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ON HOPF ALGEBRAS OVER BASIC HOPF ALGEBRAS OF
DIMENSION 24

RONGCHUAN XIONG

ABSTRACT. We determine finite-dimensional Hopf algebras over an algebraically
closed field of characteristic zero, whose Hopf coradical is isomorphic to a
non-pointed basic Hopf algebra of dimension 24 and the infinitesimal braid-
ings are indecomposable objects. In particular, we obtain families of new
finite-dimensional Hopf algebras without the dual Chevalley property.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic zero. It is a fundamental
and difficult question in Hopf algebra theory to classify finite-dimensional ones.
The research in this direction is very rich. Most of the classification results consist
of Hopf algebras that are basic or have the dual Chevalley property (that is, their
coradical is a subalgebra). But there are very few results on finite-dimensional Hopf
algebras without the dual Chevalley property in the literature, unless examples
without pointed duals were constructed in [T11 17, 24 20, 23] via the generalized
lifting method [4].

As a generalization of the lifting method [§], the generalized lifting method gives
a technical framework to classify the Hopf algebras without the dual Chevalley
property. It consists of the following steps (see [4]):

e Step 1. Classify all Hopf algebras L that are generated by a cosemisimple
coalgebra.

e Step 2. Classify all connected graded Hopf algebras R in the category YD
of left Yetter—Drinfeld modules over L.

e Step 3. Given L and R as in previous items, classify all Hopf algebras A
such that gr A = RfL. Here A is called a lifting of R over L.

The method works because of the following facts. Suppose that A is a Hopf
algebra over k and denote by Ajy the Hopf coradical of A (it is generated by the
coradical Ay of A). If Sx(Ajy) € Ay, then the standard filtration {A,}n>o0,
defined recursively by Ap,) = Ap,—1) A Ajo, is a Hopf algebra filtration. Therefore
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the associated graded coalgebra gr A = ®72 oA, /Ajn—1) With A;_y) = 0 is a Hopf
algebra and so there is a connected graded braided Hopf algebra R = &,>0R(n)
in ﬁii VD such that gr A = RfAjp. Here R and R(1) are called the diagram and
infinitesimal braiding of A, respectively.

In this paper, following the work [L1], we fix a Hopf algebra Ko4 1 of dimension
24 that is basic and generated by the coradical, and continue the study on Steps 2
and 3 in the lifting procedure

Using the equlvalence /c yD K50, )M, we determine simple Yetter—Drinfeld

modules over Koy 1. It turns out there eX15t 144 simple objects in K:“ ' YD, among

which there are 24 one-dimensional objects k,, . with (i, j,k) € ]on1 xIp1 xIps
and 120 two-dimensional objects V; ; ., with (i,7,k,0) € A = {(4,4,k,¢) | i,j €
Ios,k,0 €Xp1,7+ 3k #£ 3(t + 1) mod 6}; see Theorem for details.

Now we determine finite-dimensional Nichols algebras over simple objects in

Ezjin and the liftings of their bosonizations. We first discard Nichols algebras

B(V; k) of infinite dimension. Using the equivalence ,C“ typ x~ & Az, YD, we

24, 1 gr Az 1
transport the information of B(V; ;) from the category ,C“’lyD to g’jiji)ﬂ?

where Asyg 1 is the dual Hopf algebra of Ka4,1; and we prove B( i) f gL Aoa 1 is
infinite-dimensional by using the classification results in [I5]. Then we prove the
remaining ones are finite-dimensional by computing their defining relations and
PBW bases in ,C24 ' YD. Finally, we study the liftings of finite-dimensional Nichols
algebras followmg the techniques in [8, [I1I]. Consequently, we have the following
theorem.

Theorem 1.1 (Theorems“& - Let A be a finite-dimensional Hopf algebra
over Kos1 whose infinitesimal braiding V' is indecomposable in 1<24 YD. ThenV

is isomorphic either to Ik, . for (i,j,k) € A° or to Vi . for (i,j,k,¢) € US_ A%,
and A is isomorphic to one of the following objects:

o Nky,,  4Koan for (i,5,k) € A%;
o B(V;jr)tKaan for (i,j,k, 1) € US_ AP — A1*;
o Cijn.(u) for p €k and (i,j, k,v) € A*.

The Nichols algebra B(V; j x.,) for (i, 7, k,¢) € U%_, A" is isomorphic as an algebra
to a quantum plane. They appeared in [5] and it was shown that the braidings are
of non-diagonal type. The Nichols algebra B(V; ;) for (i,7,k,¢) € U3_; A" is an
algebra of dimension 18 or 36 with no quadratic relations. They are examples of
Nichols algebra of non-diagonal type, which are (up to isomorphism) arising from
Nichols algebras of standard type Bz by using the techniques in [2].

The Hopf algebras A\ ky, ., #K24,1 with (i, j, k) € A? are the duals of pointed Hopf
algebras of dimension 48. The Hopf algebras B(V; j .. )iK24.1 for (i, j, k, ) € US_ A?
are the duals of pointed Hopf algebras of dimension 96, 144 or 288. The Hopf
algebras B(V; j k. ) 4241 for (i,5,k,t) € A' or A2 U A3 are the duals of pointed
Hopf algebras of dimension 432 or 864, respectively. The Hopf algebras C; ; 1, (1)
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with g # 0 are non-trivial liftings of B(V; j x,,)4Ka4,1 for (i, j, k,¢) € A C Al. They

constitute new examples of Hopf algebras without the dual Chevalley property.
The paper is organized as follows: In section [2] we recall some basic knowl-

edge and notations of Yetter—Drinfeld modules, Nichols algebras. In section [3] we

introduce the structure of the Hopf algebra Ky4 1. In section EI, we determine all
finite-dimensional Nichols algebras over simple objects in ,C“ ! YD and present them
by generators and relations. In section [5} we determine all ﬁmte dimensional Hopf

algebras over K4 1, whose infinitesimal braidings are simple objects in K:“ 'YD.

2. PRELIMINARIES

Conventions. In the paper, the base field k is algebraically closed of characteristic
zero and ¢ is a primitive 6th root of unity. Let Z,, := Z/nZ and Iy, := {k,k +
1,...,n} forn >k >0.

Let H be a Hopf algebra over k. Denote by G(H) the set of group-like elements
of H. For any g,h € G(H), Pgn(H) ={x € H| Alz) =2®g+h®z}. Our
references for Hopf algebra theory are [21] [22].

2.1. Yetter—Drinfeld modules and Hopf algebras with a projection. Sup-
pose that H has bijective antipode and denote by YD the category of left Yetter—
Drinfeld modules over H. Then £YD is braided monoidal with the braiding cy.w
for V,W € YD given by

cyw VW ->WeV, v@w— vy - wvg VveV,weW. (2.1)

In particular, ¢ := cy,y is a linear isomorphism satisfying the braid equation (¢ ®
id)(id®c)(c®id) = (id®¢)(c®id)(id ® ¢), that is, (V, ¢) is a braided vector space.
Moreover, YD is rigid. The left dual V* is defined by

(h-fou) = (f.S(h)), fi—1){fo),v) =5 (v1){fsv(0))-

If H is finite-dimensional, then by [6, Proposition2.2.1], 2YD = H YD as
braided monoidal categories via the functor (F,n) defined as follows: F'(V) =V as
a vector space,

fev=f(S(v1))vo ZS (h)®h;-v, and

n:FV)@ F(W)—= F(VeW), v®w»—>w(_1)-v®w(0),

(2.2)

where V,W € EYD, f € H*, v € V, w € W, and {h;} and {h'} are the dual bases
of H and H*.

For a Hopf algebra R € ¥ YD that is braided, set Ag(r) = v @ r@ for
the comultiplication. By the Radford biproduct or bosonization of R by H ([22]),
written as RfH, we mean a usual Hopf algebra, as a vector space, R{H = R® H,
whose multiplication and comultiplication are provided by the smash product and
smash coproduct, respectively:

(rig)(sth) = r(gq) - )gyh,  Alrig) = rVir®) Zyg0) © () 0)tge). (2:3)
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2.2. Nichols algebras and skew-derivations. Let H be a Hopf algebra with
bijective antipode and V € £YD. The Nichols algebra B(V) over V is a IN-graded
Hopf algebra R = ®,>0R(n) in YD such that

R(0) =k, R(1)=1V, Risgenerated as an algebra by R(1), P(R)="V.

