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THE PRINCIPAL SMALL INTERSECTION GRAPH
OF A COMMUTATIVE RING

SOHEILA KHOJASTEH

ABSTRACT. Let R be a commutative ring with non-zero identity. The small
intersection graph of R, denoted by G(R), is a graph with the vertex set
V(G(R)), where V(G(R)) is the set of all proper non-small ideals of R and
two distinct vertices I and J are adjacent if and only if /N J is not small in R.
In this paper, we introduce a certain subgraph PG(R) of G(R), called the
principal small intersection graph of R. It is the subgraph of G(R) induced by
the set of all proper principal non-small ideals of R. We study the diameter,
the girth, the clique number, the independence number and the domination
number of PG(R). Moreover, we present some results on the complement of
the principal small intersection graph.

1. INTRODUCTION

There are many papers on assigning a graph to a ring R, see, for instance,
[1, Bl 4]. Also, the intersection graph of some algebraic structures such as poset,
group, ring and module have been studied by several authors, see [2, [7, 8, 9] [10]
and [II]. Let R be a commutative ring, and let I(R)* be the set of all non-zero
proper ideals of R. In [5], the small intersection graph, G(R) of R was introduced
and studied. The vertex set of G(R), V(G(R)), is the set of all proper non-small
ideals of R and two distinct vertices I and J in V(G(R)) are adjacent if and only if
INJ is not small in R. In this paper, we continue the study of G(R) and introduce
PG(R), the induced subgraph of G(R) on the set of all proper principal non-small
ideals of R.

We first summarize the notations and concepts. Throughout the paper, all rings
are commutative with non-zero identity and all modules are unitary. Let M be an
R-module. A submodule N of M is called small in M (denoted by N <« M) in
case for every submodule L of M, N+ L = M implies that L = M. A module M is
said to be a hollow module if every proper submodule of M is a small submodule.
A cyclic module is a module that is generated by one element. We denote by J(R)
and Max(R) the Jacobson radical of R and the set of all maximal ideals of R,
respectively. If R has a unique maximal ideal, then R is said to be a local ring.
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Also, an ideal I of R is small (denoted by I < R) if I + K = R for some ideal K
of R implies K = R, or equivalently, I C J(R). As usual, Z and Z,, will denote
the set of integers and the set of integers modulo n, respectively.

Let G be a graph with vertex set V(G). If a is adjacent to b, then we write
a—>b. If |[V(G)| > 2, then a path from a to b is a series of adjacent vertices
a—x1—x9— -+ —xp,—b. A graph G is connected if for every pair of distinct
vertices a,b € V(G), there exists a path between a and b. For a,b € V(G) with
a # b, d(a,b) denotes the length of a shortest path from a to b. If there is no such
path, then we will make the convention d(a,b) = co. The diameter of G is defined
as diam(G) = sup{d(a,b) | a and b are vertices of G}. For any a € V(G), the
degree of a, d(a), is the number of edges incident with a. A regular graph is a graph
where each vertex has the same degree. The complement of G, denoted by G, is
a graph on the same vertices such that two distinct vertices of G are adjacent if
and only if they are not adjacent in G. A graph G is complete if each pair of
distinct vertices is joined by an edge. For a positive integer n, we use K,, to denote
the complete graph with n vertices. Note that a graph whose edge-set is empty is
totally disconnected. A cycle is a path that begins and ends at the same vertex in
which no edge is repeated and all vertices other than the starting and ending vertex
are distinct. We use C), to denote the cycle with n vertices, where n > 3. If a
graph G has a cycle, then the girth of G' (denoted by gr(G)) is defined as the length
of a shortest cycle of G; otherwise gr(G) = co. A forest is a graph with no cycle.
Also, a unicyclic graph is a connected graph with a unique cycle. Suppose that H
is a non-empty subset of V(G). The subgraph of a graph G whose vertex set is H
and whose edge set is the set of those edges of G with both ends in H is called the
subgraph of G induced by H and is denoted by (H). A graph G may be expressed
uniquely as a disjoint union of connected graphs. These graphs are called the
connected components, or simply the components, of G. For a connected graph G,
x is a cut vertex of G if (V(G)\ {z}) is not connected. For every positive integer r,
an r-partite graph is one whose vertex set can be partitioned into r subsets, or
parts, in such a way that no edge has both ends in the same part. An r-partite
graph is complete r-partite if any two vertices in different parts are adjacent. We
denote the complete bipartite graph with part sizes m and n by Ky, .

