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WARPED PRODUCT LIGHTLIKE SUBMANIFOLDS
WITH A SLANT FACTOR

MEGHA PRUTHI AND SANGEET KUMAR

ABSTRACT. In the present study, we investigate a new type of warped products
on manifolds with indefinite metrics, namely, warped product lightlike sub-
manifolds of indefinite Kaehler manifolds with a slant factor. First, we show
that indefinite Kaehler manifolds do not admit any proper warped product
semi-slant lightlike submanifolds of the type Np X Ng, Ng Xx N7, N1 X Ny
and Ny X, N, where Nt is a holomorphic submanifold, N is a totally
real submanifold and Ny is a proper slant submanifold. Then, we study
warped product semi-slant lightlike submanifolds of the type B X\ Ny, where
B = Np x N, of an indefinite Kaehler manifold. Following this, we give
one non-trivial example for this kind of warped products of indefinite Kaehler
manifolds. Then, we establish a geometric estimate for the squared norm
of the second fundamental form involving the Hessian of warping function A
for this class of warped products. Finally, we present a sharp geometric in-
equality for the squared norm of second fundamental form of warped product
semi-slant lightlike submanifolds of the type B x Ny.

1. INTRODUCTION

The geometry of warped product manifolds was firstly introduced by Bishop and
O’Neill [2] in 1969. However, the theory of warped products became popular among
mathematicians and physicists in the beginning of the 21st century, when the notion
of CR-warped product submanifolds of Kaehler manifolds was introduced by Chen
in [6], where he showed the non-existence of warped product CR-submanifolds
of the type N, X Np, where Np is a holomorphic submanifold and N, is a
totally real submanifold, in a Kaehler manifold. Furthermore, the author examined
CR-warped product submanifolds of the type Ny x, N, in Kaehler manifolds.
Thereafter, many other studies explored the existence or non-existence of warped
product submanifolds in various ambient space settings. In terms of their physical
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utility, warped product manifolds provide an excellent setting to model space-
time near black holes or bodies with large gravitational force. For instance, the
best relativistic model of Schwarzschild space-time that is used to depict the outer
surface around the black hole or massive star is given as a warped product. In
addition, many exact solutions like Robertson Walker’s model and Schwarzschild’s
solution of the Einstein field equations are warped product structures.

On the other hand, the concept of slant submanifolds was given by Chen as
a generalization of slant immersions (for details, see [4, [5]). Later, some more
generalized classes of slant submanifolds came into existence and the subject matter
was dealt with in detail by many others (see [3] [16] 19]). In [I8], Sahin proved that
there do not exist warped product semi-slant submanifolds of the type Np X Ny
and Ny X Np, where Ny is a proper slant submanifold of a Kaehler manifold.
Furthermore, Chen [7] studied pointwise CR-slant warped product submanifolds
in Kaehler manifolds which are of the type B x ) Ny, where B = Ny x N is a CR-
product and Ny is a proper pointwise slant submanifold. The literature suggests
that the majority of studies on warped products with a slant factor is confined only
to manifolds with positive definite metric which may not be applicable to areas of
mathematical physics involving indefinite metrics. However, in recent years, a few
papers have appeared on warped product lightlike submanifolds (for details, see
[8, 1T}, 12} [13] 14, [17]) but the concept of warped products considering the slant
case still remains untouched for manifolds with indefinite metrics.

To this end, we consider warped product semi-slant lightlike submanifolds of in-
definite Kaehler manifolds. Firstly, we obtain the non-existence of warped product
semi-slant lightlike submanifolds of the type Nt X Ny, Ng X\ N7, N; X Ny and
Ny xx N,. Then, we derive several results in terms of the second fundamental
form for warped product semi-slant lightlike submanifolds of the type B Xy Ny,
where B = Np x N in indefinite Kaehler manifolds. Furthermore, we provide
an interesting characterization for the second fundamental form in terms of the
Hessian of the warping function A for such warped product lightlike submanifolds
in an indefinite complex space form. Finally, we establish a geometric inequality
for the second fundamental form in terms of the warping function of warped prod-
uct lightlike submanifolds of the type B x ) Ny and also present one non-trivial
example.

2. PRELIMINARIES

2.1. Geometry of lightlike submanifolds. Let (N",g) be an isometrically im-
mersed submanifold of a semi-Riemannian manifold (N §) of constant index
q such that m,n > 1,1 < g <m-+n—1. The metric g is the induced metric of g
on N. If the metric § becomes degenerate on the tangent bundle TN of N, then
N is known as a lightlike submanifold of N. There exists locally a lightlike vector
field £ € T'(T'N), £ # {0}, such that ¢g(§,Y) = 0 for any Y € I'(T'N). Then, for
each tangent space T, N, we have that

TN = J{u e TN : g(uw,0) =0 Vo € TN, y € N}
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is a degenerate n-dimensional subspace of TyN . Thus, both the subspaces T), N and
T,N=+ are degenerate orthogonal but no longer complementary. In this case, there
exists a subspace Rad(T,N) = T, N N T, N+, which is called the radical subspace
and defined as

Rad(T,N) = {¢, € T,N : g(&,,Y) =0 VY € T,N}.

If the mapping
Rad(TN) : y € N — Rad(T,N)
defines a smooth distribution on N of rank r > 0, then Rad(T'N) is called the
radical distribution on N, and NV is said to be an r-lightlike submanifold of N. The
following are four sub-cases of a lightlike submanifold (N, g, S(TN), S(TN>)):
Case 1: r-lightlike if 7 < min{m,n}.
Case 2: Co-isotropic if r = m < n, i.e., S(TN*) = {0}.
Case 3: Isotropic if r = n < m, i.e., S(TN) = {0}.
Case 4: Totally lightlike if » = m = n, i.e., S(TN) = {0} = S(TN?1).
For Case 1, there exists a non-degenerate screen distribution S(T'N) which is
a complementary orthogonal vector subbundle to Rad(T'N) in TN. Thus, we can
write
TN = Rad(TN)LS(TN). (2.1)
Although S(T'N) is not unique, it is canonically isomorphic to the vector bundle
TN/Rad(T'N). Let us denote an r-lightlike submanifold by (N, g, S(TN), S(TN*)),
where S(TN*) is a complementary vector subbundle to Rad(T'N) in TNL. There-
fore, we have the following essential result.