The Nichols algebra B(V) is isomorphic to T'(V)/I(V), where I(V) C T(V) is
the largest IN-graded ideal and coideal in £YD such that I(V) NV = 0. Moreover,
the ideal I(V) is the kernel of the quantum symmetrizer associated to the braiding
c and B(V') as a coalgebra and an algebra depends only on (V,¢).

Remark 2.1. Suppose W is a subspace of (V,¢) with ¢(W @ W) C W Q W, then
dim B(W) = oo means dim B(V') = co. In particular, dim B(V') = oo if the braiding
c has an eigenvector v ® v € V®? with eigenvalue 1 (cf. [12]).

Remark 2.2. The Nichols algebra B(V) is of diagonal type if there is a linear
basis {z;, i € I;,} such that c¢(z; ® ;) = ¢jr; @ x; for some ¢;; € k. The
matrix q = (¢ij)i,jer,, is called the matrix of the braiding. The generalized Dynkin
diagram of the matrix q is a graph with n vertices, the vertex i labeled with ¢;;, and
an arrow between the vertices ¢ and j only if ¢;;¢;; # 1, labelled with g;;¢;;. Finite-
dimensional Nichols algebras of diagonal type were classified by Heckenberger [15],
with the help of the Weyl groupoid and generalized root systems. Their defining
relations were given by Angiono [9] [I0]. See [I] for a survey on Nichols algebras of
diagonal type.

Let C be a coalgebra, D a subcoalgebra of C and W € © M. Denote the largest
D-subcomodule of W by

W(D)={weW|§w)e D W}

Proposition 2.3 ([I6, Proposition 8.8]). Let H be a Hopf algebra with bijective
antipode, N € fIy’D and W € gg%;ggjﬂ). Assume that W is a semisimple object in
the category of Z.-graded left Yetter—Drinfeld modules over B(N){H. Let K = B(W)

mn gg%;gg)}D, and define M = W (H). Then there is a unique isomorphism

KiB(N) =2 B(M @ N)
of braided Hopf algebras in BYD which is the identity on M & N.

Now we recall the standard tool, the so-called skew-derivation, for working with
Nichols algebras. Let (V,¢) be a (rigid) braided vector space of dimension n and
A=t TV — THV) @ T™ (V) the (i,m — i)-homogeneous component of
the comultiplication A : T(V) — T(V) @ T(V) for m € N and k € Iy,,. Given
f € V*, the skew-derivation 0y € EndT (V) is given by

0t (v) = (f @id)AY™ 1 (v) : T™(V) = T™ V), veT™V), meN. (24)
Let {v;}1<i<n and {v'}1<i<, be the dual bases of V and V*. We write 9; := 0,
for simplicity.

This is useful for seeking the relations of B(V') due to

(V) ={reT™(V) | 95,05, -9, (r) =0, Vfi e V'}. (2.5)
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Furthermore, dy can be defined on B(V) and ; ﬂv ker 0y = k. For details, see
v
[7, 12].

K
3. THE HOPF ALGEBRA K241 AND THE CATEGORY ,Czjin

We introduce the structures of the Hopf algebra Ko 1 and the category E“'i)ﬂ)

24,
of Yetter-Drinfeld modules over Koy ;.

3.1. The Hopf algebra Koy ;.

Definition 3.1. Let K94, be the algebra generated by the elements a, b, ¢, d,
subject to the relations

=1, v¥¥=0, =0, d®=1, a®*=d? ad=da, bc=0=cb,

3.1
ab=¢&ba, ac=E&ca, db= —&Ebd, dc= —&cd, bd=-ca, ba=cd. (3:-1)

K241 admits a Hopf algebra structure, where the coalgebra structure and an-
tipode are given as follows:

Ala)=a®a+b®ec, Ab)=a®b+b®d,
Ale)=c®a+d®c, A(d)=d®d+c®Db,
ela)=1, €b)=0, €(c)=0, e(d) =1,
S(a)=a"t, Sb)=—-¢1ca™? S(c)=¢"1ba2?, S(d)=d ' =da?
Remark 3.2.
(1) The set {a’,da’,ba’,ca’, i € Iy 5} is a linear basis of Koy 1.
(2) G(Kaa1) =k{1,a* da? da’}, Py ge5(Kaa,1) = k{1 — da®, ca®} and
Pi1,g(Kaa,1) =k{1 — g} for g € k{a®, da®}.
(3) Let {(a")*, (ba')*, (ca’)*, (da*)*, i € I 5} be the dual basis of K241 and set

(3.2)

5 5 5
i:z:(bai)*_’_(Cai)*7 §:Z§i(ai)* +§i+1(dai)*, h:Z(ai)*—(dai)*.
i=0 i=0 ;
The multiplication of g4 1 implies that
=1, h'=1, hg=gh, g§z=2g, hz=—7h,
AT)=i®c+gh®% A@G) =g®7§ A)=heh.
In particular, G(K5, ;) = Zs @ Zy with generators g and h.

Let A4, be the Hopf algebra generated by elements g, h, = subject to the
relations

¢ =1, h®=1, gh=hg, gr=xg, hzx=—zh, z2*>=1-4>

where g,h € G(Ag41) and x € Py gp(Ag41). This is a pointed Hopf algebra of
dimension 24, which appeared in [I3] (see also [I8]). We now build the Hopf
algebra isomorphism Azs 1 = K3, ;.
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Lemma 3.3. Let ¢ : Ay 1 — K34 be the algebra map given by

Vi) =g, $h)=h, W)= V1-E%

Then v is a Hopf algebra isomorphism.

Proof. By Remark (3), 1 is a bialgebra morphism and 1(Az24.1) contains prop-
erly G(K3, ). Since dim G(K3, ;) = 12, by the Nichols-Zoeller theorem, 1) must be
epimorphic. The lemma follows since dim Agy; = dim K3, ; = 24. O
Remark 3.4.

(1) The set {¢’,¢°h, ¢’x, g’ hx, j € Iy 5} is a linear basis of Azy 1. We have
5 5

V(o) =S €9(al) + €99 (da’)", p(gPh) = Y €9(a)* — €97 (da')",

=0 =0

5
) = VI3 € )+ € e
Jhx ng”ﬂ ba fijﬂ(cai)*.

(2) It is clear that gr .A24,1 = B(X)#k[I], where I & Zg x Zo with generators
g,hand X :=k{zr} € LYD withg- 2 =2,h-2 = —2z and §(z) = gh @ =.
Furthermore, by [14, Proposition4.2], grdss1 = (A24.1)s, where o is a
Hopf 2-cocycle given by

c=ec®e—C(, where ((z'g’h* x™g"h) = (=1)"" 69 i1 m (3.3)
for i,k,m,l € Ip1,j,n € Ips. Then by [I9, Theorem 2.7], jiijyp =
g:ﬁiji)ﬂ) as braided monoidal categories via the tensor functor (G,7)

defined as follows: G(V) =V as vector spaces and coactions, transforming
the action - to
kv =0k, v—2)o " (keyenSka), ks)ks)  vo), k€ grdan,

3.4
Y:GV)@GW) =GV eW), vewr o(v_i,w1))vo) ® wo)- 34

Now we give explicitly the structure of the Drinfeld double D(K53") of K57 .

From now on, we set D := D(K53") := A" @ K37" for convenience. Recall that

D(H®P) = H*oPcP @ HP is a Hopf algebra with the tensor product coalgebra
structure and the algebra structure given by (p ® a)(q¢ ® b) = p(q3), a1))qe2) @

a@) (g, S~ Hag)))b.
Proposition 3.5. D = A;Zplop ® IC;Z is isomorphic to the algebra generated by
the elements g, h, x, a, b, c, d, sub]ect to the relations in Kqy3",, the relations in
A and

ag =ga, ah=ha, dg=gd, dh=hd,

bg =gb, bh=—hb, cg=gc, ch=—hc,
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ar — & wa = —\/1 — €267 (c — ghb), dax+ & tad = —\/1 — €267 (ghe — b)
br — & b = —/1 — €267 1(d — gha), cx+& 1 ae=—/1— €26 (ghd — a).

