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SPECTRALITY OF PLANAR MORAN-SIERPINSKI-TYPE
MEASURES

QIAN LI AND MIN-MIN ZHANG

ABSTRACT. Let {Mn}52 | be a sequence of expanding positive integral matri-

ces with M,, = pn 0 for eachn > 1, and let D = 0 s 1 s 0
0 gn 0 0 1

be a finite digit set in Z2. The associated Borel probability measure obtained
by an infinite convolution of atomic measures

PMu YD = Opgo1p * Oy M) 1D % 00y M My) 1D ¥

is called a Moran—Sierpinski-type measure. We prove that, under certain
conditions, piyar,},p is a spectral measure if and only if 3 | pn and 3 | gn for
each n > 2.

1. INTRODUCTION

Let u be a Borel probability measure with compact support on R"™. We say
that p is a spectral measure if there exists a countable discrete set A C R™ such
that E(A) := {e72™®) : X\ € A} forms an orthonormal basis for L?(p). In this
case, we call A a spectrum of u. For the special case that a spectral measure is
the restriction of the Lebesgue measure on a bounded Borel subset € of R™, we
call Q a spectral set. The existence of a spectrum is closely related to the famous
Fuglede conjecture, which asserts that yqdx is a spectral measure if and only if 2
is a translational tile [I7]. This conjecture has been proved to be false by Tao and
others in both directions on R™ for n > 3 [24] 23] 29] B0]. But it is still open for
n=1and n=2.

Jorgensen and Pedersen initiated an investigation of spectral properties of fractal
measures [22]. They showed that the Cantor-typed measure j; /4, which is the
invariant measure of the iterated function system {¢o(z) = x/k, ¢1(z) = (z+1)/k},
with natural weight, is a spectral measure if k is even, but not a spectral one if k is
odd. Since then, the study of the spectral properties of fractal measures became an
active research topic, where, for example, self-similar measures, self-affine measures
and Moran measures were considered and are still objects of study. The readers
may see [4 [l [, 131 2, 17, [9], 6, 8], (12} (111, [10} 113, [16}, (18, 20, 25, 28, 27, 32, [26} (19} [14] and
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the references therein for recent advances. In particular, Hu and Lau [20] showed
a necessary and sufficient condition so that L?(u,) contains an infinite orthogonal
set for the more general Bernoulli convolution p,, 0 < p < 1. Recently, Dai [6]
completely settled the problem that the only spectral Bernoulli convolution is i1 /2%
The more general N-Bernoulli convolution was completely characterized by Dai et
al. in [9]. Let 0 < p < 1and D = {0,1,...,N — 1} with N > 1; they showed
that p1, p is a spectral measure if and only if N | p~!. Unlike the one-dimensional
situation, the study on the spectral properties of measures in higher dimensions is
seldom addressed. See e.g. [14, [1T] [10, 8} [12, 26} 28] 27]. We note that the most
widely studied are the self-affine measures generated by an expanding matrix and
a finite digit set.
A Sierpinski-type measure pps, p is defined by

iip () = #% S i n(M() — d),

deD

_(p O) . . . _ 0 1 0
where M = (O q) is an expanding matrix and D = {(O) , (O) , (1> } The

Sierpinski-type measure plays an important role in fractal geometry and in geo-
metric measure theory [I5, 2I]. Deng and Lau [12], and Dai, Fu, and Yan [§]
completely characterized the spectrality of the self-affine measure pn;,p. They
proved that ps p is a spectral measure if and only if 3 | p and 3 | ¢.

