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THE SPACE OF INFINITE PARTITIONS OF N
AS A TOPOLOGICAL RAMSEY SPACE

JULIAN C. CANO AND CARLOS A. DI PRISCO

ABSTRACT. The Ramsey theory of the space of equivalence relations with
infinite quotients defined on the set N of natural numbers is an interesting field
of research. We view this space as a topological Ramsey space (€, <,r) and
present a game theoretic characterization of the Ramsey property of subsets
of £sc. We define a notion of coideal and consider the Ramsey property of
subsets of £ localized on a coideal H C £~ . Conditions a coideal H should
satisfy to make the structure (£-,H,<,r) a Ramsey space are presented.
Forcing notions related to a coideal H and their main properties are analyzed.

1. INTRODUCTION

In this article we consider the Ramsey property of collections of equivalence
relations with infinite quotients on the set of natural numbers, continuing the study
of the dual Ramsey theory initiated by Carlson and Simpson in [I] and continued
by Halbeisen, Matet and Todorcevic in [12] [17, [14} [23].

Dual Ramsey theory deals with combinatorial properties of sets of partitions
analogous to the Ramsey property of sets of infinite subsets of N as studied in
[9, [, 20].

Let £ be the set of all infinite equivalence relations on the set of natural
numbers. We identify elements of £, with partitions of the set N into infinitely
many parts.

For a positive integer k, the collection of all equivalence relations on w with
exactly k equivalence classes is denoted by &.

Both £, and & are subsets of 2¢*“  and therefore topological spaces with the
inherited topology.

We will view £ as a topological Ramsey space, and we will use the notation
and the following definitions as presented in [23, Chapter 5].

If E is a partition of N into infinitely many equivalence classes, each class [z]g
has a minimal representative. Let p(E) be the set of minimal representatives and
{pn(E) : n € N} its increasing enumeration. Note that po(E) = 0 for every E € Ex.
In this fashion, the equivalence classes of E are enumerated by {[p,(E)] : n € N}.

2020 Mathematics Subject Classification. 03E05, 03E02.
Key words and phrases. Ramsey spaces; dual Ramsey property; partitions.

23


https://doi.org/10.33044/revuma.2869

24 JULIAN C. CANO AND CARLOS A. DI PRISCO

The space £ is endowed with an order relation < defined as follows (see [T}, 23] ):
If B,F € £, we write E < F if E is coarser than F', that is, if every class of E
is a union of classes of F. In this case, p(E) C p(F'). Notice that the converse
implication is not true in general.
Given a family £ of partitions of N and A € &, the restriction of £ to A is
defined by
ElA={Be&:B <A}

For F € £, the nth approximation to FE is

the restriction of the equivalence relation F to the set
pn(E)={0,1,...,pn(E) — 1}.
For every E € £, 1o(E) = 0.

The set of all approximations is denoted by A€ .., and consists of all equivalence
relations on sets of the form {0,1,...,k} for k € N.

For every a € A€, the length of a, denoted by |al, is the unique n € N such
that a = r,(E) for some E € £ ; and the domain of a, denoted by dom(a), is the
integer pjq|(E) = {0,1,...,pjq(E) — 1}, where E € £ is such that a = r|4(E).
The function 7: N x £ — A€ is defined by r(n, E) = r,(E). For n € N, let
A€, ={a € Al : |a| = n}; thus Ao = U, ey Al

Given an approximation a € A€ with dom(a) = {0,1,...,k} and |a| =n <k,
let p(a) = {po(a),...,pn—1(a)} be the set of minimal representatives of the equiv-
alence classes of a listed in increasing order. Then, the equivalence classes of a are
enumerated by {[po(a)],..., [pPn—1(a)]}.

For a,b € A&, we write a C b if there are m,n € N with m < n such that
a=rny(E)and b =r,(F) for some E € E.

The order relation < in £ allows a finitization <g, on A€ (see [23]): for
a,b € A, a <gn b if dom(a) = dom(b) and a is coarser than b.

For A € £, let

Al A ={a € Al : In(a <gn mn(A))},
AELTA={a € A : In(a <gn rn(A))}
There is a natural topology on £, namely, the metrizable topology induced by
the product topology of 29*¢ (with the discrete topology on 2).
If a € AE, we use [a] to denote the set {E € & : 7|q|(E) = a}. It should be
noted that {[a] : a € A} is a basis for the metrizable topology on .
We will also consider a finer topology on €., the Ellentuck topology, namely
the topology generated by the basic sets of the form
[a, B] = {X € £oc s a =1q)(X) and X < E},

where a € A and FE € €. Thus [0, E] is just £ [E={X € £ : X < E}.
Notice that a basic set [a, F] is nonempty if and only if there is some n such
that a <g, m(E).
We will use the symbol [n, E] to abbreviate [r,,(E), E].
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THE SPACE OF INFINITE PARTITIONS OF N 25

Given a basic set [a, E], let
Ao T[a, E] ={b€ A :a Cband (In > |a|)(3A € [a, E])(b = r,(A))}.

For A € £, a partition A, € & is called a finite modification of A if A, is
obtained by amalgamating a finite number of classes of A. More formally, given a
finite set u of natural numbers, let

Ay ={U{zeA:znu# 0} }u{zr e A:znNu=0}.

So, A, is a finite modification of A if there is a finite collection {uq,...,ur} of
pairwise disjoint finite subsets of N, such that A. = (... ((Au;)us) - - - )uy, that is,

Av={zed:znU_ui=0uU, {U{z e A:xnu; #0}}.

Matet in [17] defines the quasi-order relation <* on £, (see also [3| 21]): write
A <* B, and say that A is almost below B (or almost coarser than B), if there
exists a finite modification A, of A such that A, < B. We notice the following:

Fact 1.1. Let A, B € & be partitions; then A <* B if and only if there exists
a € Al | A such that [a, A] C [a, B].

Proof. Suppose A <* B and let A, < A be a finite modification of A such that A, <
B. If [pn,(A)],...,[pn,(A)] are classes of the partition A that are amalgamated
to obtain A, let a € A&y | A be given by a = {0,...,pn,+1(4) — 1}; then,
[a, A] = [a, A,] and thus [a, 4] C [a, B].

Conversely, suppose that [a, A] C [a, B] for some a € Af | A, and let n €
N be such that a <g, r,(A4). Let A, € [a, A] be such that A, is obtained by
amalgamating a finite number of classes of A in the same way as a is obtained by
amalgamating classes of 7, (A). Then, A, < A is a finite modification of A such
that A, € [a, B], thus A, < B, and therefore A <* B. O

The collection of all partitions of N can be viewed as a lattice (see [I7}[14]). Call
E<oo the set of all partitions of N; then <o = Eoc U U;il &,. The order relation
< defined on £ extends naturally to <o, and induces the lattice operations U
and MM on <o defined as follows: given E and F' in £<., £ U F is the coarsest
partition that refines both £ and F', and ET1F is the finest partition that is below
both F and F. The set £< together with the operations LI and M is a bounded
lattice with maximum {{n} : n € N} and minimum {N}. This lattice is complete,
complemented and non-distributive.

We will study combinatorial properties of subsets of £, and their relations with
topological properties.

One of the first results of the combinatorics of partitions is the dual Ramsey
theorem of Carlson and Simpson:

Theorem 1.2 ([I]). For every k,m positive integers, if & = C1U---UCyy, is a
finite partition of E, where every C; is Borel, then there exists X € £ such that
EL T X C C; for some i.

Rev. Un. Mat. Argentina, Vol. 64, No. 1 (2022)



26 JULIAN C. CANO AND CARLOS A. DI PRISCO

A subset X C &, determines a partition of £, into two parts, so one can ask
when there is X € £, such that £, [ X is contained in one of these parts. This
motivates the definition of the Ramsey property of subsets of .

Definition 1.3 (Carlson-Simpson). A set X C £ is Ramsey if for every neigh-
borhood [a, A] # @ there exists B € [a, 4] such that [a, B] C X or [a, BjNX = 0.

A set X C & is Ramsey null if for every neighborhood [a, A] # () there exists
B € [a, A] such that [a, BjNn X = 0.

A set X C & has the abstract Baire property if for every neighborhood [a, A] # 0
there exists () # [b, B] C [a, A] such that [b, B] C X or [b, B]NX = 0.

A set X C € is nowhere dense if for every neighborhood [a, A] # 0 there exists
() # [b, B] C [a, A] such that [b, BN X = 0.

It follows from the definitions that if a set X C £, is Ramsey then it has the
abstract Baire property, and that if it is Ramsey null then it is nowhere dense.

Recall that a subset X of a topological space has the Baire property if there is
an open set O and a meager set M such that X = O A M.

