3) 39 no. 4 (2021), 9-20.
MR/ [ Zbl

A. TAIMOUATI, M. KARMOUNI, and F. BARKI, Abel ergodic theorem for Cy-semigroups, Adv.
Oper. Theory 5 no. 4 (2020), 1468-1479. DOI MR | Zbl

A. E. TaYLOR and D. C. LAY, Introduction to Functional Analysis, second ed., Wiley, New
York, 1980.| MR | Zbl

H. R. THIEME, “Integrated semigroups” and integrated solutions to abstract Cauchy prob-
lems, J. Math. Anal. Appl. 152 no. 2 (1990), 416-447.|DOI| MR | | Zbl

K. Yosipa, Functional Analysis, third ed., Die Grundlehren der mathematischen Wis-
senschaften 123, Springer-Verlag, New York, 1971. Zbl

Fatih Barki
Ibn Zohr University, EST-Dakhla, Morocco
b.fatih@uiz.ac.ma

Abdelaziz Tajmouati™
Faculty of Sciences Dhar El Mahraz, Sidi Mohamed Ben Abdellah University, Fez, Morocco
abdelaziz.tajmouati@Qusmba.ac.ma

Received: May 6, 2021
Accepted: January 25, 2022

Rev.

Un. Mat. Argentina, Vol. 65, No. 2 (2023)


https://doi.org/10.1017/S0017089500031803
http://www.ams.org/mathscinet-getitem?mr=1417366
https://zbmath.org/?q=an:0897.47002
https://doi.org/10.1007/s00013-013-0515-2
http://www.ams.org/mathscinet-getitem?mr=3069107
https://zbmath.org/?q=an:1273.47027
https://doi.org/10.1515/9783110844641
http://www.ams.org/mathscinet-getitem?mr=797411
https://zbmath.org/?q=an:0575.28009
https://doi.org/10.2307/2038891
http://www.ams.org/mathscinet-getitem?mr=417821
https://zbmath.org/?q=an:0252.47004
https://doi.org/10.2307/2039898
http://www.ams.org/mathscinet-getitem?mr=417822
https://zbmath.org/?q=an:0291.47006
https://doi.org/10.14232/actasm-012-307-4
http://www.ams.org/mathscinet-getitem?mr=3381884
https://zbmath.org/?q=an:1363.47015
https://doi.org/10.1007/978-1-4612-5561-1
http://www.ams.org/mathscinet-getitem?mr=710486
https://zbmath.org/?q=an:0516.47023
https://doi.org/10.2307/2045768
http://www.ams.org/mathscinet-getitem?mr=848876
https://zbmath.org/?q=an:0608.47046
https://doi.org/10.1016/S0304-0208(08)71343-4
http://www.ams.org/mathscinet-getitem?mr=930900
https://zbmath.org/?q=an:0652.47007
http://www.ams.org/mathscinet-getitem?mr=4164324
https://zbmath.org/?q=an:1474.37006
https://doi.org/10.1007/s43036-020-00059-5
http://www.ams.org/mathscinet-getitem?mr=4134111
https://zbmath.org/?q=an:1498.47028
http://www.ams.org/mathscinet-getitem?mr=564653
https://zbmath.org/?q=an:0501.46003
https://doi.org/10.1016/0022-247X(90)90074-P
http://www.ams.org/mathscinet-getitem?mr=1077937
https://zbmath.org/?q=an:0738.47037
https://zbmath.org/?q=an:0217.16001

	1. Introduction
	2. Preliminaries
	3. Main results
	Acknowledgments
	References