Motivated by the above results, in this paper we consider the spectral properties
of a class of planar Moran—Sierpinski-type measures. Let {M,,}22 ; be a sequence of
expanding positive integral matrices (that is, all the eigenvalues of M,, are strictly
greater than 1 in module) with

M, = <p0" 0) € My(2),

n

andlet D = { (8> , <(1)> , <(1)) } be a finite digit set in Z2. Write 6p = ﬁ > aep Od

where #D is the cardinality of D and §4 is the Dirac measure at point d. Then
there exists a Borel probability measure with compact support generalized by the
infinite convolution

M{Mn}wD = 5M1_1D * 5(M2M1)—1D koo 3k 5(M,,L---M2M1)—1D koeee, (11)

Here the sign * denotes the convolution of two measures, and the convergence is in
the weak sense. The measure pyy, y p is called a Moran-Sierpinski-type measure,
and its support is the Moran set

T({M,},D) = {i(Mn < My) Ty dy € D} = i(Mn - My)7'D.

n=1 n=1

Motivated by the above works, we extend the characterization of the spectrality
of the Sierpinski-type measure to the Moran measure i1y, },p in (L.1). Note that
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0
result of this paper is as follows.

in case M, = M = (P 2), the measures pyas,y,p and ppy,p coincide. The main

Theorem 1.1. Let pgpr,y,p be the Moran—Sierpinski-type measure defined as in
(L.1) and pn = £¢, (mod 3) for all n > 2. Then pgar,y,p is a spectral measure if
and only if 3| pn and 3 | g, for each n > 2.

The most subtle part is proving the necessity. We note that convolution plays an
important role in the study of the spectrality of the Moran measure jigys,1,p. The
following technical theorem gives a connection between two convolution measures,
which will be used to prove the necessity.

Theorem 1.2. Let B C Z? be a finite set and let v be a Borel probability measure
with compact support on R%. Suppose that i := dp*v is a spectral measure. Further,
suppose the following:
(i) Let {\1, X2} be any bi-zero set of p. If A\ € Z(d5) and Ay € Z(0) \ Z(63),
then A — Ay € Z(0p).
(ii) Z(f) € A71Z? for some integral invertible matriz A.
Then both 0 and v are spectral measures.

Remark 1.3. Recently, An and Wang [5] proved the above theorem in dimension
one, which is a special case of our conclusion.

We organize this paper as follows. In Section 2, we introduce some basic defini-
tions and properties of spectral measures. In Section 3, we will give the proof of
Theorem We devote Sections 4 and 5 to prove Theorem

2. PRELIMINARIES

Let 4 be a Borel probability measure with compact support on R2. The Fourier
transform of p is defined as usual,

(6 = [ e duto)

for any ¢ € R2. We will denote by Z(i) = {£ : (€) = 0} the zero set of . In
what follows, ey stands for the exponential function e =27#**)  Then for a discrete
set A C R?, E(A) = {ex : A € A} is an orthogonal set of L?(u) if and only if
A(A—=XN) =0 for A # X € A, which is equivalent to
(A =)\ {0} C Z(). (2.1)

In this case, we say that A is a bi-zero set of p. Since bi-zero sets (or spectra) are
invariant under translation, without loss of generality we always assume that 0 € A
in this paper.

The following criterion is a universal test to decide whether a countable set
A C R? is a bi-zero set (a spectrum) of p or not. For & € R?, we write

Qa8 =D A&+ NP

AEA
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Theorem 2.1 ([22]). Let p be a Borel probability measure with compact support
on R2, and let A C R? be a countable set. Then
(i) A is a bi-zero set of u if and only if Qa(€) <1 for € € R?;
(ii) A is a spectrum of u if and only if Qa(&) =1 for £ € R?;
(iii) Qa(x) has an entire analytic extension to C% if A is a bi-zero set of .

As a simple consequence of Theorem [2.1] the following useful theorem was proved
in [9] and will be used to prove our main result.

Theorem 2.2. Let p = pg * g1 be the convolution of two probability measures p;,
i = 0,1, which are not Dirac measures. Suppose that A is a bi-zero set of pg. Then
A is also a bi-zero set of p, but it cannot be a spectrum of p.

3. PROOF OF THEOREM [I.2]

In this section, we will prove Theorem Let B C Z? be a finite set and let
v be a Borel probability measure with compact support on R2. Write p = g * v.
Then .
Z(p) = Z(d) U Z(D).
Before proving Theorem [T.2] we need the following lemma.

