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ON FIBRATIONS AND MEASURES OF IRRATIONALITY
OF HYPER-KAHLER MANIFOLDS

CLAIRE VOISIN

ABSTRACT. We prove some results on the fibers and images of rational maps
from a hyper-Kéahler manifold. We study in particular the minimal genus of
fibers of a fibration into curves. The last section of this paper is devoted to the
study of the rational map defined by a linear system on a hyper-Kéhler fourfold
satisfying numerical conditions similar to those considered by O’Grady in his
study of fourfolds numerically equivalent to K3[2l. We extend his results to
this more general context.

1. INTRODUCTION

Bastianelli et al. [4] introduced and discussed two numerical birational invari-
ants of a projective variety X, the covering gonality covgon(X) and the degree of
irrationality irr(X). The former is defined as the minimal gonality of a curve C,
which is the general fiber of a family

v:C—> B, ¢:C—X

of curves covering X, that is, ¢ is dominant and nonconstant on the fibers of .
The second number is defined as the minimal degree of a dominant rational map
X --» P", n =dim X. Obviously, one has irr(X) > covgon(X) but the inequality
is strict in many cases. For example, the covering gonality of a uniruled manifold
is 1, while its irrationality is 1 only if it is rational. One can similarly introduce
the covering genus covgen(X), namely the genus of a curve C, which is the general
fiber of a family
Yv:C—B, ¢:C—X

of curves covering X.

There are several similarly defined numbers that can be studied, namely the
fibering gonality fibgon(X) and the fibering genus fibgen(X) defined as follows:

Definition 1.1. The fibering gonality of X is the minimal gonality of the general
fiber of a fibration X --+ B into curves. The fibering genus of X is the minimal
genus of the general fiber of a fibration X --+ B into curves.
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Here, the general fiber of a rational map ¢: X --+ B is defined as the general
fiber of a resolution of singularities ¢: X — B. Instead of studying coverings of X
by varieties of a given type, we thus study fibrations, namely a dominant rational
map X --+ B with connected fibers and dim B < dim X, with fibers of a given
genus or gonality. There are obvious inequalities

covgon(X) < fibgon(X), covgen(X) < fibgen(X). (1.1)

Another simple comparison between the fibering genus and the fibering gonality of
a projective variety X introduced in (|1.1)) is

ﬁbgen(X)-‘ +1

fibgon(X) < { 5

which follows indeed from the Brill-Noether theory showing the existence of gi on
curves of genus < 2k — 2. Note that, in the case of a surface, the fibering genus is
called the Konno invariant [I9]. Ein and Lazarsfeld [11] studied a different higher
dimensional generalization of it, defined as the minimal geometric genus p, of a
fiber of a rational map to P'.

Ein and Lazarsfeld prove that the Konno invariant of a K3 surface with Picard
group of rank 1 generated by a line bundle of self-intersection h grows like /h.
This is in strong contrast with the covering genus which is always equal to 1. A
beautiful construction by Kollar [I8] shows that a rationally connected smooth
projective manifold, hence of covering gonality 1 and covering genus 0, can be
nonruled, hence can have fiber gonality at least 2 and fiber genus at least 1, so
both inequalities in are strict in general.

In the case of hyper-Kéahler manifolds, the following question asked by Pacienza
(oral communication) is still open.

Question 1.2. Let X be a hyper-Kéahler manifold which is projective and very
general in moduli. Is X swept-out by elliptic curves? Equivalently, is covgen(X) =
17

Here the assumptions on X mean that X is equiped with a given polarization
(very ample line bundle) and, equipped with this polarization, is very general in
the corresponding moduli space of polarized hyper-Kéhler manifolds. In particular,
we have p(X) = 1 by generalities on the period map. We expect that the answer
to this question is no in some examples, but were not able to prove or disprove it
even on some explicit examples like the Fano variety of lines on a cubic fourfold,
although we described in [30] some consequences of the existence of a covering by
elliptic curves. Note that, if p(X) = 2, the example of Hilbert schemes S[™ for any
projective K3 surface S shows that we may have many such coverings. Indeed, it
is well known that S itself has many coverings by 1-parameter families of elliptic
curves By, and then z x E, c S for any 0-dimensional subscheme z C S of length
n[—] 1 not intersecting E is an elliptic curve in S and these elliptic curves cover
St

In contrast, we will show in Section [2.I] that Question [I.2] has an easy negative
answer if the covering genus is replaced by the fibering genus:
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Proposition 1.3. Let X be a hyper-Kdhler manifold of dimension 2n. Then if
n > 1, one has

fibgen(X)
fibgon(X)

(1.2)

>3,
>3 (1.3)

The proofs are elementary. The inequality (1.2]) is a consequence of the inequality
fibgen(X) > 2 and of (1.3). The inequality fibgen(X) > 2 can be given several
proofs. One of them generalizes to the case of fibrations by varieties birational to
abelian varieties for which we prove the following result.

Theorem 1.4. Let X be a hyper-Kdahler manifold of dimension 2n. Then if X
admits a fibration X --+ B with general fiber birational to an abelian variety of
dimension g, one has g = n, hence also dim B = n, and the fibration is Lagrangian.

Theorem is wrong if we replace “fibrations” by “coverings”. A counterex-
ample is given by the variety S[" above and its coverings by elliptic curves. In
Section [2} we will give examples with p(X) = 1 of very general hyper-Kéhler va-
rieties of dimension 8 swept-out by varieties birational to abelian surfaces. Note
that, if instead of studying rational maps, we consider actual morphisms from X
to a smaller dimensional basis B, then we already know they are quite restricted
when X is a hyper-Kéhler manifold. Indeed, if B is not a point, Matsushita [24], 25]
proves that they are given by Lagrangian fibrations and in particular the dimension
of B is n.

Concerning the fibering genus, we will prove

Theorem 1.5. Let X be a hyper-Kdahler manifold of dimension 2n with n > 3
and bo(X)tr > 5. Assume that the Mumford—Tate group of the Hodge structure on
H?(X, Q) is mazimal. Then if X admits a fibration ¢ X --+ B, with dim B =

2n — 1, the general fiber of ¢ has genus g > Inf(

). In other words,

2tx -3

fibgen(X) > Inf(n + 2,2l J).

Note that the bound in Theorem [I.f] is presumably not optimal. Looking at
the proof we see that a more natural bound would be fibgen(X) > Inf(2n —

1,272 g J). (This is also the reason for the assumption n > 3 in Theorem )
For n = 2, we do not know what the correct bound is, but we can easily construct
an example where the bound g = n + 2 is achieved. Indeed, let Y be a smooth
cubic fourfold, and let Yy C Y be a hyperplane section. Let X be the variety of
lines of Y. It admits a rational map

X --» YH

which to a general point § € X parameterizing a line A C Y associates the inter-
section point y := ANYy € Yy. The fiber of this map over a general point y € Yy
is the curve of lines in Y passing through y, and this is well known (see [8]) to be
a genus 4 curve, complete intersection of a quadric and a cubic in P3.

Proposition [[.3] and the example above leave open the following

Rev. Un. Mat. Argentina, Vol. 64, No. 1 (2022)



168 CLAIRE VOISIN

Question 1.6. Are there hyper-Kéhler fourfolds with fibgen = 37 Are there
hyper-Kéhler sixfolds with fibgen = 57

We now turn to the measure of irrationality irr(X) mentioned at the beginning
of this introduction. In the geometric context we are considering, namely hyper-
Kahler manifolds, which in any case are not rational, there are two natural variants
of this number, namely

RCirr(X) := Inf deg ¢,
where ¢ runs through all the generically finite rational maps X --» Y, with Y
smooth projective rationally connected, and

cohirr(X) := Inf deg ¢, (1.4)

where ¢ runs through all the generically finite rational maps X --» Y, with Y
smooth projective with H(Y, Q%) =0 for I > 0.

Remark 1.7. When X is a hyper-Kahler fourfold, it is equivalent in (1.4]) to
consider the smooth projective varieties Y with H°(Y, Ky) = 0, since the exis-
tence of a dominant generically finite rational map ¢: X --+ Y then implies that
HO(Y,Q4) = 0 for I > 0. Indeed, if Y has a holomorphic 2-form, it is gener-
ically nondegenerate since it pulls back to the holomorphic 2-form on X, hence
hO(Y, Ky) # 0.

Obviously cohirr(X) < RCirr(X) < irr(X). The invariant cohirr(X) has been
studied by Alzati and Pirola [2]. A particular case of their results is

Theorem 1.8. If X is a hyper-Kdhler manifold of dimension 2n, then cohirr(X) >
n+ 1. In particular, if dim X > 4, one has cohirr(X) > 3; if dim X > 6, one has
cohirr(X) > 4.