It is easy to verify that if a set X C £, has the abstract Baire property then it
has the Baire property with respect to the Ellentuck topology. For the space £
with the Ellentuck topology the converse is also true. This is stated in the next
fact.

Fact 1.4. A set X C &, is meager with respect to the Ellentuck topology if and
only if it is nowhere dense with respect to this topology.

A set X C E has the abstract Baire property if and only if it has the Baire
property with respect to the Ellentuck topology.

Proof. Let M C &, be an Ellentuck-meager set. Then M = J;2, N;, where
every N; is nowhere dense. We can assume that for every i, N; C N;;41. Given a
basic set [a, A] # 0, let [ag, Ag] C [a, A] such that [ag, Ag] N No = 0. Suppose we
have defined [a, A] D [ag, Ao] 2 [a1,A1] D -+ D [an, A,] satisfying that for every
i < n and every b <g, a; with a = r|4(b), [b, 4;] N N; = (). Now, since N, 11 is
nowhere dense, we can find [an41, Ant1] C [an, An] such that for every b <g, a,
with @ = 7|4(b), [b, Any1] N Nypg1 = 0. Notice that this can be done since the
collection of b satisfying b <g, a, is finite.
We have thus defined inductively a sequence

[a, A] D [ag, Ao] 2 [a1,A1] 2 - D an, An] 2 .. ..

The limit of this sequence is the unique A € [a,A] such that 7, |(Ax) =
7lan|(An) = a,, for every n.

We claim that [a, Ao] " M = (). This follows from the fact that [a, Ax] C
[an, Ay] for every n. Thus, M is an Ellentuck-nowhere dense set.

The second part of the statement follows from the first one. O

The following theorem gives a topological characterization of the Ramsey prop-
erty establishing that a set X C £ is Ramsey if and only if it has the Baire
property with respect to the Ellentuck topology, and X C &£, is Ramsey null if
and only if it is meager with respect to this topology.
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Theorem 1.5 ([1], [23]). The triple (€, <,7) is a topological Ramsey space, that
is, every Baire subset of Eo, is Ramsey and every meager subset of Ex is Ramsey
null.

The proof of Theoremconsists in showing that (£, <, r) satisfies the axioms
A.1 to A4 of 23] Chapter 5], that we will state below. Then the relation between
the Ramsey property and the Baire property follows from the theory of Ramsey
spaces developed by Todorcevic in [23]; in particular, Theorem stated below.

The following combinatorial principle, corresponding to axiom A.4, is of special
interest.

Lemma 1.6 ([23]). Let [a, E] be a nonempty basic set of Es, let n be the length
of a and let O a family of members of AE~ of length n + 1. Then there is an
F € [a, E] such that v, 4+1[a, F] is contained in O or is disjoint from O.

The Ramsey property and the abstract Baire property of subsets of £, can be
localized on a collection H C £,,. We introduce now the corresponding definitions.

Definition 1.7. Given a nonempty family H C £, a set X C &, is said to be
‘H-Ramsey if for every nonempty [a, A] with A € H there exists B € HNJa, A] such
that [a, B] C X or [a, BjN X = 0.

Likewise, a set X C E is said to be H-Ramsey null if for every nonempty |[a, A]
with A € H there exists B € 1 N [a, A] such that [a, B]N X = ().

The H-Ramsey property of subsets of £ is a localized version of the dual
completely Ramsey property presented in [IJ.
The abstract Baire property can be localized on a family H in a similar way.

Definition 1.8. Given a nonempty family H C £, a set X C £ has the H-Baire
property if for every basic set [a, A] # 0 with A € H there is 0 # [b, B] C [a, A]
with B € H such that [b, B] C X or [b, B|NX = (). If the second possibility always
occurs, then X is said to be H-nowhere dense.

Ellentuck shows in [6] that the collection of all subsets of N>l = {4 C N :
A is infinite} that are completely Ramsey is exactly the algebra of Baire subsets
of NI*°! with respect to the Ellentuck topology.

In [20], Mathias introduces the notion of happy family (or selective coideal) of
subsets of N and localizes the notion of completely Ramsey subsets of NI°°! to such
families. He proves that analytic sets are /-Ramsey when U/ is a Ramsey ultrafilter
and generalizes this result for arbitrary happy families.

Farah, in [7], gives an answer to the question of Todorcevic about what are
the combinatorial properties of a family H C NI under which Borel subsets
of N>l are H-Ramsey. A condition on H which is weaker than selectivity —
the notion called semiselectivity — turned out to be enough. Farah shows that
the semiselectivity of H is enough to make the H-Ramsey property equivalent to
the abstract Baire property with respect to H, and also shows that this latter
equivalence characterizes semiselectivity on N[>,

In [21], a step toward the understanding of the local Ramsey property within
the most general context of topological Ramsey spaces is taken (see also [4]).
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In this article, we study the notions of selective and semiselective coideal H C £,
as well as conditions for H that will enable us to make the structure (€, H, <,7)
a Ramsey space, a notion introduced in [23] Chapter 4]. We study versions of
the Ramsey property and the Baire property localized on a coideal of £, and also
study forcing notions related to a coideal H which will satisfy versions of properties
of the corresponding forcing notions in the realm of the space of infinite subsets
of N, complementing results from [T}, [7, 12}, 2T}, [23].

The article is organized as follows: Section [2]is devoted to stating the proper-
ties of the space £ that make it a topological Ramsey space. In Section [3] we
characterize the Ramsey property of subsets of £, in terms of infinite games. In
Sections [4] and [5] we define and prove some facts about selective and semiselective
coideals of the topological Ramsey space £. Section [6] deals with two forcing
notions related to coideals on &.

We thank Stevo Todorcevic for valuable conversations on this topic.

2. £ AS A TOPOLOGICAL RAMSEY SPACE

We have defined the space £ of infinite partitions of N and the set of approxima-
tions AE... Each X € £, can be identified with the sequence of its approximations
{rn(X)}nen. Give A&, the discrete topology, and endow AEY with the product
topology; this is the complete metric space of all the sequences of elements of AE .
Then, & is a closed subspace of the product space AEL .

The set £, with the order relation <, the approximation function r, and the
relation <g, on A€ satisfies the following properties (or axioms) presented by
Todorcevic in [23] (see also [2]):

(A.1) [Metrization]

(A.1.1) For any A € £, 10(A) = 0.
(A.1.2) For any A, B € €, if A # B then (3n) (r,(A) # r(B)).
(A.1.3) If rp(A) = rp(B) then n = m and (Vi < n) (r;(A) = ri(B)).

(A.2) [Finitization]
(A.2.1) {be A : b <y a} is finite, for every a € A .

(A.2.2) A< Biff (Vn) 3m) (rn(A) <gn rm(B)).
(A.2.3) If a <gp b and ¢ C a then there is d C b such that ¢ <g, d.

Definition 2.1. Given A € £ and a € A€, the depth of a in A, denoted by
depth 4(a), is the only n such that a <g, r,(A), if such an n exists; otherwise we
say that depth 4(a) is co.

(A.3) [Amalgamation] Given a € AE,, and A € &, with depth,(a) = n, the
following holds:

(A3.1) (VB € [n, A)) (Ja, B] £ 0).
(A.3.2) (VB € [a, A]) (JA’ € [n, A)) (Ja, A"] C [a, B]).

The last axiom is the following combinatorial principle stated in Lemma [T.6]
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(A.4) [Pigeonhole Principle for £,] Given a basic set [a, F] # 0 of £, let n
be the length of @ and O a family of elements of AE ., of length n + 1. Then there
is an F € [a, E] such that r,41[a, F] is contained in O or is disjoint from O.

These properties make the space (£, <,7) a topological Ramsey space in the
sense of Todorcevic [23] Chapter 5], as stated in Theorem [1.5

The proof that £, satisfies A.4 is non-trivial. A proof based on an infinite
version of the Hales—Jewett theorem for left variable words is given in [23] Lemma
5.69]. This proof is based on the fact that any end extension b € r,41[a, E] of a
can be coded with a word in the finite alphabet L = {0,...,n}.

Todorcevic in [23] develops an abstract theory of topological Ramsey spaces,
and proves the following.

Theorem 2.2 (Abstract Ellentuck theorem; Todorcevic [23]). Any triple (R, <,r)
with R endowed with the Ellentuck topology and metrically closed in the space of
infinite sequences of approximations to elements of R, and satisfying A.1 to A4,
is a topological Ramsey space, meaning that every Baire set is Ramsey and every
meager set is Ramsey null.