3.2. The representation of D(K3)" ). We begin this subsection by describing
one-dimensional objects in p M.

Lemma 3.6. For (i,j,k) € Ip1 x Ip1 % Ly, there is a one-dimensional object
ky, ;. € DM, where x; jx is given by
Xigk(9) = (=1)',  xigk(h) = (1), xijk(z) =0,
Xigk(@) = €% Xijk(®) =0, Xijk(c) =0, xijx(d)=(=1)(=1)7¢".
Any one-dimensional object in pM is isomorphic to ky, ., for some (i,j,k) €
]IO,l X ]IO,I X 10’5.
Proof. Let x € G(D*). The relations a® =1 = ¢% d° =1 =h2%, b2 =0 = 2

imply that x(a)® = 1 = X(g)G, x(d)6 = 1= x(h)? x(b) = 0 = x(c). Then the
relations hxz = —zh and 22 = 1 — g2 yield x(z) = 0 and x(g9)?> = 1. From the

relation bx — £ 1ab = —/1 — £2671(d — gha), it follows that x(d) = x(g9)x(g9)x(a).
Therefore, x is completely determlned by x(a), x(g) and x(h) and then x = xi ;&

for some (i, 4,k) € Ip1 x Ip1 x Iy 5. Consequently, any one-dimensional D-module
is isomorphic to k,, ., for some (3, j, k) € Ip1 x Ip1 x Ips. It is clear that these
modules are pa1rw1se non-lsomorphic in pM. O

Next, we describe two-dimensional simple objects in p M. Let
A:={(,4,k )i, €5, k,e €y, j+ 3k #3(+1) mod 6}.
Clearly, |A| = 120.

Lemma 3.7. For any (i, j, k,t) € A, there is a 2-dimensional simple object V; j .., €
pM, whose matrices defining the D-action on a fized basis are given by

=(5 o) = (6 )= 57,

j _1\k
a=(0 o) W=(5 &) m=(5" L)
- 0 (1 ) 3 (g (-1)F — (1)) )
—/1 =& (-1 +(-1)") 0
Any two-dimensional simple object in pM is isomorphic to Vi, for some

(4,7, k,0) € A. Furthermore, Vi j k.. = Vpgrx if and only if (4,4,k, 1) = (p,q,7, K).

Proof. Let V be a simple D-module of dimension 2. As the generators g, h, a, d
commute with each other and ¢% = h? = a® = d% = 1, we may assume that the
matrices defining the action on V' are of the form

=4 o) m=( n)m=(2 =) m=(% o)
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a=(5 o) m=(pn ) ow=(2 ).

where a$ = 1 =48, df =1 =4d5, ¢ =1 =¢85, h? =1 = h3. The relations
xzh = —hx, bh = —hb and ch = —hc imply that

1 = 0 = x4, (h1 + hg)wg =0= (h1 + h2)$3,

by =0="by, (h1+ha)bs=0=(hy+ h2)bs,

C1 = 0 = C4, (hl + hQ)CQ = O = (hl + hQ)Cg.
We claim that h; = —ho. Indeed, if hy + hy # 0, then x5 = 0 = x3, by = 0 = b3,
¢a = 0 = ¢3, which implies that [b], [c], [z] are zero matrices and hence V is not a

simple D-module.
Now we claim that g1 = g2. Indeed, if g1 # g2, then the relations gz = xg,

bg = gband cg = gcyield (g1—g2)r2 = 0 = (g1—92)x3, (91—92)b2 = 0 = (91—9g2)bs,
(91 — g2)ca = 0 = (g1 — g2)cs, which implies that [b], [¢], [x] are zero matrices and
hence V' is not simple.

From the relations b2 = 0 = ¢? and bc = 0 = cb, we have that

b2b3 =0= CoC3, b263 =0= b302, Cgbg =0= 03b2.

By permuting the elements of the ba51s we may assume that b3 = 0 = c3. The rela-

tions ax —&tra = —\/1 — €267 (c—ghb) and dov+£tad = —/1 — €267 (ghc—D)

imply that
ar1zy — £ tagwy = \/@5 Yeg — grhiby),
azws — & tarws = —/1— £267 (cs — gahabs),
dyzo + € Vdawy = —/1 - €267 (g )

dowz + € Mdimg = —/1 — €267 (gahacs — bs).
We claim that by # 0 or ¢o # 0. Suppose that bo = 0 = ¢3. Then zox3 # 0 and
by equations (3.5) we have

—1 1
a1r2 —§ Tazra =0, asx3—§ “airz =0,

dixo + f_ldgxg =0, doxz+ §_1d11‘3 =0.

(3.5)
1thica — b2),

Hence a1 — £ 'as = 0 and as — € 'a; = 0, which implies that a; = 0 = a9, a
contradiction. Thus the claim follows. We may also assume that co = 1.

The relations ab = &ba, ac = &ca, db = —€bd and dc = —€cd imply a1 = ao,
d1 = —&dy. The relations bd = ca and ba = cd yield 62 = 1 and as = byds. From the

relations br—¢£~tab = —/1 — €267 (d—gha) and cx+£Eae = —/1 — €26 (ghd—
a), it follows that

bowy = —/1— €267 (dy — grhiaa), bowz = /1 —&2(da — g2haaz),
-1 =82 Hg1hidy — an), z3 = —\/1—&2(g2had2 — az),
which implies that 23 = —/1 — 267 1(by + g1h1)d;. By equations (3.5), z2 =
(1—€2)72¢dy (g1ha — ba).
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The relations 22 = 1 — g% and a® = d? imply zoz3 = 1 — g% and a? — d? =
0= a% — d2 Indeed, since as = bada, a1 = €as and dy = —€1dy, it follows that
a1 = —bsdy and hence a1 d2 =0= a2 d2 Similarly, the relation xox3 =1 — 91
holds.

Consequently, we have

A= e ) = ) m=(0 )

a=(0 o) w=(% ) wm=(% %)

o] = < 0 (1= €372 (Aads = Aa) )
—\/@5_1/\1(/\2)\3 + )\4) 0 ’

where X6 = 1, A§ = 1, A2 = 1, A2 = 1 and Aodg + Ay # 1. Set Ay = €, Ay = &7,
A3 = (=1)* and Ay = (—1)* for some (i, 4,k,¢) € A. Then V=V, ;.

Now we claim that V; ;. = Vp g, if and only if (4,7,k,¢) = (p,¢,7, k) in A.
Let @ : Vi k. — Vpgrx be an isomorphism of D-modules and [®] = (p; ;)i j=1,2
the matrix of ® in the given basis. Then [c][¥] = [¥][¢] and [a][T] = [T][a],
which implies that pa; = 0, p11 = peo and (£¥ — fi)pn =0, (& - fiH)Plz = 0.
Consequently, £ = ¢P and then p1o = 0 and [®] = p;11, where I is the identity
matrix. Similarly, we have &/ = €9, k = r, . = k. The claim follows. O

Finally, we describe all simple objects in p.M up to isomorphism.

Theorem 3.8. There exist 144 simple objects in pM up to isomorphism, among
which 24 one-dimensional objects are given in Lemma[3.6 and 120 two-dimensional
simple objects are given in Lemma[3.7

Proof. By [21], Proposition 10.6.16], [6, Proposition 2.2.1] and Remark [3.4] p M =

ﬁ;jjyp & YD gjgjjyp > p(ar Aps1)M. On the other hand, D(gr A) is

isomorphic to a lifting of a quantum plane, which is generated by the elements
g1, 92, 93, 94, T1, T2, subject to the relations

995 = 9i9i, 9w =0s4n =1 23=0, i,j€lyskely;,
T1To + Tox1 = g1929a — 1, giw1 = X(9:)7195, iz = X (9i)720i,

where x(g1) = 1,x(g92) = x(94) = —1, x(g3) = & Algi) = 9 ® gi, Alw1) =
1 @14+ g1g2 @ 1 and A(zy) = 29 ® 1 + g4 ® 5. Then by [3 Theorem 3.5],
dimV < 3 for any simple D(gr Ag4 1)-module V. Consequently, the proposition
follows. O

~ Ka2a1

L YD. Using the equivalence pxgor )M = ,C24’1yD we

241

3.3. The category .

describe explicitly slmple objects in )c24 !YD. Using the equivalences ,C24 YD

Aza1 ~ 8r Az
A2_i\1yD gr Asa 1
gr.A24,1

gr.A24,1y

YD, we transport the information from the category Kiz VD to
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Lemma 3.9. Let IkXi,j,k = ]k{’U} € pM for (’L,],k) S 1[071 X ]I071 X H075. Then

Ky, ,, € 24 VD with

a-v==E, bv=0 c-v=0, d~v:(—1)i+j§kv; S(v)=da* I @v.