Combining Theorem [I.§ and Theorem [I.5] we will prove in Section 2.1]

Corollary 1.9. Let X be a hyper-Kdhler manifold of dimension > 6. Assume that
bo(X)tr > 9 and X is very general with given Picard number. Then fibgon(X) > 4.

It is likely that a better lower bound for Theorem can be found, maybe
depending on numerical data as in [23], which studies the case of abelian surfaces.
In the case of dimension 4, we leave this as

Question 1.10. Let X be a hyper-Kéahler fourfold which is very general with fixed
Picard number. Is it true that cohirr(X) > 47

We prove one result in this direction in Section [3] namely Proposition [3.1] which
is used in the last section of the paper. We establish there a generalization of a
result of O’Grady (see [27] or Theorem [L.I). O’Grady studies the rational map
¢r: X --» P induced by the complete linear system |L|, for a line bundle L of top
self-intersection 12 on a compact Kéhler fourfold X which is numerically equivalent
to K3, Assuming X is very general with Picard number 1, O’Grady proves that
the image of ¢, is a hypersurface of degree > 6. We prove a similar result (see
Theorem under different assumptions. First of all, X is only known to have
the same Betti numbers, Chern numbers, and Fujiki constant as a hyper-Kéhler
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fourfold of type K3[2!. Second, in our case, the line bundle is the sum L+ M, where
both L and M are numerically effective and satisfy the intersection conditions

LY*=0, M*=0, L?*M?=2, (1.5)
which implies (L + M)* = 12. Our result is

Theorem 1.11. Under the assumptions above, assuming X is very general with
Picard number 2 and h°(X, L) = 0, the image of ¢ryar: X --» P5 is not rationally
connected.

Although this result may seem a bit specific, this statement is needed in order
to conclude the proof of the main result in [9], namely that a hyper-Kéhler fourfold
X admitting two integral degree 2 cohomology classes I, m satisfying the condition
has to be of K3[ deformation type.

Theorem [I.11] is proved by a case-by-case analysis. As will be clear from the
proof, a positive answer to Question [[.10] and a negative answer to Question [1.6]
would greatly simplify the proof, since by Lemmas [£.5] [£.6] [£.7] [£.9] and [£.8] and
Claim [.11] the most difficult cases to exclude are those where X is fibered into
curves of genus 3, or ¢4 has degree 3 on its image.

2. FIBRATIONS OF HYPER-KAHLER MANIFOLDS BY CURVES AND ABELIAN
VARIETIES

2.1. Some general inequalities. We start by establishing easy lower bounds for
the fibering genus and gonality, and various irrationality invariants of hyper-Kéhler
manifolds.

Lemma 2.1 (See also [27]). Let X be a hyper-Kdihler manifold of dimension 2n. If
there exists a dominant rational map ¢: X --+Y of degree 2, where Y is a smooth
projective variety, then hO(Y, le/k) =1 for k < n. In particular, the cohomologi-
cal measure of irrationality cohirr(X) of a hyper-Kdahler 2n-fold is strictly greater
than 2 forn > 2.

Proof. We observe that, as ¢ has degree 2, there is a rational involution ¢ on X
over Y. As hO(X, Qgg) = 1, one has t*ox = *ox. It follows that L*cr%(k = ag(k
for any integer k. Thus the (4k,0)-form 02 on X, which is nonzero for 2k < n,
descends to Y, proving the inequality h°(Y,Q$F) > 1 for k < n. The inequality
RO(Y, Q3F) < 1 for k < n follows from the fact that ¢* is injective on holomorphic
forms. O

We now apply this result to the proof of Proposition [1.3
Proof of Proposition[I.3 We first prove

Lemma 2.2. Let X be a hyper-Kdhler 2n-fold with n > 2. Then X does not admit
a fibration ¢: X --+Y into elliptic curves, hence fibgen(X) > 2.

Proof. Let 7 : X > X , O X — Y be a resolution of the indeterminacies of P,
with X smooth. Then, as the general fiber F' of ¢ is elliptic, one has K%\F = Op.
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But K 5 has a section whose divisor has for support the exceptional divisor of 7.
It follows that F' does not intersect the exceptional divisor of 7. In other words,
¢ is quasiholomorphic. This contradicts a theorem of Matsushita [24] which says
that a quasiholomorphic map from a hyper-Kéhler 2n-fold to a manifold of smaller
dimension has image of dimension < n. O

Inequality (|1.3]) in Proposition implies inequality ([1.2]) since curves of genus
< 2 have gonality < 2. We now prove the inequality (|1.3)). Assume that X admits

a fibration ¢: X --» Y into hyperelliptic curves. By Lemma [2.2] the fibers have
genus at least 2. The smooth projective variety Y obviously satisfies h%(Y, Q) = 0
for [ > 0. Furthermore, there exists a relative hyperelliptic involution ¢ on X such
that any smooth model @ of X/¢ is a fibration into P! over Y. Thus Q satisfies
rO(Q, Qé) = (. This contradicts Lemma O

Another easy result is the following
Lemma 2.3. Let X be a hyper-Kdhler manifold of dimension > 4. Then
RCirr(X) < 2fibgen(X) — 2.

Proof. Let f: X --» B be a fibration realizing the fibering genus, so that the fibers
have genus g = fibgen(X), and let f: X — B be a resolution of the indeterminacies
of f. By Lemma we know that g > 2. By [22], the base B is rationally

connected. We now choose a rank 2 subsheaf F of the sheaf R° f*K %/B" The

variety P(F) is generically a P!-bundle over B, hence is rationally connected, and
there is a natural rational map

¢ : X —-» P(F)
over B, which is of degree < 2¢g — 2. O

Remark 2.4. By Theorem Lemma [2.3] implies that, for any hyper-Kéhler
fourfold X, one has fibgen(X) > ’%3, a statement to be compared with Theo-
rem 1.9l

We finally combine the results above to prove

Proposition 2.5. Let X be a projective hyper-Kdahler manifold of dimension > 4.
Assume that the fibering gonality of X is 3. Then one of the following possibilities
holds:
(i) fibgen(X) =3 and RCirr(X) < 4.
(ii) fibgen(X) =4 and RCirr(X) < 6.
(iii) fibgen(X) > 4 and RCirr(X) = 3.

Proof. Let ¢: X --» B be a fibration realizing the fibering gonality, so that the
fibers of f are trigonal curves. We know by Proposition that the genus of the
fibers is at least 3. If the genus of the fibers is 3 or 4, then we apply Lemma [2:3]and
get the inequalities in (i) and (ii). If the genus of the fibers is > 5, we recall that a
curve of genus > 5 which is trigonal admits a unique g3, unless it is hyperelliptic,
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which is excluded by Proposition[T.3] It follows that there exists a fibration P --» B
into P'’s and a rational map of degree 3

v: X --» P
over B, which induces the trigonal map on the fibers of f. As B is rationally
connected, P is rationally connected and thus RCirr(X) = 3. O

2.2. Proof of Theorem Let X be a hyper-Kéhler manifold of dimension
2n admitting a fibration f: X --+ B with general fiber birational to an abelian
variety of dimension g. Let L be an ample line bundle on X. The restriction to
the general fiber X; of a resolution f: X — B of the indeterminacies of f has top

self-intersection D := deg Lf} . We will denote by Z; the 0-cycle Lf)? € CHo(X,).

As X + is birational to its Albanese variety, there is a rational action by translation
)?t X Alb)?t -=> )A(:t
(z,u) =z +u

of Alb X, on X;.
For any integer k, we can construct a rational self-map

Up: X --» X
preserving f, that is, acting fiberwise, and defined by
Up(w) =z +kalbg (Dr—7;), «€X,. (2.1)

Lemma 2.6. The degree of Wy is (kD + 1)%9.

Proof. As ¥ acts in a fiberwise way with respect to f, its degree is equal to the
degree of its restriction to the fibers X;. By (2.1]), this restriction is birationally
conjugate to the multiplication by kD +1 on a g-dimensional abelian variety, which
proves the result. O

We next have

Lemma 2.7. Let ox € HY(X,0%) be a generator. We have either Viox =
(kD +1)ox or ¥iox = (kD +1)%0x. In the first case, the fibers X; are isotropic
for ox.
Proof. As Wiox is a nonzero holomorphic 2-form on X, it must be a nonzero
multiple of ox, so Viox = pox. As Uy acts in a fiberwise way, we have
* _ * .