3. A GAME CHARACTERIZATION OF THE RAMSEY PROPERTY

We describe an infinite game on £, which will be used to characterize the
Ramsey property of subsets of the space of infinite partitions (£, <,7), following
ideas of Kastanas in [16] for the Ellentuck space of infinite subsets of N. Similar
ideas for the Ellentuck space can be found in [I9] and [5]. Games of this type for
the space of partitions have been used in [I0] and [I4] (see also [13]) for purposes
other than characterizing the Ramsey property. In [I3l Chapter 12|, Halbeisen
defines Ramsey partition-families using a similar game.

Given X C £, and () # [a, A] C €, we define the game G, 41(X) as follows:

Player I plays A; € [a, A]; player II answers with [a;, B1] such that a C aq,
la1| = |a] +1 and B; € [a1, 41]; player I plays As € [a1, B1]; player II then answers
[ag, Bo] with a1 C ag, |ag| = |ai1|+1 and By € [aq, As]; player I plays As € [aq, Bs],
and so on, as shown in the following table:

Player 1 A Ay

Player II la1, B1] laz, B]

Rules A; € [a, A] al ay, As € [a1, By a1 C as,
la1] = |a| + 1, |az| = la1| + 1,
B € [a1, A1) By € [ag, A

Player I wins the game G|, 4)(X) if the only partition of Ny [an] belongs to X.
Otherwise, player II wins the game.
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We say that the game G|, 4)(X) is determined if one of the players has a winning
strategy. The concept of strategy is well known (see, for example, [I5, Chapter 33])
so we do not give a formal definition, but we can say that a strategy is a function
that tells the player what to play depending on the previous moves of both players.
A strategy is a winning strategy for a player if, using this strategy, the outcome of
the game is a win for this player independently of the moves of the other player.

Theorem 3.1. For all X C £, the following statements are equivalent:
(a) X is Ramsey.
(b) For every [a, A] # 0 the game G[q 4)(X) is determined.

Proof. This result follows from the propositions below. O

Proposition 3.2. Let X C &, and [a, A] # 0 be given. Then, player I has a
winning strategy in the game Giq 41(X) if and only if there is H € [a, A] such that
[a, H] C X.

Proof. Suppose there is a partition H € [a, A] such that [a, H] C X. Then, it is
easy to define a winning strategy for player I: play H in the first move, and then
play according to the rules. Indeed, if (H;[a1, B1]; A2;[az, Ba];...) is a run of the
game, it is clear that player I wins since the only partition of ()2, [a,] is in [a, H].
Suppose now that player I has a winning strategy o in the game G, 4)(X).
Without loss of generality suppose, to simplify the argument, that a = (. We
construct recursively a decreasing sequence of partitions {A, }52 ; as follows:

Stage 1. Let A; = o(()), thus the partition A; is the first move of player I
following the strategy o, and A; < A. Let a1 = r1(A4y).

Suppose that at stage i for each 1 < i < n, we have defined partitions A; and
approximations a; = r;(A;) such that Ay > --- > A, and a1 C -+ C ay.

Stage n + 1. Consider the finite set {d € AE : d <gn a,}. Fix an enumeration
of this set as {dn,1); -+ d(n.p,)} With din ) = 10 (An) = an.

We will define partitions Cyy, ) > B gy = Ak for each k < p,, such that
Clnky € lan] and B gy, A(nk) € [dn,k)]; putting first C(,0) = Bn,o) = An,0) =
C(n,l) = An

Inductively, suppose that C, ), By and Ag, x) have been defined. Let
O(n,k+1) € [an, C(n,k)] be such that [d(n’k), C(n’kJrl)] = [d(n’k), A(n,k)]7 where C(n,k+1)
is obtained by splitting a finite number of classes of A, ;) in the same way as a,
is obtained from d,, ;) through splits. Let B(,, x41) € [d(n,k+1)s C(n,k+1)] such that
B k+1) is obtained by amalgamating a finite number of classes of C,, j.41) in the
same way as d(, 41) is obtained from a, through amalgamations.

If 7 (Ben,k+1)) = dnk+1) With m > 0, then we consider the finite sequence
{rj(B(n,k+1))}j<m of proper initial segments of d(, y41), and let p[d, x41)] be
the partial run of the game given by this sequence. Since {r;(B(, x+1)) @ J <
m} C U;cnid € Al : d <gn a;}, the partial run p[d(, r4+1)] was built in previ-
ous stages of the game, where the consecutive moves of player II are of the form
[rj(B(nyk_H)),B(ujﬂ,j)] for each 7 < m. Therefore, for some u,, < n there is a
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partition A(umﬂjm) such that o <p[d(n,k+1)]> = A(um,vm% and B(n,k+1) < A(umﬂ)m)'
Put An k1) = 0 (Pldn k115 A o) [din ket 1) Bankrn))-

Now, we define the partition A, < A, as App1 = A@nyp,), and let a1 =
Tn41(Any1); thus a, C anq1, because d(y, p, ) = an. This way we obtain the desired
sequences Ay > Ay > - inéy[Aanday Cas C -+ in A .

Finally, let H be the unique partition of (),_,[a,]. Then H € X, since the run
of the game <A1; la1, B1,p]; A2; [az, Bapy)l; - - > is obtained by player I using the
winning strategy o.

We now show that [#, H] C X. Indeed, if D < H then there is a unique increasing
sequence {tp}nen € N such that r,(D) <g, 1+, (H). This implies that for every
n € N we have that r,(D) = d4, 1, ) for some 1 <k, < p;, . Hence, if we consider
the run of the game

(o {pldit, k1)) 1 [r1(D), By k) 0 {pldits k)]) 3 [r2(D), Bty k)]s - - ) »

then it is clear that D is the unique partition of (2, [r,(D)], and since player I
uses the winning strategy o in this run of the game, we conclude that D € X. O

The referee has pointed out that Proposition follows from the pure decision
property of the dual-Mathias forcing (see [I3] Theorem 28.2]). The proof we have
given does not use forcing.

Lemma 3.3. Let [a, B] be a nonempty basic neighborhood of Ex with a C B, and
let f:[a,B] = A&|q41 and g: [a, B] = E be functions such that a T f(A) and
g(A) € [f(A), A] for each A € [a,B]. Then, there is some Ef 4 € [a, B] with the
property that for every q € AE|q 41 with a C q and deptth,g (¢) < oo, there is
A € [a, B] such that f(A) = q and [q, Ef 4] C [q,9(A)].

Proof. Given () # [a, B] C £, we construct recursively sequences of partitions
{An}nen and {A] }ren in [a, B], with Ag = Ay = B, such that 4], ;| < A, <
Al < A, and g(A4!,) = A4 for all n, as follows:

Suppose that we have constructed Ay_; > A}, ; for each 1 < k < n and put
Ap =g(Al,_4), thus A, € [f(A4],_1),A!,_1]. Now, let A}, € [a, A,] such that A} is
obtained by amalgamating the class [p|q|+1(An)] to the class of 0in A,. Let A, €
[f(A7), Al] be the partition defined by A, 1 = g(A,); then depthg(f(A],_;)) <
depth s (F(AL)).

Let now Ey, € [a,B] be the partition defined by the following equivalence
classes: the first |a| + 1 classes of Ey 4 are the first |a| 4 1 classes of B, except that
the first of these, the class of 0, will be enlarged. For n > 1, the class |a| + n of
E; 4 is the class |a| + 2 of A,,_1. At the end of the construction, the rest of N is
amalgamated to the class of 0.

Finally, we verify that the partition E;, has the desired properties. Indeed,
if ¢ € rjqj41la, By q] then it is clear that ¢ = f(A],) for some n. Moreover, since
(A1), Ery] € [F(AL), Ausa], we conclude that [q, Ey,,] € [q. 9(AL)]. O
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Proposition 3.4. Let X C &, and [a, M] # 0 be given. Then, player II has a
winning strategy in the game Gqar)(X) if and only if for every N € [a, M| there
is H € [a, N] such that [a, HIN X = 0.

Proof. Given any N € [a, M], suppose there is a partition H € [a, N] such that
[a, HINX = (), and let a1 = 7|q+1 (H). Then, it is easy to define a winning strategy
for player II: if N is the first move of player I, play [a1, H] in the first move, and
then play according to the rules. Indeed, if (N;[a1, H|; A2; [ag, Bs];...) is a run of
the game, it is clear that player II wins since the only partition of (>~ [a,] is in
[a, H].

Suppose now that player IT has a winning strategy 7 in the game G, a7 (&) and
let N € [a, M] be given. Our goal is to define a winning strategy o for the player I
in the game Gq n)(Ex \ X).

