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COUPLING LOCAL AND NONLOCAL EQUATIONS WITH
NEUMANN BOUNDARY CONDITIONS

GABRIEL ACOSTA, FRANCISCO BERSETCHE, AND JULIO D. ROSSI

ABSTRACT. We introduce two different ways of coupling local and nonlocal
equations with Neumann boundary conditions in such a way that the resulting
model is naturally associated with an energy functional. For these two models
we prove that there is a minimizer of the resulting energy that is unique
modulo adding a constant.

1. INTRODUCTION

Nonlocal models can be used to describe phenomena (including problems char-
acterized by long-range interactions and discontinuities) that cannot be well rep-
resented by classical partial differential equations (PDE). For instance, long-range
interactions effectively describe anomalous diffusion and crack formation results
in material models. The fundamental difference between nonlocal models and
classical local models is the fact that the latter only involve differential opera-
tors (local equations), whereas the former rely on integral operators (nonlocal
equations). For general references on nonlocal models and their applications to
elasticity, population dynamics, image processing, etc., we refer the reader to
[6l, [7, 19, (10}, (1T, (T2} (13} (18, 21} 25 27, 33, 35, 134, [36, 37, B8] and the book [2].

It is often the case that nonlocal effects occur only in some parts of the domain,
whereas, in the remaining parts, the system can be accurately described by a local
equation. The goal of coupling local and nonlocal models is to combine a local
equation (a PDE) with a nonlocal one (an integral equation) acting in different
parts of the domain, under the assumption that the spacial location of local and
nonlocal effects can be identified in advance. In this context, one of the challenges
of a coupling strategy is to provide a mathematically consistent formulation.

Along this work we consider an open bounded domain Q C RY. In our models
it is assumed that 2 is divided into two disjoint subdomains; a local region that we
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will denote by €y and a nonlocal region Q,,,. Thus we have Q;, Q,, C Q C RY with
Q= (QUQ)°. Our main goal in this paper is to introduce two different ways
of coupling a local classical PDE in €, with a nonlocal equation in €2,, in such a
way that the resulting problem is naturally associated with an energy functional
that is invariant under the addition of a constant (as is the usual case for Neumann
boundary conditions in the literature). This paper is a continuation of [I], where
we tackled the Dirichlet case.

Let us first recall some well-known facts: for the classical Laplacian (a local
operator) with homogeneous Neumann boundary conditions, the model problem
reads as

Au(z) = f(z), x € Qy,

(1.1)
@(a:) =0, x € 08y.

Here, u is the unknown and f is an external source. Associated to the problem we
have the natural energy

Fg(u):%/Q |Vu(z)|? dz — o, f(@)u(z) dx

that is well posed in the space Hy = {ue€ HY(Q) : fQ y)dy = 0}. Notice that
we need to impose that sz x)dz = 0 in order to have ex1stence of solutions to
, and in this case we get existence and uniqueness for modulo an additive
constant: there is a unique solution to (L)) with [, u dx = 0 (that is obtained
as a minimizer of the energy Fy in Hy), and any other solutlon can be obtained by
adding a constant. For the proofs we refer to the textbook [20].

For a nonlocal counterpart of in Q,,¢, we need to introduce a nonnegative
kernel J : RV + R, and then we consider as a nonlocal analogous to the
following equation:

2 / J(@ — y)(uly) — u(@) dy = f(z), @€ Q. (1.2)

ne

Assuming that the kernel is symmetric, J(z) = J(—z), we have the associated
energy functional

w-3/ / e = g)iu(y) — o) dy e~ / Sty da

When the kernel is in L' this functional can be considered in the space H,, =
{u e L2 fQ u(z)dx = 0}. As for the local case, we need to assume that
fQ dx =0 and again we have existence and umqucncss for solutions to
modulo a constant (there is a unique solution to (1.1)) with anz x)dr =0 and it
is obtained as a minimizer of F,, in H,y), see [z}

Our main goal here is to present two different ways of coupling local (in €,) and
nonlocal models (in €2,,¢) in such a way that the resulting problem (in the whole )
has the same properties as the previous two Neumann problems; the problem is
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naturally associated with an energy functional and it has a unique solution (up to
an additive constant) when the external source is such that [, f(z)dz = 0.

1.1. First model. Volumetric couplings. Let us present our first model cou-
pling local and nonlocal equations in two disjoint subdomains Q, Q,,, C Q C RV.
For v : Q — R, we consider the local/nonlocal energy

_ [ Nu@P, 1 7= yluly) - u(@) dy d
amww—L { (1+2AMK?J( Wluly) — u(x)? dyd »

. 2
* 2/9"[ o G(z,y)|u(y) — u(z)| dydx_/ﬂf(l‘)u(a:) dz,

and we look for critical points (minimizers) of this energy and the corresponding
equations that they satisfy.
In the functional (|1.3) we can identify the local part of the energy in Qg

Vu(@)]?
/S;g wa, (1.4)

the nonlocal part, acting in §2,,¢,

1
9 /an /QM J(@ —y)luly) — U($)|2 dy dzx; (1.5)

a coupling term, that involves integrals in Q, and in ,,, and a different kernel
G(z,y),

1
5[] Gl - )P dys

(here G : Q¢ xQ — Ris assumed to be nonnegative but not necessarily symmetric;
notice that the two variables belong to different sets); and finally, the term that
involves the external source

/Q f(@)u(z) da. (1.6)

Now, let us state our hypothesis on the involved domains and kernels. With
J : RN + R we denote a nonnegative measurable function that satisfies:
(J1) Visibility: there exist 6 > 0 and C' > 0 such that J(z) > C for all z such
that ||z]] < 20.
(J2) Compactness: the convolution type operator

rmmwz/’J@—www@

Qne

defines a compact operator in L?(Q,).

In nonlocal models, J is a kernel that encodes the effect of a general volumetric
nonlocal interaction inside the nonlocal part of the domain. Condition (J1) guar-
antees the influence of nonlocality within a horizon of size at least 26 while (J2) is
a technical requirement fulfilled, for instance, by continuous kernels, characteristic
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functions, or even for L? kernels (this holds since these kernels produce Hilbert—
Schmidt operators of the form u +— T'(u)(z) := [ k(z,y)u(y) dy that are compact
if k € L?, see [8, Chapter VI]). We also need to introduce a connectivity condition.

Definition 1.1. We say that an open set D C RY is §-connected, with § > 0, if it
cannot be written as a disjoint union of two (relatively) open nontrivial sets that
are at distance greater than or equal to J.

