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COORDINATE RINGS OF SOME SL,-CHARACTER VARIETIES

VICENTE MUNOZ AND JESUS MARTIN OVEJERO

ABSTRACT. We determine generators of the coordinate ring of SLa-character
varieties. In the case of the free group F3 we obtain an explicit equation of the
SLa-character variety. For free groups Fj, we find transcendental generators.
Finally, for the case of the 2-torus, we get an explicit equation of the SLa-
character variety and use the description to compute their E-polynomials.

1. INTRODUCTION

Let ' be a finitely generated group and let G be an algebraic group over an al-
gebraically closed field k. The character variety X(T", G) parametrizes isomorphism
classes of representations p : I' — G. Character varieties are rich objects that
contain geometric information linking distant areas in mathematics. An important
instance is when we take I'y = m(X,) to be the fundamental group of the compact
orientable surface of genus g > 1. In this case, these character varieties are one
of the three incarnations of the moduli space of Higgs bundles, as stated by the
celebrated non-abelian Hodge correspondence [2] [8, 20]. For this reason, charac-
ter varieties of surface groups have been widely studied, particularly regarding the
computation of some algebraic invariants like their E-polynomial.

Character varieties also play a prominent role in the topology of 3-manifolds,
starting with the foundational work of Culler and Shalen [3], where the authors used
algebro-geometric properties of SLy(C)-character varieties to provide new proofs of
remarkable results, such as Thurston’s theorem that says that the space of hyper-
bolic structures on an acylindrical 3-manifold is compact, or the Smith conjecture
[3, Corollary 5.1.4]. Character varieties of 3-manifolds allow us even to study knots
K C S3, by analyzing the character variety associated to the fundamental group
of their complement, I'r = 71 (S — K). For instance, the geometry of these knot
character varieties has been studied in [6], 10, [I1] for trivial links (i.e. when T is a
free group), and in [9] [15] [I8] 19] for the torus knot, among others.

Fix G = SL,, the group of matrices of size r with trivial determinant. If we
have a presentation I' = (x1,..., 2 |71,...,7s), then X(T', G) parametrizes k-tuples
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(A1, ..., Ag) of matrices in G subject to the relations r;(A1,..., Ax) = I. In the
same vein as the isomorphism class of a semisimple matrix A is determined by the
traces of its powers, tr(A4%), 1 <i < r — 1, the (semisimple) k-tuples (A, ..., Ay)
are determined by the traces of suitable products of the matrices. In this paper,
we focus on the group SLy and work out many identities with traces. This serves
to find coordinates for the character variety X(T", SLa). Note that there is a natural
embedding X(T', SLy) C X(Fk, SLa), where Fj, is the free group of k elements, and
k is the number of generators of I'. Therefore it is natural to look initially to the
case of the free group.

The structure of SLy(C)-character varieties of free groups has been well un-
derstood for some time. There is a modern treatment in [7], where historical
references can be found. We thank Sean Lawton for pointing this out to us. More
generally, there is an effective algorithm to compute the coordinate ring of any
SLo(C)-character variety for any finitely presentable group in [I]. Here we obtain
in an alternative way some of these coordinate rings, and establish connections
with results of [I3] about their E-polynomials. We start with the following:

Theorem 1.1. Let Ay,..., Ay € SLa, then the character variety X = X(F, SLs)
is parametrized by Ty, ;, = tA¢1~~-Aipf i < - < dp withp =1,2,3, where ty =
tr(A) denotes the function on matrices defined by the trace.

For the situation of £k = 3, we can obtain an explicit equation. By Theo-
rem the coordinates of X3 = X(F3,SLy) are given by (z,y, z,u,v,w, P) =
(ta,ts,to,teo,tac,tap,tasc), where (A, B,C) € X3. We have the following:
Theorem 1.2. The character variety X3 C k' is a hypersurface defined by the
equation P2 = (wz + vy +ux — xyz)P . — y2 — 224 UYZ + VTZ + WTY — UVW —
u? —v? —w? + 4.

Next, we look at the case of the character varieties of a compact orientable
surface X4 of genus g > 1. Its fundamental group is

g
wl(Eg) = <a1,bl,... ,ag,bg ‘ H[ai,bi] = 1> .
=1

Take a conjugacy class [€] determined by an element & € SLy; then we define, as
in [13],

Mg = {(Al,Bl,...,Ag,Bg) € (SLo)2 | []14: B = g} / Stab(¢)

) (1.1)
= {(AlvBlwuaAgaBQ) € (SLg)* | H[AiaBi] € [5]} // SLa.

i=1
There are five different types of conjugacy classes, namely [I], [—I], [J+], [J-]

and [&:], where Jy = (:tll :l(:)l) are the Jordan types, and & = (8 )\01>,

t=A+A"1 \eC—{0,%1}, are the diagonal types. For k = C, these varieties
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have been studied in [I3] and the E-polynomials are computed in a series of papers
[13] [16], 17]. For g = 1, we have the following result from [I3}, Theorem 1.1].