(Trox) iz, = ¥, 5,0 %,) (2.2)

As \Il;:\)? acts as multiplication by (kD + 1)? on the transcendental degree 2 coho-
t

mology of X;, (2.2)) implies that p = (kD +1)? if the fibers X; are not isotropic for
ox. If the fibers X; are isotropic for ox, then ox (or rather its pull-back 7*cx on
a model X where f is well defined) maps to an element o; of H°(X;, kat) ®Qp+
which is nonzero for generic ¢, as otherwise 7*0 x would be everywhere degenerate.

As \DZ& acts as multiplication by £D + 1 on 1-forms on X;, we get in this case
t
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= kD + 1, using the fact that the action of ¥} on o is induced by the action of

* 0(X, O~
\I/kli on the space H"(X¢, QXt). O

Proof of Theorem[I.]} We have Vo x = pox, which we write in the form

Vi(ox) = prox, (2.3)
where _ L
T: X=X, Up: X—->X
is a desingularization of ¥y : X --» X. As we are now working with morphisms in
(2.3) and p is a real number by Lemma it follows that

Ti(0% ATR") = i 7 (0% ATX").

Integrating both sides over )Z, we get deg Uy, = deg ¥}, = 1?". By Lemma we
deduce that

p?" = (kD + 1), (2.4)
while by Lemma [2.7] we have = kD+1or = (kD+1)2. If u = (kD+1)?, we get
by that 4n = 2g, which contradicts the fact that g < 2n. Hence up = kD + 1,
which implies by that n = ¢g. Furthermore, the fibers are isotropic in this case
by Lemma O

If instead of a fibration we consider a covering by varieties birational to abelian
varieties of dimension g, we can conclude that they are isotropic, assuming that
the Mumford-Tate group of the Hodge structure on H?(X,Q)y, is maximal and

bo gy —3
[—=5—]

g<2 (2.5)

by applying the result in [6] (or [29] if b3(X )i > 5). Indeed, these results say
that the Hodge structure on H?(X,Q),, which is simple, cannot be realized as a
Hodge substructure of H2(A) for any abelian variety of dimension g if g satisfies
. Note that, without the inequality , one can construct coverings by
abelian subvarieties which are not isotropic, as shows the example of the generalized
Kummer K,,(A) which is swept out by copies of surfaces birational to A.

Concerning the statement about the dimension, the following is an example
of a covering of a hyper-Kéhler manifold of dimension 8 with p = 1 by varieties
birational to abelian surfaces.

Example 2.8. Let Y be a cubic fourfold, and let X be the LLSvS 8-fold of Y
(see [21]). This is an 8-fold which is deformation equivalent to K3 (see [1]).
Furthermore, if Y is very general, one has p(X) = 1. Let Fi(Y) be the variety of
lines in Y. There exists a dominant rational map (see [31])

W F(Y) x Fy(Y) - X.

Next, the hyper-Kéhler manifold F3(Y) is itself covered by surfaces birational to
abelian surfaces. Indeed, consider the surfaces of lines ¥y,, contained in a hyper-
plane section Yy of Y. It is a classical fact that, when Yy has one singular point vy,
Y g is birational to the symmetric product Cz(;?}i’ where Cy g is the curve of lines
contained in Yy and passing through y. This curve is of genus 4 when Yy has one
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ordinary quadratic singularity at y and is smooth otherwise. When Yy has two
more singular points y" and y”, the curve Cy g becomes singular at these points,

and its geometric genus decreases to 2. It is clear that Fy(Y) is covered by these

surfaces ¥, g birational to the symmetric product 01(1221 of a curve of genus 2, hence

to abelian surfaces, and using the morphism 1, it follows that X is covered by the
surfaces ¥ (x x X, g), which are birational to abelian surfaces.

2.3. Proof of Theorem Let X be a hyper-Kéhler 2n-fold and let

f:)?%B, T:X%X, (2.6)
where 7 is birational and X is smooth projective, be a fibration into curves of genus
g over a base B of dimension 2n — 1. We have h°(B, Q) = 0 for any [ > 0 and in
fact B is rationally connected (see [22]). Let b € B be a general point so that the
fiber X is smooth. Consider the natural morphism

. 0% O

Op: TBJ) — H (Xb’QXb)

induced by the vector bundle morphism
Tj\(:b — f*QByb

defined by contraction with the holomorphic 2-form 7*ox along )Z'b.

Lemma 2.9. The morphism oy, has rank > n.

Proof. Over the open set B? of B of regular values of f, we have the relative
Albanese (or Jacobian) fibration J; — B°. The (2,0)-form ox on X induces a
(2,0)-form

gy = P*UX

on J¢, where P C Jf X go X is a universal divisor, satisfying the assumption that,
for some nonzero integer d,

albg (Py) =dy

for any y € Jyp = Pic’(X,).
We also have the Albanese embedding (up to isogeny)

alby: X0 — Jy,
which maps € X; to alb;f((?g —2)x — K)Z). We have
alby oy =d(29 — 2)o5 (2.7)
since by definition of o, alb} oy =I*ox, where I' is the self-correspondence
x—d((29g — 2)x — K)?t), t=f(x)

of X over B, which induces multiplication by d(2g — 2) on CHg(X )nom because B
is rationally connected. It follows from (2.7]) that we have the inequality of generic
ranks

rank oy > rank o5
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that is,

rank oy > 2n. (2.8)
By construction, the (2,0)-form o; vanishes identically on the fibers J, = J ()~(b)
of m: J — BY, hence induces a contraction map o5: Tgoy — H(Jy,,), and,
by (2.7), we clearly have a commutative diagram

OJb
TBOJ, alb}b ij

| al
Tpo, 2 Qz,

of morphisms of vector bundles on )Z'b, where a := alb~ . Taking global

d(2g d(2g—2)
sections, we get
0J.b

Tpoy HO(Jy,Q,)
| al (2.9)
Tpop = HO(X,9%),
where the second vertical map is an isomorphism. We now have
Claim 2.10. We have the equality of rank along Jy
rank oy = 2rank o . (2.10)

Proof. The torsion points of J;, are dense in Jp, for the Zariski or Euclidean topology,
so it suffices to prove the equality at a torsion point y € J,. Through such a point,
there is a torsion multisection Z, C J, which is transverse to the fiber J;. The
(2,0)-form o ; vanishes on Z,, because torsion points are rationally equivalent (up
to torsion) in the fibers to the origin 0, € J, and all points in the 0O-section are

rationally equivalent in X since the base B is rationally connected. It follows that
the matrix of o; at y in a basis adapted to the decomposition 1’5, = Tz,y®Ty, .y
where Tz,y=TBp, takes the block form

0 M,,,
_tMD'J,b 0 )

where M, ,, is the matrix of .

Using the identifications (2.9 , Lemma - 9| follows from and - O
Corollary 2.11. One has g > n.

Proof. Indeed, this follows from Lemma [2:9]since the rank of oy, is not greater than
g:dimHO(Xb,ng). (]

Remark 2.12. For n = 2, this gives a third proof of Lemma

Let V,: Tp, — Hom(HO(X,, ng), HY(X,, Ogb)) be the infinitesimal variation
of Hodge structure of the family of curves (2.6) at b. We will use the following
classical symmetry result due to Donagi and Markman [I0] (see also [3]).
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Lemma 2.13. The bilinear map Tpp @ Tpp — Hl()?b, O;(b),

(u,v) = Vi(ou(v))
is symmetric in u and v.

Proof of Theorem[I.5 In the situation above, assume that n > 3 and g = n or
g=n+1 Then 2n —1 > n+1 > g. It follows that, at a general point b € B,
the morphism o} has a nontrivial kernel K;, C Tg ;. Moreover, by Lemma @ the
morphism oy, is either surjective or has for image a hyperplane in H O(J}b, K )717)'

Case g =n orn+ 1 and oy is surjective. We first prove

Lemma 2.14. The kernel K, of oy is contained in the kernel of the Kodaira—
Spencer map pp: Tpp — Hl(Xb,T)?b).

Proof. We apply Lemma 2.13] Tt thus follows that for u € K3, and any v € Ty,
we have

Vu(ob(v)) = Vu(on(u)) = 0.
As o}, is surjective, this implies that V,,: HO()~(1,7K§b) — Hl()?b,(’);(b) is identi-

cally 0. However, we know by Proposition that the fibers X, are not hyperel-
liptic, hence the map

HY(X), Tg,) — Hom(H(X,, K5 ), H' (X, 05,))
is injective. Therefore pp(u) = 0. O

Let m: B --» M, be the moduli map, which to a general point b € B associates
the isomorphism class of the curve )N(b. By Lemma the vector space Kj is
tangent to the fiber of m, hence it follows that the map m has positive dimensional
fibers. We thus have, after Stein factorization, a fibration m’: B --» B’ with
connected positive dimensional fibers, having the property that, restricted to a
general fiber of m/, the fibration f becomes isotrivial. Denoting by f’: X --» B’
the composition m’ o f, we can assume by modifying X that f’ is a morphism, and
prove
Lemma 2.15. Assume that X is very gemeral with fized Picard number, that
ba(X)er > 5 and that g < 2241 Then the general fiber of f' is isotropic
for T*ox.