Notice that if a set D is d-connected, then it is §’-connected for any §’ > §. From
Definition we notice that 0-connectedness agrees with the classical notion of
being connected (in particular, open connected sets are d-connected). Deﬁnition
can be written in an equivalent way: an open set D is d-connected if given two
points x,y € D, there exists a finite number of points =g, z1,...,z, € D such that
o =, T, =y and dist(z;, z,41) < 6.

Informally, d-connectedness combined with (J1) says that the effect of nonlocal-
ity can travel beyond the horizon 2§ through the whole domain.

Now we can write the following assumptions on the local/nonlocal domains:

(1) €y is connected and smooth (€2, has Lipschitz boundary),
(2) Qpe is 6-connected.

Concerning the kernel G involved in the coupling term, which encodes the inter-
actions of 2,4 with y, we assume that it is given by a nonnegative and measurable
function G : Qy x Q,¢ — R such that

(G1) there exist ¢ > 0 and C' > 0 such that, for any (x,y) € Qe x Qp, G(z,y) >

Cif ||z — y|| < 26.
Finally, in order to avoid trivial couplings, we impose that 2, and €2,, need to be
closer than the horizon of the kernel involved in the coupling; we assume that

(P1) dist(Qe, Qune) < 6.

Remark 1.2. Our results are valid for more general domains. In fact, we assumed
that €, is connected and that €2,,, is d-connected with dist(Q, Q2,¢) < &, but we
can also handle the case in which 2, has several connected components and €2,,,
has several d-connected components as long as they are close between them. We
prefer to state our results under conditions (1), (2), (G1) and (P1) just to simplify
the presentation.

Now, with all these conditions at hand we go back to our energy functional
(1.3) and look for possible critical points (minimizers). Here, as usual in Neumann
problems, we have to assume that

/Qf(x)dx:O

and look for minimizers in the natural function space

uw)ds=of.

Hew = {uw € 220) : ulo, € 1 (00). [
Q

Let us state our first theorem.
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Theorem 1.3. Assume that the kernels and the domains satisfy (J1), (J2), (1),
(2), (G1) and (P1). Given f € L*(Q) with [, f = 0, there exists a unique mini-
mizer of Enen(t) in Hyeuw. The minimizer of Ene(u) in HNeu @5 a weak solution
to the problem

—f(@) = Aufz) + / Gy, 2)(uly) — u(@)) dy, @ €,

—(z) =0, z € 08y,
in the local domain €y together with a nonlocal equation with a source in g,
—f(z) = 2/Q J(@—y)(u(y) —u(z)) dy + 5 Gz, y)(u(y) —u(z))dy, z € Qpe.
net 4

Notice that in the resulting equations the coupling terms between the local and
the nonlocal regions appear as source integral terms in the corresponding equations.

The key to obtaining this result will be to prove a Poincaré-Wirtinger type
inequality: there exists ¢ > 0 such that

/Qe |Vul? + % /QM /Qng J(z — y)(uly) — u(z))? dy dz

1 , 2
i 2 /Qn,[ Q G(z,y)|uly) — u(@)]" dy dx > c/ u?(x) da

Q

for every function u € Hyey. Here the constant ¢ > 0 can be estimated in terms of
the parameters of the problem (the geometry of the domains and the kernels).

1.2. Second model. Mixed couplings. Now, let us present our second model.
In the first model we have a nonlocal volumetric coupling between €, and Q,,. In
the second model we introduce mized couplings. In mixed couplings volumetric
and lower-dimensional parts can interact with each other. The mixed couplings
that we introduce involve interactions of €2,, with a fixed smooth hypersurface

FCQ@.

For u : Q — R, we consider the energy

Freeo(t) := [ Vu@)P e+ / / (2 — ) (uly) — u())? dy da

+2/QM/FG($,,Z) (u(z) —u(z))? do(z) dx—/Qf(x)u(iU) dz

Here, we can identify again the local part of the energy acting in Q; (1.4)), the non-
local part acting in €, , and the external source : but now the coupling
term is different (now it 1nvolves integrals in €2, and on the surface I' C €):

/Q B / G(x,2) (u(x) - u(2))? do(=) da.

In this context, we assume the same conditions on J as for the first model.
Concerning the coupling, a nonnegative and measurable function G : I' x Q,, — R
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plays the role of the associated kernel. The following condition is analogous to the
volumetric counterpart:

(G2) there exist § > 0 and C' > 0 such that, for any (z,y) € Q¢ xT, G(z,y) > C
if [lo =y < 26.

Again, to avoid trivial couplings we assume that
(P2) dist(T', Q,¢) < 6.
Here again we have to assume that fQ x)dr = O and then we look for mini-

mizers in Hyey = {u € L*(Q): ulg, € H! Qg fQ dx = O}. As before, we can
obtain the existence and uniqueness of a minimizer of Fxeu(u) in Hyey-

Theorem 1.4. Assume that the kernels and the domains satisfy (J1), (J2), (1),
(2), (G2) and (P2). Given f € L*(Q) with [, f =0, there exists a unique mini-
mizer of Fneu th Hxeu- The minimizer of Fneu 18 a weak solution to

—f(z) = Au(x), x € Qy,

a“()—o z €0\ T,

/ Gy, z)(u(y) —u(z))dy, =z €T,

and

~re)=2 |

Notice that now the coupling term between the local and the nonlocal regions
in the local part of the problem appears as a flux condition on I.

J(@—y) (u(y) — u(z)) dy— / Gz, 2)(u(x) ~u(2)) do(z), @ € Q.

nl

1.3. Singular kernels. We can also deal with singular kernels related to the frac-
tional Laplacian and consider energies of the form

Bt 1= [ T e 5 [ ] o uty) — uto) Py

/mZ QZny\u()—u |2dydac—/f

Here we look for minimizers in the space

Hyew = {u Dulq, € Hl(Q(), ulq,, € H*(Qne), / u(z)dx = O} )
Q

This case is much simpler since we have the compact embeddings H!(£);) <
L2(Qy) and H?®(Qy,0) = L?(Qne). Also for these energies we can show the following
result (that is the fractional counterpart to our previous results).

Theorem 1.5. Given f € L*(Q) with fo = 0, there exists a unique minimizer
of ENeu(u) in Hxey. The minimizer of Eneu(u) in Hyeu % a weak solution to the
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equation

—f(@) = Au(z)+ [ Gz, y)(uly) —uw(z))dy, =€y,

Qe

g—z(x) =0, x € 08y,

and a nonlocal equation with a source in Q,p,

e ) — @) dy + [ Gl (ut) — ulw) o,

—flz) = 2P.V./M

T € Qpy.