Theorem 1.3. For the 2-torus ¥; = T?, the E-polynomials of Me are as follows:

eM-y) =1,
e(My,)=q*—2q -3,
e(Mj_) =q*+3q,
e(Me,) =¢* +4q+1,

where ¢ = wv, e(Me) € Zlu,v].

We look at the character varieties Mg more closely by working out trace identi-
ties for commutators of two matrices. First, for matrices (A, B), we determine the
equation for (z,y,2) = (ta,tp,tan),

F(z,y,2) =tap = 224+ y? + 22 —ayz — 2,
which produces the character varieties
Xy =F"'(t) = {(A,B) € (SL)* | tr([4, B]) = t} // SL»
for t € C. Then
o X; = Mg, for t # £2,
o Xo =M UMy,
e X o=M_jUM,_.

We study the geometry of the character varieties X;, and recover the results of
Theorem [I.3] More specifically:

Theorem 1.4. Lett € C. We have the following:

o Fort # +2, the character variety X, C C3 is a smooth surface, and e(X;) =
¢® +4q +1.

e Fort =2, the character variety Xo C C? has 4 ordinary double points. We
have Mj, C My, X3 = My, and e(X2) = g+ 1.

e Fort = —2, the character variety X_o C C® has only one singular point
which is an ordinary double point. We have X_o = M_; U Mj_, and
e(X 2)=¢>+3q+1.

2. MODULI OF REPRESENTATIONS AND CHARACTER VARIETIES

Let I" be a finitely presented group, and let G < GL, be an algebraic group
over an algebraically closed field k. A representation of I in G is a homomorphism
p: T — G. Consider a presentation I' = (x1,...,2x|r1,...,rs). Then p is de-
termined by the k-tuple (Ay,..., Ag) = (p(x1),...,p(xx)) subject to the relations
rj(A1,...,Ag) = 1,1 < j <s. The space of representations is

R(T,G) =Hom(I',G) = {(A1,...,Ax) € G¥ | 1j(A1,...,Ay) =1,1<j <s}.
(2.1)
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Therefore R(T", G) is an affine algebraic set.

We say that two representations p and p’ are equivalent if there exists P € G
such that p'(g) = P~1p(g)P for every g € G. This corresponds to a change of basis
in k", as G < GL, (the change of basis is in G, so it respects the structure that
the group G determines). Note that the action of G descends to an action of the
projective group PG < PGL, on R(I',G). The moduli space of representations is
the GIT quotient

M(T,G) = R(T,G) J G.

Recall that by definition of GIT quotient for an affine variety, if we write R(T', G) =
Spec O, then MM(T, G) = Spec O €.

Suppose from now on that G = SL,.. A representation p is reducible if there ex-
ists some proper subspace V' C k" such that, for all g € G, we have p(g)(V) C V;
otherwise p is irreducible. If p is reducible, then let V' C k" be an invariant
subspace, and consider a complement k" = V @ W. Let p; = p|y and let ps
be the induced representation on the quotient space W = k"/V. Then we can

write p = (pl p0>7 where f: I' — Hom(W, V). Take P, = (ﬁév IO )7 where
2 W

f
k =dimV. Then P, 'pP, = p 0 —p = p 0 , when ¢ — 0. Therefore
tf o p2 0 p2

p and p’ define the same point in the quotient (T, G). Repeating this, we can
substitute any representation p by some p = € p;, where all p; are irreducible
representations. We call this process semisimplification, and p a semisimple repre-
sentation; also p and g are called S-equivalent. The space (I, G) parametrizes
semisimple representations [I4, Theorem 1.28].

Given a representation p : I' = G, we define its character as the map x, : I' — k,
Xp(g9) = tr p(g). Note that two equivalent representations p and p’ have the same
character. There is a character map x : R(I',G) — k', p — x,,, whose image

X(T,G) = x(R(T',G))

is called the character variety of I'. Let us give X(I", G) the structure of an algebraic
variety. The traces X, span a subring B C A. Clearly B C A% As A is noetherian,
and G is a linear algebraic group over an algebraically closed field, we have that
A% is a finitely generated algebra. Therefore, since I is finitely presented, B is a
finitely generated k-algebra. Hence there exists a collection ¢, ..., g, of elements
of G such that x, is determined by x,(g1), .., Xx,(gs) for any p. Such collection
gives a map

X:R(I,G) =k X(p) = (xp(91)s -+ -5 X0(9a)),

and X(I', G) = x(R(I', G)). This endows X(I", G) with the structure of an algebraic
variety, which is independent of the chosen collection. The natural algebraic map

ML, G) — X(I,G)

is an isomorphism (see [IT, Chapter 1]). This is the same as to say that B = A%,
that is, the ring of invariant polynomials is generated by characters.