Using Lemma [3.3] iteratively, let us construct recursively a play of the game
Gla,N)(E00 \X) with consecutive moves of player II given by a sequence {[an, Bn]}nZ1,
for which we define sequences of functions { f,, }52; and {g, }22 ; as well as sequences
of partitions {A,}52, and {Ey, 4, }52,, such that:

() [£1(4),g1(4)] = 7{4) for every A € [a, N].
(ii) [frt+1(A4), gnt+1(A)] = 7 (A5 [f1(A1), g1(AD)]; - 5 Ans [fn(An), gn(An)]; A) for
every A € [an, By].
(iii) A1, Ef g, €[a,N]and Api1, Ef, g0t € [an, Byl
(iV) fn(An) =a, and B, € [anaEfn,gn] c [anagn(An)]-

Once we have this, we proceed to define a strategy o for player I in the game
Gla,N1 (€ \ X) as follows: play consecutively Ey, , in each of the moves, that is
to say, U<®> = FEy g and o <Ef1,.(11; [al’ Bl]; 5 Egas [G’TH Bn]> = Efn+1,gn+1'

Finally, let P be the unique partition of () _,[a,]. Then P ¢ X, since the
run of the game (Aq;[a1,g1(A1)]; A2; [ag, g2(A2)]; .. .) is obtained by player II using
the winning strategy 7 in Giq,a(X). Hence, if we consider the run of the game
(Et, g3 a1, B1); Ef, g0 [a2, Ba]; . . .), which is obtained by player I using the strat-
egy 0 in Gq N)(Exo \ X), then we deduce that o is really a winning strategy for the
player I'in the game G, nj(Ex \ &) because P € £ \ X

Therefore, by Proposition we conclude that there is a partition H € [a, N]
such that [a, H] C £, \ X and consequently [a, H] N X = (. O

Infinite partitions of N can be coded by infinite subsets of N (real numbers), so
the games defined in this section can be thought as games where the players play
real numbers. By Theorem [3.I] ADg, the axiom of determinacy for real numbers,
implies that every X C £, is Ramsey. It is an old open problem if AD, the axiom
of determinacy, implies that every subset of N*° is Ramsey.

4. COIDEALS ON &

A coideal on the set N is a nonempty collection of infinite subsets of N whose
complement in P(N) is an ideal of sets. Thus, a coideal on N is closed under
supersets and if A U B is in the coideal, then at least one of the sets A and B
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belongs to the coideal. We propose now a definition of coideal of the space £, of
infinite partitions of N.

Definition 4.1. A family H C £ is a coideal if it satisfies:
(i) {{n}:ne N} eH.
(ii) Let A,B € . f A<* Band A € H then B € H.
(iii) (A4 mod H) Let A € H and a € AE, | A be given. For all O
AE|q)4+1 there exists B € [depth,(a), A] NH such that rj441[a, B] C
or Tg41[a, BN O = 0.

-
0

A family H C & is said to be closed under finite changes if whenever two
partitions X,Y € &, are such that one of them is obtained from the other by
amalgamating a finite number of classes, then X € H if and only if Y € H.

Proposition 4.2. If H C £ is a coideal, then

(i) H is closed under finite changes.
(ii) (A.3 mod H) For all A€ H and a € AE [ A, the following holds:
(a) [a, BINH # 0 for all B € [depth 4(a), A]NH.
(b) If B € H[A and [a,B] # 0 then there exists A’ € [depth,(a), A]NH
such that O # [a, A’] C [a, B].

Proof. Let H C £, be a coideal.

(i) If A, B € £ are such that A is a finite modification of B, then A < B and
B <* A. So, A € H if and only if B € H.

(ii) Let A € H and let a € AEs [ A be such that depthy(a) = n; so,
a <gn m(A). Given B € [n,A|NH, let B, € [a,B] such that it is obtained
by amalgamating a finite number of classes of B the same way as a is obtained
from r,(A) by amalgamating classes. Since H is closed under finite changes and
B, is a finite modification of B, it follows that B, € H, concluding (a).

If Be H | Ais such that depthg(a) = m, then a <g, 1 (B) <gin mm(4). Let
A" € [n, A] be such that [m, B] = [r,,(B), A’], where A’ is obtained by splitting a
finite number of classes of B in the same way as r,(A) is obtained from r,,,(B) by
splitting classes. Then B < A’ and so A’ € H. Since [r,,,(B), A'] = [r,(B), B] and
a <gin 7m(B), we have 0 # [a, A'] C [a, B], concluding (b). O

Clearly, the space £ is itself a coideal.

Example 4.3. We give now an example of a coideal H properly contained in €.
Let H C & be the collection of all infinite partitions of N with infinitely many finite
classes. To see that H is a coideal we only indicate how to show that H satisfies
A.4 mod H, since the rest of the clauses of the definition are easily verified.

Let A € H and a = r,(A) be given, and let O C A€|441. Form B € [a, A]
amalgamating to the class of 0 all the infinite classes of A with minimum element
greater than p,(A). Then B € [a,A] N H. As in the proof of the Pigeonhole
Principle for £ ([23, Lemma 5.69]), a partition F' € [a, B|NH can be constructed
such that 7|411[a, F] is contained in O or is disjoint from O.
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For this coideal, there are partitions X,Y ¢ H such that X 1Y € H. In fact,
let X € £ be an infinite partition of N such that all of its classes are infinite. Let
X = {x, : n € N} be an enumeration of the classes of X, for example putting x,,
equal to the class of p, (X). For every n let z, = {,(i) : i € N} be the increasing
enumeration of the class x,. Consider now the partition ¥ € £, defined by
Y = {y; : ¢ € N} where y; = {z,,(¢) : n € N}. Then, Y is an infinite partition of N
and all of its classes are infinite. Thus, X,Y ¢ H, but X UY = {{n} : n € N},
which is in H since all of its classes are finite. This explains why we did not define
coideals using the operation U of the lattice of partitions.

On the other hand, observe that if H C £, is a coideal, then the collection

G={ACN:(3X € H) (p(X) C* A)}

is a coideal on N. If AUB € G, then there is X € H such that p(X) C* AUB. Now,
(p(X)\{0}) C A&, so by A.4 mod H thereis Y € H | X such that (p(Y)\{0}) C A
or (p(Y)\{0})NA=0. So, Ac Gor BEG.

Halbeisen and Matet have introduced the following notion of filter of partitions
(see 17, 18| 12, [14]).

Definition 4.4. A nonempty family of partitions F C £, is a filter if it satisfies,
for every X,Y € £, the following conditions:

(a) f X <Y and X € F, then Y € F.
(b) X,Y € F implies that X MY € F.

The relation between these filters and the coideals defined here is interesting
and needs further exploration.

4.1. Selective coideals. We start with some considerations about the notation
[a, A] used for basic sets. If A € E and a € A€, even if depth 4(a) = co, we can
use the notation [a, A] in case a can be obtained from A by splitting a finite number
of classes. So, [a, A] is the collection of all partitions B such that a = r,(B) for
some n and each one of the classes [p,(B)] of B with m > n is a union of classes
of A.

Definition 4.5. Let [a, A] be a nonempty basic set of €. Let A = {A,}nen
be a decreasing sequence of partitions in [a, A]. We say that B € [a, 4] is a
diagonalization of A, if for every b € A€, | B such that a C b, we have [b, B] C
b, Adeptn , (1))

Matet in [I7] gives a definition of diagonalization of a decreasing sequence of
partitions in £,,. The two definitions are closely related. If we change slightly
our definition using dom(b) instead of depth 4(b), the relation becomes clearer: if
an element of £, is a diagonalization of the decreasing sequence {A,, }nen in this
sense then it is a diagonalization according to the definition given by Matet. Our
version is designed to work well in the calculations of the next section.

Definition 4.6. A coideal H on 4 is selective if for every [a, A] # () with A € H,
every decreasing sequence A = {A,, }en of partitions in [a, A] N H has a diagonal-
ization in [a, A] N H.
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Proposition 4.7. The space £ is a selective coideal.

Proof. Tt is enough to prove that £,, admits diagonalizations. Given a nonempty
basic set [a, 4], let Xo > X7 > X5 > ... be a decreasing sequence of partitions in
[a, A].

We define a diagonalization D in [a, A] for this sequence by describing its classes.
The first |a| 4+ 1 classes of D are the first |a| + 1 classes of Xy, except that the first
class is [po(Xo)] U R where R is a subset of N that will be described later. The rest
of the classes [p;(D)] are defined recursively as follows: suppose the class [p;(D)]
has been defined, then r;(D) is already determined; so, if n = depth 4 (r;(D)), then
we take [pis1(D)] = [pis1(Xn)). Finally, B = N\ ([po(X0)] U U2, [pi(D)]) is the
set of all integers that do not belong to any of the classes defined. O

The argument of the proof of the previous proposition can be used to prove that
the coideal H in Example is in fact a selective coideal on E.