We can also deal with mixed couplings and look for minimizers of

Pl =3 [ [Dutw) de+ 3 / = ‘NHS(u(y)—u(x))?dydx
nl nl

//“ —u(2))? do(z dxf/f

Theorem 1.6. Given f € L*(Q) with fo = 0, there exists a unique minimizer
of Freu(u) in Hxeu. The minimizer of FNeu 8 @ weak solution to

—f(x) = Au(x), x € Qy,

ou

a—n(x):o, x € 0 \T,
gg<x> - /Q Gl ly) —u(w)dy. v ET.

and

~f@) =2 [ el —u@) dy — [ G2 (ule) =) do),

T € Qpy.

Remark 1.7. The kernel G can also be a singular kernel

Cc
lw — z|N+2t

G(z,z) =
In this case one has to add the condition
/ GJ: y)|u(y) — u(z)|* dy dr < +oo

in the space Hneu. The proof that there is a minimizer is similar and hence we
leave the details to the reader.
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Remark 1.8. When s > 1/2, since we have a trace theorem for H®(Q,,,) we can
also deal with surface to surface couplings and study

Fea() i= / Valdo+3 [ / s (100) — (o) dyda

5[ G ) ~ue) dooydote) - [ ey

Here I'y is a smooth hypersurface in Q, and I',,; is a smooth hypersurface in Q,,.
Notice that now we are coupling the domains via interactions on hypersurfaces.
The hypothesis on the kernel G that is needed to obtain a coupling between the
two domains is, as before, some strict positivity on pairs of points belonging to the
coupling surfaces.

Let us end the introduction with a brief description of previous references. From
a mathematical point of view, interesting problems arise from coupling local and
nonlocal models, see [4, [B [16] 17, 19, 22] 23] 26, [29] and references therein. As
previous examples of coupling approaches between local and nonlocal regions, we
refer the reader to [3| @ B 16, 17, 14 19, 22, 23, 24, 26, 29, [30, 31}, 32], the sur-
vey [I5] and references therein. Previous strategies treat the coupling condition as
an optimization problem (the goal is to minimize the mismatch of the local and
nonlocal solutions in a common overlapping region). Another possible strategy
for coupling relies on the partitioned procedure as a general coupling strategy for
heterogeneous systems: the system is divided into sub-problems in their respec-
tive sub-domains, which communicate with each other via transmission conditions.
Moreover, couplings between sets of different dimension are possible. In [7] the
effects of network transportation on enhancing biological invasion are studied. The
proposed mathematical model consists of one equation with nonlocal diffusion in
a one-dimensional domain coupled via the boundary condition with a standard
reaction-diffusion in a two-dimensional domain. In [I6], local and nonlocal prob-
lems were coupled through a prescribed region in which both kinds of equations
overlap (the value of the solution in the nonlocal part of the domain is used as
a Dirichlet boundary condition for the local part and vice-versa). This kind of
coupling gives continuity of the solution in the overlapping region but does not
preserve the total mass when Neumann boundary conditions are imposed. In [16]
and [19], numerical schemes using local and nonlocal equations were developed and
used to improve the computational accuracy when approximating a purely nonlocal
problem. In [23] and [29] (see also [22] [26]), evolution problems related to energies
closely related to ours are studied (here we deal with stationary problems).

The paper is organized as follows: In Section [2| we deal with our first model
involving volumetric coupling and prove Theorem [I.3] while in Section [3] we prove
the results concerning the second model, Theorem [I.4] Finally, in Section [] we
deal with singular kernels.
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COUPLING LOCAL AND NONLOCAL EQUATIONS 541

2. VOLUMETRIC COUPLING

First model. Coupling local/nonlocal problems via source terms. Our
aim is to look for a minimizer of the energy

Brat) = [ 17} vul® 5[ i) - uw) P dydo

i1 /Q / Gl luty) — ) dy e~ | reta) s

HNcu - {U S LQ(Q) : 'LL‘Q[ c Hl(Qg), / u = O} ,
Q

/Q f() da

Let us first prove an auxiliary lemma.

in the space

assuming

Lemma 2.1. Let D be an open §-connected set and u : D — R. If

[ [ 3= i) )P ddy =0,

then u(x) =k a.e. z € D.
Proof. Pick zg € D and a ball By = Bjs(xg); we have

A N

(since J(z—y) > C for z,y € By), hence u(x) = ko a.e. x € DN By. In order to see
that this property holds a.e. 2 € D, let us introduce the set M = {A C D, Aopen :
u(z) = ko a.e. x € A} with the partial order given by C. Since M # (), there exists
a maximal open set M € M. If M C Q, then we consider the set § £ D\ M.

If D\ M is open, we necessarily have that dist(M, D\ M) < § (here we are using
that D is d-connected). If D\ M is not open, then dist(M, D\ M) = 0 (since D is
open). In either case, there exists a ball By of radius § such that By N D\ M # ()
and By N M has positive measure (since both By and M are open sets). Arguing as
before, we see that u(z) = kg a.e. x € By N D, a contradiction (since M is maximal
with that property and we would have M C M U (By N D) = M). We see that
M = D, and the proof is complete. O

Lemma 2.2. Let un Q2 — R be a sequence such that u, — 0 strongly in L?(£)
and weakly in L?(Q,,). If in addition

lim /5/ z — ) (un(2) — un(y))? dydz = 0, (2.1)

n— oo

then

lim un(z) dz = 0.
n—oo in
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Proof. From (12.1)), the convergence of {u,} and property (J2), we easily find that

lim / / J(x — y)uy,(x)? dy dr = 0. (2.2)
0 Qe 2

Let us define

A0 = {x € Qe - dist(z, Q) < 5}.
Notice that thanks to property (P1) and to the fact that €, is open, we see that
Ag is open and non-empty. In particular it has positive n-dimensional measure.
For any z € /TS, we consider the continuous and strictly positive function g(x) =
| Bos(z) N €. Since /Tg is a compact set, there exists a constant m > 0 such that

g(x) > m for any = € AJ. As a consequence,

/QM /m J(x = y)un(2)* dy do

> / / J(x — y)u,(x)* dy dx
Ag Bss (w)ﬂQg

>mC [ u,(x)*d;
A5

and therefore, thanks to (2.2), u,, — 0 in L?(AY). In order to iterate this argument
we notice that at this point we know that u,, — 0 strongly in Ag and weakly in

Qe \/TE, hence again from (2.1]) we get

lim / 7/ J(x — y)up(x)* dy dx = 0. (2.3)
Q,\AT J A0

n— o0
Since €, is d-connected, dist(€2,¢ \/TS, Ag) < 6. Considering now
A} = {x € Qe \ A9 : dist(z, A9) < 5} ,

and proceeding as before, we obtain, from (2.3, that u, — 0 strongly in A}. This
argument can be repeated, giving strong convergence in L?(A%) for

Al =qzeu\ |J Ag:dist<x, U Af;) <4

0<i<j 0<i<y
Since €2, is bounded, we have, for a finite number J € N,

Qn@ = U A,(L%

0<i<J
and therefore the proof is complete. O
As we have mentioned in the introduction, our goal is to show that given f €

L?(Q) with Jo f = 0, there exists a unique minimizer of the energy functional
EnNeu(u) in the space Hyey-

To use the direct method of calculus of variations to obtain the result we have
to show that Eney(u) is coercive and weakly lower semicontinuous.
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To this end we prove a key result: a Poincaré-Wirtinger type inequality holds.