Remark 2.16. Lemma [2.15] says in particular that Ker p, C K}, hence Ker p, =
K, by Lemma In particular, dim B’ = g.

Proof of Lemma[2.75. As the fibration f is isotrivial after restriction to the general
fiber By C B of m/, the fiber X, := f’fl(b’) is rationally dominated by a product
Cy X By, where By is a generically finite cover of By, and Cj is isomorphic to the

fibers of the restricted family, so in particular has genus g. The fact that X is very
general with fixed Picard group implies that the Mumford-Tate group of the Hodge
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structure on H?(X, Q)y; is the orthogonal group of the Beauville-Bogomolov form,
and as proved in [29], this implies that, if the composite map

H*(X,Q)y — H*(X}y,Q) — H'(Cy,Q) ® HY(By,Q)

is nontrivial, then the Hodge structure on H'(Cj,Q) contains a simple factor
of the Kuga—Satake weight 1 Hodge structure of H?(X,Q)s,, hence in particular

by tr—3

g > 2721, This is excluded by assumption and it follows that the form 7*¢

is either 0 or the pull-back of a holomorphic 2-form 73y on the fiber By . 11)1( Iﬁﬁe
first case, the lemma is proved. In the second case, there is a nonzero locally con-
stant holomorphic 2-form n, € H2’0(Bb/) whose pull-back to )?b/ is T*O'Xl)}' ) and
Deligne’s global invariant cycle theorem then implies that there is a holom(b)rphic
2-form 1 on B whose restriction to By is 7. This is impossible, since otherwise

f*n would provide a nonzero holomorphic 2-form on X of rank < 2n. O

Let B{, be the Zariski open set of B’ over which the morphism f’ : X - B is
smooth and let A — B be the Albanese fibration of f’. There is a rational map

Y X --» A,
which is constructed as follows: we define 1) as the composition of the relative Abel
or Albanese map up to isogeny
alb: X --» J(X/B), (2.11)
which we used previously and which to ¢ € X, associates albg ((29 —2)c — K)A(«b),
and the natural rational map

Vab: J(X/B) > A,
inducing over a general b € B the morphism
Yabp: J(Xp) = Alb(Xy) — Alb(Xy), b =m'(b) (2.12)
of abelian varieties.

Remark 2.17. The rational map ¥ might be different from any relative Albanese
map for f’ constructed using a multisection of f’. More precisely, it may differ
from it by translation by a rational section of A over B, that is, a rational map
B --+ A over B'.

We have

Lemma 2.18. The assumptions being as in Lemma[2.15, the image Y :=Imv C A
has dimension dim B’ + 1 and there is a holomorphic 2-form n on any smooth
projective birational model of Y, whose pull-back to X under ¥y: X --+Y is a
nonzero multiple of ox .

Proof. We first claim that for general b € B, with m/(b) = b/, the morphism of
abelian varieties (2.12) is an isogeny on its image. By Lemma the general

fibers of f’ : X — B’ are isotropic for 7*ox, hence there is a morphism

UI/;’ : TB/J)/ — HO(Xb/, Q—;(Ib’)
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of contraction with 7*ox. By Remark [2.16] the morphism
Op: TBJ) — HO()?b,ng)

(which is surjective by assumption in the case we are considering) factors through
an isomorphism

Op: TB’,b’ — HO(X\;b;ng)-

It is immediate to check that the following diagram is commutative:
S ol o
Ty — H (X*b ’Qxb,)
I S
o 0/ v _
TB',b/ # H (Xb7QXb)
This implies that vy, , is surjective, thus proving the claim. It follows from the
claim that the image Im ¢, is a family of abelian varieties .J' — B’ over B’ which
descends up to isogeny the family J(X/B) — B. The image of the curve X} in Jj,
via ¢ obviously does not depend on the point b in the fiber m/~"(b') C B, since by
construction of 1 this is, up to isogeny, the curve X} canonically embedded via the
Abel map (2.11). This proves that dimY = dim B’ + 1. It remains to construct
a nonzero holomorphic 2-form 7 on Yie, satisfying the desired property. Recall
that Y € A := Alb(X/B’). Using a multisection of X --» B’, we get a relative
Albanese map (or rather a multiple, depending on the degree of the multisection)
a% g X --» A. Furthermore, by Lemma using [3] or [30], the relative
Albanese variety A admits a holomorphic 2-form o4 (which extends to a smooth
projective compactification of A) with the property that
* — ~

0% 504 = 0% (2.13)
Let 1 := 04)y,.,- This (2,0)-form clearly extends to a smooth projective compact-
ification of Yieg. It remains to prove that the pull-back 137, which by definition
of n equals ¥*c 4, is nonzero on X. This follows in fact directly from (2.13)), by
observing that the (2,0)-forms

Proa, A

aL o
X/B

on X differ by a holomorphic (2,0)-form on B (see Remark [2.17) and B has no
nonzero holomorphic 2-form. O

Lemma provides us with a contradiction, since dim Y = dim B'+1 = g+1 <
n+2 < 2n because n > 3 and thus the pull-back of 1 to X provides a holomorphic
2-form on X which is everywhere degenerate. This case is thus excluded.

Case g = n+ 1 and o, has for image a hyperplane in HO()?Z,,Q%). We use
the same notation as before, that is, K C T is the kernel of the contraction
map oy: TB,b — HO()A(:b,Q
Lemma 2.14

)?b). In this case, we first have the following variant of
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Lemma 2.19. At a general point b € B, the rank of the map
po: Ky — Hl()?ban(b)
s at most 1.

Proof. By the same arguments as in the proof of Lemmau we find that py(Kp)
is orthogonal with respect to Serre duality to HO(Xb, K5 ) Imoy, Cc H° (Xb7 2K~ b)

As we know by Proposition |1.3| that the general fiber Xb is not hyperelliptic, and
by assumption Imo, C HO(Xb,K;(«b) is a hyperplane, HO(Xb,K)}«b) - Im o} has

codimension at most 1 in H O(J?b, 2K )?b), which proves the lemma. O

As rank o, = n, we have dim K, = n — 1 > 2, and it follows from Lemma [2.19]
that Ker p, # 0, that is, the moduli map has positive dimensional general fiber.
The rest of the proof works as in the previous case, except that the morphism of
abelian varieties 9,1, of can now have a 1-dimensional kernel, so that only
a (g — 1)-dimensional quotient of the Jacobian fibration descends to B’. t

We conclude this section with the proof of Corollary [I.9]

Proof of Corollary[I.g Let X be a very general hyper-Kéahler 2n-fold with n > 3
and by(X)y > 9. By Theorem one has fibgen(X) > 5 and by Theorem
one has cohirr(X) > 4, hence a fortiori RCirr(X) > 4. It thus follows from Propo-
sition [2.5] that fibgon(X) > 4. O

3. MEASURE OF IRRATIONALITY

We do not know if (maybe under some assumptions on bs (X)) the cohomo-
logical irrationality of a hyper-Kéhler fourfold X is at least 4, which would greatly
simplify the proof of Theorem but we can prove a weaker statement that will
be used in the next section.

Proposition 3.1. Let X be a hyper-Kdhler fourfold such that any big divisor on X
is ample. Then there exists no quasifinite morphism f: X —Y of degree 3, where
Y is projective, normal and — Ky, is the restriction to the reqular locus Yieg of a
big line bundle on Y.

Here, by a “big line bundle on Y” we mean the sum of an ample line bundle
and an effective divisor. Our assumptions on Ky, thus mean that there exists an
ample line bundle £ on Y, and an effective divisor E in Y, such that

Ky, = L7H(=B)jy,,- (3.1)

Proof. We argue by contradiction. We first observe that, under our assumptions,
RO(Y, K5) = 0 for any desingularization Y of Y. Indeed, using (3.1, we get that

HO(Y;egaKYreg) CH (}/reg’[:\Yle )

and the right hand side is zero, since Y is normal and £ is ample. This fact also
implies that h%(Y) = 0, since otherwise the 2-form on X would be pulled back
from Y, hence also its (4,0)-form, while we know that h*°(Y) = 0.