Indeed, given [a, A] # 0, if Ag > A; > As > --- is any decreasing sequence in
HN[a, A], then we consider the sequence A > A} > A, > --- in HNJa, A] defined
as follows: for every n € N, the partition A), € [a, 4,] is obtained from A, by
amalgamating to its first class all the infinite classes of A, that are above pj,(4n),
therefore A}, € H. Now, we form the partition D € H N [a, 4], requiring that the
first |a| + 1 classes of D, except the first one, are also the first |a| + 1 classes of
A}, and the other classes of D are defined as follows: if [p;(D)] has been built, we
take [piy1(D)] = [pi+1(A),)] with m = depth 4 (r;(D)). At last, it should be noted
that for every b € AEs | D such that a C b, if n = depth 4(b) then it is true that
b, D] C [b, AL] € [b, A):

Proposition 4.8. Let H be a coideal on Es. Then, H is selective if and only if it
has the following two properties:

(p) Given A € H and a decreasing sequence { Ay, }nen of partitions in H | A,
there is B € H | A such that B <* A,, for each n € N,

(q) Given X € H and an infinite partition of p(X) into finite pieces, there is
Y € H | X such that p(Y) has at most one element in each piece.

Proof. First of all, by Fact [[.1] it is clear that every selective coideal H on £
satisfies (p), so let us check that it also satisfies (q). Given X € H, let p(X) =
Uken Fr be any infinite partition of p(X) where each F} is finite. For every n € N,
let I, be the finite set given by I,, = {k € N: F; N {0,...,p,(X)} # 0}, and let
X, € H | X be the finite modification of X obtained by amalgamating the classes
{[pr(X)] : k € I,}. Therefore, {X,}nen is a decreasing sequence of partitions
in X [ X, and by the selectivity of H this sequence admits a diagonalization
Y € H | X which satisfies [p(Y) N Fy| <1 for all k.

Conversely, suppose that H has the properties (p) and (q). Let [a, A] # 0 be a
basic set of £, and without loss of generality suppose, to simplify the argument,
that a = 0. If A = {A,}nen is any decreasing sequence of partitions in H | A,
then by the property (p), there is a partition B € H [ A such that B <* A,, for
each n.
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Define a strictly increasing sequence {ng}ren by no = 0 and ngy; = min{i €
N:B/i < A, } + (k+ 1), where B/i < A,, means that every class [p,,(B)] of B
with m > ¢ is a union of classes of A,,. For every k € N, let Fj, be the finite
set given by Fi, = {p;(B) : i € [nk,nk+1)}, and consider now the infinite partition
p(B) = Upen Fr- Then by the property (q), there is a partition C' € H [ B such
that [p(C) N Fy| <1 for all k.

Finally, let O C AE; | C be the collection of 1-approximations of C' with domain
in some set of the form F5y, so that

O ={pn(C) :n>0and (k) p,(C) € {pi(B) : i € [nak, nar+1)}}

By A.4 mod H, there is a partition D € H [ C such that either (p(D) \ {0}) C O
or (p(D)\ {0}) N O = 0. In any case, for every b € Al | D with depth,(b) = n
it is true that [b, D] C [b, A,]. Thus, H is a selective coideal on Ex. O

The properties (p) and (q) of the previous proposition are the natural dualiza-
tions of the properties used to characterize selectivity of coideals on N (see [23]
Lemma 7.4]).

Using games, Halbeisen defines Ramsey families on N and also their dualizations,
called Ramsey partition-families on £,,. Every Ramsey family is a selective coideal
on N (see [I3 Fact 11.18]). The proof of this fact can be adapted to show that
every Ramsey partition-family is a selective coideal on €.

4.2. Semiselective coideals. We define now semiselective coideals of £,,. This
is a weakening of the notion of selectivity that will be used to develop the local
Ramsey theory of the space .

Definition 4.9. Let H C £, be a coideal and S C H. A subset D C H is dense
open in S if D C § and

(1) (VM € 8) (3N € D) (N < M),
(2) VM € S)(YNeD)(M <N —MeD,).

Definition 4.10. Let H C £, be a coideal. Given A € H and a collection D =
{Da}acae. 14 such that each D, is dense open in H N [depth 4 (a), A], we say that
B < Ais a diagonalization of D if there exists a family A = {A,}acas1a C H[A,
with each A, € D,, such that for every a € AE,, | B, we have [a, B] C [a, Aq].

Definition 4.11. We say that a coideal H on £ is semiselective if for every
A € H, every collection D = {D,}qcae..14 such that each D, is dense open in
H N [depth 4(a), A], and every B € H | A, there exists C € H | B such that C is a
diagonalization of D.

We show now that selectivity implies semiselectivity.

Lemma 4.12. Given a coideal H on Ex and A € H, for every {Dy}tacas. 14 Such
that each D, is dense open in H N [depthy(a), A] there exists {An}nen € H [ A
such that A, € D, for all a € Ao [ A with depth 4(a) = n.
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Proof. For every n € N, list {a € Al : a <gin ™m(A)} as A, = {af,a3,...,a} }.

Since each D, is dense open in H N[depth 4(a), A], using A.3 mod H we can choose

AV e DA AV2 € D TAVY L AbRL ¢ D1 [ Abk1=1 " Again, we can choose
1 2 1

A%l ¢ D2 FALRL S A22 ¢ Dyz [A2L .. A%F2 ¢ Dyz [ A2F2=1 And so on. For
2
every n € N, let A,, = A™*». Then {A, },en is as required. O

Theorem 4.13. If H C E, is a selective coideal then H is semiselective.

Proof. Consider A € H and let D = {Dg}ecae 14 be such that each D, is
dense open in H N [depthy(a), A]. Fix B € H [ A. Then D, is dense open
in H N [depth,(a), B], for all a € Af | B. Using Lemma we can build
A = {A}nen € H | B such that A, € D, for every a € A, | B with
depth 4(a) = n. By selectivity, there exists C' € H N [0, B] which diagonalizes A.
Thus for every b € A | C with depth 4(b) = n we have [b,C] C [b, A,,] C [b, Ap].
Hence, H is semiselective. O

5. SEMISELECTIVITY AND THE RAMSEY PROPERTY

We will prove in this section that the families of H-Ramsey sets and H-Baire
sets coincide if H is semiselective on E (see Theorem below).
The following combinatorial forcing will be used:

Definition 5.1. Fix F C Af and let H C £, be a coideal. Given A € H and
a € Af, we say that A accepts a if for every B € [a, A] there exists n € N such
that r,(B) € F; we say that A rejects a if there is no B € [a, A] N H such that B
accepts a; and we say that A decides a if A either accepts or rejects a.

Lemma 5.2. The combinatorial forcing has the following properties:

(1) If A € H accepts a then every B € H | A with [a, B] # () accepts a.

(2) If A € H rejects a, then every B € H [ A with [a, B] # 0 rejects a.

(3) For every A € H and every a € AE, | A there exists B € [a, A] N'H which
decides a.

(4) If A € H accepts a then A accepts every b € 7)q)41[a, A].

(5) If A € H rejects a then there exists B € [a, A]NH such that A does not
accept any b € 7q)41[a, B].

Proof. (1)—(4) follow easily from the definitions. Let us prove . Suppose that
A € H rejects a. Let O = {b € AE|441 : A accepts b}. By A.4 mod H, there
exists B € H N [a, A] such that r|,41]a, B] € O or r(q41[a, B] € O°. If the first
alternative holds, then take C' € H N [a, B] and let b = 7|441(C). Then b € O
and therefore A accepts b. Since C € [b, A], there exists n such that r,(C) € F.
Therefore B accepts a, because C is arbitrary. But this contradicts that A rejects a.
Hence, 7|4)41[a, B] € O°¢ and we are done. O
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Lemma 5.3. Let H C &, be a semiselective coideal. Given A € H anda € AEJ A,
there exists D € [a, A] NH that decides every b € Al | D with a C b.

Proof. We prove the case a = (). The general case follows from a simple modification
of the argument. For every b € A€ | A define

Dy = {C € H N [depth4(b), 4] : C decides b}.

By (1), and () of Lemma [5.2] each Dj is dense open in H N [depth 4 (b), A]. By
semiselectivity, there exists D € H [ A which diagonalizes the collection {Dp }pe e ja-

By and of Lemma D decides every b € AE [ D. O

Now, we adapt the semiselective Galvin lemma (see [8,[7]) to the space of infinite
partitions of N.

Lemma 5.4. Given F C A€, and a semiselective coideal H C E., for every
A € H and every a € AE | A, there exists B € H N [a, A] such that one of the
following holds:

(1) Ao la, BINF =10, or

(2) (VC € la,B]) (3 neN)(r,(C) e F).