Lemma 2.3. There exists ¢ > 0 such that

/Wu\? / / (uly) — u(@))? dy da

e /ﬂ |, G luly) —u@)*dyde > ¢ / u?(z) dx

Q
for every function u € HNey-

Proof. First, let us point out that when G is in convolution form, G(z,y) = G(z—y)
and Qp C Q is a smooth convex subdomain, we can use a result from [23]. In this
case the norm in Hye, bounds a pure nonlocal seminorm. There exists ¢ > 0 such
that

A;W“?+;AMA;WVﬂMMw—u@»%@@
ZCZ;éJ@—yXMw—u@»%@m7

for every u € H = {u € L*(Q) : ulg, € H'()}. Then the desired Poincaré-
Wirtinger inequality follows from an analogous inequality for the purely nonlocal
energy: there exists ¢ > 0 such that

/Q/QJ(J: —y)(u(y) — u(x))?* dy dv > C/Quz(x) d

for every function u € H such that [, u =0 (see [2]).
To obtain the Poincaré-~Wirtinger inequality in the general case we argue by
contradiction. Assume that there is a sequence u,, such that

/|WM()M—W (2.4)

: / (2 — 9)[un(y) — un (@) dy dz — 0, (2:5)

/nl ni
L / G,y [un(y) — un(@)? dy de — 0, (2.6)
Qe J Q0

/ [ |? () de = 1 (2.7)
Q
and

/ up(x)dz = 0. (2.8)

Q
Since the L? norm is bounded, we can extract a subsequence such that
Up — U weakly in H'(Q);
then, from (2.4)) we get that there is a constant k; such that
uy, — k1 strongly in Hl(Qe).
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Now, from (2.5) (using again that the L? norm is bounded) we can refine the
subsequence to obtain that

Uy — ko weakly in L? (Qne)

for some constant ks.
From ([2.6)) we conclude that

/ G (z,y)|k1 — ko|* dy dx

1
< liminf & / G2, 9)lun(y) — wn(@)|? dy da = 0,
ne J

n— o0
and hence
ki = ko.
We have
|Qlk1 =1lim [ w,(x)de
n Q
and

|| ke = lim/ up () dx.
" Q.

Then, adding the previous identities and using that k; = ko, from (2.8]), we obtain
ki1 =ky=0.
From the strong convergence in H'(£);) we obtain
lim lu |?(2) dz = 0,
n QZ
and hence from (2.7) we get

/ [ |? (z) dz — 1.
Qnﬁ

This contradicts the result in [2] since there exists ¢ > 0 such that

0= hm/nz/nz = y) (un(y) — un(2))? dy da

2
> clim/ un(x) — ][ Up,
n in Qn@

dr =1.
This contradiction finishes the proof. O

The proof of Lemma is made by contradiction and therefore it does not
provide an estimate for the constant. In what follows we present an alternative
proof that provides an explicit constant in terms of the relevant quantities, the
geometries of the involved domains €, and €,,¢, and the kernels J and G (in fact,
the constant depends on the parameter 6 and min J, min G for points (z,y) such
that |z — y| < 2d). In order to do so, we introduce the following remark.
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Remark 2.4 (Geometric structure of bounded d-connected sets). Let D be a
bounded J-connected set. Boundedness implies that it is possible to find a finite
collection C of open sets, each of them of diameter less than or equal to 6/2, such
that

D={JB

BeC

We introduce a tree structure in C in the following way: for a fixed B € C, which
will be called the root of the tree, we set By = B. Now we pick By # By, B; € C
such that dist(Bg, B1) < ¢ (if more than one set has this property, we choose
any of them). Now we proceed in the same way, picking By € C \ {By, B1} such
that dist(B1, B2) < 0 and repeat the procedure until we reach a set By such that
either ) = C\ {By, B1,...,Bg} or 0 # C\ {Bo, Bi, ..., Br} and all the elements in
C\{Bo, B1,..., By} are at distance greater than or equal to ¢ from By. In the first
case we are done and we introduce a (total) order in C given by B; < B, if B; was
chosen later than B;. In the second case, we call the totally ordered set C? obtained
a branch with root By. Then we continue with further branches. First, repeating
our procedure, we check if with the remaining elements C \ CY it is possible to get
another branch CJ with the same root By. When all branches with root By are
exhausted, we look within the set of the remaining elements for potential branches
with root By, Bs, etc. until we reach Bjy_1. At this point, and iteratively, all
elements of all generated branches are tested as roots of new branches. Since C is
finite, this procedure reaches an end in a finite number of steps yielding a partially
orderer set 7. Naturally 7 C C; we claim that 7 = C. Otherwise, we consider the
non-empty open sets D1 = Upee\7B, D2 = Uper B and then D = D; U Dy with
dist(Dy, D3) > 6, a contradiction since D is d-connected.

In T we define the natural partial order and 7T is called a d-tree. Notice that for
two consecutive elements B < B, we have diam(B,B) < 26. In particular, from
our hypothesis on the kernel J, this implies that J(z —y) > 0 for z € B, y € B.

For further use we introduce the following definitions: we let the degree of a root
be the number of branches emerging from that root, while the degree of T is the
maximum degree of all the roots belonging to 7. Finally, the length of a branch is
the cardinal of that branch excluding its root.

Remark 2.5. In simple cases it is possible to easily characterize potential tree
structures on domains. In a square D C R? (or a cube in RY) we can build T

. . . . 82|D| 8N |D| . N
with a single branch. The cardinal of 7" is bounded by =55~ (or by =z~ in R™).

Moreover, even rather complicated structures can be covered by simple trees if the
scale related to ¢ is large enough as it is shown in Figures [I] and

With this structure at hand, let us prove the following lemma.
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FIGURE 1. A tree with a single branch in a square Q. In this
example a branch is built with a collection of sets C = {B;} given
by the intersection of ) with balls of diameter §/2. A possible
ordering is given by the path along the red arrows.