A clique of a graph is a complete subgraph and the number of vertices in a
largest clique of a graph G, denoted by w(G), is called the cligue number of G.
An independent set is a subset of the vertices of a graph such that no vertices are
adjacent. The number of vertices in a maximum independent set of G is called the
independence number of G and is denoted by a(G). A dominating set is a subset S
of V(G) such that every vertex of V(G)\ S is adjacent to at least one vertex in S.
The number of vertices in a smallest dominating set, denoted by v(G), is called the
domination number of G. By x(G) we denote the chromatic number of G, i.e., the
minimum number of colors which can be assigned to the vertices of G in such a way
that every two adjacent vertices have different colors. A graph is weakly perfect if

X(G) = w(G).
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Here is a brief summary of the paper. We introduce the principal small in-
tersection graph of a commutative ring R, denoted by PG(R). In Section 2, we
prove that diam(PG(R)) € {1,2,00} and gr(PG(R)) € {3,00}. Also, it is shown
that PG(R) is a forest if and only if PG(R) € {Ka, K2 U K3}. Moreover, it is
proved that if R is a commutative ring with finitely many maximal ideals, then
Y(PG(R)) = 2 and a(PG(R)) = | Max(R)|. In Section 3, we study the complement
of the principal small intersection graph. It is proved that if Max(R) is finite, then
diam(PG(R)) € {1,2,3} and gr(PG(R)) € {3,4,00}. Among other results, we
prove that x(PG(R)) = | Max(R)|, where Max(R) is finite.

2. BASIC PROPERTIES OF PG(R)
We begin with the following definition.

Definition. Let R be a ring. The principal small intersection graph PG(R) is
the graph with the vertex set V(PG(R)), where V(PG(R)) is the set of all proper
principal non-small ideals of R, and two distinct vertices Rz and Ry are adjacent
if and only if Rz N Ry is not small in R.

Remark 2.1. Clearly, PG(R) is an induced subgraph of the intersection graph of
ideals of R. This is an important result of the definition.

To prove the next results, we use the prime avoidance theorem (see [12, p. 56]). If
{M;}7_; € Max(R), then M; € UJ;; M; and (;; M; € M; for every i, 1 <i <n.

Theorem 2.2. Let R be a ring. Then V(PG(R)) = @ if and only if R is a local
7ing.

Proof. First, suppose that V(PG(R)) = @. Assume to the contrary that R is a
non-local ring and My, My € Max(R). Since M7+ Ms = R, we have Rz1+Rzo = R
for some z; € My \ My and x5 € My \ M;. Therefore, Rxy, Rz € V(PG(R)),
a contradiction. Hence R is a local ring. Conversely, assume that R is a local
ring. Then Rz is a small ideal of R for every non-unit element x € R. Therefore,
V(PG(R)) = @ and the proof is complete. O

Next, we study the case where PG(R) is totally disconnected.

Theorem 2.3. Let R be a ring. Then PG(R) is totally disconnected if and only
if R= Fy x Fy, where Fy, Fy are fields.

Proof. Assume that PG(R) is totally disconnected. By the previous theorem,
we have | Max(R)| > 2. First, suppose that |Max(R)| > 3. Let My, My, M3 €
Max(R), x € My \ (M2 U Ms), and let y € My \ (M; U M;). Then Rx N Ry ¢ Ms
and so Rz N Ry is not small in R. Hence Rx and Ry are adjacent, a contradiction.
Therefore, | Max(R)| = 2. Let Max(R) = {M;, M>}.