Rev. Un. Mat. Argentina, Vol. 64, No. 1 (2022)



RATIONAL FIBRATIONS OF HYPER-KAHLER MANIFOLDS 179

The ramification divisor R of f, which is well defined on f~!(Y;eg), belongs to
the linear system | f*(—Ky)|, hence is big on f~1(Y;eg). There is a second effective
divisor R' in 7! (Yeg) C X, namely f~'(f(R)) —2R. The divisor R’ is not empty,
since its image in Y;cg is equal to f(R). We now prove

Lemma 3.2. The locus defined as the intersection
S:=RNR (3.2)
in XY := X\ f~1(Yang) is isotropic for the 2-form ox.

Proof. We observe that, due to the fact that the map f is quasifinite (hence finite
over the smooth locus of Y), the locus consists of points x € X such that the
length of the fiber f~1(f(z)) at x is at least 3, hence equal to 3 since the degree
of f is 3. For all these points x € X, the class 3z € CHy(X) is thus the inverse
image of a 0-cycle of Y. Tt follows from Mumford’s theorem [26] that the restriction
of ox to any desingularization of S is the pull-back of a 2-form defined on Yieg,
and in fact on a desingularization Y of Y. However, as mentioned above, we have

h20(Y) = 0. O

In order to finish the proof, we have to see what happens along the singular
locus Ying of Y.

Lemma 3.3. Any 2-dimensional component of f~'(Ysing) is also Lagrangian for
ox.

Proof. Let ¥5 be the union of the 2-dimensional components of ¥ := Sing Y and
let y € ¥y be a general point. We claim that f~!(y) consists of a single point.
By flattening, after blowing up Y to a smooth variety }7, the exceptional fiber of
7:Y — Y has connected fiber over y, because Y is normal, and it parameterizes
schemes z of finite length with support the fiber f~!(y). The local multiplicities
of z at any of its points z € f~!({y}) cannot be 1, as otherwise the local degree of
f near the point = would be 1 and, by normality, f would be a local isomorphism,
contradicting the fact that Y is singular at y. This implies that f~1({y}) contains
at most one point, since the sum of the local degrees over Y;¢, is 3. The argument
above shows that points of Y over y € Yiing parameterize subschemes of length 3
supported at a single point x € X over y. It thus follows again by Mumford’s
theorem [26] that the restriction of ox to f~1(X3) is the restriction of a 2-form
on 37, hence 0 by the argument already used. O

We now consider the Zariski closures R of R and R’ of R'.

Corollary 3.4. The intersection RN R’ is isotropic for ox. In particular, it has
dimension 2, since there is no divisor in X which is isotropic for ox.

Indeed, this is true away from f~!(Ying) by Lemma and over Ygng by
Lemma

The contradiction now comes from the fact that R’ is a nonempty divisor in X,
so that the restriction & of ox to R/, or rather its pull-back to a desingularization
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T : R’ — R’ of R/, is nonzero. As the ramification divisor R is a big divisor on
X since it is linearly equivalent to f*(—Ky) over Yie,, it is an ample divisor by
our assumptions, hence its pull-back 7'"R to R’ is big, where 7/ : R’ — X is the
composition of 7 and the inclusion map R’ < X. This contradicts the fact that the
surface R N R’ C R/, hence also its inverse image in R’ is isotropic for the 2-form
@ on R’. This concludes the proof of Proposition O

4. RATIONAL MAPS FROM HYPER-KAHLER FOURFOLDS: A VARIANT OF A
THEOREM OF O’GRADY

In the paper [27], O’Grady proves the following result.

Theorem 4.1. Let X be a hyper-Kdhler fourfold which is numerically equivalent
to K312 Assume that p(X) = 1 and Pic(X) is generated by one positive line bundle
H with gx(H) = 2, or equivalently, H* = 12. Then the rational map

bp: X - P°

is either birational to a hypersurface of degree 12 > d > 6, or of degree 2 over a
hypersurface of degree 6 whose desingularization has py # 0.

Here, “numerically equivalent” means that the lattice (H?(X,Z), qx) is isomor-
phic to the corresponding lattice for K3[2l. As explained in [27], Theorem is
equivalent to excluding the possibilities where the image of ¢y is of dimension < 4
or a hypersurface of degree < 6. In these two cases, the image would be rationally
connected by [22].

In this section, we are going to extend Theoremto the situation studied in [9].
The hyper-Kéhler fourfold X is only supposed to be very general with p(X) = 2
and to admit two line bundles L and M satisfying

L*=M*=0, L’M?=2, (4.1)
which gives (L + M)* = 12 since this implies, by [5], that
L*M = LM? =0. (4.2)

It is proved in [9, Theorem 1.7] that such an X has b3(X) = 23 and the same Chern
numbers and Fujiki constant as K32, and that the Riemann-Roch polynomial
(X, kL + k' M) coincides with the similarly defined polynomial on K3 equiped
with line bundles L, M satisfying ; however, we do not know a priori that X
is numerically equivalent to K3[2!. The following result is in fact needed in order
to prove that X as above is deformation equivalent to K32 so that, a posteriori,
X is numerically equivalent to K3[? (see [9) Theorem 1.5]).

Theorem 4.2. Assume that X, L, M are as above, with L, M nef and X wvery
general with p(X) = 2, and that h°(X,L) = 0. Then ¢rip: X --» P° does not
have rationally connected image.

Remark 4.3. The conditions L, M nef and h°(X,L) = 0 imply that no divisor
in |L + M| is reducible. Indeed, if L and M are nef, any effective divisor D on X
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satisfies ¢(L, D) > 0 and ¢(M, D) > 0, so that D is a combination with integral
nonnegative coefficients of L and M.

Note that [9, Proposition 6.3] proves that ¢y : X --» P® has rationally con-
nected image, so that, in fact, an X as above, with L and M nef satisfying
and h°(X, L) = 0, does not exist.

The proof of Theorem will be done in several steps. Although the statement
is very similar to that of Theorem [£.I] we cannot use O’Grady’s strategy, which
proves first that any surface which is the complete intersection of two members
of |L + M| is reduced and irreducible, a statement that is a priori not true in
our situation. Nevertheless, using the fact that (L + M)* = 12, and under the
assumption that no divisor in |L 4+ M| is reducible, a number of his arguments go
through in our situation where p(X) =2 and L, M are nef.

The following lemma will be very much used in the proof. We denote ! = ¢1(L) €
Hdg*(X,Z), m = ¢;(M) € Hdg*(X,Z).

Lemma 4.4. Assume X is as above, very general with p(X) = 2. Then there is no
surface X C X such that the class (14+m)? — 3[%] € Hdg* (X, Z) is pseudoeffective.

Proof. We argue as in the proof of [9, Claim 6.2]. Any integral cohomology class
n € H*(X,Z) has an associated matrix

a b
= (52

with a = (n,1?)x, b = (n,ml)x, ¢ = (n,m?)x. If n is the class of a surface in X,
this matrix is nonzero, since L + M is ample and has nonnegative coefficients as
L and M are nef. We follow some computations and arguments of [27], which
we can do as we are in a very similar numerical situation, namely our X has by
[9, Theorem 1.7] the same Chern numbers, Betti numbers and Fujiki constant as
Hilb?(K3). As by(X) = 23, one has an isomorphism given by cup-product (see
[5, 13])
Sym® H?(X,Q) = H*(X,Q),

which induces a decomposition

H*(X,Q) = Sym® H*(X, Q) & H*(X,Q)r ® NS(X)g & Sym®NS(X)g. (4.3)

As X is very general, the Mumford-Tate group of the Hodge structure on H?(X, Q)y,
is the orthogonal group of the Beauville-Bogomolov form ¢x, so that the only
Hodge classes in Sym? H?(X,Q);, € H*X,Q) are multiples of the class ¢ in-
ducing the Beauville-Bogomolov form. By and , the classes [? and m?

satisfy
0 0 2 0
Mp:(O 2), Mmzz(o 0),

while the integral Hodge classes {m and co(X) satisfy
0 2 0 A
My, = (2 0) ) Mc2(X) = </\ 0) )
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with A = 30 as for a hyper-Kéhler fourfold of K32 deformation type. It is indeed
a general fact that the Beauville-Bogomolov form for hyper-Kéhler fourfolds is a
nonzero multiple of the quadratic form g.,(x)(c, 8) = (af, c2(X))x on H*(X,Q).
The computation of the coefficient ) is as in the case of K3[2, since it is determined
by the Riemann-Roch polynomial and the Fujiki constant. It follows from
that the space of rational Hodge classes on X is generated by Sym? N S(X)g and ¢,
and the kernel of the map n — M, on Hdg*(X,Q) is of rank 1, generated by
c2(X) — 15ml.