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



COORDINATE RINGS OF SOME SL2-CHARACTER VARIETIES 51

2.1. Hodge structures and FE-polynomials. Later we need the notion of E-
polynomial, which is an invariant of a complex algebraic variety constructed as
an Euler characteristic of its Hodge numbers. We introduce the basic definitions.
Here the ground field is k = C. A pure Hodge structure of weight k consists
of a finite dimensional complex vector space H with a real structure, and a de-
composition H = @k:pﬂ HP? such that H9P = HP- the bar meaning com-
plex conjugation on H. A Hodge structure of weight k& gives rise to the so-called
Hodge filtration, which is a descending filtration F? = @ . H*¥~*. We define
Grh.(H) := FP/Frtl = HPk=p,

A mixed Hodge structure consists of a finite dimensional complex vector space H
with a real structure, an ascending (weight) filtration --- C Wy_y C W C --- C H
(defined over R) and a descending (Hodge) filtration F' such that F' induces a pure
Hodge structure of weight k on each Gry’ (H) = Wi/Wi_1. We define H? :=
Grh, Grgiq(H) and write h?? for the Hodge number h?% := dim HP-1.

Let Z be any quasi-projective algebraic variety (possibly non-smooth or non-
compact). The cohomology groups H*(Z) and the cohomology groups with com-
pact support H¥(Z) are endowed with mixed Hodge structures [4]. We define the
Hodge numbers of Z by hkP4(Z) = nP4(HE(Z)) = dim Grl, Grgj_q HE(Z). The
E-polynomial is defined as

e(2) =Y (=1)FnEPI(Z)uPvr.

P9,k

s2p

The key property of Hodge—Deligne polynomials that permits their calculation
is that they are additive for stratifications of Z. If Z is a complex algebraic variety
and Z = | [|I_, Z;, where all Z; are locally closed in Z, then e(Z) = Y"1, e(Z;).
Also e(X xY) =e(X)e(Y).

When h¥P4 = 0 for p # ¢, the polynomial e(Z) depends only on the product uv.
This will happen in all the cases that we shall investigate here. In this situation,
it is conventional to use the variable ¢ = uv. Basic cases are e(C) = ¢, e(C") = ¢",
eP)=q +---+¢@+q+1.

3. THE CHARACTER VARIETY FOR FREE GROUPS

Now we focus on the case of a free group. Let I' = Fy, := (x1, 22, ..., 2x) be the
free group generated by k elements. Then, the space of representations of Fj in
SL, is just

Hom(Fy,SL,) = (SL,)F = {(A1, Aa, ..., Ap) | A; € SL,.},

the space of k-tuples of matrices in SL,.. The moduli space of k-tuples of matrices
up to conjugation is
OM(Fy, SL,) = (SL,)* // SL, .
As we said in Section [2] this is isomorphic to the character variety X(F}, SL;).
This implies that there are finitely many ¢1,...,9, € Fy such that a character
Xp € X(F,SL,) is determined by x,(g1),.-.,Xp(ga). Set p(z;) = A; € SL,, and
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also tr(A) = t4 for the trace of a matrix A. For an element g; = x;, .. i, € Fy,
we have

Xﬂ(g) = trp(g) = tr(p(xijl) t p(‘rijl/,j )) = tr(Aijl T Ai_;’zj) = tAz‘jl"'Aiﬂj .
This implies that X(F}, SL,.) is parametrized by the above traces for j = 1,...,a,
that is,

M(Fy, SL,.) — X(F},SL,) C k*

(Ay,..., Ap) — (tA’iu”'A’ilel RN ’tAiaf”Aiaea)

is a parametrization of the character variety.

(3.1)

Proposition 3.1. If k > 2, the dimension of the character variety X(Fy,SL,.) is
dim X(Fy, SL,) = (r* — 1)(k — 1).
If k=1, then
dim X(Fy,SL,) =r — 1.

Proof. Let us assume that & > 2. The action of SL, on irreducible representations
has finite stabilizer, so the action has generic orbits of dimension dim SL,.. This
means that

dim X(F}, SL,) = dim(SL,)* — dim SL, = (k — 1) dim SL, = (r* — 1)(k — 1).

On the other hand, if k¥ = 1, the character variety X(Fy,SL,) = SL, J/SL, is
canonically isomorphic to k"1, as it is proved in [19], so it has dimension r—1. [

From now on we focus on the case of rank 2, that is, the group SLy. We want to
determine how many traces are needed in (3.1). First, we demonstrate some useful
matrix identities.

Lemma 3.2. Let P,Q € SLo. Then the following holds:
QP = (th - tth)] +tpQ + tQP — PQ.
Proof. First of all, let us recall that t4—1 = t4 for every A € SLy. On the other
hand, the relation t 4 = tga holds for every pair of square matrices A, B of the
same size. Given A € SLso, the following relation is given by the characteristic
polynomial of A,
A2 =t AT (3.2)
and therefore, the following holds:
Al =47 — A, (3.3)
By (3.3), we can write (PQ)~! as
Q7 'P = (PQ) =tpol — PQ.
Applying (3.3) to Q! and P! on the above equation we obtain
(tol —Q)(tpl — P) =tpol — PQ,
therefore QP = (tpg — tptg)l +tpQ +toP — PQ), as required. O
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Proposition 3.3. Let A, B,C, P,Q € SLa. Then the following statements hold:
(i) tr = 2.
) taB =tBaA.
) taz =14 — 2.
) tapap = tip — 2.
V) tpeag =trotap —tpotats +tatppg +tBtrPag —traBq-
)
)
)

(vi tpazg = tatpag — tpg-
(Vii tpa-1qQ =talpqg —trPaqQ-
(viii) tapc = tatpe +tptac +tetap —tatptc —tacs.