We claim that M; = Rx; and My = R, where x1 € M\ My and zo € Mo\ M;.
If 2y € My \ My and Rx; # Ra), then Rxy; and Rz} are adjacent, which is
impossible. Therefore, M; = J(R) U Rzy. Similarly, My = J(R) U Rxo. Now,
we show that J(R) C Rx; N Rxe. Let a € J(R). Clearly, a + z; € M; \ J(R)
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for ¢ = 1,2. Therefore, a + x; € Rx; for ¢ = 1,2. Hence a € Rx; N Rrs. So
J(R) C Rx1NRxo. This yields My = Rzy and My = Rxo, and the claim is proved.
Clearly, My = R(1 — z1).

Now, we prove that M;Ms; = 0. Since x% € My \ My, we have Rx; = Rm%.
Hence z; = ra? for some r € R. This implies that 1(1 —rz;) = 0 € J(R) and so
1—rxy € My. We note that 1 —ray ¢ M. If not, 1 — ray,rx; € My = Rxq which
is impossible. Since 1 — rax; € My \ My, we have My = R(1 — 1) = R(1 — ray).
On the other hand, we find that Rx1R(1 —rzq1) = M1 Ms = 0.

Next, we prove that J(R) = 0. Let 0 # a € J(R). Then a + x1 € M; \ Ms and
s0 a+x1 = sxq for some s € R. This yields a = (s—1)zy € My N Mo, which implies
that s — 1 € My. We have a = (s — 1)z € M1 M,. Therefore, J(R) = M1 Ms = 0.
Now, by the Chinese remainder theorem [6l p. 7], R = F; X Fy, where F} = R/M;
and Fy = R/M> are fields.

Conversely, if R = F} x Fy, then Max(R) = {F}; x 0,0 x Fy} = V(PG(R)) and
PG(R) = K,. This completes the proof. O

Now, we have an immediate corollary.

Corollary 2.4. Let R be a ring. Then PG(R) is totally disconnected if and only if
G(R) is totally disconnected. Moreover, PG(R) is totally disconnected if and only
if PG(R) = G(R) ¥ K.

Proof. If PG(R) is totally disconnected, then by the above theorem R = Fy x Fy,
where Fy, Fy are fields. Hence Max(R) = {F; x 0,0 x F»} and F; x 0,0 X Fy are
distinct cyclic hollow R-modules (see [I3] p. 352]). Then by [, Theorem 2.4], G(R)
is totally disconnected. The proof of the converse is clear. O

Also, we have the following result for the case where G(R) is totally disconnected.

Corollary 2.5. Let R be a ring. Then G(R) is totally disconnected if and only if
R 2= Fy x Fy, where Fy, Fy are fields.

Theorem 2.6. Let R be a ring. Then the following statements are equivalent:
(i) PG(R) is disconnected;
(i) |Max(R)| = 2;
(iii) PG(R) = Gy U Gy, where G1,Gy are two disjoint complete subgraphs of
PG(R).

Proof. (i) = (ii) Assume that PG(R) is disconnected, G1 and G5 are two compo-
nents of PG(R) and Rz, Ry are two vertices such that Rz € G and Ry € Ga. Let
Max(R) = {M;}icr and let A ={i €I | Rx ¢ M;}, B={i €| Ry ¢ M}
Since Rx N Ry < R, we have Rz N Ry C J(R). This implies that AN B = @&. Let
a € Aand b e B. If [ Max(R)| > 3, then Max(R) \ {M,, My} # @. Suppose that
M. € Max(R) \ {M,, My} and z € M.\ (M, U M,). Clearly, Rz N Rz ¢ M, and
Ry N Rz ¢ M,. Hence we have a path Rx— Rz— Ry, a contradiction. There-
fore, | Max(R)| < 2. If [Max(R)| = 1, then by Theorem we conclude that
V(PG(R)) = @, a contradiction. Therefore, | Max(R)| = 2.
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(i) = (iii) Let Max(R) = {M;,M>} and let G; = {0 # Rz | Rz C M;, Rx is
not small in R} for ¢ = 1,2. If Rz, Ry € G; and Rz and Ry are not adjacent
then Rz N Ry < R, which implies Rx N Ry C M,. Hence Rx C M, or Ry C Mo,
which gives Rz < R or Ry < R, a contradiction. So G; is a complete subgraph of
PG(R). Similarly, G is a complete subgraph of PG(R). Clearly, there is no path
between G and Ga. Therefore, PG(R) = G1 U G2, where G; and G2 are disjoint
complete subgraphs.