Proof. The Koy 1-action is given by the restriction of the character of D. The
coaction is of the form §(v) =t ® v, where t € G(Kas1) = {1,a3,da? da~'} such

that (g,t)v = (—1)*v and (h,t)v = (—1)7v. Therefore, 6(v) = da* 7 @ v. O
Corollary 3.10. Let ky, , =k{v} € "' YD. Thenk,, , € 552 VD with

g-v= (-1, h-v=(-1)v, z-v=0, 5(1}) =g "Wt .

Proof. Since Kay1 = A3, by [6, Proposition2.2.1], we have the equivalence

ﬁjjiyp = féji)ﬂ) via the functor (F,n) defined by (2.2). More precisely, by

the formula (2.2]), Lemma and Remark (1), we have F(lky, ) =k, , €
e, YD with
g-v={g,S(@a”))v = (g,da™"F)v = (-1)'v,
h-v={(h, dja_j_?’i}v = (=1)v, z-v={(z,d?a7 30 =0,
Zs )@ a v+ ST ((da')*) @ da’ - v

= S Yg* Y @ v =g *n* g,

Then by Remark (2), we have j}jjiyp = éi fézjin via the functor (G,~)

defined by the formulae (3.3)-(3.4), and then GF(k,, ) = ky,,, € gféj YD

with the module structure given by
hov=0(hay,v-2)0"" (hewenShw), he)he) - vo)
o(h, g *h e g kR Db -v=h-v=(=1)v,
9-ov=0(g,9"h"*)o (g9 *n"S(g), 9)g - v
a(g,9 khl“) Yo *h't g)g-v=g-v=(-1)",
(
o(

o(2(1), v(-2))0 " (@) S (@) 2(5)) () V(o)
o(x g_kh"”) g TFR D)1 v+ o(gh, g FR) e T (2g TR R 1)1 0
+ o(gh, g *h ) o= (ghg FRTI D)z - v

+o(gh,g " )o " (ghg T RIS (2), 1)gh - v

+ o (gh, g *hi )oY (ghg *hiTIS(gh), x)gh - v

= o(z,g *h )oY g7 Dv + o(gh, g "R o (zg * R 1)w

+ o (gh, g * R (g RRIHIH Dz -0

+ o(gh, g "R~ (g R RIS (2), 1) gh - v
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+o(gh,g "h" 7)o (g R 2)gh - v
=xz-v=0. O

Lemma 3.11. Let Vi, = k{vi,v2} € pM for any (i,j,k,0) € A. ThenV; j 1, €

Eszﬂ? with the module structure given by

a-vp = (=1, bvy=0, cv1=0, d-vy=E,
a-ve= (1) g, bovg = (=1)v1, c-vo=wv, d-vy=—E"tuy
and the following comodule structure:
(1) for k=0,
§(v1) = a? @ v + (1 — €2) " Faabal ! @ vy,
§(va) = da? "t @ vy + (1 — €3 Farcal L @y
(2) fork=1,
S(v1) =da’ ' @ v + (1 - 52)_%x20aj_1 ® g,
3(v2) = a? @ vy + (1 — &%)~ 1ba’ ' @ vy,
where 21 = (1 — €2)EE17H(€ (—1)F — (—1)1) and 25 = —/T— E¢-1(€ (~1)*
(—1)).
Proof. Let {h;}ier, 5, and {R'}icr, ,, be the dual bases of Ko and K3, ;. The
Ka4,1-action is given by the restriction of the D-action and the K4 1-comodule
structure is given by 6(v) = Z?il h; @ ' -v for any v € V; j . By Lemma and
Remark we have

5 5

1 o _ _ 1 o _ _

Ik —il i —(i+1) 7,0 lp\« _ — —il i e—(41) g 1

(9 2;5 o' + & da, (gh)—ugf a' — ¢ da,

(gll')* _ Zé— (H—l)lba +§ (Z-‘rl)lca
124/1 — §2
Whor = 1= > Zs (Dl — g+l
Then the lemma follows by direct computation. (]

Remark 3.12. V', = V.14 jpi1,41 forall (i,7,k,0) € A
In this section, for (i,7,k,¢) € A, set
=(1-&) 2 HE(-DF - (1)),
Ty = —\/1 =N (-1)F + (1)),
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K241

Corollary 3.13. Let Vi, = kivi,ve} € &0 YD for (i,j,k,1) € A. Then
Vijko € gﬁzjijﬂ) with the module structure given by

g-v1 =6, h-v = (—1)]“1)1, Tov = (—1)k+1x2§_j02,
g-va=ETvy, h-vy= (—1)k+102, x - vy = 0;

and the comodule structure given as follows:
(1) for =0,

§(vy) = g—S—ih ®v1, O(vg) = g—2—i ® vy + 51—1'(1 . 52)—%9—3—1‘}” @ v
(2) for.=1,
S() =g @1, () =g T heuv (1 - Tz .
Proof. Similar to the proof of Corollary using the equivalence gzji VD =
jgjlyp via the functor (F,n) defined by , by Lemma we have F(V; ;) €

1
jiiﬁyD with the comodule structure given in the corollary and the module struc-

ture given by
g-v1=E6v, h-v = (—1)kv1, T-v = (—1)k+1x25_jvg,

g-va=Evy, hevg= (1) uy, vy = (—1)F e ¢ g

Then using the equivalence ﬁzzin = i; j}jjiyz) via the functor (G,~) defined by

the formulae (3.3)—(3.4), by a direct and tedious computation we get GF(V; j 1,.) =

gr Azq
Vijk. €

YD with the structure given in the corollary. O
gr Azq1 g

Finally, we describe the braiding of simple objects in Eu'l)}D.

24,1

Lemma 3.14. Let ky, , =k{v} € 2" YD for (i,5.k) € lox x To1 x Ins. Then

the braiding of ky, , , is given by c(v @ v) = (=) U+tH+iy @ v.
Proof. By the formula (2.1)) of the braiding in gji)ﬂ) and Lemma we have
C(’U ® U) — ¥y @u= §(3i7j)k(71)(i+j)j£jkv Qv = (71)ik+ij+j2fu .
O
For (i,7,k,t) € A, we set
a1 1= [(,1)(b+1)j§ij + (,1)(%1)%(%2)]’]7
i 1 LG—1) ¢ (G—2)i+2j— 1[5 L
ap = 1_752(*1) v )f(J Jir2 (& = (=1)],
byg = [(—1)0 DAYl 4 (1)irei+2)7])

1
b1 :

- — 62 (_1)jb£2j+2+ij+4i[§j 4 (_1)L:|.
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Lemma 3.15. Let V; j 5, = k{vi,v2} € EijijﬂD for (i,j,k,1) € A. Then the
braiding of Vi jx,. s given as follows:
(1) If k=0, then

([]etoe)

_ (=1)ADIgi; @ vy (1) 20y @ vy + ar1901 © vg
(—1)(L+1)(]_1)£ij1)1 ® V2 (—I)U_l)Lg(H_Q)jUQ X vo + a11v1 @ U1 ’

(2) If k=1, then

((2]eto)

_ [ (=)EDEgy @ vy (1)U DT 0y @ vy + bigvy @ v
B (—1)ADIET 1 @ v (=1)746FDivy @ vy + biyvr ® v '

Proof. If k =0, then by Lemma and the formula 7 we have
(01 ®v) = v @y + (1 =€) 2aoba’ ! vy @ vy = (1) ATy @ oy,
c(v1 ® va) = (=1)7*60 vy ® vy + a1pv1 @ v,
c(ve®@vy) =da’ v @uvp + (1 — 52)7%xlcaj71 “v @y
= (=)D, @ vy,
c(ve ® va) = (=1)U DDy, @ vy + ag101 @ vy

Similarly, we can obtain the matrix of the braiding associated with V; ;1. O

K
4. NICHOLS ALGEBRAS IN 21 )D

We determine all finite-dimensional Nichols algebras over simple objects in
Kaa,1
Koy YD Let
0= {(i,j, k) €Tp1 x g1 xTo5 | i(j + k) +j=1 mod 2}.