Proof. (i) and (ii) Immediate.
(iii) Since A € SLy, the result follows from Equation (3.2)) taking traces.
(iv) It follows from (iii) by just observing that ABAB = (AB)?.
(v) Use the formula of Lemma multiplying on the left by P and on the right
by @ to get
PBAQ = P((tap —tatp)l +taB +tgA— AB)Q (3.4)

and take traces to obtain the sought formula.
(vi) Start with Equation (3.2)), and multiply on the left by P and on the right by @,
to get

PA?Q =t,PAQ — PQ.
Finally, taking traces we get the required formula.
(vil) From Equation (3.3)), we get

PA7'Q =t,PQ — PAQ
and take traces.
(Viii) In (V), take P =1, Q = C to get tpac =tctap —tctatp +tatpe +tptac —
taBc, as the claimed formula. O

Theorem 3.4. Let Ai,..., Ay € SLo, take a monomial x = A{' ... A7™, with
a; €Z and 1 <iq,... 45, < k. Then t, has a (polynomial) expression in terms of

Til...ip = tAi1~~~Aip7 1 S il << ip S k'
Therefore the ring of functions of Xy = X(Fy,SLs) = Spec Ox, is given as
Ox,, =k[{T}, i, hr<is<cip<i] /T

for some ideal T of relations.

Proof. If o;j < 0, we use Proposition (Vii) to write ¢, in terms of traces of
monomials in which a; > 0. Now, if a; > 2, we use Proposition (Vi) to write
t, in terms of traces of monomials in which o; is smaller. Repeating we can reach
an expression with a; = 0,1. Doing this for all indices, we finally get a polynomial
expression in terms of EAi, Ay 1 <i4y,...,4% <k, where 4; # i;41. That is, in
the monomial two consecutive matrices are distinct.

Now suppose that ¢; > i,41. Then we use Proposition(v) to get an expression
in which the traces appearing have either less number of matrices, or A;;, A;, , are
swapped. In the first case, we can work by induction on the number of matrices
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involved to get to the result (note that the other operations do not increase the
number of matrices in a given monomial). In the second case, now we get an
expression PA; A;,Q with i;1; <i;. If now there are two consecutive matrices
repeated (that is, a square), we use Proposition (Vi) again. Otherwise, we have
managed to reorder two matrices. We can permute the matrices with this process
until 4; is the lowest index, so that i; < i2,...,%,. We continue in this fashion until
1 <dg < e <. O

The number of monomials of the form A;, ... A;, with 1 <y <. <ip <k
described in Theorem B.4] is

)+

Corollary 3.5. For k = 2, the character variety Xo = X(F»,SLs) is isomorphic
to k3, and it is parametrized by (ta,tp,tap) for (A, B) € X,.

Proof. We have by Proposition that dim X(F», SLy) = 3. By Theorem the
traces ta, tg, t4p parametrize. Therefore we have the result. O

4. EQUATION OF THE CHARACTER VARIETY X(Fj3,SLo)

Since a general algorithm to compute the ideal Z described in Theorem [3.4] is
unknown, let us start by looking at the free group generated by three elements, Fj.
The aim of this section is to study the character variety

X3 = X(Fg,SLQ) = {(A,B,C) | A,B,C (S SLQ} // SLs.
By Proposition we have that dim X(F5,SLy) = 6. By Theorem the traces
ta, tB, lo, tap, tac, tee, tase

generate the ring of functions of X(F3,SLs). These are 7 variables, hence there is
an embedding

X(F3,SLy) C k7,

and the character variety is a hypersurface defined by a single equation. To find
such equation, we work as follows. For the sake of clarity, let us set the following
variables:

x:tAv y:th Z:tCa
u=1tpc, V=tac, wW=1tapB,

P - tABC.

Now we complete Theorem [I.2]
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Theorem 4.1. The character variety X5 C k7 is a hypersurface defined by the

equation

pP? = (wz+vy+uz—myz)Pfx2 —y? =22 fuyz+vrz+wry —uow—u® —v? —w? +4.