(iii) = (i) It is clear. O

From the above theorem and [5, Theorem 2.6], we can deduce the next result.

Corollary 2.7. Let R be a ring. Then PG(R) is connected if and only if G(R) is
connected.

Now, we study the diameter of PG(R).
Theorem 2.8. Let R be a ring. If PG(R) is connected, then diam(PG(R)) < 2.

Proof. Let Rz and Ry be two non-adjacent vertices of PG(R). So Rx N Ry < R.
Let Max(R) = {M;}ier, A={i €I | Rz ¢ M;} and B=1{i el| Ry ¢ M}
Since Rx N Ry < R, we have Rz N Ry C J(R). This implies that AN B = @.
Assume that a € A and b € B. By Theorem | Max(R)| > 3 which implies
that Max(R) \ {M,, My} # @. Suppose that M, € Max(R) \ {M,, My} and z €
M.\ (M, UM,). Clearly, ReNRz ¢ M, and RyNRz ¢ M,. Hence Rz — Rz— Ry
is a path in PG(R). Therefore, diam(PG(R)) < 2. O

In [5, Theorem 2.8], it was proved that if G(R) is connected, then diam(G(R)) <
2. In the above theorem, we deduce the same result for PG(R). The following
theorem shows that the girth of PG(R) has two possible values.

Theorem 2.9. Let R be a ring. Then gr(PG(R)) € {3, 00}.

Proof. If |Max(R)| = 2, then PG(R) is a union of two disjoint complete graphs
by Theorem [2.6] Hence gr(PG(R)) € {3,00}. If [Max(R)| > 3, then suppose
that Ml,M27M3 € MaX(R) Let x € M, \ (M2 U Mg), Yy € Mo \ (M1 @] Mg) and
z € M3\ (M, UMy;). Clearly, Rt — Ry— Rz— Rz is a cycle in PG(R). Therefore,
gr(G(R)) = 3. O

Theorem 2.10. Let R be a ring such that Max(R) is finite. Then the following
hold:

(i) there is no vertex in PG(R) that is adjacent to every other vertex;
(ii) PG(R) can not be a complete graph.

Proof. (i) Suppose, to the contrary, that Rz is a vertex of PG(R) adjacent to every
other vertex. Let Max(R) = {My, M, ..., M,}. By Theorem we know that
n > 3. Since Rz is a vertex of PG(R), we have x € M; for some M; € Max(R).
Let y € (), M; \ M;. We note that Rz and Ry are distinct vertices of PG(R).
But Rz is not adjacent to Ry, a contradiction.
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(ii) If the edge-set is empty, then PG(R) is totally disconnected with one vertex.
Corollary shows that PG(R) = K, and PG(R) has two vertices, a contradic-
tion. Hence PG(R) has at least one edge, which is a contradiction by (i). Thus
PG(R) can not be a complete graph. O

Theorem 2.11. If R is a ring, then PG(R) contains a pendant vertez if and only
if IMax(R)| =2 and PG(R) =2 Ky U K.

Proof. Let Max(R) = {M,}ics. First, suppose that there exists Rx € V(PG(R))
such that d(Rz) = 1. Since Rz € V(PG(R)), we have x ¢ M; for some M; €
Max(R). Suppose, for contradiction, that | Max(R)| > 3. Let My, My € Max(R) \
{M;}. Tt is not hard to see that Rz is adjacent to both Ry and Rz for every y €
M\ (M;UMs) and z € M3\ (M;UM,), a contradiction. Therefore, | Max(R)| = 2.
Also, by Theorem [2.6] we conclude that PG(R) = K3 U K3. The proof of the
converse is obvious. ]

In the following result, we determine that all forests can occur as the principal
small intersection graph of a commutative ring.