We shall show that finite-dimensional Nichols algebras over one-dimensional objects

in Ezi ' VD are parametrized by A°.

Proposition 4.1. Let k, ,, = k{v} for (i,j,k) € Ioy x To1 x Io5. Then

/\]kXi,j,k? (Z,j,k’) € AO;

B(]kXi,j,k) =
k[v], otherwise.
Proof. Tt follows directly from Lemma [3.14) and Remark [2.1} O
Let Vi j k., = kivi, v} € ﬁ;ﬁyb for (i,7,k,¢) € A. Then using the equivalence
YD 2 B YD, we have Vi, € 572V VD, that is, Vijk, € o VD

with the structure given by Corollary [3.13]
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By Proposition|2.3|(see also [2, Theorem 1.1]), we have B(V; ; x..)iB(X) = B(X &
Xi ko) in LYD which is the identity on X & X; j ., where X; ;r, = k{v1} € LYD
with

gror=E&7vy, hev= (=DM, (vy) =g VTR @,
It is clear that B(X @ X; ;) is of diagonal type with the generalized Dynkin
diagram given by
1 (_1)k+Lf1£fj (_J(k+jﬂf*1)gw
o — o)
x v
Now we show that infinite-dimensional Nichols algebras over two-dimensional

24,1

. . . K
simple objects in Kot 1

YD are parametrized by the following subsets:
A% = {(i,5,k,0) € A | 3(k+7)(t—1)+ij or
3(k+0¢)+3(k+35)(t—1)+(i—1)j =0 mod 6};
A = {(i,j, k) EAN|i=5,7€{1,5}, k+14+1=0 mod 2},
and present finite-dimensional ones by generators and relations.

Lemma 4.2. Let (i,j,k,t) € A°* UA">*. Then dim B(V; jx..) = 0o.

Proof. 1t suffices to show that dim B(X & X; jx,) = co. If (i,j,k,.) € A%, then
the Dynkin diagram is

1 (71)k+L71£7]’ (_)(k+jé(bfl)£ij

ol

vy
If (i,4, k,¢) € A%, then the Dynkin diagram of X @ X; ;5 is given by

E*j §—j
I E—C
v1

|
8015

These diagrams do not appear in [I5, Table 1], that is, they have infinite root
systems. Therefore, dim B(X & X j x,) = cc. 0

Proposition 4.3. Let A' = {(i,j,k,t) € A | 3(k+¢—1) —j = +1 mod 6,
3(k+j)(t—1)+ij = 3+1 mod 6}. The Nichols algebra B(V; jx.,) for (i,j, k,t) € A
is generated by vy, ve, subject to the relations

vy =0, E¥0vg + (—=1)¢ 2 vivav; + vevd =0,
v1v3 + (=1)"v20102 + V301 = 0,
—1)4(1 — £29)¢4 1= ¢-27)¢4
()0, (=)
1465 1+¢&°
Proof. By Lemma the braiding of V; ; 1, is given by

c U1 ® [ V1 U ] = €2jv1 ®U1 (_1)L§_2jU2 R vy —v1 ® vy
V2 L (_1)L+1€2JU1 & v2 E 2 @ Uy + Avy @1y ’

V102U + vg’ =0. (4.3)
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where A = [(71)"5—2-7'ﬂf;)‘“g?i]g‘l. Since ¢(v1 ® v1) = £¥v; ® vy, it follows by the
formulae ([2.3)) and (2.4) that

O (v)) = (0! @id®) AV (v]) = (1 4+ €% +£Y)of = 0,

0 (v3) = (V¥ ® id®2)A1’2(vf) =0.

Similarly, we obtain

01(vivg) = vivg + (=1) T Huguy, O (vivg) = E¥0i;
01 (vivav) = (=1)" e 210y, Da(vivgy) = (—1)"E Hui;
01 (vov}) = (=1)"vav1,  a(vavf) = vf;
91(v3) = (1 +€Y) Avyvg + (=1) €2 Avgor,  Da(v3) = 0;
O (v1v3) = AP0} — Y03, By(viv3) = (=) lorvy;
O1(v3v) = Av? 4 Y02, Oy (vavy) = —E¥vyuy;

81(’021}11}2) = (— ) 5_2]14’1)1, 82(’1)21)1’[]2) = V1V2 + (—1)L£2j1}2’l]1.

It is easy to verify that 0y (r) = 0 = 02(r) for any relation r given in (4.1)—(4.3)).
Then by n, the quotient B of T'(V; ;) by the relations (4.1)-(4.3) projects
onto B(Vi jk.). We claim that I = k{vi(vov)iv%, i,k € Ipa,5 € Io1} is a left
ideal. Indeed, from (4.1)-(.3) and (vovq)? = (—1)* v%v%, we have vil, vl C 1.
Hence I linearly generates 8 since 1 € I.

We claim that dim B(V; ;,) > 18 = |I|. Indeed, the Dynkin diagram of X &
Xijkois o i & . Since j ¢ {0, 3}, it is of standard type Bs. By [9}[10],
dim B(X & X; jk,) = 36. The claim follows since dim B(V; jx,) > & dim B(X @

=2
Xi jk.). Consequently, B= B(V;.). O

Proposition 4.4. Let A> = {(i,j,k,t) € A | 3(k+¢—1) —j = £2 mod 6,
3(k+7)(t—1)+ij = £2 mod 6}. The Nichols algebra B(V; j k) for (i,j,k,¢) € A2
is generated by v, ve, subject to the relations
02 =0, ¥vivy + (=1)*vv9v1 + vev? =0,

v%vl + [(—1)‘§2j + (—1)k€j]1}2’0102 — vlvg =0, vg =0. (4.5)

Proof. The braiding of V; ; 1., is given by

((z]etun)

B 2y, ® v (—1)kgiv, ®v1+ (€% + (=) T¢)v; @ vy
T (D) @y (—1)F T &ivy @ vy — (*1)L 552 v ® vq

Then a direct computation shows that the relations and . are zero
in B(Vijk.) belng annlhllated by 01,0, and hence the quotlent B of T(Vijr.)
by the relations and . projects onto B(V;k,.). We claim that I =
k{vi (vovy)ivb,i € ]IO,Q,] € Ip1,k € Ips} is a left ideal. Indeed, from ,
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[@.5) and (vav1)? = —[(—1)4€% + (—1)*¢Tv?03 — 2(v1v2)?, it is easy to show that
vi1l,vol C I. Hence I linearly generates B since 1 € I.
We claim that dim B(V; jx,.) > 36 = |I|. Indeed, the Dynkin diagram of X &

Xijk, is _OIL%j . Since j ¢ {0,3}, it is of standard type By and

by [9, 10], dimB(X & X, ;%,.) = 72. The claim follows since dim B(V; jx,) >
1 dim B(X @ X; jx,.). Consequently, B = B(V; jk.)- O

Proposition 4.5. Let A> = {(i,5,k,t) € A | 3(k+¢—1) —j = F2 mod 6,
3(k+7)(t—1)+1ij = +1 mod 6}. The Nichols algebra B(V; j..) for (i,j, k,t) € A3

is generated by vy, vs, subject to the relations

v? =0, (—l)kﬂﬁ*jvag + (-1 + (71)k€7j]1}1v201 + vgvf =0,

1
(*)L+1§(§ + &)} 4 v1v3 + (—1) vav1v2 + v3vy =0, (4.6)
_1)eel-2i —1)ktegl=g
EDE 2 2y U + 0 = 0.

145 1+¢°
Proof. The braiding of V; ; 1., is given by

((z]eton)

_ [ GO @u (D) H @ v+ [ + (DM o @ v
T (DR @ vy £ 2y ® vy + (—1)" 1,552 v ® vy

Then a direct computation shows that the relations are zero in B(V; jk.)
being annihilated by 01, 92 and hence the quotient B of T'(V; ; x..) by the relations
projects onto B(V; j.). We claim that I = k{vi(vov1)ivk,i € Ios,j €
Io1,k €Tp2} is a left ideal. Indeed, from and (vov1)? = — (£ 4+ €2 wfvd —
2¢2%3 (v1v9)?, it is easy to show that v1I,vol C I. Hence I linearly generates B
since clearly 1 € I.