Lemma 3.1. Suppose that {\1, A2} is a bi-zero set of u. Then the following two
statements are equivalent:

(i) if A\, € Z(65) and Ay € Z(D) \ Z(0p), then Ay — Ay € Z(d5);
(ii) if M, A2 € Z(D) \ Z(0B), then A\ — Aa € Z(D) \ Z(dB).
Proof. If (i) is true, let A1, Ao € Z(2) \ Z(d3). Suppose that
A3:i= A1 — X € Z(SB)
Then A; = A3 — (—X2) € Z(d), a contradiction. Hence (ii) holds.
Suppose (ii) holds. Let A; € Z(dg) and Ay € Z(P) \ Z(dg). Suppose that
A3 =AM — Ao € Z(0) \ Z(0p).

Then A\; = A3 — (=Xy) € Z(?)\ Z(6). This is a contradiction, and thus (i)
follows. O

We define an equivalence relation ~ on a set A C R? by
X~ X if and only if A\ — X € Z2.
Set [A] ={N € A: A~ X}. Then A/~ ={[\: X € A} is a partition of A.
Proof of Theorem[I1.4 Let A be a spectrum of p. Then
(A= M)\ {0} C Z(3) = Z(55) U Z(9).
We take 0 € A’ C A as a maximal bi-zero set of dg. Write
A= {Ai}§:1

for some te N. Then, for any A € A\ A/, there is a A; € A’ such that A — \; €
Z(0)\ Z(0p). And we assert that the \; is unique. Suppose, on the contrary, that
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there exist two distinct A;, A\; € A’ such that A — X\;, A=\, € Z(9) \ Z(bg). Since
A’ is a bi-zero set of 3, we know that A; — \; € Z(SB). Write
M=X-N€Z08), d=A-)\cZ®)\Z2(p)

The conditions of the theorem imply that A;—A = A1 — XAy € 2,’(35)7 a contradiction.
Then the assertion follows.
Set

Ai:{AeA: Af)\iez(ﬁ)\Z(SB)}U{Ai}, 1<i<t.

Then
t

A:UAi,

i=1
where A;NA; = 0 for any ¢ # j. Now we need the following two claims to complete
the proof.

Claim 3.2. (A; — A;) \ {0} C Z(0)\ Z(8) for any 1 <i <t.
Proof. Fix 1 <i <t. For any A # X € A;, we have
A=X, N—=X\eZ®))\Z0p)
or
A=NeZD)\Z06s), N=M\.
The first case follows directly from Lemma And it is obvious that A — X €
Z(0)\ Z(dp) in the second case above. Hence the claim is proved. O
Claim 3.3. A; — A; C Z(dp) for any i # ;.
Proof. For any A € A;, X € Aj, we have
A=NeZ(D)\Z(g) or A=\
and
N =X\ €eZD)\Z0s) or N =M.
For the case in which A — \;, N — \; € Z(D) \ Z(bg), it follows from A ¢ A; that
A—\; € Z(65). Then
A=XN=A=)) -\ =\) € Z(d5).

For the remaining three cases, it is easy to verify that A — X € Z(dg). Then the
claim follows. O

Due to A;\ {0} € A\{0} C Z(i) C A='Z? for some integral invertible matrix A,
we know that A;/~ is a finite set and A;/~ is a partition of A;. And thus we write
A/~ = {[Ni1],- -, [Nin;]}. Since B C Z2, for any € € (0,1)> and 1 < i < t we
have

{|55(§+)\)|2: )\eAi}:{|55(§+/\i,k)|2:1§k§ni}.
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It follows that for any & € (0,1)? and 1 < i < ¢, there exists \; ¢(;) with £(i) €
{1,2,...,n1} such that

186 + A o) = max {85 (6 + ) - A € A}

That is, for any € € (0,1)2, there exist {Nies) tizy corresponding to it. As A;/~ is
a finite set for each 1 < i <t but there are infinitely many points in (0,1)?, we can
find a finite set {A\;}._, in which \; = Ai gy for infinitely many £ € I C (0,1)%.
Then, for any £ € I, we have

1=Qa(€) =D 1A+ NP =D > 108+ NP(E + N)?