Corollary 2.12. Let R be a ring. Then PG(R) is a forest if and only if PG(R) €
(K, Ky UK}

Example 2.13. There are some rings R for which PG(R) & K; U K. For
instance, suppose that R = Z,2,2 for some distinct prime numbers p,q. Then
MaX(R) = {prQqQ»qZquQ} and V(PG(R)) = {pr2q2,qZp2q2,pQZp2q2,q2zp2q2}.
Also, pZyzy2 —p*Ly2g2 and qZy2g2 — q*Zy2,2 are two paths. Hence PG(R) =
Ky U K.

Corollary 2.14. Let R be a ring. Then PG(R) is not a unicyclic graph.

Proof. Suppose, for contradiction, that PG(R) is a unicyclic graph. Since PG(R)
is a connected graph, |Max(R)| > 3. Then by Theorem PG(R) does not
have a pendant vertex. Hence by Theorem PG(R) is a 3-cycle. On the other
hand, Theorem shows that PG(R) can not be a complete graph. In particular,
PG(R) can not be a 3-cycle, a contradiction. This completes the proof. O

Now, we provide a lower bound for the clique number of PG(R).

Theorem 2.15. Let R be a ring. Then the following hold:
(i) w(PG(R)) =1 if and only if R = Fy x Fy, where Fy, Fy are fields;
(ii) if w(PG(R)) > 2, then | Max(R)| < w(PG(R));
(iii) of w(PG(R)) < o0, then | Max(R)| < oo;
(iv) if Max(R) is finite, then w(PG(R)) > 2/Max(B)I=1 _ 1

Proof. (i) It is clear by Theorem

(ii) Suppose, for contradiction, that w(PG(R)) =n > 2 and | Max(R)| > n+1 >
3. Let My,...,M,41 € Max(R) and let z; € M; \ Uj#Mj forte=1,...,n+ 1.
It is not hard to see that {Rx1,..., Rxy41} is a clique of PG(R), a contradiction.
Therefore, | Max(R)| < w(PG(R)).
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(iii) It is clear by (ii).

(iv) If [Max(R)| = 1, then by Theorem V(PG(R)) = @. So, consider
|[Max(R)| > 2. Let Max(R) = {My,...,M,}, A ={M,,...,M,} and let P(A)
be the power set of A. For each @ # X € P(A), set xx € ﬂMiex M;\ M. Tt is
not hard to see that if @ # X, Y € P(A) and X # Y, then Rrx # Rxy. Also,
Rxzx N Rxy ¢ M. This implies that the subgraph of PG(R) with the vertex set
{Rxx | @ # X € P(A)} is aclique of PG(R). We note that |[P(A)\{@}| =2""1-1,
so [{Rxx | @ # X € P(A)}| = 2/Max(B)I=1 _ 1 This completes the proof. O

Example 2.16. (i) The lower bound in part (iv) of the previous theorem is
sharp. To see this, consider R = F; x Fy, where Fj, Fy are fields. Then we
have w(PG(R)) = 2/ Max(B)I=1 _ 1 — 1,

(ii) There are some rings R for which w(PG(R)) > 2!M2x(®)I=1 1 For instance,
suppose that R = Zpnm for some distinct prime numbers p, g and positive integers
n, m with max{n,m} > 2. Then Max(R) = {pZyngm, qZyngm }. It is not hard to see
that PG(R) = K,UK,,. We have w(PG(R)) = max{n,m} and 2/ Max(F)I-1_1 — 1,
Clearly, w(PG(R)) > 2IMax(R)[=1 _ 1,

To prove Theorem [2.18] we need the following simple lemma.

Lemma 2.17. Let R be a ring. If Rz, Ry € V(PG(R)) and Rx C Ry, then the
following hold:

(i) d(Rx) < d(Ry).

(ii) If Rz is adjacent to Rx, then Rz is adjacent to Ry.

Proof. Apply the proof of [B, Theorem 2.15]. O

Theorem 2.18. If R is a ring and PG(R) is an r-regular graph, then | Max(R)| =
2 and PG(R) = KT-+1 U K7-+1.