Proof. Consider D € [a,A] NH as in Lemma If D accepts a, condition (2)
holds and we are done. So assume that D rejects a, and for b € AE,, [ D such that
a C b, define

Dy, = {C € H N [depth,(b), D] : C rejects every b' € rjp41[b, CT}

if D rejects b, and Dy, = HN[depth 4(b), D], otherwise. By (2) and (5] of Lemma
each Dy is dense open in H N [depth 4 (b), D]. By semiselectivity, choose B € H [ D
such that for all b € A&, | B there exists C, € Dy, with [b,B] C [b,C}]. By
induction on the length of b, with a C b, and using that B is a diagonalization of
the collection {Dp}peas 1D, it can be shown that B rejects every b € Al | B
with @ C b. In fact, if D rejects b, then Cj rejects all b" € 7 41[b, Cp]. Hence, B
satisfies that A€ | [a, BN F = (). This completes the proof. O

Now, we give an application of Lemma Recall that the basic metric open
subsets of £, are of the form [b] = {A € E : b T A}, where b C A means that
b =r,(A) for some n € N.

Theorem 5.5. Suppose that H C E is a semiselective coideal. Then the metric
open subsets of £ are H-Ramsey.

Proof. Let X be a metric open subset of £, and fix a nonempty [a, A] with A € H.
Without loss of generality, we can assume a = (). Since X is open, there exists
F C A€ such that X = J,c £[b]. Let B € H[A be as in Lemma If (1) holds
then [0, B] C X and if (2) holds then [0, B] C X. O

The next theorem is the dual version of the semiselective Ellentuck theorem of [7]
(see also [23]). It illustrates the strength of semiselective coideals of the space Ex.
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Theorem 5.6. Let H C & be a semiselective coideal and let X C Eo,. Then, X
1s H-Ramsey if and only if X is H-Baire.

Proof. Let X be an H-Baire subset of £,,. We will show that X is H-Ramsey. Fix

A € H. We prove the result for [, A] without loss of generality, that is, we will

show that there is A’ < A such that [, A’] is contained in X or is disjoint from X
For a € AE [ A define

D, = {B € [depthy(a), A|NH : [a,B] C X or [a,B] C X°
or [(VC € [a, B]) ([a,C]N X # 0 and [a, C] N X £ 0)]}.

Tt is easy to see that each D, is dense open in HN[depth 4(a), A]. By semiselectivity,
choose B € H | A which diagonalizes the collection {D,}qcae. 4. Let Fo = {a €
Afs | B : [a,B] C X} and F; = {a € Al | B : [a,B] C X°}. Consider
By € H [ B as in Lemma applied to Fp and B. If (2) of Lemma holds
then [, Bo] € X and we are done. So assume that (1) holds. That is, (A |
By) N Fo = 0. Now consider B; as in Lemma applied to F; and By. Again,
if (2) holds then [0, B;] C X“ and we are done. Notice that (A [ B1) NFy # 0
because (A€ [ B1) N Fy = 0 and X is H-Baire. So (2) holds. This concludes the
proof. O

From the previous proof it follows that if H C £ is a semiselective coideal and
X C &, then X is H-Ramsey null if and only if X' is H-nowhere dense.

Lemma 5.7. If H C £ is a semiselective coideal, then the H-Ramsey null sets
form a o-ideal.

Proof. Let {X, }nen be a sequence of H-Ramsey null subsets of £, and let [a, A]
be a nonempty basic subset of £, with A € H. We continue the proof assuming
that a = ), since the general case is proved the same way. For every b € A, | A4,
let
Dy ={B € [depth 4 (b), A]NH : (Vn < |b]) ([b, BjN X, = 0)}.

Each D,, is dense open in [depth,(b)] N H, and so there is C € H [ A and a
collection {Ap}pe 4. 14 such that A, € Dy, for every b and [b, C] C [b, Ap] for every
b e Al | C. Therefore, [0,C] N X, = 0 for every n € N. Thus, |J,,cy Xn is
‘H-Ramsey null. O

It can also be shown that if H C £ is a semiselective coideal, the H-Ramsey
sets form a o-algebra of subsets of £.

We will now show that semiselectivity is in some sense the optimal property
that a coideal must satisfy in order to get the equivalence in the statement of
Theorem [5.6] First we give two characterizations of semiselectivity.

Proposition 5.8. A coideal H on &, is semiselective if and only if for every
A € H and every sequence D = {Dy, }nen with each D,, dense open in [n, A] NH,
for all B € H [ A there is C € H | B and a sequence {A, }nen with A, € D, for
every n, such that [a,C] C [a, A,] for every a € Al | C with depth 4(a) = n.
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Proof. Let H be a semiselective coideal, A € H, and D = {D, },en with each
D,, dense open in [n, A] N H. Define D, = D, if depthy(a) = n. Since H is
semiselective, for every B € H | A there is C' € H [ B and {A,}acas 14 with each
A, € D, = D,, if depth4(a) = n, such that [a,C] C [a, A,] for every a € AE | C.

For every n, put 4, = []{4s : a € AE« | C and depth,(a) = n}. Notice
that A, € £ since {a € A : depthy(a) = n} is finite and C' <* A, for every
a € Ay | C. Then A,, € D, since D,, is dense open in [n, A]NH. Since for every
a € AE [ C with depth 4 (a) = n, [a,C] C [a, A,], we have that for every partition
X in [a,C], each class of X whose minimum is greater than p,(X) is a union of
classes of A,, and this holds for each a with depth 4(a) = n. This implies that each
of those classes is a union of classes of A,,, and therefore [a, C] C [a, A,].

Conversely, let A € H and {Dg}ecae. 14 with each D, dense open in H N
[depth 4 (a), A]. For every n € N define Dy, = (\yepen , (a)=n Pas 50 Dy, is dense open
in H N [n, A] since {a € Al : depth4(a) = n} is finite. Then, for every B € H[A
there is C' € H | B and a sequence {A,}nen, with each A,, € D, such that for
every a € A | C with depth 4(a) = n, we have [a,C] C [a, A,,], and A,, € D,.
Thus H is a semiselective coideal. [l

We will now use two properties of a coideal H C £, to characterize semiselec-
tivity. These are the dualizations of the corresponding properties of semiselective
coideals on N (see [23] Lemma 7.9]).

Proposition 5.9. A coideal H on E is semiselective if and only if it has the
following two properties:
(wp) For every A € H and every sequence D = {Dp}nen with each D, dense
open in [n, Al N'H, there is B € H | A and a sequence {A,}nen with
A, € D, for every n, such that B <* A,, for every n.

(q) Given X € H and an infinite partition of p(X) into finite pieces, there is
Y € H1X such that p(Y') has at most one element in each piece.

Proof. Let H be a semiselective coideal. Then by Fact and Proposition [5.§
‘H has property (wp). We now prove it has property (q). Let X € H and let
p(X) = U, ey Fn be an infinite partition of p(X) into finite pieces. For each n, let

D,={Y enX|NH:|[p(Y)NF;| <1 for every i <n}.

Then D, is dense open in [n, X]NH. Since H is a semiselective coideal, by Propo-
sition there is C € H | X and a sequence {A,}nen with A, € D,, for every n,
such that for every a € AE [ C with depth 4(a) = n, [a,C] C [a, An]. Then p(C)
has at most one element in each piece F,.

Conversely, suppose that H has properties (wp) and (q). Let A € H and let
{Dpn}nen be a sequence such that for each n, D,, is dense open in [n, A|NH. Then,
by (wp) there is B € H [ A and a sequence {4, } neny with A,, € D, for every n, such
that B <* A,, for every n. So, for every n there is i,, € N such that B/i, < A,; in
other words, every class [p,,(B)] of B with m > i, is a union of classes of A,,.

Define a strictly increasing sequence {m;};en by mo = 0 and my41 the least
m > my, such that i, < m for every n < my.
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Consider now the infinite partition
p(B) = U{Pi(B) 1€ [my, mgy1) }
keN
By property (q), there is C € H [ B such that for every k,
|p(C) N {pi(B) : i € [my, mp41)}| < 1.
Let O C A& | C be the collection of 1-approximations of C' with domain in an
even numbered interval [pp,,, (B), Pms,., (B)). So,
0= {pn(c) :n >0 and (Elk) pn(c) € [pmzk (B)apm2k+1(B))}'

By A.4 mod H there is D € H | C such that p,(D) € O for every n > 0 or
pn(D) ¢ O for every n > 0. Then for every a € Al [ D, with depth4(a) = n,
[a, D] C [a, Ay]. Thus, by Proposition H is a semiselective coideal on £5. O

Proposition 5.10. If H C £ is a coideal that fails to satisfy property (q), then
there is an H-Baire subset of £ that is not H-Ramsey.