AEA i=1 XeA;

<D BsEFNP D PEFNP (3D
i=1

e
t
<D s+ X))
i=1
<1

We know from Claim that A; is an orthogonal set of v for each 1 < i < t; then
the second to last inequality in (3.1) follows from Theorem Similarly, the last

inequality in (3.1)) follows from Claimand T heorem And (3.1)) implies that,
for any £ € I,

STIE+NP=1 and Y |96+ )

=1.
AEA; i=1
The property of entire function implies that, for any & € R?,
t ~
STpE+NP=1 and D o€+ M) =1.
AEA; i=1
Hence {Xz}le is a spectrum of 5 and each A; is a spectrum of v. O

4. SUFFICIENCY OF THEOREM [L.1I

We will prove the sufficiency of Theoremin this section. Wang and Dong [31]
proved the sufficient case for more general 3-digit sets. In this section, we give
another simple proof for it. This proof depends closely on the zero set of the
Fourier transform fifp,y, p- By the definition of Fourier transform of fify, ; p and

(1.1)), for any ¢ € R? we have

ﬂ{Mn},D(f) = H S(MTL---MQMl)—lD(g)'

n=1
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Then we have

o0
Z(figpr,y,0) = U Z(0(M,,.-MaMy)-1D) = U M- M, Z(5p).

where
Ay G) +37Z2, A, (1> + 372
Then
Z (figar,y,0) U M- M,Z(6p) = U (AU Ay). (4.2)
n=1

For any k£ > 1, we define
i = (SMl—lD * 5(M2M1)*1D koo Xk 5(]V[k,,AM1)71D,
H>k = 5(Mk,+1-~M1)*1D * 5(Mk+2~-~M1)*1D *eee
Then
H{M,},D = Kk * U>k-

o~{()- ()-GO}

Then we have the following result. The sufficiency of Theorem [I.] follows imme-
diately from it.

Write

Theorem 4.1. Let pgpr,y,p be the Moran—Sierpinski-type measure defined as in
(L1). If 3| pn and 3 | g, for all n > 2, then pga,y,p is a spectral measure with a
spectrum

= {ZMl-uMkck:ckGC’andle},
k=1

where C' is defined as in (4.3)).

Proof. Firstly, we will show that A is a bi-zero set of yi1a,}, p- For any two distinct
elements A, \' € A, we can write

1 (Zﬁl(mpz---pi)cﬂ) v (Zﬁ_l(plpz---pi)c§1>

A=<
oty (qrgz - qi)cia Zé:1<Q1QQ Q) Cho

3 3
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where m,l > 1 and ?‘1) , zil € 3C for each ¢. Let s > 1 be the first index such
12 2

Cs1 C/»l Cg1 — C/,l
that =+ c’é . It follows that | 7t )] € Ay U As, hence

Cs2 52 Cs2 — Cyg2
Aoy = Ma M, <<csl —cl) +3N1>
3 (cs2 — Clg) + 3N
for some Ny, Ny € Z. This together with implies that
A= N €M - MZ(6p) C Z (fignry.0) -

Therefore A is a bi-zero set of a1, p-
We now show the completeness of A. For any m > 1, set

A, ::ZMlkaC: {ZMlkack:ckeC’},
k=1 k=1

where C is defined as in (4.3). Proceeding as in the proof above, we know that
A, is a bi-zero set of p,,. Notice that #A,, = 3™ = dim(L?(i,,)). Hence A,, is a
spectrum of p,,, and Theorem implies that, for any ¢ € R2, we have

Qm(€) == > limE+ NP =1 Qa(©) =D |0+ N < 1.

AEA M, AEA

Fix £ € R2. Write
Am + A 27 A E Am,
£ = {m €+

0, AE A

1 + )%, AeA;
f()\) _ |N{M,l},D(€ )|

0, A A

Then, for any A € A, we have f(\) = limy, 00 frn(A) and
SN =D iy 0+ NP <1

A€A AEA

Moreover,
FO) = 1igar,3,0(E + N = 1m (€ + NP lAsm (€ + 2]
= fin N |fism (€ +N)|? for all X € A,,.
We now claim that there exists a constant ¢ > 0 such that for any m > 1,
[fsm(€+N” > e >0,
where [¢] < & and A € A,,. Note that