Theorem 2.1 ([9]). For an r-lightlike submanifold (N,g,S(TN),S(T'N%1)) of a
semi-Riemannian manifold (N,g), there exists a complementary vector bundle
ltr(TN) of Rad(T'N) in S(TN1)* and a basis of T(1tx(T'N)|.,) consisting of smooth
sections {N;} of S(TN1)L|,, where u is a coordinate neighborhood of N such that

g(NZ7N]):O7 g(Nufj):élj fOT’l,]E{l,Q,,T}, (22)
where {&1, ..., &} is a lightlike basis of T'(Rad(TN)).

It follows that there exists a lightlike transversal vector bundle ltr(T'N) locally
spanned by {N;}.

Let tr(T'N) and ltr(T'N) be the vector bundles complementary (but not orthog-
onal) to TN in TN|y and to Rad(TN) in S(TN '), respectively. Then we have

tr(TN) = 1tr(TN) LS(TN*1),
TN|y = TN @ tr(TN)
= (Rad(TN) @ 1tr(TN)) LS(TN) LS(TN*1). (2.3)

Let (N, g,S(TN), S~(TNJ-)) be an r-lightlike submanifold of a semi-Riemannian
manifold (V,g). Let V be the Levi-Civita connection defined on N. Then, from
the decomposition ([2.3)), the Gauss and Weingarten formulae are given by
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VxY = VxY +h(X,Y) 4+ h*(X,Y), (2.4)
VxN' = Ay X + Vi N' + D*(X,N'), (2.5)
VxW = —Aw X + DX, W) + V5 W, (2.6)

where X,Y € I'(TN), N’ € T'(Itr(TN)) and W € T(S(TN*)). Furthermore,
employing Eqs. 7, we derive

9(AwX,Y) = g(h*(X,Y), W) + §(Y, D' (X, W)), (2.7)

g(D*(X,N"),W) =g(Aw X, N’). (2.8)

Let P be the projection morphism of TN on S(T'N). Then using Eq. (2.1)), we can
induce some new geometric objects in the screen distribution S(T'N) on N as

VxPY =VXPY +h*(X)Y), Vx{=-AX+V¥ (2.9)

forany X, Y € T'(T'N) and £ € I'(Rad(T'N)), where {V% PY, A; X'} and {h*(X,Y),
V#£&} belong to I'(S(T'N)) and I'(Rad(T'N)), respectively. Using Egs. (2.4), (2.5)
and ([2.9), we obtain

g(hl(X,PY),f) = g(AZX7PY)’ g(h*(X,PY),N/) = g(AN'XaPY)

for any X,Y € I(TN), £ € T(Rad(T'N)) and N' € F(ltr(TN))
Next, consider V is a metric connection, and using Eqgs. . for X,Y, Z €
I'(TN) and V,V' € T(tr(T'N)), we obtain

(ng)(Y, Z) = g(hl(Xa Y)a Z) +§(hl(Xa Z)aY)
and

(Vxg)(V.V') = =g(Av X, V') — g(Av/ X, V),

which implies that the induced linear connection V on N and the transversal linear
connection V* on tr(7T'N) are generally not metric connections.

Let us denote by R the curvature tensors of V. Then the equation of Codazzi
is given by

(R(X,Y)Z)* = (Vxh')(Y, Z) = (Vyh')(X, Z) + D' (X, h*(Y, Z))
— DY Y, h*(X, Z)) + (Vxh) (Y, Z) — (VyR*)(X,Z)  (2.10)
+ D*(X, WY, 2)) — D*(Y, W (X, Z)),
where
(Vx*)(Y,Z) = VXh*(Y, Z) = h¥(VxY, Z) = i*(Y, Vx Z), (2.11)
(Vxh')(Y,Z) = VWY, Z) = W(VxY, Z) = B'(Y,Vx Z) (2.12)
for X,Y,Z € T'(TN).
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Definition 2.2. An indefinite almost Hermitian manifold N with an indefinite
Hermitian metric § and an almost complex structure J is known as an indefinite
Kaehler manifold (cf. [1]) if
J2=—I, g(JX, JY)=g(X,Y), (VxJ)Y =0 forall X,Y € T(TN).
(2.13)

Let N(c) be an indefinite complex space form of constant holomorphic curva-
ture c. Then the curvature tensor R is given by

R(X,Y)Z = g{g(y, DX —§(X,2)Y +§(JY,2)JX — §(JX,Z2)JY 214
+25(X, JY)JZ) '

for X,Y, Z vector fields on N.
Next, we recall the definition of semi-slant lightlike submanifolds of an indefinite
Kaehler manifold following [20].

Definition 2.3. A ¢-lightlike submanifold N of an indefinite Kachler manifold N of
index 2¢ (provided that 2¢ < dim V) is known as a semi-slant lightlike submanifold
of N if

(a) JRad(T'N) is a distribution on N such that Rad(TN) N .JRad(T'N) = 0;

(b) there exist non-degenerate orthogonal distributions Dy and Dy on N satis-
fying S(TN) = (JRad(TN) & J1tr(TN)) L Dy L Dy;

(¢) the distribution Dy is an invariant distribution, i.e., JDy = Dy;

(d) the distribution Dy is slant with angle 6(+ 0), i.e., for each y € N and each
non-zero vector Y € (Dyg),, the angle 6 between the vector subspace (Dg),

and JY is a non-zero constant, which is independent of the choice of y € N
and Y € (Dg)y

In view of the above definition, the decomposition of S(T'N) becomes
S(TN) = (JRad(TN) @ Jltr(TN)) L. Dy L Dy, JDg = Dy.