Proof. Let PG(R) be an r-regular graph. By Theorem[2.15] Max(R) is finite. First,
assume that | Max(R)| =n >3, z € My \U,_, M; and y € (M7 N M) \ U;_5 M;.
By Lemma d(Rzy) < d(Rx). We claim that d(Rzy) < d(Rz). Let z €
Ny M; \ (M1 UM,). It is clear that Rz is adjacent to Rz, but Rz is not adjacent
to Rxy. Therefore, d(Rzy) < d(Rxz) and the claim is proved. This is a contradiction
because PG(R) is a regular graph and d(Rzy) = d(Rzx). Hence | Max(R)| = 2 and
by Theorem PG(R) 2 K11 UK. O

Now, we are in a position to state one of the main results of this section.

Theorem 2.19. Let R be a ring. Then PG(R) can not be a complete r-partite
graph.

Proof. Suppose, for contradiction, that PG(R) is a complete r-partite graph with
r parts Vi,...,V,. Then by Theorem | Max(R)| < r. In view of the proof of
Theorem [2.15] we find that {Rz1, ..., Rz, } is a clique of PG(R), where Max(R) =
{Mi,...,M,} and z; € M; \ Uj;ﬁi M; for i =1,...,n. With no loss of generality,
assume that Rx; € V; for i = 1,...,n. Suppose that y; € ﬂj# M; \ M; for every i,
1 <4 <n. Then Rz; and Ry; are not adjacent. This implies that {Rx;, Ry;} CV;
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for every i, 1 <i < n. Let Rz € V(PG(R)). Hence Rx ¢ M, for some ¢, 1 <t < n.
Therefore, Rr and Ry, are adjacent. Since Rx; € Vi, Rx and Rx; are adjacent, a
contradiction. (]

Theorem 2.20. Let R be a ring such that PG(R) is connected. Then PG(R) has
no cut vertex.

Proof. Suppose, for contradiction, that Rz is a cut vertex of PG(R). Then the
induced subgraph (V(PG(R)) \ {Rz}) is disconnected. Hence there exist vertices
Ry and Rz such that Rx lies on every path from Ry to Rz. Theorem shows
that |Max(R)| > 3. Let My, My, M3 € Max(R). Obviously, Ry and Rz are
proper non-small ideals of R. With no loss of generality, we may assume that
Ry ¢ My, Rz ¢ M, because RyN Rz < R. Since RyN Rz < R, we have Ry C M,
and Rz C M;. If there exists w € M5\ (M; U M) such that Rw # Rz, then we
have a path between Ry and Rz in PG(R), a contradiction. Therefore, Rw = Rx
for every w € M3 \ (M1 U My). If |Max(R)| > 4, then by a similar argument as
above, we conclude that Rw = Rz for every w € M \ (M; U M) and for every
M € Max(R) \ {My, M2, M3}, which is impossible. Therefore, | Max(R)| = 3. Let
x1 € M1\ (MaUM;) and z9 € Ms\ (M7 UMs). Tt is clear that Ry— Rxy— R —
Rz is a path in (V(PG(R)) \ {Rz}), a contradiction. O

In the rest of this section, we study the domination number and the independence
number of the principal small intersection graph of R.

Theorem 2.21. Let R be a ring. If Max(R) is finite, then v(PG(R)) = 2.

Proof. Since V(PG(R)) # @, | Max(R)| > 2. We divide the proof into two cases:
Case 1. | Max(R)| = 2. Then by Theorem we deduce that y(PG(R)) = 2.
Case 2. [Max(R)| > 3. Let Max(R) = {M,..., My}, z; € M; \ U, ; M; for i =
1,2, and let S = {Rx1, Rxo}. If Rx is a vertex of PG(R) and Rz ¢ S, then Rx is
adjacent to Rxy or Rxy. Otherwise, ReNRxy C J(R) and RxNRxy C J(R). Hence
Rz C (), Mj and Rz C (), M;. Therefore, Rz C (j_, M;, a contradiction.
This implies that S is a dominating set of PG(R) and so v(PG(R)) < 2. Now,
Theorem shows that 7(PG(R)) = 2. O