FIGURE 2. A fractal-like domain with a simple tree structure with
root By. Only a single branch C§ is shown in the figure together
with a few neighboring elements of C{. Clearly, details smaller
than the “scale” size ¢ are ignored by the tree structure.
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Lemma 2.6. Let B* = {By, B1,...,Bn} be a finite collection of open sets B; C R™
such that diam(B; U B;y1) < 25. Then, for any u : U;B; — R, it holds that

S Bl
Z/ |u(z)|? dr < Z?k—k /qux
k=0 Bk 5—0 | Bo Bo
X N By
i k 9
L3 [ ] e - uw)?dedy ).
mJ; (; ‘Bk zHBk} z+1| Bi_i JBr_iz1
where
0<my= inf J(z).
|z]| <28
Proof. Since
u@Pde= o [ [ (o) dedy,
/ 1Bol /5, /i,
we have
|B1] 2
u@Pde< o [ o)~ u)P dody -+ 212 [ drdy
/B1 1Bol Ji, /5, | Bol
and similarly
Zdx < / / )|? da dy
[ s 2 [ ] ) —u

| By|

2
u(y)|” dx dy.
|Bk71| Bk71 | ( )|

+2

As a consequence, calling A = u(z) — u(y), we get

Z|Bk 2 k| k| 2
(z)]? dx < A% dxdy + 2 u” dx,
/ Z ‘Bk 1||BlC 'L+1| Byi_; J B _ i+1 ‘BO| Bo

and therefore we obtain

Z/ z)]?dx < (ZZ’“‘gﬂ)/ u? dx
0
o o
+ A“dxd
Z<Z |B/€ lHBk 1+1| Br_i JBr_it1 Y
B
(ZQk‘B]J)/ UQdJ/'
0

Z | k / / 2
B A dx dy
Z < |B/c i |Bk z+1| Bi—i Y Br—it1

Hence, the lemma follows by using that 1 < J(x —y)/m for any z,y belonging to
consecutive sets B;. O
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The previous lemma in particular says that in a branch of a tree structure of
sets (as the ones described in Remark , the L? norm of a function defined on
that branch can be bounded in terms of the L? norm on the root of the branch plus
an energy involving the nonlocal operator J along the branch. Taking into account
that in a tree T roots of branches are members of previous branches, it is clear
that the L? norm of a function defined on 7 can be bounded in a similar fashion
in terms of the L2 norm on the root of the tree and the nonlocal energy. Moreover,
if needed, explicit constants can be tracked back along the tree structure. For the
sake of clarity, we do not state the next result with such a generality, although we
provide below some simple examples with explicit constants.

Corollary 2.7. For any u € L*(Q,,), we consider a tree structure T in ¢ with
root B; then there exists a constant C = C(T,my) such that

/QM w?de < C (/B u?dr + /QM /m J(z = y)(u(z) — u(y))® dz dy) .

Proof. Immediate from Lemma O

Remark 2.8 (Explicit constants). Notice that in some cases an explicit expression

for C(T,my) can be obtained. If €2, is a cube in RV (see Remark [2.5)), then we

g |Qntz\

can take 7 with a single branch of length bounded by In this case, using

Lemma and taking into account that |B;| = |B| = cNg—N is constant (here ¢y
is the measure of the unit ball in RY), together with the fact that

ZQ}C_2’LZQ}€ 2N 41 1)§21\/'+17

we can obtain the bound

/ u? dx
Qe
sV Iﬂnzl
<27 N d — — Zdxdy ) .
- (/u x—’_CN(SNmJ/M/nZJx (ule) =~ uly))” dw y)

Notice that the obtained constant deteriorates as § — 0 or my — 0.

Now, we are ready to present a proof of the Poincaré—Wirtinger inequality where
the constant can be tracked.

Lemma 2.9. The optimal constant C* > 0 such that

9, 1 2
/Qe Vel /W /QM J(@ = y)(u(y) — u(z))* dy da
; *
T3 /Qne o, G(z,y)|u(y) — u(z)*dydx > C /QUQ(x) "

for every function u € Hxeu (that is, for u € H with fQ u=0) can be estimated as
C*>c"(J,G,Q,T,0,A, B)
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with A, B two open sets A C Qqp, B C Qp¢ such that diam(AU B) < 2§ and T a
O-tree structure of Qe with root B.

Proof. We aim to obtain a bound of the form

- 2
;rellg/gw r|*(z) dx
<[ wreg [ ] et - ) ay s
¢ Qg Qne

/ Gl pluty) (o) dyde

Qe

for functions u € L?(2) such that ulg, € H' ().
From our hypothesis on G and the assumption dist(€2, Q,¢) < J, there exist two
sets A C Qy and B C Q,,p such that

|z —y| <20 Ve e A,y € B,
and therefore

G(a:,y)ZmG—l rm‘n2 G(z,y) Vo€ A,y € B.
r—y|<20

Moreover, reducing the size of B if necessary, we may assume that diam(B) < §/2,
and we define T a d-tree on €2,y with root B.
Let us take r € R such that

/A (u(z) — r)dz = 0.

Then we have, for v = u —

/ / (z,y)|v(y) —v(x )\Qdydx
Qe J Qe

>5[ [ G —o@p s (2.9)

> mlyl [ o) da,
2 Jp

? 1

dxg—/ / lv(x) — v(y)|* dy dx.
1Al J5 Ja

where we are using that

1
v(z)Pde = ——
[ )P =

(v(z) —v(y)) dy
A

Now, since
|Vo|?(2) d
0<0o(Q,A) = inf e
,uEHl(Qg),fAvdaL:O / ’UQ(ZE) dr
Qp
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for a suitable Poincaré constant o (£, A), we have for the local region
1
2 2
vi(z)der < —— |Vol*(z) dx.
/Qz O-<Q@7 A) Qy

On the other hand, Corollary 2.7 says that

/ vidr < C(T,my) (/ ’U2d$+/ / J(a:—y)|v(x)—v(y)|2dxdy>,
Qe B Qe J Qe

and the lemma follows by collecting the last two inequalities together with (2.9). O

Remark 2.10. The constant (£, A) can be difficult to characterize even in the
case A = Qy (for which we just write o(£2¢)). For some elementary domains, such
as cubes or balls in RY, explicit computations of o(€2) can be done. Moreover, in
particular circumstances and for simple geometries, some bounds are easy to find.
Notably, for convex domains, it is known that

a(Q),

772

— 5 =

diam“(2)
see [28]. On the other hand, a simple argument relates o(€, A) with () as
follows: assume that u € H(Qy), ﬁ J4 u(z) dz = 0 and write

1
Q2] Jo,

- - )

- [ ) =) (g = 47

then, Schwartz’s inequality yields

2 S|
P AR Jo,

g, = u(z) dx

. 2|
(u(z) — ug,)?* dr < |A|20(Q¢)/ |Vul|?(x) d.