(4.4)

e 2

Fom(€+ NP =TT [Saeany1pE+N)
k=m+1
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R 2
So we need to estimate the values of ‘6(Mk.“M1)_1D(f + )\)‘ for kK > m + 1. For

any A € A,,, we can write
A\ = </\1> _ Z:'il(pl"'pi)cil
Az Z?;l((h S qi)Ci2 ’
where <Cﬂ> € C. Then
Ci2
2 2
‘6(Mk"'M1)_1D(£+ )\)’

_ ‘1 (1 + 6*2“(?1"'?1«)_1(51+)\1) + 6*2”(!11“'%)_1(52+)\2)>

3
1 2 2
= ‘1 + cos 7ﬂ(€1 + M) + cos 77T(§2 +A2)
9 P1- Pk q1- gk
27m(&1 + A1) 2m(&r + A2)\ |? (4:5)
—1 (Sin ! Y +sin 2 2 )
P1--Pk q1 - 4gk
1 2 A 2 A
:'3+2<cos m(&1 £ M) + cos (& & 2)>
9 P11 Pk q1 gk
2 2
+2cos< (& + M) 7T(§2+>\2)> ’
pP1-- Pk q1 gk
Note that ¢;; € {O,j:%}. Then, for any k > m + 1 and £ = (21) with |¢] < %, we
2
have
G+M|_ |G+ Yo (p1e o pi)en
P1-Pk P1-- Pk
1 1 1 1
<< + + (4.6)
3|pr-"pk P2 Dk Pm+1- Pk
1 1
< ggkfmfl'
Similarly,
A 1 1
§2+ A2 <= (4.7)
1 qk 6 3k—m—1
Hence
SG+M St 1 1 1 1 1
_ < Z < = . 4.8
D1 Pk q1 - qk - 6 3k—m—1 + 3k—77L—1 - 3 3k—m—1 ( )
If k =m + 1, it follows from (4.6, (4.7), and (4.8) that
2 1 2 1
cos MG M) o 1 (et ) om L
pl...perl 3 2 ql...qm+1 3 2

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



74 QIAN LI AND MIN-MIN ZHANG

Combining with (4.5)), we have

N 2 1 271'(51 +>\1) 27T(£2+)\2) 1
0 My )— +)\’ 2‘5+2cos( — > —,
(tyss-aiy D EF V] 2 5 PLoDPmyl QU Gmg 3
If K > m + 2, then we know from (4.6)), (4.7), and (4.8) that
2 (&1 4+ M) w1 7 1
L S T R T s
27(&2 + A2) w1 7 1
COSWZCOS§W2 _TSW>O’
and
2 A 2 A 2 1 472 1
cos( (& + 1)— (& + 2)> Zcos*ﬁﬁZ —iﬁ>0.
D1 Pk q1- - qk 3 Jr—m= 18 9k—m—
These together with (4.5 imply that
. 2 272 1
‘5(Mk~~M1)’1D<§+/\)‘ >1- 97 gk—m—1"

Hence

) o 1 5 o2 1
lfi>m (& + A Zg H (1279k—m—1>

15 212 1

M (- ) =cso.
3 ( 279k) ¢>0
k=1

Thus the claim holds. Combining this claim with (4.4]), we obtain

1
By the dominated convergence theorem, we conclude that

QA(E) = mlgnoo Qm(g) =1

for any ¢ € R? with [¢] < % As Qa(§) is an entire function, we obtain that
Qa(€) =1 for any ¢ € R2. By Theorem [2.1, we know that K{nm,},p 18 a spectral

measure. Now the proof is complete. O

5. NECESSITY OF THEOREM [L.1]

In this section, we will give the proof of the necessity of Theorem [I.I] For that
purpose, we need the following technical theorem, which plays a crucial role in
the proof. Moreover, the following theorem shows that if pa,1,p is a spectral
measure, then any “truncation” of it is still a spectral measure.

Theorem 5.1. Let pgps,y,p be the Moran—Sierpinski-type measure defined by (L.1)
and pp, = £q, (mod 3) for all n > 2. If pya,y,p is a spectral measure, then both
i and psg are spectral measures for any k > 1.
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To prove Theorem [5.1], we need the following lemmas.