In [5], it was proved that a(G(R)) = |Max(R)|, where Max(R) is finite. Next,
we prove that if Max(R) is finite, then a(PG(R)) = a(G(R)).
Theorem 2.22. Let R be a ring such that Max(R) is finite. Then a(PG(R)) =
| Max(R)].
Proof. Let Max(R) = {Mj, ..., M,} and let S1 = {Rx; | x € (., M; \ M; for i =
1,...,n}. Clearly, S; is an independent set for PG(R). Therefore, n < a(PG(R)).
Suppose that Sy = {Ry1,..., Rym} is an independent set of PG(R). If m > n,
then by the pigeonhole principle, we find that there exist 4,7, 1 <i < j < m, and
M, € Max(R) such that Ry; ¢ M, and Ry; ¢ M,. This yields Ry;NRy; ¢ M,. On
the other hand, we have Ry;, Ry, € S and Ss is an independent set of PG(R). This
shows that Ry;NRy; < R, a contradiction. Therefore, o( PG(R)) = |Max(R)|. O

Rev. Un. Mat. Argentina, Vol. 67, No. 1 (2024)



PRINCIPAL SMALL INTERSECTION GRAPH OF A COMMUTATIVE RING 253

Corollary 2.23. If R is an Artinian ring, then a(PG(R)) = | Max(R)|.

Proof. By the structure theorem of Artinian rings [6, Theorem 8.7], there exists a
positive integer n such that R = Ry X Re x --- X R, and (R;, m;) is a local ring for
all 1 < i < n. The above theorem shows that a(PG(R)) = | Max(R)| = n. O

The following example approves the equality a(PG(R)) = | Max(R)|.

Example 2.24. Let I, F5, F3 be fields and let R = F; x Fy x F3. In view of the
proof of Corollary [2.23] we find that a(PG(R)) = 3. We draw the graph PG(R) in
Fig. 1. One can easily see that {F; x 0x 0,0 X Fy x0,0x 0 x F3} is an independent
set of PG(R).

F1><F2><O
Fyx0x0 0x Fy x0

F1><OXF3 OXF2><F3

0XOXF3

FIGURE 1. PG(Fl X Fy % Fg) = G(F1 x Iy x F3)

3. THE COMPLEMENT OF PG(R)

In this section, we determine the diameter, the girth and the chromatic number
of the complement of the principal small intersection graph of R. As we mentioned
in the introduction, the complement of the principal small intersection graph of R,
PG(R), is the graph with the vertex set V(PG(R)) = V(PG(R)), and two distinct
vertices Rz and Ry are adjacent if and only if Rz N Ry < R.

First, we determine the diameter of PG(R).

Theorem 3.1. Let R be a ring such that Max(R) is finite. Then PG(R) is con-

nected and diam(PG(R)) € {1,2,3}.

Proof. If R is a local ring, then by Theorem we have V(PG(R)) = @. Also,
if |Max(R)| = 2, then by Theorem PG(R) is a complete bipartite graph
and so diam(PG(R)) € {1,2}. Now, suppose that | Max(R)| > 3 and Rz, Ry €
V(PG(R)). Let Max(R) = {My,...,M,}, with n > 3. If Rx and Ry are not
adjacent in PG(R), then assume that A = {M; |1 <i<n, Rx C M;}, B={M; |
1 <i<n, Ry C M}, Max(R)\ A = A" and Max(R) \ B = B’. We have the
following two cases:
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Case 1. ANB € {A, B}. With no loss of generality, we may assume that ANB = A.
Then B’ C A" Let 2 € ((Nyy,ca Mi) \ J(R). It is clear that Rz is adjacent to both
Rz and Ry. Therefore, d(Rz, Ry) = 2.