Thus
TN =Dr® D, ® Dy, TNJ_:JDLEBtI'(JDG)@H,
where
Dy =JRad(TN) ® Rad(TN)® Dy, D, = Jltr(TN).
Now, for a vector field U € T'(Dy), we write
JU =TU + FU, (2.15)
where TU € I'(T'N) and FU € I'(tr(TN)). Similarly,
JV =BV +CV

for V e I'(tr(T'N)), where BV and C'V represent, respectively, sections of TN and
tr(TN). )
Applying J to Eq. (2.15) and taking the tangential component, we get

~U =T?U + BFU for all U € T(Dy).

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2024)



6 MEGHA PRUTHI AND SANGEET KUMAR

From [20], for a semi-slant lightlike submanifold N of an almost Hermitian mani-
fold N, one has

T?U = —cos® 0 U, (2.16)

g(TU,TV) = cos? 0 g(U, V), (2.17)
and

G(FU,FV) =sin®0g(U,V)
for any U,V € T(TN). The next relation for semi-slant submanifolds of an almost
Hermitian manifold follows easily from Egs. (2.13)) and (2.16]) as

BFU = —sin?0U, CFU = —FTU

for U € T(T'N).

Lemma 2.4. Consider a semi-slant lightlike submanifold N of an indefinite Kaehler
manifold N. Then FY € T(S(TN1)) for any Y € T'(Dy).

Proof. Take any vector Y € I'(Dy). Then FY € T(S(TN1)) if and only if
G(FY,£) = 0 for ¢ € I'(Rad(TN)). Now, consider §(FY,¢) = §(JY — TY,¢) =
G(JY, &) = —g(Y, JE) = 0, which implies that FY has no component in ltr(TN).
Thus, the result holds. O

Note. From Lemma we have F'Dy C S(T'N+), which implies that there exists
p C S(TN*) such that

S(TN) = (JRad(TN) @ Jltr(TN)) L. JDy L TDy, S(TN*)=FDy L p,
and
TN|x = {Rad(TN) @ 1tr(TN)} L S(TN) L {FDg L u}.
3. WARPED PRODUCT LIGHTLIKE SUBMANIFOLDS WITH A SLANT FACTOR

In this section, to investigate warped product semi-slant lightlike submanifolds
of indefinite Kaehler manifolds, firstly, we present a basic lemma contributed by
Bishop and O’Neill [2] on warped product manifolds as follows.

Lemma 3.1. For a warped product manifold N = Ny X Na, one has

XA

for X e T(T'Ny) and V € T(TN3).

First, we consider warped product semi-slant lightlike submanifolds of the type
N7 Xx Ny, Ng X\ N7, N1 Xx Ng and Ny x, N of an indefinite Kaehler manifold
N such that Ny denotes the invariant distribution, and N, and Ny represent the
anti-invariant distribution and proper slant distribution, respectively, of semi-slant
lightlike submanifolds.
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Theorem 3.2. For a semi-slant lightlike submanifold N of an indefinite Kaehler
manifold N, there does not exist any proper semi-slant lightlike warped product
submanifold N of the type Nt X Ng in N.

Proof. Assume that N is a semi-slant lightlike warped product submanifold of the
type N = Nr x) Ny in N. Then, using Lemma , we have ¢g(VrzY,Z) =
(YIn\)g(TZ,Z) =0for Y € I'(Dr) and Z € I'(Dy), and employing Eq. (2.4), we
obtain 0 = g(VrzY,Z) = §(VrzY, Z). Then, using Eqgs. (2-4), 2-6), 2-7), (2-13),
and and Lemma we obtain

0=3(VrzZY)
= §(VrzTZ,JY) + §(NrzFZ, JY)
= —g(TZ,NrzJY) - §(ApzTZ,JY) + §(DNTZ,FZ),JY)
= —(JYIn\cos’0g(Z,2Z) — §(h*(TZ,JY),FZ).

Then, we get
(JYIn))cos?0g(Z,Z) = —g(h*(TZ,JY),FZ). (3.1)
Upon considering JY in the place of Y in Eq. 7 we obtain
(YInX)cos?0g(Z,Z) = —g(h*(TZ,Y), FZ). (3.2)

Then, replacing Z by T'Z in Eq. , we arrive at
(YIn\)cos?0g(TZ,TZ) = —g(h*(T*Z,Y), FTZ)
(YIn\)cos?0g(Z,Z) = g(h*(Z,Y),FTZ). (3.3)
Furthermore, using Eq. (2.4), we have §(h*(TZ,Y),FW) = §(VyTZ,FW) =
—g(TZ,NVyFW) for Y € I'(Dr) and Z,W € I'(Dy). Thus, employing Egs. ,
and and Lemma we get
GR(TZ,Y),FW) = —g(TZ,Ny JW) + §(TZ,VyTW)
= g(JTZ,NyW) +§(TZ,VyTW)
g(T*Z,NyW) + G(FTZ,h*(Y,W)) + g(TZ,NyTW)
= —(YIn\)cos?0g(Z, W)+ g(FTZ,h*(Y,W))
+ (Y In\) cos? 0 g(Z, W)
= G(FTZ,h*(Y,W)).
Considering Z = W in Eq. , we obtain
§(h(TZ,Y),FZ) = §(FTZ,h*(Y, Z)) (3.5)
for Y € I'(Dr) and Z € T'(Dy). Thus from Egs. (3.2), and (3.F)), we obtain
(YIn\)cos?0g(Z,Z) = 0.

As Dy is a non-degenerate proper slant distribution we have Y In A = 0. Hence,
A becomes constant on Np, which implies that NV is a lightlike product, and the
result holds. (]

(3.4)
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Theorem 3.3. For a semi-slant lightlike submanifold N of an indefinite Kaehler
manifold N, there does not exist any proper warped product semi-slant lightlike
submanifold N of the type Ny xx N7 in N.