We claim that dim B(V; ;) > 36 = |I|. Indeed, the generalized Dynkin dia-

gram of B(X ® X, jx,) s o (Cyte (_1)%%7] . Since j ¢ {0, 3}, it is of
standard type Bs. By [9, [10], dim B(X & X, jx.) = 72. The claim follows since
dim B(V; jk,.) > 3 dim B(X & X, j 1,.,). Consequently, B = B(V; j x.). O

Proposition 4.6.

(1) Let (i,4,k,t) € A* = {(4,3,0,1), (i,3,1,0),i € {1,3,5}}. The Nichols alge-
bra B(V; k) is generated as an algebra by vi,vs, subject to the relations

v3 =0, vvg+ (=1)‘vv; =0, vi=0. (4.7)

(2) Let A5 = {(i,j,k,1) € A—A* | 3(k+75)(t—1)+ij = 3 mod 6}. The Nichols
algebra B(Vi jx.,.) for (i,j, k,1) € A5 is generated by vi,va, subject to the
relations

v =0, vy + (=DFTv0 =0, o) =0, N =ord((—1)*"71¢77) € {3,6}.
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(3) Let AS = {(i,j,k,0) € A—=A* |3k +0) +3k+)—1)+(G—-1)j=3
mod 6}. The Nichols algebra B(V; j1..) for (i,j,k,1) € A® is generated by
v1, V2, subject to the relations

v1vg 4 (—1)'vevy =0, 03 + (1 — €)1 ()i =0, )N =0,
where N = ord((—1)*+1+k¢d) € {3,6}.
Proof. Assume that (4,7, k,¢) € A*. The braiding of V; j x, = {v1,v2} is given by

U1 _ —v1 @ U1 (*1)L71U2 ®v1 — 201 ® vy
C({W}@[vlw ])_{(—1)%1@7)2 —Uy ® Vg

Then a direct computation shows that v?,v3,v1v2 + (—1)‘vevy € P(T(Vijk.))-
Indeed, we have
AWH =v? @140, v +c(v; ®v) +1@v? =} @1+ 100 i€l
A(v1vg + (—1)'vav1) = (v1v2 + (—=1)'v2v1) ® 1 + 1 ® (vivg + (—1)‘vauy).

Therefore, the quotient B of T'(V; ; x..) by the relations (4.7)) projects onto B(V; j k..).
From (4.6)), it is easy to show that I = k{viv},4,j € Ip1} is a left ideal and linearly
generates B.

We claim that dim B(V; j x,,) > 4 = |I|. Indeed, the diagramis &' =% ',
It is of Cartan type As. By [9, [10], dimB(X & X, ;x,.) = 8. The claim follows
since dim B(V; j k) = 3 dim B(X & X; j 1.,,). Consequently, B = B(V; jx..).

The proof follows for (i, j,k,1) € A% or A® the same lines as for (i,7,k,¢) € A*.
In these cases, the generalized Dynkin diagram of X @& X; ; 1, is given by

-1 (=Dl g -1 (—1)HitRemd (yetithed
O —m888 O or O —m—m—m@@@ e}
x v1 x v1
They are of standard A, type. O

Theorem 4.7. Let V be a simple object in Egjjyp such that dim B(V) < oo.
Then V is isomorphic either to ky, . for (i,j,k) € A° or to Vi ., for (i,j,k,¢) €
U9 A%

Proof. By Theorem V' is isomorphic to k,, . for (i,7,k) € To1 x To1 x Ios
or Vi, for (i,j,k,t) € A. If dimV = 1, by Proposition V = ky,,, for
(i,5,k) € A°. Observe that A = A% U A%* UUS_ A’ If dimV = 2, then by
Propositions V2V, ik, for (i,7,k,t) € US_ A" O

Remark 4.8.

(1) AL = 12, [A2] = 8 = [A3], |A*] = 6, |A%] = 12 = [AS].

(2) The Nichols algebras B(V; jx,,) with (4,7, k,¢) € A* UA® U AS have already
appeared in [5]. They are isomorphic to quantum planes as algebras. They
can be recovered, up to isomorphism, by using the techniques in [2]. Indeed,
from the proofs of Proposition [{.6] they are arising from Nichols algebras
of Cartan type A or standard type As.
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(3) The Nichols algebra B(V; j.) for (i,4,k,t) € U?_ A" is an algebra of di-
mension 18 or 36 with no quadratic relations. They appeared in [23] (see
also [24], [20]) with different parameters. Indeed, from the proofs of Propo-
sitions [23, Remark 4.21] and [20, Proposition 5.9], up to isomor-
phism, they are arising from Nichols algebras of standard type Bs whose
Dynkin diagram is o LI (¢ € k* — {1,-1} and ¢* # 1), with
different matrices of the braiding.

5. HOPF ALGEBRAS OVER K41

We determine all finite-dimensional Hopf algebras over Ko4 1, whose infinitesimal
braidings are simple objects in %4’1371?. We first define four families of Hopf

24,1
algebras C; j .. (1) for (4,7, k,¢) € A™ and show that they are indeed the liftings of
B(%,j,k,L)ﬁK24,l' Here A = {(23j17070)7 (23j27 170)7j1 = 234aj2 = 17 5} c Al

Definition 5.1. For j € {2,4} and p € k, let Ca j0.0(1t) be the algebra generated
by a, b, ¢,d, v1,ve, subject to the relations (3.1]) and the following ones:

avy = Eva, avy = Evga +vie, buy = E2vb,  buy = Eugb + v1d, (5.1)
cvp = fzvlc, Ccvg = {41126 +via, dvy = 5201d, dvg = §4U2d + v1b, (5.2
v3 =0, €vivg + ¥ vvv + vov? =0, (5.3)

(1-¢%)¢t (1—¢¥)¢ -
WU%UQ + T@vlvgvl +v8 = p(l —da™t), (5.4)
V103 4 VaUL v + VIV, = —2u&*ba1. (5.5)

Ca,j.0,0(1) admits a Hopf algebra structure, where the comultiplication is given
by (3.2) and
Alv) =11 @1+ d @v; — Q1+ E)ba? ™ @ v,
Alvs) =2 @1+ da’™ @y — (1= €)' (1= &)’ @ vy,

Remark 5.2. It is clear that CQ’]"O’O(O) = B(‘/QJ‘,(LO)ﬁICQz‘L’l and C2,j,0,0(ﬂ) with
p # 0 is not isomorphic to Cs ;0,0(0) for j € {2,4}.

(5.6)

Definition 5.3. For j € {1,5} and p € k, let Ca;1,0(1) be the algebra generated
by a,d, ¢, d, vy, ve, subject to the relations (3.1)), (5.1)—(5.3]) and the following ones:
(-, (-g9e

1+6 17T 146
V103 + Vov1 v + viv; = —2uétca’. (5.8)

v1vav; + vs = pu(l — a®), (5.7)

Ca,j.1,0(1) admits a Hopf algebra structure, where the comultiplication is given
by (8.2) and

A(v) =1 ®1 +dd ' @ v —£(1— gj)caj—l ® va,

A(UZ) =v®1+ aj ® vy — (1 _ 52)—15—1(1 + fj)baj_l ® vy (59)
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Remark 5.4. It is clear that C27j7170(0) = B(‘/27j7170)ﬁlc24,1 and CQ,j,l,O(N) with
w # 0 is not isomorphic to Cy ;1,0(0) for j € {1,5}.

Lemma 5.5. A linear basis of C; j k. (p) for (i,j,k, i) € A* is given by
{v%(vva)j’deucyblam7 7;’ ke ]I0727 j7 u, v, lv//‘ +v +l € ]IO,la m € ]IO,S}-

Proof. We prove the assertion for Cs ;1,0(1), the proof for Cs jo0(n) being com-
pletely analogous. We write vi3 := vivs for short. By the diamond lemma, it
suffices to show that all overlap ambiguities are resolvable, that is, the ambiguities
can be reduced to the same expression by different substitution rules with the or-
der vo < V1V < v < d < ¢ < b < a. Here we verify that the overlapping pair
(fv2)vs = f(v3) for f € {a, b, ¢, d} is resolvable:

(av2)v3 = (*vga 4 vic)v3 = E2v5avy + 4 (v1ve + Vo1 )cvy + viavy
= 202 (*vga + vic) + X (v1va 4 vovy) (EYvac + via) + vi(EYvra + vic)
= vg’a + fzvgvlc + 527111)%0 + §4v1vgvla + 521121)11)20 + 541)21)%(1
+ Ylvga + vic
= v2a + f VUV + § vgvla + f Uga + & (v%vl + vlvg + vav1v2)C
= vga + f V1VV1a + 5 v2v1a + f vlvga

_£2 — Y
= (ll—ffi)gav%w + ul—ffi’)gavlvzm + pa(l — a®) = a(v3).