Proof. Since A, B,C € SLy, by Proposition [3.3|(iv) the following holds:

Then

taBpcaBc =

2
taBcaBc = thpe — 2.

tappo(tac —tatc) +tatapose +tctapapc —tapacse

(Prop. B.3|(v))
tappce(tac —tate) + ta(tape(tpe — tpte) + tetapec + tetapse
—tappcc) +to(tao(tap —tatp) + tptaasc +tatapse
—taassc) — (tacso(tap —tatp) +tptaacse +tatasese
—taABCBC) (Prop. B.3|(v))
(tetapc —tac)(tac —tatc) +ta (tABc(th —tptc) +tp(tctasc
—tap) +to(tptape — tac) — (tetetape — tptap — totac +ta))
+tc(tapo(tas — tate) + tetatape — tptpe +taltptapc — tac)
— (tatptapc —tatac —tptpe + tc))
— (tacBc(tap — tatp) + ttatacse — ttope
+tataBcBe —tatapeBe + thBc) (Prop. (Vi))
—22 — 2% 4 vzz — v + (w2 + vy + ur — zy2)P
— (tacBetas —tetope +tpebe)

—22 =2 forz  — 0P+ (w2 + vy +ur — wy2)P

- ((tAc(th —tptc) +tetape + tetace —taBoc)tas

—tg(te(te — tpte) + tptee + totpe — teec) (Prop. [3.3|(v))
i — 2) (Prop. 3.3|(iv))

—22 — 2? 4 vxz — v + (w2 + vy + ur — xy2)P

—<(tAC(tBC —tpte) +tetape + te(tactc —ta)—tapctc +tas)tas
—tp(tc(tpe —tpte) + te(te — 2) + tetpe — tcte +tp)
+tho — 2) (Prop. B.3|(vi))
—z% — y2 — 224 uYyz + vrz + wry — uvw
—u? —v? —w? 4+ 2 + (wz + vy + ur — xyz)P.

(]
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Theorem [£.1] can be rewritten as the following equality with traces for triples of
matrices A, B,C € SLy,

thpe = (tatpe +tptac +totap — tatptc)tape — 14 — th — t&
+tatptap +tatctac +tetotpe — thy — the — the — taptactse + 4.
(4.1)

Corollary 4.2. The variety X3 = X(F5,SL2) is a ramified double cover of the
plane K. The variables ta,tp, to,tan, tac,tec are transcendental generators and
the ring of functions Ox, is a degree 2 extension of K[ta,tp,tc,tan,tac,tBc].

By Theorem X3 is a double cover over k® ramified over V(A), where A =

Y2 — 4X is the discriminant, with X, Y defined as in (5.2]). This is a sextic in k°.

The singularities of X3 C k7 are at the points (z,y, z,u,v,w) € V(A), P = 31X,

which are singular points of V/(A). The singular locus of X3 is determined in [5], and
it is equal to the reducible locus X%*¢, which consists of representations (4, B, C)
which can be put, in a suitable basis, as

(A0 _(p 0 (v 0
A= (o ) m= 5 ) e=50).

This is a 3-dimensional subspace. Equivalently, A, B, C are pairwise commuting,
which by Equation (6.1), amounts to the equations

1
4P+ =ayw—2, B+ 2240 =z -2, Y + 22+ ul =yu—2, P= §X.

5. GENERATORS OF THE RING OF X(F},SLy) FOR k >4

Now we give an expression for the trace of matrices that extends Theorem
to products of more than four matrices.

Theorem 5.1. Let A, B,C,D € SLs. The trace of ABCD can be expressed as
a polynomial expression in terms of ta, tg, tc, tap, tac, tap, tec, tep, top,
tABC; tABD; tACD; and tBCD- More specz'ﬁcally,

1
tapcp = 3 (tatpep + tetacp + tctapp +tptase + taptse — tactsp

+taptcp —taptptc —tBctatp —taptctp —toptats + tAtBtCtD)-
(5.1)

Proof. By Proposition [3.3|(v), we have that
tapcp = tap(tpc —tptc) +tptacp +tctasp — tacsp,
tacBp =tcBpa =tca(tep —tBtp) +tptcpa +tptca —tcpBa,
tcppa =tppac = tpc(tpa —tpta) +tptpac +tatppc —tpasc-

Substituting the expression of each equation into the previous one, and using the
cyclicity of the traces, namely tpapc = tapcp, we obtain

tapcp =tap(tpe —tpte) + tetacp +tctapp — (tealtsp — tstp)

+tptopa +tptesa) +tpc(ta —teta) +tetpac + tatpse — tasep,
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and hence

taBcp = 3 (tAD(tBC —tpte) +tptacp + tetasp — (tac(tep — tetp) + tetaco

+tptacs) +top(tap —tats) +tptacp + tAtBCD>

1
=3 (tAD(tBC —tpte) +tetacp +tctasp —tac(tep —tetp) —tetaco

—tp(tatse +tptac +tetap — tatptc — tape) +tep(tas — tats)

+tptacop + tAtBCD) (Prop. [3.3(viii))

=3 (tAtBCD +tptacp +tctapp +iptapc +taptpe —tactsp

+tatecp —taptplc —tectatp —taptctp —teptatp + tAtBtCtD>
(Simplifying).
O

As a consequence, the ring of functions of X, = X(F), SLo) is generated by traces
of the product of at most three matrices. This completes the proof of Theorem [I.1