Proof. Assume that N is a warped product semi-slant lightlike submanifold of the
type Ng X\ Ny in N. Then employing Eq. (2.4)) and Lemma for Y € T'(Dr)
and Z € T'(Dy), we obtain

(ZInN)|Y|* = g(VzY.Y)
=3(VzY.Y) = g(h'(Y. 2),Y)

—4(Y,VzY) = §(h' (Y, 2),Y)

—(ZWmN|Y|? = 25(h'(Y, 2),Y),
which implies that

(ZWN)|[Y[]* = —g(h'(Y, Z),Y). <3.6)

Therefore we have g(@ 2zY,Y) = 0, which upon usmg Eq and Lemma
gives g(VyY Z) = 0. Furthermore, employing Eqs. . - -, and

Lemma we derive
0= g(@YY, Z) = —g§(JY,NyTZ) - §(JY,VyFZ)
—(TZWNg(Y,JY) = §(JY,h'(Y,TZ)) + §(JY, ApzY) — §(JY,D'(Y, FZ))
= —g(JY, (Y, TZ)) + §(h* (Y, JY),FZ),

which gives

g0 (Y, JY), FZ) = §(JY, B (Y,TZ)). (3.7)
Interchanging Y and JY in Eq. , we obtain

GRS(Y, JY), FZ) = g(Y,h(JY,TZ)). (3.8)
Furthermore, from Eqgs. and , we obtain

gJY, (Y, TZ)) = g(Y (Y, TZ)). (3.9)

On the other hand, from Egs. . and (| and Lemma E we get
G(H (Y, 2),Y) = §(V7Y,Y) - (ZIn A>||Y||2
= g(VJY,JY) + §(h(2,JY),JY) = (ZIn \)|Y|? (3.10)
=g(hl(Z,JY),JY).
From Egs. 7 and , we obtain
GR(Y, 2),Y) = §(R(Z, JY), JY) = 50 (2, J2Y),Y) = —g(h'(Y, 2),Y),
which yields 2g(h'(Y, Z),Y) = 0. Then, using Eq. (3.6), we get
(ZInN)||[Y]|? = 0.
In particular, for Y € T'(Dy L JRad(T'N)), we have
ZInA=0.
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Therefore, A becomes constant on Ny, which implies that N is a lightlike product.
Hence, the result holds. O

Theorem 3.4. Assume that N is a semi-slant lightlike submanifold of an indefinite
Kaehler manifold N. Then, there does not exist any proper semi-slant lightlike
warped product submanifold N of the type N, X Ng in N.

Proof. Let N be a semi-slant lightlike warped product submanifold of the type
N = Ni xx Np in N. Then, for Y € F(DJ:) and Z € I'(Dy), using Eq. ,
we have (A7, TZ,7Z) = —g(VrzJY,Z) = g(VrzY, JZ). Furthermore, employing
Eqs. (2.4)), , (2.16) and Lemma we obtain
9(ANTZ,2) = §(Nr2Y,TZ) + §(Nr2Y, FZ)
= g(Vr2Y,TZ) + §(h*(TZ,Y), FZ) (3.11)
= (YInNcos?0g(Z,2)+ §(h*(TZ,Y),FZ).

Upon replacing Z by TZ in Eq. (3.11) and employing Egs. (2.16) and (2.17)), we
get

9(A5T°2,TZ) = (YIn ) cos®> 0 g(TZ,TZ) + §(h*(T*Z,Y), FTZ)
9(AsyZ,TZ) = —(YIn ) cos? 0 g(Z, Z) + §(h*(Z,Y), FTZ). (3.12)
Furthermore, using Eq. and Lemma we obtain
9(AjyTZ,2) = —§(Nr2JY, Z)
=§(VrzY,JZ) = §(VyTZ, ] Z)

=g§(JTZ,NzY) = §(TZ, Az 7). (3.13)
Moreover, employing Eqgs. (2.4)), (2.6]), (2.15), (2.16), (2.17) and Lemma we

obtain
9(ApzY,TZ) = —§(Vy FZ,TZ)
= G§(VyZ,JTZ) + §(NyTZ,TZ)
=g(VyZ,T?2)+ §(h*(Y, Z),FTZ) + g(NyTZ,TZ)
=—(YInA)cos?0g(Z,Z) + g(h*(Y, Z), FTZ)
+(YIn ) cos®>0g(Z,Z)
= (b (Y, 2), FTZ).
Furthermore, using Eq. , we obtain
g (Y, TZ),FZ)=g(h*(Y,Z),FTZ). (3.14)
Thus, from Eqgs. (3.11)~(3.14), we derive
(YIn\)cos? 0/ Z||* = 0.
As Dy is a proper non-degenerate distribution we get
YInA=0.
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Therefore, it is clear that A is constant on N, , and N becomes a trivial lightlike
product. Hence, the result holds. O

Theorem 3.5. For a semi-slant lightlike submanifold N of an indefinite Kaehler
manifold N, there does not exist any proper semi-slant lightlike warped product
submanifold N of the type Ng x\ N1 in N.

Proof. Consider a semi-slant lightlike warped product submanifold N of the type
N = Ny x) N, in N. Then using Eq. (2.4) and Lemma for Y e T'(D,) and
7 € T'(Dy), we obtain
(ZWmN)|Y|? = g(VZY,Y) = §(V2Y,Y)

= —g(Y,VzY) = —g(Y,VzY)

= —(ZIn))|Y].
Then, we get

(ZInN)||[Y]|? = 0.
Furthermore, as D is non-degenerate, we get

ZlnA=0.

Hence, A becomes constant on Ny, which implies that N is a lightlike product, and
the result holds. O

From Theorems [3.2 and [3.5] we conclude that indefinite Kaehler manifolds do
not admit semi-slant warped product lightlike submanifolds of the type N7 x ) Ny,
Ng x5 N7, Ng x)x N1 and N, X Ny. Next, we ask an obvious question:

Question. Does there exist any warped product lightlike submanifold in an indefi-
nite Kaehler manifold with a slant factor?

To answer this question affirmatively, we investigate a new type of warped prod-
ucts of semi-slant lightlike submanifold of an indefinite Kachler manifold N, namely,
B x ) Ny, where B = Ny x N is a lightlike product submanifold and Ny is a proper
slant lightlike submanifold of N. To start with, we give one non-trivial example
for this class of warped products as follows.