Hence, we have

()
/ u(z)? de < 2/ (u(m)—a9£)2dx+2/ g, deQA/ \Vu|? () dz,
Q Q o (£2) Q

Qe

and, as a consequence, we conclude that

Q
U( |€) ‘ - SU(QZ;A)~
Qy
21+ (1)
( = )
Remark 2.11. For two adjacent square domains Q,, = [-1,0] x [0,1], Q, =

[0,1] x [0, 1] of unitary side, Remarks and give an explicit estimate of the
constant.
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First, we have
[diam (£2)]?

/Qg vz(x)da: < U(QLA)/Q,Z \Vv|2(33) dr < . <1+ (|Qg|>2> o,

On the other hand, from Remark [2.8] we get

/ u? dx
Qe
S | nl'
<2 v Tl — 2 .
< (/ u? da + cN(FNmJ/M/ (u(z) — u(y)) dmdy)

Therefore, for the particular case of two adjacent unit squares, we have that the
best constant in the Poincaré type inequality

Jovur g [ ) -y

5 Gt —uwdyds
> C*/Quz(ac) dx Vu € Hyeu
can be estimated as
C*>coNeed " min{mj, mg}
for § small enough (here ¢ is a constant independent of ¢).

Now we are ready to proceed with the proof of the existence and uniqueness of
minimizers of Eney(t) in Hyey.

Theorem 2.12. Given f € L*(Q) with [, f =0, there exists a unique minimizer
of Exen(u) in HNey-

Proof of Theorem[2.12 From the previous Poincaré~Wirtinger type inequality we
obtain

ENeuw):/ W) g 1 L // 7 — y)lu(y) — u(z) dyd
/ [ @) |2dyda:—/f
>c/ﬂu2(x) dx—/ﬂf(x)u(w)dx

from where it follows that Eney(u) is bounded below and coercive in Hyey. Hence,
existence of a minimizer follows by the direct method of calculus of variations. Just
take a minimizing sequence u,, and extract a subsequence that converges weakly
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in L?(Q2). Then, we have

0= lim [ wu,(z)dx= / u(z) de,
Q

n—oo Q

lim f( un(x)dx:/gf(x)u(x)dx

n— oo

and

lim |Vu d + - / /J (z —y)|uly) — u(2)|? dy dx
n—oo QZ "[
: / | Gt vnt) — wiw) R yas
|Vu WP dz+ = / / u(y) — u(zr))? dy dzx
Qe
t3 [ ] Gt - u@p dyda.
Qe S

Then, we obtain that © € Hyey and that u is a minimizer:
ENeu(u) = {)Iélg Eneu(V).

Uniqueness of minimizers follows from the strict convexity of the functional
ENeu (’U,) D

Associated with this energy we have an equation in 2.

Lemma 2.13. The minimizer of Exew(u) in Hxeuw s a weak solution to the fol-
lowing problem: a local equation with a source in $y,

—f(x) = Au(z) —|—/ G(z,y)(u(y) —u(x))dy, =€ Q, t>0,
n (2.10)
a—n(x) =0, x € 08y,
and a nonlocal equation with a source in yyp,
—f(z) = 2/Q J(@ = y)(uly) — u(z)) dy + A Gz, y)(u(y) —u(z))dy, =€ Qne.
" ‘ (2.11)

Proof. Let u be the minimizer of Eney(t) in Hyey; then for every smooth ¢ with
Jo @ =0 and every t € R, we have

Exeu(u +tp) — Eneu(u) > 0.
Therefore, we have

0
aENcu(u + t@)‘t:o = Oa
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that is,

/ Jo= Jo, V1Vt / / J(x —y)(u(y) —u(@))(e(y) — (z)) dy dz
@ e Qne S Qe
- / / G, ) (uly) — u(@))(9(y) — o)) dy da.

Using that the kernel J is symmetric and Fubini’s theorem we obtain

/Q fo= /Q uvp -2 /Q /Q (= 9) () — () dy )
+ / G, ) (u(y) — u(z)) dz o(y) dy
Qe JQp

- [ Gy - uw) dy e da,
Qne S
from where it follows that u is a weak solution to (2.10) and ([2.11]). O

Connections with probability theory. A probabilistic interpretation of this
model in terms of particle systems runs as follows. Take an exponential clock that
controls the jumps of the particles. In the local region 2, the particles move
according to Brownian motion (with a reflexion on the boundary) and when the
clock rings, a new position is sorted according to the kernel G(z,-). Then they
jump if the new position is in the nonlocal region €2,,,, while if the sorted position
lies in €, they just continue moving by Brownian motion ignoring the ring of
the clock. In the nonlocal region €,,,, the particles stay still until the clock rings
and then they jump using the kernel J(z — -) or the kernel G(z,-) to select the
new position in the whole 2. Notice that the total number of particles inside the
domain 2 remains constant in time.

The minimizer to our functional Eney(u) gives the stationary distribution of
particles provided that there is an external source f (that adds particles where
f > 0 and removes particles where f < 0).

3. MIXED COUPLING

Second model. Coupling local/nonlocal problems via flux terms. Our aim
now is to look for a scalar problem with an energy that combines local and nonlocal
terms acting in different subdomains €2y and £2,,¢ of €2, but now the coupling is made
balancing the fluxes across a prescribed hypersurface I'.

Recall from the introduction that we look for a minimizer of the energy

FNeu(u) = %/Q |Vu(x)|2 dx
ty | [ g ) @) dye
1 2
t3 /Q /FG(W> (u(z) —u(z2))” do(z)dr — /Q f(@)u(z) do
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in

HNeu_{ueLQ(Q):ueHl(Qg), /Qu(x)dz—O},

assuming that
/ f(x)dz =0.
Q

As before, we first prove a lemma that gives coercivity for our functional.

Lemma 3.1. There exists a constant C' such that

/ IVu d *3 /M/mZ z—y)(u(y) —u(x))? dy da
/nl / G(x,2) —w(2))? do(z)dx > C/Q lu(z)? da

Proof. Arguing by contradiction, we assume that there is a sequence u, € Hyeq

such that
/ [y (2))? dz =1
Q
and

[ g [ [ e - o dyie

/,Ll / G(x,2) (un(x) — un(2))” do(z) dz — 0.

for every u in Hyey.