Proof. If H does not satisty property (q), there is X € H and an infinite partition
p(X) = U, ey Fn into finite pieces for which there is no Y € H [ X such that
[p(Y)N F,| <1 for every n. Let

B={Y €& :(3n) p(Y)NF,| >2}.
Notice that B is a metrically open subset of £, and therefore it is 7-Baire.

But B is not H-Ramsey, since for every Y € H [ X we have that [0, Y] N B # () and
0,Y] Z B. O

Proposition 5.11. If H C £ is a coideal that fails to satisfy property (wp), then
the ideal of H-Ramsey null sets is not a o-ideal.

Proof. Fix a sequence {D,}nen and A € H witnessing the failure of (wp). Then
there is no B € H [ A such that for all n there is A, € D,, with B <* A,,.
For every n let
Xo={Y enAl: vX €D,) Y £ X)}.

Each X, is H-Ramsey null, because D,, is dense open in [n, A]NH. But (J, oy Xn
is not H-Ramsey null, since for every B € [(), A] there is some n such that for all
X €Dy, B£* X. O

To conclude this section we present a notion of Ramsey coideal of £, and its
relation to the concept of semiselectivity.

Definition 5.12. A coideal ‘H on &, is Ramsey if for every A € H and every
partition f: A€y [ A — {0,1}, there exists B € H [ A such that f is constant on
AEs | B.

The following is a local version of Theorem 1.6 from [21I], which in turn is an
abstract version of Ramsey’s Theorem from [22]:

Theorem 5.13. Every semiselective coideal H C Eo, is Ramsey.
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Proof. Let A€ H and f: AE5 — {0, 1} be given. For a € AE; [ A, define
D, = {B € [depth4(a), A]NH : f is constant on r3[a, B]};

for all other cases, put D, = H N [depth 4(a), A].

Using A.4 mod H in the case a € AE; | A, it is easy to prove that each D, is
dense open in HN[depth 4(a), A]. By semiselectivity, there exists By € H [ A which
diagonalizes the collection {D, }4e s 14. Notice that for every a € A& | By, there
exists i, € {0,1} such that f takes constant value i, on rs[a, B;]. Now, consider
the partition g: AE; [ By — {0, 1} defined by g(a) = i,. By A.4 mod H there exists
B € H N[, B] such that g is constant on r1[), B] = AE; [ B. But B < By < A,
so B € H A as required. O

6. SEMISELECTIVITY AND FORCING

In [I0], Halbeisen presents a detailed study of forcing notions related to the space
of partitions of N. In this section we will consider the localization of these forcing
notions to coideals and study properties of the forcing notions thus obtained.

For this section, some familiarity with the main ideas of forcing will be conve-
nient.

6.1. Forcing with (#H,<*). Given a coideal H C &, we will consider the pair
(H, <*), where <* is the quasi-order “almost coarser” defined in the introduction.

Recall that for A,B € £, A <* B if there exists a € A€, | A such that
[a, A] C [a, B], according to Fact

We view (H, <*), for a semiselective coideal H, as a forcing notion.

It will be convenient to consider also coideals that are maximal filters.

Definition 6.1. Given a nonempty family of partitions U C £, we say that U is
an ultrafilter if it satisfies the following;:

(a) U is a filter on (€, <), that is:
(a.l) Forall A,B€&,if AcU and A < B then B € U.
(a.2) For all A, B € U, there exists C' € U such that C < A and C < B.
(b) If U' C € is a filter on (€, <) and U C U’ then U’ = U. That is, U is a
mazximal filter on (€, <).
(¢) (A.3 mod U) For all A € U and a € AE, | A with depth,(a) = n, the
following holds:
(c.l) (VB € [n,ANU) ([a, B]NU # D).
(c.2) (VB € [a,AlNU) (A € [n, A]nU) ([a, A’] C [a, B]).
(d) (AdmodU) Let A € U and a € A€ [ A be given. For all O C A&\, 41 there
exists B € [depth 4(a), A|NU such that r|411[a, B] € O or 7|441]a, B|NO =
0.

Clearly, every ultrafilter over £, is a coideal over £, and is a filter over £ in
the sense of Halbeisen and Matet’s Definition .4l
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Lemma 6.2. If H C &, is a semiselective coideal then (H,<*) is o-distributive.

Proof. Let {D,}nen be a countable collection of dense open subsets of (H, <*).
Fix A € H. For all a € A€ [ A, the set D, = {B € H N [depth,(a),A] : B € D)}
is dense open in H N [depth 4(a), A]. To show this, fix a € AE [ A. Obviously, if
B € D, and B’ € H N [depth4(a), A] is such that B’ < B then B’ € D,. Now,
given C' € H N [depth 4(a), A], choose B, € D), such that B, <* C. Then there
exists b € A€ | B, such that [b, B,] C [b,C]. We will assume that depth(b) >
depth(a) = depthy(a) (otherwise, let m = |b| + depth(a), choose D € [b, B,]
and let b = r,,41(D); then, [b,B,] C [b,C] and depth,(b) > depthy(a)). By
A.3 mod H, choose B € H N [depthe(b),C] such that § # [b,B] C [b, By]. So
B <* B, and therefore B € D),. Notice also that since depth(b) > depth(a) =
depth 4 (a), we have that B € H N [depth,(a),C] € H N [depth4(a), A]. This
implies that B < C' and B € D,, completing the proof that D, is dense open.
Let B € H | A be a diagonalization of {D,}eecae. ;4. Then there exists a family
{Aotacae. 14 with A, € D, such that [a, B] C [a, A,] for all a € AE | B. This
implies that B <* A, for all a € A | B. Therefore, B € D), for all a € Al | B.
That is, B € (,, D», and the proof is complete. O

Lemma 6.3. Let H C £ be a semiselective coideal. Forcing with (H,<*) adds no
new elements of AEY. (in particular, no new elements of Es, or H), and if U is the
(H, <*)-generic filter over some ground model V, then U is a selective ultrafilter
in V{U].

Proof. Each element of £, can be coded by a subset of N, and also every sequence
in AEY can be coded by a subset of N. Therefore, since (H, <*) is o-distributive,
the fact that forcing with (#,<*) adds no new elements of AEY follows by a
standard argument (see for instance [I5, Theorem 15.6]). Let U be the (H, <*)-
generic filter over some ground model V. By genericity, U/ is a maximal filter. Also
by genericity, A.3 and A.4 (for the space £), we have that A.3 mod U and A.4
mod U hold (and therefore, U satisfies Definition . Also, since &4, is closed,
given A € U, the set of diagonalizations of any sequence A = (A, )neny CU [ A is
dense in (#H, <*). Therefore, by genericity, U is selective. O

Corollary 6.4. Let U be the (H,<*)-generic filter over some ground model V.
Then U is Ramsey in V[U].

Proof. Tt turns out that the generic ultrafilter U is a selective coideal. Then, by
Theorems and U is Ramsey. O

Lemma 6.5. Suppose H is not semiselective. Let U be a (H,<*)-generic filter
over some ground model V. Then U is not selective in V[U].

Proof. Since H is not semiselective, there exist A € H and a collection D =
{Da}acac. 14 with D, dense open in H N [depth4(a), A], for every a € Al | A4,
and D has no diagonalization in H. In V[U], each D, is dense in (H [ A, <*).
Proceeding as in Lemma find a decreasing sequence {4, }nen € H [ A such
that A, € U N D,, for every a € A [ A with depth,(a) = n. Then {4, },en
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has no diagonalization in U and therefore U is not selective. This completes the
proof. O

The following theorem summarizes all the results of this section.

Theorem 6.6. Let H C E be a coideal. The following are equivalent:

(1) H is semiselective.

(2) Forcing with (H,<*) adds no new elements of AEY (in particular, no new
elements of Eoo or H), and if U is the (H, <*)-generic filter over some ground
model V, then U is a selective ultrafilter in V[U)].

6.2. Forcing with My,. Let H be a semiselective coideal. In this section we will
study the forcing notion for £, which is a dualization of Mathias forcing introduced
n [20]. The partial order is defined by:

My, = {(a,A) : A€M, a € ASo [ A} U {0},

with (a, A) < (b, B) if and only if [a, A] C [b, B]. We say that My is the Mathias
forcing notion associated to H. As is customary in the forcing terminology, the
elements of My are sometimes called conditions.

This forcing notion is the dual Mathias forcing but with conditions that have
their second coordinate in the family H. We will prove that if H is a semiselective
coideal, this forcing has properties similar to those of the dual Mathias forcing
presented in [II] and [I3].

A partition X € £ is My-generic over a model V if for every dense open
subset D of My, such that D € V, there exists a condition (a, A) € D such that
X € [a, A].