(bvg)va = (§4vgb + v1d)vs = E2v3bvy + Ervav1dvg + Evrvadug + vibug
= vzb + §2v201d + §2v2vlvgd + §4vgvfb + §Qvlv§d + 54111021}11)
+ 2vab + vid
= vzb + § v1UaU1b + ,5 vzvlb + §4vlv2b + 52(1)%1)1 + vw% + vov1v2)d
= vzb + E V19U b + § vgvlb + 54 vzb — 2ucda2
_£2 _¢4j
e, (e
(dvg)v2 = (E*vad 4 v1b)v2 = E202dvy 4 E4(v1v2 + Vo1 )by + vidvy
= UQd + {27) v1b+ €& vlvgb + f v1vou1d + 5 VoV U2b + §4v2v1
+ 4%vyd + v3b
= UQd + &rvvovid + € vzvfd + 541) vod + 52(11%1)1 + vlvg + vov1v2)b + v?b
_ 2] 45
O, OE

(cva)vs = (E'vgc + v1a)v3

buyvgvy + pb(1 — a®) = b(v3).

dvivovy + pd(1 — a®) = d(v3).

3 4, 2 4 42 2/ 2 2
= vic+ tugvic + Evgvguic + ERvuge + E2(VEuy + vav1vg + v1vd)a + via

(-, (L€M)

= cvivg + 116 cv1vovy + pc(l —a®) = c(v).
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One can also show that the remaining overlaps

{(for)of, fF(0D)},  {(fviz)viz, f(v1y)},  {(viviz)viz, vi(viy)},

{(W)vrz, v (v1v12)},  {(v)va, vi(v1v2)}, {01 (v3), (v1va)v3},

{U12(U§)7 (UlQUQ)Ug}a {(U%Q)/U% 1}12(1)12’02)}, {’U Uz ) Uz Uz {U%QU{L% U?QIU%Q}
are resolvable by using the defining relations. Here we omit the details since it is
tedious but straightforward. O

Lemma 5.6. For (i,j,k,t) € AY, grC; jr..(1) = B(V; jk.)iKaa1.

Proof. Let €y be the Hopf subalgebra of C; ;.. (1) generated by the simple sub-
coalgebra k{a, b, c,d}. By Lemma dim €, = 24. It is clear that €y = Kaq 1.
Let €, = €1 + Koa1{y'(zy)/2*,i + 2j + k = n,i,k € Ipa,j € Tgq} for n €
Ios. A direct computation shows that {@n}neﬂoﬁ is a coalgebra filtration of
Ci k. (1) and hence the coradical (C; jk..(1))o C € = Ka41, which implies that
(C,'7j,k¢(u))[o] = /C2471 and ngid,k’L(u) = Ri7j,k7LﬁIC2471, where Ri,j,k,L is a con-
nected Hopf algebra in ,’224 'YD. Since Vi k., C P(Rijk.) by definition and
dimR; 5, = 18 = dim B(V; j x,.) by Lemma it follows that R; j 1, = B(V; k)
and consequently, grC; ;. (1) = B(Vij k)i o4 1. O

Proposition 5.7. Let A be a finite-dimensional Hopf algebra over Ko4,1 such that
gt A~ B(Vijk)iKoa1 for (i,5,k,0) € A*. Then A= C; ;. (1) for some p € k.

. . 27 4 47 4
Proof. Let X = 52]1)%112 + 20090, 4002, Y = & 1«€+§5)€ v2vy+ 4 1§r55) v1vv1 +
v3 and Z = v1v3 + vau1v + v3v; for simplicity. Assume that (4,7, k,¢) = (2,4,0,0)
for some j € {2,4}. Note that gr A = B(V; jx,.)8K24,1. By (5.6), a direct compu-

tation shows that
AW =03 @14+1@00 + (1 —€3) Tagba~' © X,
AX)=X®1+da'@X, AY)=Y®1l+da '@V,
AZ)=Z@1410Z+(1—&) 3aba ' @ X — 269 (1 — €2) 2asba ' @Y.
It follows that X,Y € Py go-1(A) = Py ga-1(Kaa1) = k{1 —da™*,ca™'}, that is,
X =a1(1-da ) +asca™!Y = B1(1—da=1) + Baca™? for some oy, ag, B1, B2 € k.
Then
A 4 oy (1 — 52)_%x2ba_1) =+ (1— 52)_%x2ba_1) ®1
+1® (W + (1 — 52)_%x2ba_1) +(1- 52)_%3321)@_1 ® agca”

If the relation v} = 0 admits a non-trivial deformation, then v} € Ap. Since
avy = —via, bv} = —vPb, cv} = vic and dv} = vic, a tedious computation on
Afg) shows that v} = 0 must hold in A. Therefore, the last equation holds only
if &1 = 0 = ay, which implies that X = 0 in A. Similarly, we have that Y =
Bi(1 —da™t) and Z = 28,69 (1 — €2) " 2agba! = —2B,6%a~!. Therefore, the

defining relations of Cs ;0,0(f1) hold in A and hence there is a surjective Hopf

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)



ON HOPF ALGEBRAS OVER BASIC HOPF ALGEBRAS OF DIMENSION 24 489

algebra morphism from Cs ;,0(51) to A. By Lemma dim A = dimCs ;0,0(51)
and hence A = Cy j0,0(51).

Assume that (4,7,k,¢) = (2,7,1,0) for some j € {1,5}. By , a direct
computation shows that

A@}) =1 ®@1+da®> @ + (1 - 52)_%9020(12 ® X,
AX)=X®l+d0X, AY)=Y@l+dY,
A(Z) :Z®1+da2®Z+(17§2)7%$1ca2 ®X+2€j(17€2)7%x2ca2®y.

It follows that X = a1(1 —a3), Y = as(1 — a®) for some ay,as € k. Then v} +
041(1 — 52)7%1726(12 S Pl,da2 (A) = Pl,daz (]C24,1), that is, ’U% + 041(1 — 52)7%@0&2 =
asz(1 — da?) for some a3 € k. Since avi = —via, bvj = —v3b, cvi = vic and dv$ =
vie, it follows that oy = 0 = a3 and hence v§ =0 = X in A. Then Z + 2a&7 (1 —
€2) 3wyca® € Py a2(A) = Praa2(Kaa1), that is, Z + 20067 (1 — €2)"Fzca® =
a4(1 — da?) for some ay € k. Since aZ = £Za, it follows that ay = 0 and

hence Z = —2a&7 (1 — 52)’%x20a2 = —2an€*ca®. Therefore, there is a surjective
Hopf algebra morphism from Cs ;1 0(c2) to A. Since dim A = dimCs j1,0(c2) by
Lemma A= Cg’j’l,Q(OtQ). O

Proposition 5.8. Let A be a finite-dimensional Hopf algebra over Kog 1 such that
gr A = B(V)iKa4,1, where V is isomorphic either to lky, ., for (i,7,k) € A° or to
Vi for (i,4,k,0) € A*. Then A= gr A.