Corollary 5.2. Let Ay, ..., Ay, € SLy. Take a monomial x = Aj! Afﬁ;”, with
1<iy,...,im <k and oj € Z. Then t, has a (polynomial) expression in terms of
Tiyiy i =ta,n,, 1500 <. <ip<k,

with p < 3. Therefore
Ox =k[{T}, i, Y1<ir<-<ip<ki<p<s) /T
for some ideal T of relations.
Proof. By Theorem T, ..i,, with 1 < p < k, gives generators of the ring of

all t,. Now by Theorem ta;, .. A, is expressible in terms of all traces of one,
two and three matrices among A4;,,...,A;,. In general, for p > 4,

tA; A, = AL Ay Ay (Asy - Asy)

is expressible in terms of the traces of products of one, two and three matrices
among A;, Ai,, Aiy, and Q = A;, ---A;,. These are traces of products of less
than p — 1 matrices. By induction, we get the result. O

In virtue of Corollary [5.2] the number of generators of the ring O, is
k k
k .
()
If we look at the case k = 4, to parametrize
%4 = X(F47SL2) = {(A,B,C,D) | A7B7C7D S SLZ} // SL2
Corollary [5.2] says that we need the traces

ta, B, tc, tp, tas, tac, tap, tBc, tBD, tcp, tABC, tABD, tAcD, tBCD,
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giving an embedding X(Fy, SLy) C k4. By Proposition dim X(Fy, SLy) = 9,
so five of the above traces are algebraically dependent on the other ones. Letting
X(:I;7y7 Z,Uu,, w) =Wz + VY + Uur — rYz,

Y(z,y, 2, u,v,w) i= —x — y? — 2% + uyz + vrz + wry — vow — u? —v? — w? 4 4,

(5.2)
we have the equation

thpe = X(ta,tp,to,tpe.tac,tap) - tape + Y (ta,tp, to tse,tac, tas), (5.3)

and similarly for the others tsgp, tacp, tgcp. This gives four algebraically de-
pendent variables.

Proposition 5.3. The trace tcp is algebraically dependent with ta, tg, to, tp,

tAB; tAC: tBC; tAD; and tBD. Therefore tA; tB7 tC; tD) tABz tAC; tBC7 tAD; tBp
are transcendental generators of Ox,.

Proof. Clearly there is an algebraic dependence relation between all these variables,
as the transcendental degree of the field that they generate is 9. The variables t 4,
tg, tc, tp are clearly algebraically independent. Therefore, there is one of the
other variables that depends algebraically on the rest. Permuting the order of the
matrices, we can assume that it is top. U

It is not easy to find out an explicit algebraic equation satisfied by tcp in
Proposition @ This can be done as follows. Consider the element tagcp =
tcapycp and apply Equation (4.1) to get

thpep = X(tas,to,tp,tep, tap, tapc)taBop (5.4)

+Y(tan,tc,tp,tcp,tasp,tasc), '

with the expressions X, Y appearing in (5.2)). Now use Equation (5.1]) to substitute
tapcp in the above. This gives an equation involving ta,...,tp,tap,...,tcp
and tapc,tapp.taco, teep. Using Theorem [I.1] we have algebraic equations for
tABCwuatBCD in terms of the traces tA, tB, tc, tD, tAB7 tAc, tAD, th, tBD;
top. This will yield an equation involving all required traces. Note that we can
also work out an equation like (5.4) for tapcp = ta(soyp Or taBep = tapcp) OF
tapop = t(paypc- This can serve to eliminate tapcp.
Corollary 5.4. In X, = X(Fy,SLy), we have parameters for (Ai,...,Ax) given
by ta,, ta,a;, ta,a;a,, @ <j <k. The parameters

tay, tay,, ta,a,, and ta;, taa;, taa;, j =3,
are transcendental generators of Ox, .
Proof. First, by Proposition[3.1]the dimension of X}, is 3(k—1). Now ta,,ta,,ta, 4,
generate Ox, by Corollary For k = 3, Corollary says that ta,, ta,, tAs,
ta Ay, tA As, a4, are transcendental generators of Ox,. For k > 4, we use
Proposition applied to (A1, Az, A;, Aj) to get an algebraic equation for £4,4; in
terms of t4,, ta,, ta,, tAj, ta, Ay, LA A tAlAj’ ta,a,;, tA2Aj. Therefore the given
set of traces are transcendental generators. There cannot be less than they are
because dim X, = 3k — 3, which is the number of parameters in the list. O
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6. CHARACTER VARIETY OF THE 2-TORUS

Now we are going to focus on the 2-torus 72 and the space of representations
of its fundamental group I' = m(T?) = (z,y | [z,y] = 1) in SLe. By the general
description in , we have that the character variety of a finitely generated group
embeds as a subvariety of the character variety of the free group Fj, where k is the
number of generators of the group. In this situation,

X2 = X(T?,SLy) € X(Fy,SLy) = k3,

the last equality by Corollary Then X7 is parametrized by (ta,t5,tap), and
there will be an equation describing this variety. To find it, we work out a relation
for the trace of a commutator.