Example 3.6. Consider N a 7-dimensional submanifold of (R3*, §) given by

zt = \@ul, z? = \/§u2, 2 =u! sinug, zt =t sinu3,
z® = u! cos u3, 2% = ut cos ug, " = u'sin u7, % = u'sin u7,
z¥ = ulcosu’, 1% = vt cosu”, 21t = v2u?, 21?2 = v2ub,
218 = 43, o =7

where u®,u” € R—{%F, n € Z}. Then TN is spanned by Z1, Za, Z3, Z4, Zs, Z, Z7
such that

Z1 =20z, + sinu’dzs + cosu?dxs + sinu’ dz7 + cosu’ dxo,

Zy = V20,
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1 4

Zs = u! cosu?dxs + u* cosuldry — vl sinuPdxs — ut sinuldzg + Ox1s,
Zy = sinu0x4 + cos u?dzg + sinu’ dzxs + cosu’ dx1g,

Zs = V20x11,

Zs = 20112,

Z7 = u' cosu”dx7 + ut cosu’drs — u

Clearly, N is a 1-lightlike submanifold with Rad(T'N) = Span{Z; }, and ltr(T'N)
is spanned by

1 4

sinu’0zg — u* sinu’9x19 + Ox14.

1 )
N, = Z{ — V2021 + sin udz3 + cos uPdxs + sinu’Hxr + cos u76‘x9}.

It follows that JZy = Zo + Z4 and JN; = —4(Z — Z,), which implies that
JRad(TN) and J1ltr(TN) are distributions on N. As JZs = Zg we have Dy =
Span{Zs, Zs}. Furthermore,

S(TNL) = Span{W = — u* cosu®dx3 + u' cosu®dxy + u* sinudx;

—ulsinu®dzg — ut

cosu’dx7 + u' cosu’ Oz
+utsinu’Oxg — u' sinu’dx10}.
Hence, Dy = Span{Zs, Z} is a slant distribution with slant angle
1 1
W)+ (w2 +1

Therefore, N is a proper semi-slant lightlike submanifold of Ri*. Tt is easy to
check that Dy is integrable. Now, if we denote the leaves of Dy & D, and Dy by
B and Ny, respectively, where B = Np x N, then the induced metric tensor of
N = B x Ny is given by

ds® = 2(du? + du? + du? + du?) + ((u")? + (u*)? + 1)(du3 + du?).
Thus, N is a proper semi-slant lightlike warped product submanifold of the type
B x Ny in R}, with A = /(u1)? + (u?)2 + 1.

(o))

Next, we prove the following basic results.

Lemma 3.7. For a semi-slant lightlike warped product submanifold N = B x x Ny
of an indefinite Kaehler manifold N with B = Ny x N, we have
(i) g(h*(X1, Y1), FX3) = g(h'(X1, X3), JY1) + §(Y1, W (X1, TX3)),
(ii) g(h*(X1, X3), FY3) = —(JX11In A)g(X3,Y3) — (X1 In A)g(X5,TY3)
for any X1,Y1 € T(Dr) and X3,Y3 € T'(Dp).
Proof. For X1,Y; € I'(Dr) and X3 € I'(Dy), using Eqgs. (2.4), (2.15) and Lemmal3.1]

we derive

G(h* (X1, Y1), FX3) = §(Vx, Y1, FX3)

§(JY1,Vx,X3) — §(Vx, Y1, TX3)

9(JY1,Vx, X3) + §(JY1, B (X1, X3)) + §(V1, Vx, T X3)
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12 MEGHA PRUTHI AND SANGEET KUMAR

= (X1 In A\)g(JY1, X3) + §(h' (X1, X3), JY1) + g(Y1, Vx, T X3)
+ (Y1, (X1, TX3))
= G(h (X1, X3), JY1) + §(Y1, R (X1, TX3)).

Similarly, using Egs. (2.4) and (2.15) and Lemma we get
§(h*(X1, X3), FY3) = §(Vx, X1, FY3)
= —3(Vx, JX1,Y3) = §(Vx, X1, TY)
= —g(Vx,JX1,Y3) — g(Vx, X1,TY3)
—(JX1InA)g(X3,Y3) — (X110 A)g (X5, TY3)

for X1 € I'(Dr) and X3,Ys € I'(Dy). O
Lemma 3.8. Consider a semi-slant lightlike warped product submanifold N =

B x5 Ny of an indefinite Kaehler manifold N with B = Ny x N, . Then we have

(1) g(hS(XlaX2)7FX3) = 07
(i) G(h*(Xa, Ya), FXa) = 0

for any Xy € T'(Dr), X2,Y2 € (D) and X35 € I'(Dy).
Proof. For any X; € I'(Dr), X5 € I'(D,) and X3 € T'(Dy), employing Egs.
and and Lemma we obtain
G(h* (X1, X2), FX3) = §(Vx, Xo, FX3)
=§(JX2,Vx,X3) — §(Vx, X2, TX3)
= (X1 In\)G(J X2, X3) + (X11n \)g(Xs, TX3)

On the other hand, one has
§(h*(X2,Y2), FX3) = §(Vx,Ya, FX3)
Q(J}/% VX2X3) + 9(1/2’ VXZTX3)
( an)\ (JYQ,XP,) + (XQ ln)\)g(Yg,TXg)
0.

O

Definition 3.9. A warped product (N7t x N ) x) Ny is called Dy @ Dy-mized
totally geodesic if the second fundamental form h satisfies

h(D1,D2) =0,
where Dy and Dy are distributions from {Dp, D, Dy}.