Let f = [X] and e = (I+m)?—3f € H*(X,Z) be the two pseudoeffective classes
considered. The corresponding matrices M, and M thus satisfy

2 4
3Mf+Me—<4 2)3

and as both matrices are nonzero, with integral nonnegative coefficients, we must

have
0 1 2 1
w00, w2 )). »

0 1 2 1
(1 O) = M%mla (1 2) = Ml2+m2+%ml' (45)

It follows from (4.4]) and (4.5 that for some coefficient n € Q we have

Note that

1 1
f= iml +n(ca(X) —15ml), e=1*+m?+ §ml —3n(ca(X) — 15ml).  (4.6)

We now compute the self-intersection of these integral cohomology classes and
conclude that

1 1
2= 3+ 7 (ca(X) — 15ml)? = 5+ 37802

We thus conclude that 2- 37812 is an integer, and as 378 = 27-2-7, it follows that
67 is an integer. From the first equation in (4.6]), with f effective, we now conclude
that n < 0, since otherwise n > % and % — 151 <0, so

nea(X) = f + (1577 — ;) Im,

with all coefficients positive and f effective. This is equation (32) in [, Proof of
Claim 6.2], which is proved there to be impossible.
From the second equation in (4.6]), we now deduce that

—3nca(X) =e— 12 —m? + (4577 - ;) ml. (4.7

We claim that this implies n > —1—18. This is proved by integrating against both

terms of ([4.7) a class a?, where a € H1(X)g is in the boundary of the Kéhler
cone and satisfies ¢(a) = 0. We get

0="(e,a®)x — (I*,a®)x — (m? o) x + <45n - ;) (Im,a?)x. (4.8)
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Using the Fujiki relations (with Fujiki constant equal to 3), we have

(By,0%) x = 2qx (o, 7)ax (o, B)
for any «, 3, v € H?(X,C) such that gx(a) = 0. Thus (4.8 gives
1
0= (e,0?)x —2qx(I,a)* = 2qx (m, a)* + 2 <—4577 - 2) ax (I, @)gx (m, @)
and, as e is pseudoeffective, (e, a?)x > 0 when « is in the boundary of the Kihler
cone, which by [I5, Proposition 3.2] is satisfied once ¢x (I,@) > 0, gx(m,a) > 0.

In conclusion, we proved that

1
ax (I, a)® + gx (m, a)* + (4577 + 2) gx(l,)gx(m, o) > 0

once gx(l,a) >0, gx(m,«) > 0. It follows that 4517 + % > —2, which proves the
claim.

As we know that 67 is an integer and n < 0, the claim gives a contradiction,
proving the lemma. U

The proof of Theorem [£.2] will be obtained by a case-by-case study. Assuming
¢r+n has rationally connected image, we have, by adapting arguments of [27],
the following three possibilities (the case where the image is a curve being directly
excluded by the fact that no divisor in |L + M| is reducible):

(1) Y = ¢rm(X) C P5 is a surface of degree d > 4.

(2) Y = ¢r1m(X) is a 3-fold of degree 3 < d < 6. In the case of
degree d = 6, the indeterminacy locus of ¢ has dimension 0.

(3) Y = ¢rm(X) is a 4-fold of degree 2 < d < 4 and the degree of
Op+m: X --» Y is at least 3.

The bound on the degree d in follows from the fact that the image Y is
linearly nondegenerate in P°.

The bound on the degree d in follows from the fact that the image Y is
linearly nondegenerate in P° and that the general fiber is a curve F such that
d[F] +e = (m +1)® in Hdg®(X,Z) for some pseudoeffective class e (we use the
ampleness of L+ M here). Indeed, as we assumed p(X) = 2, the group Hdg® (X, Q)
is generated by [?m and m?l. An integral pseudoeffective curve class in X can thus
be written as al?m + fm?2l. By intersecting with [ and m, we find that 2 and
2 are integers, and furthermore, they are nonnegative since L and M are nef.
Applying this argument to [F] and e, and using (m + 1)® = 3m?2l + 3mli?, the
equality d[F] + e = (m +1)3, with [F] and e pseudoeffective, implies that d < 6.

The bound on the degree d in follows from ampleness of L + M and the fact
that (I+m)* = 12. Furthermore, as in [27] (see also Lemma, one uses the fact
that the degree of X over Y is at least 3 since pg(f’) = 0. Here and in what follows
we denote by Y a desingularization of Y and by ¢: X>Ya desingularization of
¢: X -—» Y.

We thus have to exclude each of these possibilities. Let us start by excluding a
few easy cases.
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Lemma 4.5. The image Y C P? of ¢4 95 not a surface of degree d > 4.

Proof. Otherwise, the general fiber F' would be a surface in X such that (I +
m)? — d[F] = e, where e is the class of a surface (which is a union of irreducible
components of the base-locus of |L + M]), and this is excluded by Lemma O

Lemma 4.6. The image Y C P° of ¢r4ar is not a threefold of degree 3.

Proof. By [12], a linearly normal 3-fold Y of degree 3 in P° is a cone over a rational
normal scroll. Such a Y is fibered into linear spaces over P! and has many reducible
hyperplane sections, in the sense that it is swept-out by reducible hyperplane sec-
tions, with at least two mobile irreducible components. In that case, X would thus
have, by taking pull-back under ¢, pr, reducible divisors in | L+ M|, contradicting
our assumption that h°(X, L) = 0 (see Remark [4.3). O

Lemma 4.7. The image Y C P? of ¢4 s not a fourfold of degree 4.

Proof. By item above, the rational map ¢y X --+ Y has degree > 3. As
(L+ M)* =12 and L+ M is ample, the case where dimY = degY = 4 is possible
only if ¢1.4 s is a morphism of degree 3 (see [27, Corollary 4.7]). As L+ M is ample,
the morphism ¢4 s is quasifinite to its image and the same is true for the induced
morphism ¢y X — Y, where Y, is the normalization of Y. The big divisors
are ample on X since, by Remark [£.3] the pseudoeffective cone of X is generated
by two nef line bundles, and the regular locus of Y,, has a big anticanonical bundle,
hence this would contradict Proposition (3.1 O

Lemma 4.8. If the image Y C P of ¢ is a hypersurface of degree 3, the
degree of ¢ X --+»Y is 3.

Proof. The rational map ¢r s is of degree > 3 by item above, and it cannot
be of degree > 5 since (L + M)* = 12 > degY deg ¢ 1.1 ar, because L + M is ample
(see [27]). So we have to exclude the case where deg¢rpr = 4 and degY = 3,
where the equality (L + M)* = 12 = deg Y deg ¢+ s holds, implying that ¢ s
is a morphism (see [27, Corollary 4.7]). Let C C Y be a general plane section and
let Cx C X be its inverse image in X. We observe that Y cannot be singular in
codimension 1, as otherwise it would have reducible hyperplane sections; hence, by
taking the inverse images under the morphism ¢r s, X has reducible members in
|L + M]|. It follows that the curve C is a smooth elliptic curve. We use now the
results proved in the course of the proof of Proposition 6.4 and in [9, Lemma 6.8].
They imply that, under our assumptions on X, L, M, the rational map ¢or 4 ar(c
factors through the degree 4 rational map ¢r oy : Cx — C. Note that the
linear systems |L + M| and |2L + M| on X have no fixed components. Indeed, this
is clear for the first one as |L + M| has no reducible divisors; for the second one, as
we assumed h°(X, L) = 0, and we have h®(X,2L + M) = 10, h%(X,L + M) = 6,
the only fixed component could be in [2L| and we would then have h°(X, M) = 10,
or it could be in |M| and we would then have h%(X,2L) = 10. Both possibilities
are easily ruled out, using [9, Lemma 5.1] and [I6] (see [, Subsection 5.1] for the
complete argument). As the curve C'x is mobile, it follows that the linear systems
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|L+ M| and |2L + M| have no base points along C'x, hence the factorization of the
morphisms mentioned above shows that the linear systems H°(X, L + M )jcx and
HO(X,2L +M )jcx are pulled back from linear systems on C. A fortiori, we get
that the line bundle (2L + M),c, is pulled back from a line bundle on C, hence
the degree of (2L + M)|¢, is divisible by 4. This contradicts the fact that

deg(2L 4+ M) o, = (2L + M)(L+ M)? = 3(2L + M)(L*M + M L?) = 18,
which is obtained by using the equalities L2M? = 2, L3M = 0, LM?3 = 0 of (# .

and (| .

Lemma 4.9. The image Y C P° of ¢rar is not a fourfold of degree 2.