Then we have that

/Qz |V, (z)* dz — 0,
/in /FG(x,z) (1 () — un(2))? do(z) dz — 0,

and

/Q / J(@ —y)(un(y) — vn(x))2 dydx — 0.

/ i ()2 i = 1,
Q

we obtain that u, is bounded in L?(2,) and then, using that

2
JRZCIr
Q 2

Since

we get that there exists a constant k; such that, along a subsequence,

Un—)kl
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strongly in H'(£;). Hence, using the trace theorem on I', H'(Q,) < L?(T'), we
obtain

Uy — kl

strongly L?(T).
Now we argue in the nonlocal part §,,. Since u,, is bounded in L2 (Qy¢) and

/ / J(@ —y)(un(y) — up(z))* dyde — 0,
Qne S Qs

we have that (extracting another subsequence if necessary)
Uy — U

weakly in L?(€,) and therefore,

/Qnz /QM J(z — y)(u(y) — u(z))? dy dx

n— oo

o1 2 _
< lim /QM /QM J(x —y)(un(y) — un(x))* dy dx = 0.

Hence, we get that
u = kg

in Q¢ (here we need to assume that 2,4 is §-connected).
From the weak convergence of u,, to u in L?(£,,) and the strong convergence
of u, to u in L?(T), we obtain

/Qm /FG(x’ 2) (k2 = k1)° do(2) dx
= /ﬂm /FG(JU’ 2) (un(7) — un(2))* do(z) dz = 0.

n—oo

Hence, from the fact that
/ / G(z,z)do(z)dx > 0,
in r

k1 = ko.

Now, from the fact that u,, € Hyxeu, We have

/Qun(w) dx =0,

and then, passing to the limit, we obtain

/ ki + ko = 0.
Q Qe

Hence, as k1 = ko, we conclude that

ki1 =ko=0.

we obtain
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Up to now we have that u, — 0 strongly in H'(Q,) and u, — 0 weakly in
L?(Qy¢). Then, as

1:/ un(2)Pde = | |un(2)]? do + / | ()2 d,
Q Qp Qe

we get that

/ [y (2))? dz — 1.
Qne
Now, we go back to

/Qn, /rG(x’ 2) (un () = un(2))? do(2) dz — 0

and we obtain

n—oo

nlLrI;o/Slnl/FG(I,Z)|un(x)|2dcr(z) dx
+ lim / / Gz, 2)|un ()2 do(2) dz

— lim 2/’L1/zeun x)un(2) do(z) dx.

0= lim //ze (tn () — un(2))? do(z) da

n—00

Since u,, — 0 strongly in L?(T'), we have

nh—>Holo/”l/G$Z|u” 2)|? do(2) dx

7L11_>1rrgo/%/FG(ac,z)un(ac)un(z) do(z)dx =

Therefore, we obtain

and

lim |un(a:)|2/FG(x,z) dydz = 0. (3.1)

n—r oo Q ¢
nt

On the other hand, we have

0 Jim [ / =) (0) — (o) dy

n—oo

= lim 2/ / J(z — y)|un(z)|? dy da
n—oo an an
— lim 2/ / J(x — y)un (y)un(z) dy de.
nTreo Qné in

Now we use that v, — 0 weakly in L?(Q,,) and that .J is continuous to obtain

/sz /QM J(z —y)un(y) dy — 0

Rev. Un. Mat. Argentina, Vol. 65, No. 2 (2023)



COUPLING LOCAL AND NONLOCAL EQUATIONS 557

strongly in L?(§2,¢) and then we obtain
— lim / / J(x — y)un(y)un(x) dy de = 0.
nreo in Qn@
Hence, we get

n—roo

From (3.1) and (3.2) and the fact that there exists a constant ¢ such that

/ J(m—y)dy+/G(x,z)da(z)Zc>0,
Qe r

lim |vn(x)|2/ Tz —y) dydz = 0. (3.2)
Qn[ in

we conclude that

0<c=c lim |y, (2)|? da

n—roo Q P
n

Jm [ @ ( /Q )y /F Gz, 2) dcr(z)) do

T )|2/ Iz —y) dyda
Qne

n—oo

Qne
—|—hm/ [un, (x |2/zeda =0,

a contradiction. O

IN

Similarly to Lemma [2.3] Lemma [3.1] does not provide information regarding the
constant c.

Lemma 3.2. The optimal constant ¢ > 0 such that

/ [Futol C o+ L / / (uly) — u(a))? dy da
+ 2/QM /FG(x,z) (u(z) — u(2))? do(z) dz > C/Q |u(z)|? dx

for every function u € Hyeu (that is, for u in the natural space with fQ u=0) can
be estimated as

c>c*(J,G,Q, T,0,T4,B)
with T4 C Qy, B C Qe such that diam(T'4 U B) < 26 and T a §-tree structure of
Q¢ with root at B.

Proof. The proof uses the same ideas as the ones of Lemmal[2.9] The only significant
modifications are the following: First, from our hypothesis on G and the assumption
dist(T" 4, Qpe) < 9, there exist two sets 'y C T and B C 2,4 such that

|z —y| <26 Ve eIy, Vy € B.
Take r € R such that
(u(z) —r)do(z) = 0.

T'a
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Then we have, for v = u — r and calling |T'4| the (N — 1)-dimensional measure of
T4, the following variant of (2.9)):

1

1 / / Gla, 2) (u(@) — u(2))? do(z) da

2 Ja,, Jr

nl

> %/B 5 Gz, 2) (u(z) — u(2))? do(z) dx

r
szM/ |v(2)|? dz,
2 Jp

where we are using that

Jr@rdr= s [0 - do)
< Iill/B/rA lo(z) — ()2 do(2) da.

2
dzx

Using now that

/ \Vo|?(z) dzx
O<0’(Qg,FA): inf SR

vEHl(Qg),fFA vdo(z)=0 / UZ(.’L‘) dr
Q

for a suitable Poincaré constant o (2, T 4), the proof follows exactly as in Lemmal|2.9]
O

As before, we are ready to obtain the existence and uniqueness of a minimizer
of FNeu(u) in Hyey.

Theorem 3.3. Given f € L*(Q) with Jo f =0, there exists a unique minimizer
Of FNeu(u) in HNeu-

Proof of Theorem[3.3 The previous lemma implies that Fyey(u) is bounded be-
low and coercive. Hence, the existence of a minimizer follows just considering a
minimizing sequence (u,) and extracting a subsequence that converges weakly in
HY(Q)NL*(Qne). The uniqueness of a minimizer follows from the strict convexity
of the functional Fney(u). O

Now, we find the equations verified by the minimizer.
Lemma 3.4. The minimizer of Fney 95 a weak solution to
f(.i?) = AU({E)7 US Q@y
@
on

O,
(2) = /Q Gy, 2)(u(y) — u(x))dy, z €T,
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and
f@)=2 [

Proof. Let u be the minimizer of Fyey(u) in Hyeu; then, for every smooth ¢ with
Jo© =0 and every t € R, we have

Freu(u 4 tp) — Fen(u) > 0.