Lemma 5.2. Let p, = £¢q, (mod 3) for all n > 2. Suppose that pr,y.p 5 a
spectral measure. If {\1, A2} is a bi-zero set of pyar,y,p with A1 € Z(fi) and
Ao € Z(fisk) \ Z(fix) for any k > 1, then
Al — Ao € Z(ﬂk)
Proof. Fix k > 1. Since A1 € Z(fix,) and Ay € Z(fis) \ Z(fxr), we can write
=2 gy, A=t g,
3 3

where j; < k < jo and aj,a0 € Ay U Ay. Suppose, on the contrary, that there
exists j > k such that Ay — A2 € Z(d(as,...a0,0)—10) \ Z(fix). Then there exists
az € A1 U Ay such that

MM, - M; MM, - M; MM, - M;

3 ap — 3 az = 3 as,

A

ie.,
ay = Mj, 41+ Mj,a3 + Mj, 41 - - - Mjas. (5.1)

ag = a1 ag = a21 a3 = a3 '
aa )’ az )’ a32
Note that a; € A1 U As for all i = 1,2,3. This means that

i1 5_'5 @2 (mod 3) and a1, € 7 \ 37, 1=1,2,3. (52)
Without loss of generality, we assume that jo < j. If jo = j, then (5.1]) implies

Write

a11 = Pji+1 - Pjz(a21 + az1)
{012 = Qj 41 qj,(az2 + asz).
Combining with , we obtain
P41 DPjs €Z\3Z and Qi +1 "y GZ\?)Z
Furthermore, we have

Pjr41Pjy = Qjr41- 5, (mod 3).

Hence
Z(é(sz“‘]\/h)_lD) = L A 3j1+1 12 (A1 U Ag)
M - M, .
C %(Al UAy) = Z((S(Mjl---Ml)*lD)-
Write
V= 51\/11_1D koo %k 5(Mj2—1“'M1)_1D * 6(Mj2+1"‘M1)_1D Koo,
Then

M{Mn},D :5(Mj2~~~M1)—1D*V and Z(ﬂ{Mn},D) gZ(ﬁ)
Let A denote a bi-zero set of i1y, ) p- Then A is also a bi-zero set of v. Hence it
follows from Theorem that A is not a spectrum of s, y,p. Therefore, 1iiar, 3. p
is not a spectral measure, a contradiction.
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Now we consider the case jo < j. Then (5.1) implies
(5.3)
12 = @ +1 - Gjp (a22 + Gjp41 - - - ¢jas2).
This together with (5.2]) implies that
pj1+1"'pj2€Z\3Z= Qj1+1"'qj2€Z\3Z

{au =Djit+1 " Pjp (@21 + Pjor1 - pjazi)

and
a1 + pj,+1 - pjaz € Z \ 3Z, ag2 + @jp41- - qjaz2 € Z \ 3Z.
Moreover, applying the condition of p, = +¢, (mod 3) for n > 2, it follows that
a21 + Pjy 41 Pjaz1 Z 22 + ¢j,41 - ¢jaze  (mod 3).
Applying and again, we get
Pjit1 Py = Q41 @, (mod 3).

Proceeding as in the proof of the above case, we get a contradiction. Then we
complete the proof of the lemma. O

Lemma 5.3. Let R be an invertible diagonal matriz. Then A is a spectrum of
Him,y,p if and only if R7'A is a spectrum of H{M,},RD-
Proof. Note that

5 1 —2mi M)
O(at,--My) - RD(E) = %D > e 2milMn M) TR
deD

1 o dl(M b =1 .
T #D Y e PO MR — G ay-p(RE)
deD

for any ¢ € R? and n > 1. Then we have

fiar,y.m(€) = [ [ dat-aey-120(€) = T daty--a0)-1 0 (RE) = figar,},p(RE).

n=1 n=1
Hence

Z \iar,y.ro(E+ RTIN? = Z g, 3,0 (RE+ N2

€A AEA
The conclusion follows from Theorem 2,11 O

Proof of Theorem[5.1} For any k > 1, we write
B=(MyMj_y---My)D + (MyMy_1---M3)D +---+ D.
Then we have
[k = O(My My, M) =1 B-
Set
V= JMI;:ID * J(Mk+2Mk+1)71D P
Then