Proof. IfY is a quadric, the general plane section C of Y, defined by a 3-dimensional
vector subspace W3 C HY(P?, Ops (1)) = H°(X, L+ M), is a smooth conic, as other-
wise Y would be singular in codimension 1, hence reducible. We thus have C' = P!
and denote by Op1(1) the degree 1 line bundle on C. We recall from [9, Proof of
Proposition 6.4] that, under our assumptions on X, L, M, assuming that Y is a
fourfold, and given a general plane section C of Y, the mobile part X of gbZi u (@),
or equivalently the Zariski closure of the locus in X \ BL(L + M) which is defined
by Ws, is an irreducible curve with the following properties (we denote below by
¢r+M,c: Xc — C the restriction of ¢rya to X¢):

(1) dim H*(X, L+ M),x,, = 3.

(2) dim H°(X,2L + M) x, = 5 or 4, and in the second case, ¢2r+n(Xc)

is a rational cubic curve in P3.

(3) dim H(X,3L +2M)|x, < 8.
(a) If dim H%(X, 2L + M) x. = 5, denoting by W; the space H°(X,2L + M)x,
and by W3 & Sym® W» the space H(X, L + M)|x,,, with Wy := H°(C, Op (1)),
we study the multiplication maps

p: Wy @ Wy = H°(Xe, (2L + M) x, @ 671 21,cO0p (1))
with image W', and
p': Wo @ W — H(X,3L 4 2M)x,
with rank / < 8. We get by the Hopf lemma applied to both multiplication maps
that dim W’ = 6 or dim W’ = 7. In the first case, the equality in the Hopf lemma

is satisfied by u, and in the second case, the equality in the Hopf lemma is satisfied
by p’. In both cases, we conclude that

Ws = 61, H(C,0p (4) = 61,1 H(C, 0c(2)). (4.9)

It follows that the rational morphism ¢or43r: X --+ PY factors rationally through
Y. Furthermore, the linear system |2L + M| has no fixed component, as we already
explained in the previous proof. We also observe that the quadric Y must be of
rank at least 5, as otherwise it would have many reducible hyperplane sections, and
X would contain reducible divisors in |L + M|. It follows that Pic(Y \ SingY) =
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ZOy (1). These facts, together with the equality (4.9)), imply that we have an
equality of divisors in X,

2L+ M =2(L+ M) —E,

where E is an effective divisor in X contracted by ¢r4a. Thus E belongs to |M]|
and must be irreducible and contracted by ¢r4as to an irreducible subvariety W
of Y. Furthermore, this equality induces an equality of spaces of sections,

HY(X,2L+ M) = H°(Y,0y(2) @ Iw).

As H°(X,2L+ M) is of dimension 10 (see [9]), W imposes at most 11 conditions to
the quadrics. On the other hand, W must generate linearly at least a P*. Otherwise,
W C P3 and Y is swept-out by linear sections containing . Thus there would be
reducible divisors in |L + M|, namely inverse images of general hyperplane sections
of Y containing W, which contain £ and a mobile component, contradicting our
assumptions. Finally W cannot be a curve. Otherwise this curve would have degree
at least 4 and the map £ — W would have 2-dimensional fibers of class F'; choosing
three general points on the curve W and two general hyperplanes in P° containing
these three points, we would conclude that (I +m)? — 3F is effective in X, which
is excluded by Lemma An irreducible linearly nondegenerate surface W in P*
or P° imposes at least 12 conditions to quadrics (as the only irreducible linearly
nondegenerate surface in P* contained in three quadrics is a cubic scroll, residual
of a plane in the complete intersection of two quadrics, see [14], p. 50]), and this is
a contradiction.

(b) The other case, where dim H%(X,2L + M) x, = 4, and ¢or+m(X¢) is a
rational cubic curve in P2, is still easier. Indeed, we prove as above (see [J]) that
the rational map ¢or 4y factors through ¢r s, and thus there is a linear system
on Y which is of degree 3 on the plane sections C' of Y. This is impossible under
our assumptions since, as we argued above, the quadric Y has rank at least 5, hence
Y has cyclic Picard group generated by Oy (1). O

Lemma 4.10. The image Y C IP° of ¢rar is not a threefold of degree 6.
Proof. First of all we prove

Claim 4.11. Assume Pic X is generated by L and M, with L and M nef isotropic,
and the image Y C P° of ¢p s is a threefold of degree d = 4,5 or 6. Then the
general fiber F of ¢ is a curve of class %(L2M + M?L), and it is of genus 3
when d = 6.

As before, by “general fiber of ¢r12s” we mean “general fiber of a desingular-
ization ¢L+M: X =Y of ¢L+M”.

Proof of Claim[{.11} Using the fact that L + M is ample, and arguing as in [27],
the image f of F in the group of 1-cycles of X modulo numerical equivalence (or
in Hy(X,Z)) satisfies

df = (1+m)* —e=3(*m+m?) —e, (4.10)
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where the class e is the class of a pseudoeffective 1-cycle. Under our assumptions
on L, M, the group of pseudoeffective 1-cycles is contained in the cone generated
over Q by {?m and Im?. Furthermore, the classes %l2m and %lm2 are integral and
any integral cohomology class in (I?m,m?l)q is an integral combination of £12m

and 1im? as one sees by intersecting them with L and M. It now follows from
(4.10) with d > 4 that one of the following possibilities holds:

Lo 2 Lo L o
fzi(lerml), fzilm, fziml.

Next we observe that the image of F' in X is an irreducible component of the
intersection of three members of |L + M|, and it follows by adjunction that

deg Kp <3(l+m)f. (4.11)
If f = %ZQm or f = %mQZ, we get from that deg K < 3, that is, F' is
of genus 0, 1 or 2, which contradicts Proposition [I.3] Hence we conclude that
f = 2(1®m+m?2l), which proves the first statement. When d = 6, we have e = 0 by
the inequality and it follows as in [27] that the base locus of |L + M| consists
of isolated points. The equality in would imply that the holomorphic Euler—
Poincaré characteristic X(Z , (92) equals the holomorphic Euler-Poincaré character-
istic x(Z,O0z), where Z is the complete intersection of three members of |L + M|
and Z is its normalization. This is not possible, since the normalization map Z—7Z

is nontrivial because Z is connected and Z is not connected; hence we conclude
that the inequality is strict in (4.11])). Therefore we get in this case deg Kr < 6 and
so the genus of F' is at most 3, hence equal to 3 by Proposition [[.3] O

We now concentrate on the case of degree d = 6. As noted above, the indeter-
minacy locus of ¢4 consists of isolated points. We first prove

Claim 4.12. There is a single indeterminacy point x € X.

Proof. Let 7: X — X, (£L+M : X — Y be a resolution of indeterminacies of OL+M-
As we know that 7 has rank at most 1 over the indeterminacy points z1,...,zn,
each irreducible component of the canonical divisor K 5 of X, defined as the zero-

locus of the form 7'*031(, appears with multiplicity at least 3. If F' C Xisa general

fiber, we know by Claim that K s =4 hence it follows that F' meets a
single irreducible component of K % This implies that N = 1, as the image of F’
in X passes through all indeterminacy points x;. O

We now examine the order of vanishing of sections of L + M at x.

Claim 4.13. (i) There is no section of L + M wvanishing at x to order 3 or more.
(i) There exists a section of L + M whose zero set is nonsingular at x. The
rank of the evaluation map e,: H(X,L+ M) — Qx , @ (L + M) is exactly 1.
(iii) Let V; C T'x 5 be the hyperplane defined by any linear form in Ime,. Then
the rank of the evaluation map HO(X,L + M) — Sym? V* @ (L 4+ M) is 5.

Proof. (i) We have 7*(L+ M) - F = 2 by Claim If a section of L+ M vanishes
to order > 3, it thus vanishes on all the curves 7(F'), hence on X.
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(ii) If all sections of L+ M vanish to order > 2 at x, the local intersection number
at x of 4 sections of L + M forming a regular sequence is at least 16, contradicting
the fact that (L + M)* = 12. Suppose now that there are two sections s, s’ of
L + M with independent differentials at z. Choosing them general, they define a
smooth surface S C X passing through . This surface is swept out by curves 7(F')
contained in it, hence it follows by the same argument as before that a nonzero
section in H(X, L + M)|s cannot vanish at order > 3 at x. There cannot be a
complete intersection of three sections of L + M which is smooth at x (since there
are at least 6 curves F; passing through z in such complete intersection), hence any
section in H%(X, L + M),s vanishes to order > 2 at . The space H(X, L+ M)s
is 4-dimensional and the evaluation map

ex,s: H(X,L+ M)s — Sym*Qg, ® (L + M)

has rank at most 3. Hence e, s has a nontrivial kernel providing a section whose re-
striction to S is nonzero and vanishes to order 3 at x. This contradiction proves (ii).