Proposition 3.10. Consider a semi-slant lightlike warped product submanifold
N = B x ) Ny of an indefinite Kaehler manifold N with B = Np x N,. If N is
D1 & Dg-mized totally geodesic, then the warping function \ depends only on N .
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WARPED PRODUCT LIGHTLIKE SUBMANIFOLDS WITH SLANT FACTOR 13

Proof. According to Lemma [3.7 we obtain
§(h* (X1, X3), FY3) = —(JX1In X)g(X3,Ys) — (X1 In \)g(Xs, TY3), (3.15)

where X; € I'(Dr) and X3,Ys € I'(Dg). On interchanging the role of X; and JX1,
the above equation takes the form

§(h*(J X1, X3), FY3) = (X110 A\)g(X3,Y3) — (JX1In N)g(X3, TY3),
which further gives
§(h*(J X1, X3), FY3) = (X110 A)g(X3,Ys) + (JX1 In A)g(T X3, Y3).
Now, on interchanging the role of X3 and 7' X3, the above equation becomes
G(R*(JX1,TX3), FY3) = (X1 In \)g(TX3,Y3) — (JX;In ) cos? 0 g( X3, Y3). (3.16)
Then, subtracting Eq. from Eq. , we obtain
§(h* (X1, X3), FY3) — §(h*(JX1,TX3), FY3) = —(J X1 In ) sin® 0 (X3, Y3).

Employing the hypothesis along with the non-degeneracy of the slant distribu-
tion Dy in the above equation, we obtain JX;InA = 0, which yields that A\ is
constant on Np, proving the result. O

Lemma 3.11. For a semi-slant lightlike warped product submanifold N = B xx Ny
of an indefinite Kaehler manifold N with B = Ny x N, we have

G(h*(X1,X3), FX3) = —(JX1 In \)|| X3]|%, (3.17)
G(h*(JX1, X3), FX3) = (X1 In \)|| X35]|? (3.18)
for any X1 € T'(Dr) and X5 € T'(Dy).

Proof. For any Xy € I'(Dr) and X3 € T'(Dy), employing Egs. (2.4), (2.15) and
Lemma [3:1] we obtain

g(h* (X1, X3), FX3) = *(@ X1, FX3)
—G(Vx, JX1,X3) — 9(Vx, X1, TX3)
—(JX1In )| X5]° — (X110 \)g(X3,TX3)

—-(JX hflA)IIXsII2

On the other hand, using Egs. . and ( and Lemma we derive
G(h*(JX1, X3), FX3) = §(V XSJXhFXg)

3(Vx, J X1, JX3) — §(Vx, JX1,TX3)

= (X1 In\) || X3]? — (JX1In \)g(X3,TX3)

= (X1 In )| X5

Hence, the result holds. O

Rev. Un. Mat. Argentina, Vol. 68, No. 1 (2024)



14 MEGHA PRUTHI AND SANGEET KUMAR

Corollary 3.12. For a semi-slant lightlike warped product submanifold N = B x
Ny of an indefinite Kaehler manifold N with B = Nt X N, one has

(i) §(h*(JX1,Vx,X3), JX3) = (X1 In\)?|| X3,
(if) g(h*(X1,Vx, X3), JX3) = —(J X1 1In\)?|| X312

for Xy € I'(Dr) and X3 € I'(Dy).

Next, we establish a geometric estimate for semi-slant lightlike warped product
submanifolds of an indefinite Kaehler manifold N in terms of the second funda-
mental form.

Theorem 3.13. Consider a semi-slant lightlike warped product submanifold N =
B x Ny of an indefinite Kaehler manifold N with B = Ny x N, . Then we have

15° (T X1, Xa)[I* + [|h° (X1, X3)[I” = (X1 I A)?[[ X ]|* + (J X1 In A)?|| X2
+2G(Jh* (X1, X3), h*(J X1, X3))
for X; € I'(Dr) and X3 € I'(Dy).

Proof. For X; € T'(Dr) and X3 € T'(Dy), using Eqgs. (2.4), (2.15), (3.18) and
Lemma [3.1] we obtain

|h*(J X1, X3)|1> = §(h*(J X1, X3), h*(J X1, X3))

9(JV x, X1, h*(J X1, X3))

= (X1 InN)G(J X5, h*(J X1, X3)) + §(Jh* (X1, X3), h* (X1, X3))
= (X1 In N)G(F X3, h*(J X1, X3)) + §(Jh* (X1, X3), h* (T X1, X3))
= (X1 N[ Xs]|* + G(Jh* (X1, X3), h* (J X1, X3)). (3.19)

Similarly, from Eqs. (2.4), (2.13]) and (3.17) and Lemma we get
1h° (X1, X3)[|* = §(h°(X1, X3), h*(X1, X3))
- ~(ﬁX:th hS(le XS)) = g(ﬁx:stl, th(Xh XS))
= (JX1InN)§( X5, Jh* (X1, X3)) + §(Jh* (X1, X3), h* (T X1, X3))
(JXI In )\) ||X3||2 + g(Jhs(Xl,Xg) hs(JXl,Xg)) (320)

Hence, the assertion follows from Egs. and (| - O

Consider (N, ) an (m + n)-dimensional semi-Riemannian manifold and A a
smooth function on N. Then, the Hessian of A is defined as

HNU, V) =UVA— (VyV)A (3.21)

for U,V € T(TN).

Next, we present an important geometric result on semi-slant lightlike warped
products in an indefinite complex space form N (¢) involving the squared norm of
the second fundamental form and the Hessian of the warping function \.
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Theorem 3.14. Consider a semi-slant lightlike warped product submanifold N =
B x Ny of indefinite complex space form N(c) with B = Ny x N, . Then we have

1h* (X1, Xs)[I* + [|2° (X1, Xa)|? = {HNX0, X0) + HP AT X0, TX0) X
S I P 2 4+ (X1 )2 X
(X0 (X2 + 54y (7 x00y X. T X)
— §(Ans(x,, x5 I X1, I X3)
for X1 € T'(Dr) and X3 € T'(Dy).
Proof. For X € I'(Dr) and X3 € I'(Dy), taking into account Eq. (2.14), we derive
R(X1, JX1, Xy, T X) = = | X0 X2 (3.22)
Taking the inner product of Eq. with J X3 and using Eqs. and ,
for X1 € I'(Dr) and X3 € I'(Dy), we obtain
R(X1,JX1, X3, JX3) = §(V,h° (JX1, X3), FX3) = §(h*(Vx, J X1, X3), FX)
— §(h*(J X1, Vx, X3), FX3) — §(V% ¢ h*(X1, X3), FX3)
+ G0 (Ve X1, X3), FX3) 4+ §(h° (X1, V 75, X3), FX3)
+ §(D* (X1, h (T X1, X3)), FX3)
— §(D*(J X1, B! (X1, X3)), FX3). (3:23)
Next, considering Eq. , we get
G(Vx,h*(JX1, X3), FX3) = =§(Apejx, x X1, FX3) + §(Vi, h* (J X1, X3), FX;)
+ (D' (h*(J X1, X3), X1), FX3),
which further yields
G(Vx,h*(J X1, X3), FX3) = §(Vi, h*(J X1, X3), FX3). (3.24)
As V is a metric connection, for X; € T'(Dr) and X3 € I'(Dg), we obtain
3(Vx,h*(JX1, X5), FX3) = X13(h*(J X1, X3), FX3) — §(h*(J X1, X3), Vx, FX3).