Lemma 6.1. For matrices A, B € SLs, we have

tap = th +th +thy — tatptap — 2. (6.1)
Proof. We compute
[A,B] = ABA™'B™! = AB(t,I — A)B™! (by Eqn. (3:3))
=t,A— ABAB™!
=taA— A((tap —tatp)l +taB +tpA— AB)B™! (by Eqn. (3-4))

=taA— (tap —tatp)AB™" —t A —tpA’B™' + A?
= —(tap — tatg)A(tpl — B) — tp(taA —I)(tgI — B)
+iaA-1 (by Eqn. (3.2))
= —taptpA+tathA+tapAB —tatg AB — tath A+ tH1
+tatpAB —tpB +taA—1
= —taptpA+tspAB +t51 —tpB + 1t A — 1.

laking traces,
t = —taptpt —|—t2 +22—2+2—2
[A,B] ABtBtA +tap + 2t —tp + 14 )

producing the result. O

From now on, we fix the ground field k = C. Take a conjugacy class [] = SLq -£
determined by an element £ € SLs (the action of SLy by conjugation). We have
the twisted moduli space of representations as defined in ,

Me ={(A,B) € (SL2)* | [A, B] € [¢]} // SLo.
There are five different types of conjugacy classes. We have [I], [-1], [J+], [J-],
+1 0 A0
and [&], where JL = < 1 il) are the Jordan types, and & = <O /\_1>,
t=X+A"1 X e C-{0,£1}, are the diagonal types. Consider the trace map

tr:SL2—>(C
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and note that

Using the variables x = ta, y =tp, 2 = tap, Lemma gives the function
F(z,y,2) =tap =22 +y° + 2> —zyz — 2. (6.3)
Then we have the following twisted character varieties:
X;=F ' (t)={(A,B) € SLy | tr([A, B]) = t} J/ SLa
for t € C. Then
o X; = Mg, for t # £2,
e Xo=M;U MJ+,
o X o=M_jUM;_.
Remark 6.2. Note the symmetry of equation (6.3)). This is given by the change
of generators (A, B) — (AB, B~!), which changes (ta,t5,taB) — (tap,tB,ta).
We study the geometry of the character varieties X;, and recover results of
Theorem [I.3] Now we prove Theorem [T.4}
Theorem 6.3. Lett € C. We have the following:

o For t # +2, the character variety ¥, C C? is a smooth surface. The
E-polynomial of X; is e(X;) = ¢* + 4q + 1.

e Fort = 2, the character variety X5 C C3 has 4 ordinary double points.
Moreover, M C My, X3 = My, and e(X3) = >+ 1.

e Fort = —2, the character variety X_o C C® has only one singular point
which is an ordinary double point. Now X_o = M_;UM;_, ande(X_3) =
@ +3q¢+1.

Proof. We start analyzing the singular points of {F(z,y, 2) = t}. We compute the
derivatives of F',

OF OF OF
For a singular point, we have 2x = yz, 2y = zz, 2z = xy. From this, we get
2% =y? = 22 = Jayz and hence F = Jzyz — 2.
2

) = (22 —yz,2y — xz,2z — xy).

e Fort = —2, we have 22 = 3% = 22 = %xyz = 0, so there is a singular point
(7,y,2) = (0,0,0). The leading term of F is 2 4+ y? + 22, hence the point
is an ordinary double point

e For t = 2, we have 22 = y =22 = a:yz = 4. Therefore, the singular
points are (2,2,2), (2, =2), (-2,2,-2) and (—2,-2,2). Let us focus
on one of them, say (2,2, 2 then the He551an of I'is

-2 -2
Hp(2,2,2)= | — ) = 2 2 =2,
2.2.2) 2 2 2
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which is non-degenerate, hence it is an ordinary double point. The other
singular points are similar.

o For t # £2, we have 22 =% = 2% = %xyz:2+t7é0. Then z = +y, x =
+2, hence 2z = yz = +22, and = +2. This implies that 22 =4 = 2 + ¢,
hence t = 2. So for t # £2, the surface X; is smooth.

To proceed, consider the completion of V (F —t) C C? in the projective space P3.
This is given by the homogeneous polynomial

Fy = 2%u+ y2u + 2%u — zyz — (2 + H)®
for projective coordinates [z, y, z,u|. We compute the derivatives

OF, OF, 0F, OF
(8:;’ 87;’ 37;, 5‘1;) = (2zu — yz, 2yu — 22, 22u — xy, x> + y? + 2% — 3(2 + t)u?)
and look at a point at infinity, that is, v = 0. Then the above derivatives reduce
o (—yz, —xz, —zy,x* + y? + 22). This cannot vanish, because for this to be zero,
two coordinates should vanish, and hence 22 + 32 + 22 # 0. This means that V(Ft)
is smooth at the points at infinity.