J( —y)(uly) — u(z)) dy — /F Gz, 2)(u(z) —u(2))do(z), =€ Q.
(3.4)

nl

Therefore, we get
0
< Fea(u + ’ —0,
ot N (u+1p) t=0
that is,

/ fo= [ Vuve+ / / J(@ = y)(uly) — u(@))(p(y) — 9(x)) dy d
Q Q, Qpe J Qe
+ /Q ) / G, ) (u(y) — u(@))p(y) do(y) dx
- / / G, y) (uly) — u(e))p () do(y) do.
Qpe JT

Using that the kernel J is symmetric, we obtain

/Q fo= | vuve -2 / ) / =) () — ) dy () do
- / / Gy, 2)(uly) — u(x)) dyp(z) do(z)
T JQne

- [ [ e - uw) o) ota) da,
nt
that is, u is a weak solution to (3.3]) and (3.4)). O

Probability interpretation. A probabilistic interpretation of this model in terms
of particle systems runs as follows. In the local region 2, the particles move
according to Brownian motion (with a reflexion on the boundary of 2y, 9§2) and
when they arrive to the surface I', they pass to the nonlocal region to a point
selected using the kernel G. In the nonlocal region, take an exponential clock that
controls the jumps of the particles, and when the clock rings, a new position is
sorted according to the kernel J(z —-) (for the movements inside ) or according
to G(z,-) for jumping back to the local region entering at a point in the surface I'.
The total number of particles inside the domain €2 remains constant in time.

The minimizer to our functional Fyeu(u) gives the stationary distribution of
particles (u for the particles inside the local region €y and v for particles in the
nonlocal part Q,,,) provided that there is an external source f (that adds particles
where f > 0 and removes particles where f < 0).

Notice that here the coupling term appears as a flux boundary condition for the
local part of the problem.
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4. SINGULAR KERNELS

First, let us deal with

B = [ T aes [ ] C ) — o) dya

/ /Gmy\u —u(z |2dydx—/f

We look for minimizers in the space

e = {5k, € H'(@0) k€ 1000, [ w=o0}.
Q
In fact, now the key lemma (the Poincaré—Wirtinger type inequality) is simpler.

Lemma 4.1. There exists ¢ > 0 such that
1 C
Vu2+f/ / ——(u(y) — u(z))? dy dx
/Qé| iy | e ) )

w5 [ [ G P dyds > e | )i

for every function u € HNey-

Proof. As before, we argue by contradiction. Assume that there is a sequence u,,
such that

/ |V, |?(x) de — 0,
/ / |N+28|un<y> — (@) dy dz — 0, (4.1)
n[ n[

! / G (@, ) lun (y) — un(@)]? dy dz — 0,
ne J

[ Py do =1
Q

/Qun(x) dz = 0.

Since the L? norm is bounded, we can extract a subsequence such that

and

Up — U weakly in H'(Q,),
and
Up = U weakly in H®(Qpe).
Then, from the compact embeddings H'(Qy) < L?(Q) and H*() — L*(Q)
and (2.4) and (4.1), we get that there are constants k1, ko such that
w, — ki strongly in L? ()
and
Uy, — ko strongly in L%(Q,).
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From ([2.6)) we conclude that

1
! / G,y — kol dy da
ne J Qe

< lim f/ / (@, 9)ltn () — 1un () dy daz = 0,
n—oo 77.1/ Qi

and hence
ki = ko.

Now, from (2.8)), we obtain
k1 =ko =0.

Hence we get

/ |un|2(x) dx :/ |un\2(:c) dx+/ |un|2(m) dxr — 0.
Q Qp Qe

This contradicts that
/ i 2(2) de > 1,
Q
and ends the proof. O
Now we are ready to proceed with the proof of Theorem [T.5]

Proof of Theorem[I.5, From the previous Poincaré-Wirtinger type inequality we

obtain
Exeu(u) > c/Qu2(a:) dm—/gf(x)u(x) dx

from where it follows that Ene,(u) is bounded below and coercive in H. Hence,
existence of a minimizer follows by the direct method of calculus of variations. Just
take a minimizing sequence u,, and extract a subsequence that converges weakly
in L?(Q). Then, using the lower semicontinuity of the seminorms we obtain that
u € Hyey and that u is a minimizer:

E =min K .
Neu(u) {)%III} Neu(U)

The uniqueness of minimizers follows from the strict convexity of the functional

ENeu(u).
Associated with this energy we have an equation in 2 that can be obtained
exactly as before. O

Now let us move to mixed couplings,

FNeu(u) := = Vul?de + = / / y) —u(x Qdydx
Neu (1) m' | o o |x—y|N+2s( u(y) — u())

/ / G, 2) (u(z) = u(2))" do(z) dw - /Q flx)u(z) de

The key lemma follows as before.
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Lemma 4.2. There exists ¢ > 0 such that

Joveres [ ] s ) - u)?ayde
5[ [ e - uwPdrtde e [ vw)as

for every function u € Hyey-

Proof. The proof runs as before, arguing by contradiction. The only minor point
is that, after proving that there is a subsequence u,, such that

Up, — k1 strongly in L?()
and
Uy, — ko strongly in L? (Qne),

we have to use that

;-/QM/PG(x,yﬂkl—k2|2do(y)dx
< lim // ()t () — 1 (@) dr(y) d

n— oo

to obtain
k1 = ko.

The rest of the arguments until reaching a contradiction are exactly as before. [
Now we are ready to proceed with the proof of Theorem [2.12]

Proof of Theorem[2.12 From the previous Poincaré~Wirtinger type inequality we

obtain
Exeu(u) > C/Qu2(ac) dx—/gf(x)u(x) dx

from where it follows that Eney,(u) is bounded below and coercive in H. Hence, the
existence of a minimizer follows by the direct method of calculus of variations. Just
take a minimizing sequence u,, and extract a subsequence that converges weakly
in L?(Q). Then, using the lower semicontinuity of the seminorms we obtain that
u € Hyeu and that v is a minimizer:

Exeu(u) = irélg Exeu(v).

The uniqueness of minimizers follows from the strict convexity of the functional

ENeu(U)~
Associated with this energy we have an equation in 2 that can be obtained
exactly as before. O
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