(3.25)
Furthermore, from Egs. (3.24) and (3.25)), we derive
(Vi h* (X1, X3), FX3) = X1G(h*(J X1, X3), FX3) — §(h*(J X1, X3), Vx, FX3).

(3.26)
Then employing Eqs. (2.4), (3.18) and (3.19) and Lemma in Eq. (3.26)), we

obtain
3V, W (T X1, X3), FX3) = X1 {(X1 In A)[| X[} — §(h*(J X1, X3), Vx, FX3)
= X {(X1 In V)| X5*} = §(h* (T X1, X3), Vx, J X;5)
+§(h*(J X1, X3), Vx,TX3)
= X1 {(X1 In \)[[ X3]1*} — §(h*(J X1, X3), JV x, X3)
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16 MEGHA PRUTHI AND SANGEET KUMAR

+ g§(h*(JX1, X3),h* (X1, TX3))
X1 (X1 In N[ X3)12 — g(h*(J X1, X3), JVx, X3)
+2(X1 In M) X512 — g(h*(J X1, X3), Jh*(X1, X3))
+ §(h*(J X1, X3), h* (X1, TX3))

X1(X1In )| Xs]|* = (X1 In \)g(h* (X1, X3), JX3)
+2(X1 I A2 X% = [|h° (T X0, X)|1?

+ (X1 In V2|1 X3))% 4+ g(h* (J X1, X3), % (X1, TX3))
= X1 (X1 In V) || X3 4 2(X1 In M) 2| X312

— |h*(J X1, X3)|1? + g(h* (J X1, X3), h*(X1,TX3)).
(3.27)

Similarly, one has
GV, h* (X1, X3), FX3) = —=J X1 (JX1 In A) [ X3]* — 2(J X1 In A)?|| X))
1B (X, X)) + §(h° (X1, Xs), h* (J X1, TX3)).
(3.28)
Furthermore, from Egs. and , we have
9(Arx, X3, JX1) = G(h*(J X1, X3), FX3) + §(D'(X3, FX3), JX1)
= (X1 I N)[|Xs)1* + g(D' (X3, FX3), JX1).

As Np x N is totally geodesic, for X; € Ny, we have Vx, X; € Ny x N ; then
replacing X; by Vx, X1, the above equation reduces to

9(Arx, X3, IV x, X1) = (Vx, X1 In N || X3 + (D' (X3, FX3), JVx, X1). (3.29)
Then, for X; € I'(Dr) and X5 € I'(Dy), using Egs. and (2.7), we derive
9(Arx, X3, IVx, X1) = 9(Arx, X3, Vx, JX1)
= §(h*(X3,Vx,JX1), FX3) + §(D' (X3, FX3),Vx, JX1),
which further gives

g(hS(X3aVX1jX1)7FX3) = g(AFXSX?n jVX1X1) - g(Dl(X?nFX?))aVleXl)'

Then using Egs. , and , we obtain (330
G(h* (X5, Vx,JX1), FX3) = (Vx, X1 In )| X532 (3.31)

Next, replacing X; by JX; in Eq. , we obtain
G(h*(X3,V 75, X1), FX3) = —(V j5, JX1 In )| X35]1%. (3.32)

On the other hand, from Egs. (2.4), (2.6) and (2.8)) and Lemma we derive
§(D* (X1, B (JX1,X3)), FX3) = §(Apx, X1, h (J X1, X3))
= —§(Vx, FX3, W' (J X1, X3))
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—§(JVx, X3, h(J X1, X3))
+ §(Vx,TXs, K (JX1, X3))
—§(JV x, X35, B (J X1, X3))
+ (X1 In NG(T X3, hH(JX1, X3))
= 0. (3.33)
Similarly, it follows that

G(D*(JX1,h (X1, X3)), FX3) = 0. (3.34)

Now employing Egs. (3.27), (3.28), (3.31), (3.32), (3.33) and (3.34) and Corol-
lary in Eq. (3.23), we derive
R(X1,JX1, X3,JX3) = {X1(X11n\) — Vx, X1 In A} X3
+ {JX1(JX1In X) = Vjy JX1 In A} X2
+{(X1 I A)? + (JX1 In A} X)) = [|h* (T X1, Xa)||?
— [[P*(X1, X3)|I? + §(h°(J X1, X3), h*(X1, T X3))
— g(h*(X1, X3),h*(JX1,TX3)). (3.35)
Next, using Eq. in Eq. , we obtain
R(X1,JX1, X3, JX3) = {H™ X1, X1) + H*MJIX1, JX1)}| X532
+ (X0 )| X7+ (JX0 )| X > — (1R (X, X))
— (11 (X0, Xa)|1? + §(h* (T X1, Xa), h* (X1, T X))
— §(h* (X1, X3), h*(J X1, TX3)). (3.36)
From Egs. and ( -, we derive
*%||X1H2||X3H2 = {H"NX1, X1) + H" (X1, JX0) X5 + (X1 In )2 X2
+ (JX A X2 = [|h* (T X0, X3)||* = [|A° (X1, Xa)|1?
+(h*(JX1, X3), h*(X1, TX35)) — §(h* (X1, X5), h*(J X1, TX3)),

which can be written as
1A% (X1, X3) |2 + [[p° (X1, X3)[|* = {H™ (X1, X1) + H" NI X1, JX1)}| X3
+ §||X1|| 12617 + (X1 In 2)?|| X5
+ (J X1 In \)?| X3
+§(h*(J X1, X3), h* (X1, TX3))
= §(h* (X1, X3), h*(JX1,TX3)).