Py (Mo MM D = 08 %V, Z(figar,y (MyMarsy)D) = Z(08) U Z(D).
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Notice that
Z(6p) = (MiMs -+ M) 'Z(fu), Z(0) = (MiMz--- M) Z(fis).  (5.4)

We know from that Z (fi{ar,},p) C 3Z°. This together with implies
that

Z(ﬂ{MnL(Mk--J\/Ing)D) C (3M 1My --- Mk)7122 = Aile,
where A = 3M1 My --- My, is an integral invertible matrix. Then we know from
Lemma and Theorem that both §z and v are spectral measures. Applying
Lemma we obtain that pp and psj are all spectral measures. The proof is
completed. O

Recall that
Mo = 5Mf1D * 6(M2M1)*1D-
Then

. < < M M, M-
Z(f12) = Z(p-1p) U Z( a0,y -10) = 71(141 Udg) U —22

(A1 U Ay).
Theorem 5.4. Let ps = +q¢o (mod 3). If po is a spectral measure, then 3 | pa and
31 g

Proof. Suppose, on the contrary, that 3 { pa or 3 { g2. We just prove the case in
which 3 t pa. The proof of the remaining case is similar and we omit it here. Let
A denote a bi-zero set of ps. Then

A C Z(8y1p) U Z(S(asnay)-1p) U {0}
As ps = +¢2 (mod 3), we know from Lemma [3.1] and Lemma [5.2] that
(A NZOary-1p) — AN Z(S(Mng)*lD)> \ {0} € Z(6(atzrs1)-1D)-
Then AN Z(S(Mle)le) is an orthogonal set of d(as,s,)-1p, and thus
#(AN Z(S(Mle)—lD)) <3. (5.5)
For the set AN Z(SMle), we make the following claim.

A

Claim 5.5. #(AN Z(dy,-1p)) < 2.

P A

Proof. Otherwise, we have #(AﬁZ(éNIle)) > 3. Let {A\1, M2, A3} C AﬂZ((SMle)

and write
L (pran 1 (pras 1 (praz
M= 2 , do=< , M= :
T3 <Q1a12 27 3 \quaz °7 3 \qas

where (Z“) € A; U As for i = 1,2,3. Then by the pigeonhole principle, without
i2

@12 a2
a11 — @21
€ 372,
a12 — a22
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loss of generality we assume that (aH) , <a21> € A;. This means that
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Notice that 3 1 ps. This together with (4.1) implies that

1 pl(all —a21) M]_ M]_M2 ~
_ — — (A A A A))=Z .
M= =g (q1(a12 _ az) ¢ 5 (A1UA2) U——(A41 U A) = Z(ii2)

We get a contradiction, and thus #(A N Z((SMle)) <2. O

Combining Claim with , we obtain
#A=14+#(AN Z(nglD)) + #(AN Z(0rr)-10) \ Z(SMle))
<14+2+3=06<dimL?*(u) =9.
Therefore, po is not a spectral measure. This is a contradiction. O
Now we have all the ingredients for the proof of the necessity of Theorem [I.1}

Theorem 5.6. Let p, = +q, (mod 3) for each n > 2. If jugar,y,p is a spectral
measure, then 3 | p, and 3 | q, for alln > 2.

Proof. Suppose, on the contrary, that there exists n > 2 such that 31 p, or 31 ¢y.
Set ng as the first index satisfying 3 { pn, or 31 ¢n,. From Theorem [5.4] we know
that if 31 pn, or 31 ¢n,, then 5M;01_1D * (M, M,,_1)-1D 1S 1Ot a spectral measure.
Set

v= 6M;0171D * 5(Mn0Mno,1)*1D * 6(Mn0+1Mn0Mn0,1)*1D Koo
Then we know from Theorem that v is not a spectral measure. And thus

Psno—2 18 N0t a spectral measure by Lemma 5.3} Applying Theorem [5.1] again, we
have that p(a7,} p is not a spectral measure. This is a contradiction. O
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