The coideal H has the pure decision property (or the Prikry property) if for
every sentence of the forcing language ¢ and every condition (a, A) € My, there
exists B € [a, A] NH such that (a, B) decides ¢. The coideal H has the hereditary
genericity property (or the Mathias property) if it satisfies that if X is My-generic
over a model V', then every Y < X is My-generic over V.

Theorem 6.7. If H C £ is a semiselective coideal then it has the pure decision
property.

Proof. Suppose that H is semiselective and fix a sentence ¢ of the forcing language,
and a condition (a, A) € My. For every b € A [ A with a C b, let Dy, = {B €
HN[depth 4(b), A] : (b, B) decides ¢ or (VC' € H N b, B]) (b,C) does not decide ¢},
and for a IZ b, set Dy, = H N [depth 4(b), A], for all b € AE T A.

Each Dy, is dense open in H N [depth 4 (), A]. Fix a diagonalization B € H | A.
Let

Fo={bc Al B:aCb& (b,B) forces ¢},
Fi={be Al B:aCb& (b, B) forces =¢}.
Let C' € H | B as in Lemma applied to B and Fy, and let C € H [ C be as in

Lemma applied to C and Fy. Let us prove that (a,C) decides ¢. Let (bg, Co)
and (b1, C1) be two different extensions of (a,C); suppose that (bg, Cy) forces ¢
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and (b1, Cy) forces —¢. Then by € Fo and by € F;. But by, by € AE | C, so by the
choice of C' this means that every element of H N [a, C] has an initial segment in
Fo and an initial segment in F. So there exist two compatible extensions of (a, C)
such that one forces ¢ and the other forces ¢ — a contradiction. Thus either
both (bg, Cp) and (b1, C1) force ¢ or both (bg, Cp) and (b1, Cy) force —¢. Therefore
(a, C) decides ¢. O

When # is the whole space £, this is the pure decision property of the dual-
Mathias forcing ([13, Theorem 28.2]).

Now, we will prove that if H C £ is semiselective then it has the hereditary
genericity property (Theorem below). Given a selective ultrafilter U C £,
let My, be the set of all pairs (a, A) such that A € U and [a, A] # 0. Order My,
with the same ordering used for My.

For the rest of this section we essentially follow [2I], where the case in which #H
is the whole topological Ramsey space is treated. We include the proofs here for
completeness.

Definition 6.8. Let U/ C & be a selective ultrafilter, D a dense open subset of
My, and a € AE . We say that A captures (a,D) if A €U, [a, A] # 0, and for all
B € [a, A] there exists m > |a| such that (r,,,(B), A) € D.

Lemma 6.9. Let U C £ be a selective ultrafilter and D a dense open subset of
My,. Then, for every a € A€ there exists A which captures (a, D).

Proof. Given a € A€, choose B € U such that [a, B] # 0. We can define a
collection {Ch}peae 15 With [b,Cy] # 0 such that:
(1) For all by,bs € AE | B, if depthg(b1) = depthg(be) then Cy, = Ch,.
(2) For all by, by € AEwo | B, if by C by then Gy, > Cb,.
(3) For all b € AE [ B with a C b, either (b, Cy) € D or if such a C, € D does
not exist then C, = B.

For every b € Al | B, let C,, = C} if depth(b) = n. Notice that C,, > Cj41,
for all every n € N. Let C € U N [a, B] be a diagonalization of {C}, },,en. Then, for
all b € AE. | C with a C b, if there exists a C' € U such that (b, C') € D, we must
have (b,C) € D.

Let Y ={D€éx:D<C—(Fbec Al |ID)arC b& (bC) € D}. Xis
a metric open subset of £, and therefore, by Theorem [5.5] it is {/-Ramsey. Take
C € U N [depthy(a),C] such that [a,C] € X or [a,C] N X = . We will show
that the first alternative holds: Pick A € U N [a,C] and (a’, A’) € D such that
(a’,A") < (a,A). Notice that a C a’ and therefore, by (3), we have (a’,C) € D.
By the definition of X, we also have A’ € X. Now choose A” € U N [a’, A']. Then
(a/, A”) is also in D and therefore A” € X. But A” € [a/, A'] C |a, A] C [a, C]. This
implies that [a, C’] C X. Finally, that A captures (a, D) follows from the definition
of X and the fact that [a, A] C [a,C] C [a, C]. This completes the proof. O
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Theorem 6.10. LetU C £ be a selective ultrafilter in a given transitive model V
of ZF + DCR. Forcing over V with My, adds a generic g € E, with the property
that g <* A for all A € U. In fact, B € £ is My-generic over V if and only if
B <*A forall AcU.

Proof. Suppose that B € &, is My-generic over V. Fix an arbitrary A € U. The
set {(¢,C) € My : C <* A} is dense open and is in V. Fix (a, A") € My,. Choose
Coy € U such that Cy < A, A’. Since U is an ultrafilter, we can choose C; € I and
n € N such that [n,C1] C [a, A'| N [1,C]. Let ¢ = r,(C1). By A.3 mod U, there
exists Cy € U N [depth 4 (c), A’] such that O # [¢,Cs] C [¢,C4]. It is clear that
[, C3] C [e, A] and therefore Cy <* A. Also, since depth, (c) > depthy (a), we
have [a, Cs] # (0. Thus, (a,Cs) < (a, A’). That is, D is dense. It is obviously open.
So, by genericity, there exists one (¢, C') € D such that B € [¢,C]. Hence B <* A.

Now, suppose that B € £ is such that B <* A for all A € U, and let D be
a dense open subset of My,. We need to find (a,A) € D such that B € [a, A].
In V', by using Lemma iteratively, we can define a sequence {A,, },ecn such that
A, €U, A1 < A, and A, captures (r,(B),D). Since U is a selective ultrafilter
in V', we can choose A € U, in V| such that A <* A,, for all n. By our assumption
on B, we have B <* A. So there exists an a € A, such that [a, B] C [a, A]. Let
m = depthpg(a). By A.3 mod U, we can assume that a = r,,,(B) = r,,(A), and also
that A € [r;,(B), Ay Therefore, B € [m, A] and A captures (r,,(B), D). Hence,
the following is true in V:

(VC € [m, A]) (In > m) ((r,(C), A) € D). (6.1)

Let F = {b: (3n > m)((d € ry[m,A] & (b,A) ¢ D)} and give F the strict
end-extension ordering C. Then the relation (F,C) is in V, and by equation (6.1])
(F,C) is well-founded. Therefore, by a well-known argument due to Mostowski,

equation (6.1) holds in the universe. Hence, since B € [m, A], there exists n > m
such that (r,(B),A) € D. But B € [r,(B), 4], so B is My-generic over V. O

Corollary 6.11. If B is My-generic over some model V and A < B then A is
also Mly;-generic over V.

Lemma 6.12. Let H C £, be a semiselective coideal. Consider the forcing notion
P = (H,<*) and let U be a P-name for a P-generic ultrafilter. Then the iteration
P« My, is equivalent to the forcing My, .

Proof. Recall that PxM,; = {(B, (4, A)): B € H & BF (a, A) € My}, with the or-
dering (B, (a, A)) < (By, (G, Ag)) & B <* By & (a, A) < (Bo, (a0, Ap)). The map-
ping (a, A) — (A, (@, A)) is a dense embedding from My, to P+M; (here a and A are
the canonical P-names for a and A, respectively). It is easy to show that this map-
ping preserves the order. So, given (B, (4, A)) € P Mj;, we need to find (d, D) €
My, such that (D, (d, D)) < (B, (@, A)). Since P is o-distributive, there exist a €
A&, A€ Hand C < B inH such that C Ibp (@ = a & A = A) (so we can assume
that a € AL, [C). Notice that (C, (a, A)) € P+ M,; and (C, (a, A)) < (B, (a, A)).
So, C'lkp C € U and C' IFp A € U. Then, ClFp (3z € U) (x € [, A] & z € [a,C)).
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So there exists D € # such that D € [a, A]N[a, C]. Hence, (D, (a4, D)) < (B, (a, A)).
This completes the proof. O

The next theorem follows immediately from Corollary and Lemma [6.12

Theorem 6.13. FEvery semiselective coideal H C E has the hereditary genericity
property.

The forcing notion My, is the dualization of Mathias forcing to the space E.
In [20] Mathias used this forcing to prove that all definable collections of infinite
subsets of N are H-Ramsey in Solovay’s model, obtained by the collapse of a Mahlo
cardinal to Ny, where H is a selective coideal on N which belongs to that model.
For this, the properties of pure decision and hereditary genericity are important.
Similar results can be proved for the space £, but this is out of the scope of this
article.
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