Proof. Assume that V =k, . for (i,j,k) € A°. Since A(v) =v®@1+d/a* 7 @,
we have A(v?) = v? ® 1+ 1 ® v? and hence v? = 0 in A. Consequently, A = gr A.
Assume that V =V, ;. , for (i,j,k,.) € A% A direct computation shows that

AR =12 @1+1002 4+ (1) (1 =€) 2asba ' @ (v1v2 + (=1)'v1vg), (5.10)
AW =v3®1+1®03, (5.11)
A(vivg + (—=1)*v1v2) = (vivg + (—1)'v1v9) + da~'® (v1v2 + (=) *vyv2).  (5.12)

It follows by (5.11)) that v3 = 0 in A and by (5.12) that vive + (—1)‘vev; €
P1.da-1(A) = P1,aga-1(K24,1), that is, viva + (—1) v2v1 = o (1 —da™') +asca™? for

some oy, 0 € k. Let X := v? + (—1)ay (1 — £2)~2zyba~! for short. Then (5.10)
can be rewritten as

AX)=X®@1+1®X + (—1)(1 - ) 2az2ba™ " ® agca™ . (5.13)

If the relation v = 0 admits non-trivial deformations, then v{ € Apj. Since
av? = £2wia, bv? = 2?2, dvi = £2wid and cv? = %v?c, a direct computation
on A shows that v} =0 in A and hence holds only if @1 = 0 = ap, which
implies that vive + (—1)*vev; = 0 in A. O

Proposition 5.9. Let A be a finite-dimensional Hopf algebra over Kos1 such that
gt A~ B(Vijk)iKaa1 for (i,5,k,0) € ALUAZUA3 — AY™. Then A = gr A.
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Proof. Assume that (4,7, k,1) € AY — AY. Let X = 2vfvy + (—1)¢ Y vgvvy +
vovl, Y = % 9 + a 1_‘5;5)5 V10201 + 03 and Z = vyv3 + (—1) vav1vg +
v3v; for simplicity. If & = 0, then we have
A =i @14+a* @v} + (1 - 52)_%x2ba3j_1 ® X, (5.14)
AX)=X®1+dd¥ 'oX, AY)=Y®1+dd¥ 'Y, (5.15)
AZ)=Z@14+a¥@Z— (7 +¢)(1—€) 2a1ba® '@ X
+2(=1)H (1 — €2) T aaba¥ T R Y.
If j € {2,4}, then i —5 = k = ¢ = 0 and by (5.15), X,Y € Py 4,-1(4) =
Py da-1(Koa1) = k{1 —da™',ca™'}, that is, X = ay(1 — da™') + asca™ Y =

B1(1—da=1)+Baca™" for some g, az, B, B2 € k. Set r := vf’—l—al(l—ﬁg)_%xgba_l
Then

(5.16)

A(r) =r@1+1@r+(1—¢&) Taba™! @ asca™ . (5.17)
If the relation v§ = 0 admits non-trivial deformations, then v§ € Apy. Since av} =
via, bvl = v3b, cv} = —vic and dvi = —vid, a tedious computation on Afg) shows

that v3 = 0 must hold in A, which implies that (5.17] - ) holds only if ¢y =0 = 042 and
hence X = 0 in A. Similarly, Y = 8;(1 —da™!) and Z = =25, (1 — £2) "2 z9ba "
Since aY = —Ya and ab = £ba, it follows that 5; = 0. Consequently, A = gr A.

If j € {1,5}, theni —2 =k =¢—1 =0 and by (5.15), X,Y € P; 4,2(4) =
P1da2 (K2a,1) = k{1 — da?}, that is, X = a1(1 — da?) and Y = az(1 — da?) for
some ay,ay € k. Moreover, v3 4+ a1 (1 — £2)" 2zyba® € P1a3(A) = P1,a3(Koa1),
which implies that v? 4 a1 (1 — £2) " 2zba® = as(l — a®). Since dv? = v3d and
cvy = vic, it follows that a; = 0 = a3 and hence X = 0 = v3 in A. Then a direct
computation shows that Z +2a2&7 (1 —52)_%x2ba2 € P1,43(A) = P1,43(Kaoa,1), that
is, Z 4 20267 (1 — €2)"219ba® = ay(1 — a?) for some oy € k. Since aZ = £*Za,
bZ = £47Zb, cZ = £*Zc and dZ = £*Zd, it follows that as = 0 = ay. Consequently,
er A= A

If k=1, then (4,5, k,¢) € {(2,41,1,1),(5,741,1,1) | j1 = 2,4} and we have that

A =¥ @14+da¥ P @vd 4+ (1 - 52)_%xgca3j_1 ® X,
AX)=X®1+d7 @ X,
AY)=Y®1+d" @Y,
AZ)=Z@14+dd* '@ Z+ (7T +)1 - 221 ' ® X
F2(—1)Y (1 = €2) 2a0ed® T @ Y.

It follows that X = 0 = Y in A and v$,Z € Py ga-1(A) = Prga—1(Koa1),
that is, v = a1(1 — da™') + agea™ and Z = B1(1 — da™') + Baca™? for some
ai,ag, 81,82 € k. Since avi = (—1)fa, bvi = (=1)w3b, cv = (—1)"wfc and
dvi = (—1)"id, it follows that a; = 0 = ao. Since aZ = (—1)¢*Za, bZ =

(—1)¢*2Zb, cZ = (—1)%¢*Zc and dZ = (—1)¢*Zd, it follows that 31 = 0 = fa.
Consequently, A = gr A.
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The proof for (i, , k, 1) € A2UA? follows the same lines as for (i, j, k,¢) € A*. O

Proposition 5.10. Let A be a finite-dimensional Hopf algebra over Kas,1 such
that gr A = B(V; j k. )iK2a1 for (i,j,k, 1) € ASUA®. Then A= grA.

Proof. Assume that (i, j, k,¢) € A5. Observe that i € {0,3}. If the relation v? =0
admits non-trivial deformations, then v? € Ap). Hence there exist some elements
Op.qr> Bp.ar Yp.gr> Apgr € k with p+¢,p,q € I 1,7 € Iy 5 such that

2 _ D,4q T P4 3.7 D, 4y T p,4q..T
Ch —E Qp,q,rV1 V20" + Bp g,rv1v5da” + Ypqrv1050a" + Ap g rv1v5ca"

2 _ —
Since av? = via,bvi = v?b, cv? = vie,dv? = vid, it follows that Opgr = Bpgr =

Yp.gr = Apgr = 0 with p+¢,p,q € I1,7 € Iy 5 and hence v? =0 in A. Similarly,
we have that vivy + €%vv; = 0 since

a(vrvg + (=1 vg01) = € (102 + (=1)*¢Yv201)a,
b(vrvg + (=1)* € vour) = €7 1(U1v2+( 1)k vyv1)b,
c(vivg + (1) ¥ vy01) = =€ (v + (=1)FE¥ w901 )e,
d(v1vg + (=1)*€vyv1) = =€ (v1va + (=1)*E vyvy )d.

If N = 6, then the relation v$ = 0 must hold in A since A(vS) = 0§ @1+ 1® 08.
If N = 3, then the relation v3 = 0 must hold in A since avi = (1) v3a, bv3 =
(=1)"v3b, cvs = (—1)"vic,dvi = (—1)"v3d and v € Py gesi-1(A) or Py 43(A).
Consequently, A = gr A.

The proof for (4,4, k,t) € A® follows the same lines as for (i,7, k,.) € AS. O

Finally, we give the classification of finite-dimensional Hopf algebras over Koy 1
whose infinitesimal braidings are indecomposable objects in IC24 'YD.

Theorem 5.11. Let A be a finite-dimensional Hopf algebra over Ka41 whose in-
24,1

nitesimal braiding V' is indecomposable in K yD Then A is isomorphic to one
Koa

of the following objects:
o Nky, ,  tKoss for (i,7,k) € A%; A
o B(V; k. )tKaan for (i,j,k,v) € US_ AP — A1*;
® Cijk,(p) for p €k and (i, j, k, L) € Al*.

Proof. Since Ajg) = Kas1, gr A = RiKo41. By [2, Theorem 1.3], V' is simple and
R = B(V). Then by Theorem [4.7| V is isomorphic either to k,, ., for (4,7, k) € A°
or to V; j i, for (i,j, k) € US_; A’ The theorem follows by Proposmons
The Hopf algebras from different families are pairwise non-isomorphic since the
diagrams are not isomorphic as Yetter-Drinfeld modules over Koy ;. O

Remark 5.12.

o Nk, Ko with (4,5, k) € A9 are basic Hopf algebras of dimension 48.
e For (i,7,k,t) € A%, A5 and AS, B(V; jk,.)8K24,1 are basic Hopf algebras of
dimension 96, 144 and 288, respectively.
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e For (i,j, k,.) € At and A2U A3, B(V; j 1..)4K24,1 are basic Hopf algebras of
dimension 432 and 864, respectively.

e Ci jr.(p) with p # 0 are non-trivial liftings of B(V; j &, ) 8241 for (i, 4, k,¢) €
A™ C Al. They constitute new examples of Hopf algebras without the dual
Chevalley property.
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