Case 2. ANB ¢ {A,B}. Then A’ U B # Max(R) and B’ U A # Max(R). Let
21 € (Marecarupy Mi) \ J(R) and 22 € (Ny,e(pruay Mi) \ J(R). Clearly, Rz —
Rz1 — Rz — Ry is a path between Rz and Ry in PG(R). Hence d(Rz, Ry) < 3.
This completes the proof. O

As an immediate consequence of the previous theorem, we have the next result.

Corollary 3.2. Let R be a ring such that Max(R) is finite. Then the following

hold:
(i) diam(PG(R)) =1 if and only if | Max(R)| = 2 and PG(R) = K.
(ii) diam(PG(R)) = 2 if and only if |Max(R)| = 2, PG(R) is a complete
bipartite graph and PG(R) 2 Ko.

(i) diam(PG(R)) = 3 if and only if | Max(R)| > 3.

Proof. Parts (i) and (ii) are clear.

(111) Let Max(R) = {]\4-17 . ,Mn}, xr € M1 \ Ui;ﬁl M1 and Yy € M2 \ Ui;éZ M1
Clearly, Rx N Ry ¢ Ms. This implies that Rx and Ry are not adjacent. We claim
that d(Rx, Ry) = 3. Otherwise, the previous theorem shows that there exists a
vertex, say Rz, such that Rz is adjacent to both Rz and Ry. Since Rz is adjacent
to Rz, z € (2, M;. On the other hand, since Rz is adjacent to Ry, z € [, .o M.
This implies that z € (}_, M;, which is impossible. Therefore, the claim is proved.
Now, by Theorem diam(PG(R)) = 3. O

Example 3.3. By Theorem if R is a ring with finitely many maximal ideals,
then PG(R) is connected. But there are some rings R with infinite maximal ideals

whose PG(R) is not connected. Let R = Z. It is clear that Max(Z) is infinite

and the only small ideal of Z is 0. Also, diam(PG(Z)) = oo and PG(Z) is totally
disconnected because I N J # 0 for every two non-zero ideals I and J.

By Theorem [2.6] we have the next corollary.

Corollary 3.4. Let R be a ring. Then the following statements are equivalent:
(i) [Max(R)| = 2;
(ii) PG(R) is a complete bipartite graph.

Theorem 3.5. Let R be a ring such that Max(R) is finite. Then gr(PG(R)) €
{3,4,00}.

Proof. Tt | Max(R)| = 2, then PG(R) is a complete bipartite graph by Corollary
Hence gr(PG(R)) € {4,00}. If |Max(R)| > 3, then suppose that Max(R) =
{Mi,...,M,}, with n > 3. Let x; € ﬂj# M;\ M, for i =1,2,3. Clearly, Rzq1 —

Rzg— Rxs— Rz is a 3-cycle in PG(R). Therefore, gr(PG(R)) = 3. O
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In view of the proof of Theorem 3.5 and by Corollary[3.4] we deduce the following
result.

Corollary 3.6. Let R be a ring. Then the following statements are equivalent:
(i) [Max(R)| = 2;

(ii) PG(R) is a complete bipartite graph;

(iii) PG(R) is a bipartite graph.

Theorem shows that if Max(R) is finite, then a(PG(R)) = w(PG(R)) =
| Max(R)|. We close this paper with the following main result, which implies that
the complement of the principal small intersection graph is weakly perfect.

Theorem 3.7. Let R be a ring such that Max(R) is finite. Then x(PG(R)) =

| Max(R)| = w(PG(R)).

Proof. Let Max(R) = {My,...,M,}. We define the map ¢ : V(PG(R)) —
{1,...,n} by ¢(Rz) = min{i | 1 < i < n, Re ¢ M;}. It suffices to show
that ¢ is a proper vertex coloring of PG(R). If ¢(Rx) = ¢(Ry) = t for some

Rz,Ry € V(PG(R)) and for some ¢t € {1,...,n}, then we have Rz ¢ M, and
Ry ¢ M,. This implies that RzNRy is non-small and so Rz and Ry are not adjacent

in PG(R). Therefore, c is a proper vertex coloring. Thus x(PG(R)) < |Max(R)|.
Now, the result follows from Theorem [2.22 O
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