Now take ¢ # £2. Then V = V(F;) C P? is a smooth surface of degree 3.
By [12, Example 9.11], we have the Hodge numbers of V to be h'0 = p% = 0,
h?9 = h%2 = 0 and h''! = 7. Hence, the E-polynomial is e(V) = ¢* + 7q + 1,
where ¢ = uv. Now, the intersection Vo, := V N {u =0} = ¢; Uy U {3 consists of
3 lines and has E-polynomial e(Vy) = > e(l;) — > e(¢;N¢;) =3(g+1) —3 = 3q.
Therefore

e(Xe) = e(V) = e(Vao) = ¢* +4g + 1.

Let f : SL3 — SLo, (A B) = [A,B]. Asin [13, Section 4] we write Xy =
f7HD), X == 1), Xo = f- Y1), Xs = fH([J-]), so that f~1(tr™1(2)) =
XoU Xo and f~1(tr7'(-2)) = X; U X3. By [I3, Section 4.3], the representations

) n-{amiae-r-(; )}

are of the form A = (Cbl aol) and B = <z x()l)' Conjugating by <8 ?)7 wo

get the matrices

a 0 z 0 1 0
At = (tb al) ) Bt = (ty .Tl> ) [Atth] = Jt,-‘r = (t 1) .

Taking ¢t — 0, we get in the limit representations in Xy. Therefore X5 is contained
in the closure of Xy. This implies that M ;, C M;. Hence Xy = M.

To compute the E-polynomial note that X = V(FQ) C P? appears as a degen-
eration of V(Ft) when ¢ — 2. Such degeneration produces four singularities which
are ordinary double points. Each of them reduces the Betti number bs by one,
hence by(X) = 3. Therefore the E-polynomial of X is e(X) = ¢? 4+ 3¢ + 1. Now

e(X2) = e(X) —e(Vo) = ¢* + 1.
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Finally, we look at the case t = —2. By [I3], Section 4.2], M_; consists of one

point, which has representative A = ((Z) —Oz) , B = (_01 é) ,with (ta,tp,tap) =

(0,0,0), the singular point of X_5. Regarding M ;_, according to [13} Section 4.4],

the matrices of

Xy = {(AB) [A,B] = J_ = (‘11 _01)}

are of thefoom A= (¢ ‘) and B= (" = with z = 2(z + w), ¢ = —2(a + d),
b d Yy ow

ey + 2dw + bz = 0. This implies that it cannot be (t4,t5) = (z,¢) = (0,0). So
My =X_o—M_y,and hence X_o = M; UM_;.
To compute the E-polynomial note that ¥ = V(ﬁ_g) C P3 appears as a degen-

eration of V(Ft) when ¢ — —2. Such degeneration produces one ordinary double
point, hence by(Y) = 6 and e(Y) = ¢*> + 6¢ + 1. Thus

e(X)=elY)—e(Vao) = +3¢+1=eMy_ ) +e(M_j). O

Note that the results of the E-polynomials of Theorem [6.3] agree with those of

Theorem
7. CHARACTER VARIETY OF THE GENUS 2 SURFACE
We look at the character variety
My = X(m1(22),SL2) = {(4, B,C, D) € (SL2)* | [A, B][C, D] = I} J/ SLo.
The dimension of M, = X(m1(X,), SL2), for the orientable compact surface 3, of
genus g, is dim My = 6g — 6. Therefore dim My = 6.
Proposition 7.1. The ring Opn, has transcendental generators ta, tg, tc, tp,
lap, tac-
Proof. We have that My C X4 = X(Fy,SLs) and dim X4 = 9, generated by t4,
tB, tc, tD, tAB, tAc, th, tAD, tBD7 where tCD is algebraically dependent on the
previous ones, by Corollary Using [A, B] = [C, D]™!, we have tia,B] = tic,p)s
and using Equation (6.1]),
th +th +thp —tatptap = te +th + tep — tetpten,

thereby top is algebraically dependent on ta, tp, to, tp, tan.

Using Equation (6.2]), we get

lia,Bjc = —taBlBtac +laBtapc + thtc — tptpc + tatac — to.
From [A, B] [C, D] = I, we rewrite [A, B]C' = DCD~! which implies that
—taptptac + taptape + thte — tptpe + tatac — to = to.

Using (5.3)), which is an algebraic dependence of tapc on ta, tg, tc, tan, tac,
tpc, and, unravelling the above, we get an algebraic equation, and then we isolate
tpc as algebraically dependent on tu, tg, to, tap, tac.
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Now we use the equation [A, B][C,D] = I to get [C,D]A = BAB™!, and
working as before we get an algebraic dependence of t4p on ta, tc, tp, tep, tac.
But using the dependence of tcp on t o5, we get that t 4p is algebraically dependent
onta,tp,tc,tp, tanp, tac-

Finally take [A, B][C,D] = I, to rewrite D™'[A, B] = CD~'C~*!, and work
analogously to get an algebraic dependence of tpp in terms of t4, tp, tp, tap,
tap. Using the previous paragraph, we get that tpp is algebraic dependent on 4,
tg, tc, tp, tas, tac- O
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