Hence, the proof is completed. O
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18 MEGHA PRUTHI AND SANGEET KUMAR

Consider a semi-slant lightlike warped product submanifold N = B x\ Ny in an
indefinite Kaehler manifold N with dim N = n, dimN = m and B = Ny X N.
We choose a local orthonormal frame {eq,eq,...,e,} of TN such that

D, = Span{ey,ea,...,eq},

Dr = Span{e, 11 = 1,1 €qip = ps s Cqipt1 = Epr1 = JE1,. ..,
€qt2p = €2p = jépv €q+2p+1 = €2p 41, - -5 €2p42q = C2piqs
€2p42g+1 = €2piqil = j52p+1, ey €2pi3q = €oprog = j52p+q},
Dy = Span{espi3q+1 = €7, ..., 2pt3g+t = €}, €apt3q+t+1 = secOTe],. ..,

%
€ap+3q+2t = secl Te; },

with ¢ = dim Ny, p+q = %dim Np and t = %dim Ny. Also, we choose a local
orthonormal frame {E1, ..., Ep_p} of the normal bundle TN such that

JD, = Span{E; = Jei,...,E, = Je,},
F(Dy) = Span{E,+1 =cscO Fej,..., Eqy = cscl Fey, Eqyiq41 = cscOsect FTej,

- Egior = csclsecd FTe; },
n= Span{Eq+2t+17 RN Emfn}>

where 4 is a screen transversal subbundle of TN+ such that Ju = p.

The following theorem gives a sharp inequality involving the squared norm of

the second fundamental form for semi-slant lightlike warped product submanifolds
in an indefinite Kaehler manifold N.

Theorem 3.15. Let N = BX Ny be a semi-slant lightlike warped product subman-
ifold in an indefinite Kaehler manifold N with B = Ny x Ni. If N is Dg-totally
geodesic, then the squared norm of the second fundamental form of N satisfies

|A]|? > 4t(csc? 0 + cot? 0) |V (In V)]|2,

where VT (In \) and V+(In \) denote the gradient components of In X along Nt and
N, respectively, and t = %dim Ny.

Proof. From the definition of h, we have

1R]|* = Z{Ilhs (eq e)|1* + IR (e, €)1},

i,j=1

where {e1,...,e,} is a local orthonormal frame of TN. From Eq. (2.2)), the above
relation takes the form

2m—n n

1h]|* = Z (e el =D > a(h*(ei e;), EBr)?

i,j=1 r=n+1li,j=1
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q+2t n

q n
= D D@ eiey), Je)? + Yo Y (@0 (einey), By))?
r=n+1i,j=1 r=q+1i,j=1

+ Z Z e“eJ ))27

r=q+2t+14,5=1

where {E, 11, ..., Em_n} is a local orthonormal frame of the normal bundle. Leav-
ing the last py-components term in the equation above, we obtain

q+2t n
B2 = S S @ (e ), Er))?
r= q+1z,j 1
= csc OZ Z *(ei,e5), Fel))? +sec® 0(G(h°(ei, e;), FTe))?]
s=11,j=1

t 2p+2s

+ csc HZ Z *(&i,€;), Fel))” +sec® 0(G(h°(&;,€;), FTer))?]
s= 11] 1

+ csc HZZ (G(h*(ei, €3), Fe )2 +sec?0(g(h (e}, e e;), F'Te; 07
s=11,j5=1

q 2p+2s

+ csc? 0 S(ei, &), Fer))? 4 sec? 0(g(h* (e, é;), FTer))?
j J

5111]1

q
+ csc GZZZ g(h*(ei,e}), Feg )% 4 sec? 0(g(h* (es, e e;), FTe; )
s=11i=1 j=1
t 2p+2s 2t
+ csc QZ Z Z G(h*(€;,€5), Feg )2 +sec? 0(g(h* (¢, e e;), F'Tey)) 7,
s=1 =1 j=1
t 2pt2s 2t
> csc? 02 Z Z g(h*(&i,€}), Feg )% +sec? 0(g(h* (&, e e;), FTe; 2
s=1 =1 j=1
t  ptq
=2csc?f Z Z —Jé;In \)? (e],eb))Q] + (& 111)\)2(9(637,7’62;))2
7,s=11i=1
q ptaq B
+2csc? 6 Z Z [sec? 0(Jé; In A)2(g(e;7Te§))2 + (& ln)\)Q(g(e;,TQe:))2]
J,s=11i=1
ptq
= 4t csc? 02 —Jé; )%+ (& In A)?]

t  ptq
+ 4t cot? 0 Z Z[sec4 0(Je; ln)\)Z(g(e;,Te:)) + (& ln\)%(g (ej7e:))2]

j,s=1i=1
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20 MEGHA PRUTHI AND SANGEET KUMAR

2p+2q
= 4t(csc? 0 + cot? ) Z (€ ln \)?
i=1

= 4t(csc? 0 + cot? 0)[|[ VT (In \) )%
Hence, the result holds. O

4. CONCLUDING REMARK

The literature suggests that a vast majority of studies available on warped prod-
ucts are bounded to manifolds with positive definite metric. The geometry of
warped products has potential applications in the study of black holes and cosmo-
logical models (see [10} [T5]). In reference to the study under consideration, for the
case of cosmological models, there do exist some points where the warping function
becomes zero. These points are called singular points. Furthermore, at singular
points, the metric of the product manifold becomes degenerate. Therefore, for ef-
fective analysis of such models, it is suggested that the theory of manifolds with
indefinite metrics be used. Moreover, the present work focuses on the geometry of
warped product lightlike submanifolds with a slant factor, which in itself provides
new insights into the geometry of lightlike submanifolds and warped products with
broader application perspectives. For the proposed class of warped products, a
non-trivial example is also presented. On a similar note, the same idea of warped
product lightlike submanifolds with a slant factor can be generalized to contact
manifolds with indefinite metrics.
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