(iii) The argument is the same as before, since, denoting by X; C X the zero
locus of a general section s of L + M (so that V,, = T, ), any element of H°(X,
L + M) x, has 0 differential at = but cannot vanish to order > 3 at . The
conclusion thus follows from the fact that H(X, L + M)|x, has dimension 5. O

A contradiction arises as follows: the 5-dimensional space of quadrics on P(V,)
given by Claim (iii) either has no base point, or is the space of quadrics van-
ishing at a point u € P(V,). In both cases, if we take three general sections of
HO(X, L+ M),x,, they provide a rational map X, --» P? that is undefined only
at x, at which the three sections vanish at order 2. Blowing up = in X, and denot-
ing by E, s the exceptional divisor over x, we get sections of (L + M) x, (—2E; ).
The restricted rational map ¢y g, : Ers ——» P? is given by a general linear
system of quadrics vanishing at one point in the second case, or by a linear system
of quadrics without base points in the first case. It is thus generically finite of
degree < 4. However, this contradicts the fact that it factors as the composition
of the dominant rational map

Ea:,s -2 sz — ]P)Qa

where Y; is the hyperplane section of Y defined by s and the second map is a
general linear projection, hence has degree 6. (]

Combining Lemmas [1.5] [£.6] [4.7] [£:9] and [£.10] we find that, in order to prove
Theorem[£.2] we only have to prove the following Proposition[d.14] which eliminates

the case where the image is a cubic hypersurface, and Proposition which
excludes the cases where Y is a 3-fold of degree 4 or 5 in P5.

Proposition 4.14. The image Y = ¢4 (X) C P° cannot be a cubic hypersur-
face.

We establish a few lemmas in order to prove Proposition [£.14 We first prove

Lemma 4.15. IfY is a cubic hypersurface, it cannot be singular in codimension 1.

Rev. Un. Mat. Argentina, Vol. 64, No. 1 (2022)



RATIONAL FIBRATIONS OF HYPER-KAHLER MANIFOLDS 189

Proof. If the singular locus of Y has dimension 3, it must be a P3, and either Y is
a cone over a cubic surface or the equation of Y takes the form

fr= x%xz + zor1T3 + x%m, (4.12)
for an adequate choice of coordinates x;, xg = x1 = 0 being the equations defining
the P3 contained in SingY. The first case is excluded as follows: If Y is a cone

over a cubic surface S, the linear projection 7: Y --» S from the vertex composes
with ¢4 to give a dominant rational map
1/JZ7TOQ5L+M: X -8

with general fiber F,, © € S. For any general set {z1, 22,23} of three collinear
points in S, the three surfaces Fy, are homologous in X and satisty [F,] + [Fy,] +
[Fi,] +e= (I+m)? in H*(X,Z), where e is the class of an effective surface in X,
which contradicts Lemma.4] In the second case, where Y is defined by an equation
fy asin , Y has many reducible hyperplane sections. Indeed, in the above
coordinates the hyperplane section {z3 = 0} is the union of the two components
{1 =22 =0} C Y and {zozs + 124 = 2 = 0} C Y. Using the natural SO(3)
(or SL(2)) action on Y, it is easy to see that both components are mobile. Thus X
would have reducible members in |L + M|, which is excluded by assumption. O

By Lemma [£.15] if Y is a cubic hypersurface, the general plane sections C' :=
PNY are smooth elliptic plane curves. We now choose a desingularization Y of ',
so that Y;ee C Y, and prove

Lemma 4.16. IfY is a cubic hypersurface, there exists a line bundle L on Y such
that deg Lc = 5 and the pull-back ¢7 .\, L of L to X satisfies

oL + M = ¢} .y L(—E) (4.13)

for some effective divisor E in X which is contracted by ¢pypr: X --+ Y. Fur-
thermore, the sections of 2L + M are pulled back from sections of L on Y. In
particular,

R (Yreg, Lreg) > h°(X, 2L + M) = 10, (4.14)

where Lieg := Lyy,,, -

Proof. Denote by D C X the curve qﬁz}r w(C) (that is, the mobile part of the
closed algebraic subset defined by the three equations «,3,y of L + M on X
corresponding to the three sections of Oy (1) defining C). We recall from [9, Proof
of Proposition 6.4] that, under our assumptions, the linear systems

Ws:=H%(X,L+M)p, Ws:=H"(X,2L+M)p, Ws:=H’(X,3L+2M)p

are of respective dimension 3, > 5, < 8. Then [0, Lemma 6.8] proves, using the
multiplication map

w: Wy @ Wy — Wy,
that these three linear systems are pulled back from linear systems Wy, W¢, W¢ on
the curve C'. By removing the base points, we may assume that the linear systems
W4, Wi and W{ have no base points on C. This defines a line bundle L& on C' such
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that W) c H°(C, L¢) and has no base points. Note that W} gives the embedding
of C' as a plane curve.

Claim 4.17. One has Wi = H°(C, L¢); equivalently, the line bundle Lo on C has
degree 5.

Proof. We have a base-point-free not necessarily complete linear system W; C
H%(C,L¢) of dimension > 5 on C such that the image of the multiplication map

Wi @ Wi — H(C, Lc(1))

has rank < 8. Up to taking a general vector subspace, we can assume dim W/ = 5.
Let z, y, z be three general points of C. Then the linear system W2la:yz of elements
of W/ vanishing on z, y and z has dimension 2 and the rank of the multiplication
map
Wé ® Wé,z,y,z - HO(Ca EC(l)(ix - Y- Z))

is at most 5, hence has a nontrivial kernel. By the base-point-free pencil trick, one
has HY(C, L5 (x +y + 2)(1)) # 0, hence deg L&' (z +y + 2)(1) > 0 since =, y, 2
are arbitrary. It follows that deg L& < 6, hence deg L& = 5 and the linear system
WY is complete. O

We now conclude the proof of Lemma As the rational map ¢ar s on
each curve D C X as above factors through the corresponding curve C' C Y, there
exists a line bundle £ on the chosen desingularization Y of ¥ such that |£] has
no fixed components and ¢, o ¢ryyr = darry- As we already explained in the
proof of Lemma the 10—dimensional linear system H°(X, 2L+ M) has no fixed
component. This implies formula (4.13)); the divisor E appears because a divisor
contracted by @r+nM can appear in the fixed part of the linear system ¢7 , M|£|

Equality (4.14) follows. Finally, as H O(Y L) has no fixed component and C' C Y

is in general posmon HO (Y L)|c has no base point, hence £L;c = L, where L¢
appears in Claim It thus follows from Claim that deg £ = 5. O

Lemma [4.16] indicates that if Y is a cubic hypersurface, it has a singular locus
which is of dimension at least 1. Indeed, if Sing Y is isolated, the general hyperplane
section Y’ of Y is smooth, hence has Picard number 1 and thus any line bundle on
Yiee has degree divisible by 3 on the plane sections of Y’. Going farther, we now
prove

Lemma 4.18. IfY is a cubic hypersurface, the singular locus of Y has dimension
at least 2.

Proof. Assume by contradiction that the singular locus of the cubic hypersurface
Y has dimension < 1. The notation L,eg € PicYeq being as in Lemma 16} we
prove

Claim 4.19. There ezists a divisor D C Y which is a linear P2 C' Y C P° such
that

»Creg = OYmg( )( D)
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Proof. Let S C Y and H C Y be general linear sections of Y, with dim S = 2,
dimH = 3 and S C H. The surface S is thus smooth by our assumption and
contained in Y;¢g. Assume ¢;(£L)g)? > 7. Then, denoting L' := Oy, (2) ® L}, the
line bundle LY := EI 5 satisfies

c1(Ls) Ks=—1, c1(Ls)?>7+12-20=—1; (4.15)

hence we have (S, L%) > 1 and it follows from the first equality in that
h%(S, L) = 0, hence hY(S, L) # 0. Thus L5 = Og(Ag) for some line Ag C S.
We now show that the lines Ag for all S C Yie fill-in only a divisor D in Yieg.
To see this, we observe that if C' C S is a smooth plane section, the intersection
AgNC is a point x € C that satisfies

It follows that x does not depend on S containing C. Fixing x and moving C
containing z, we finally conclude that, if a point € Ag for some S, then x € Ag
for any S containing x. This proves the existence of the divisor D. This divisor
is then a P3, since it contains at least a 4-dimensional family of lines (indeed,
a given line is contained in a 4-dimensional family of surfaces S and there is an
8-dimensional family of surfaces S). Finally, we found that the divisor D & P3 C YV
satisfies

Lis =1Ip(2)s
for any smooth surface S C Yicg. It easily follows that L,e = Zp(2).

We next assume that ¢;(Lg)? < 5. Then, as |£g| has no fixed part, it is nef
and we have h'(S, Ljs) = 0, h*(S, Ljs) = 0, since —Kg is ample. Hence we have
in this case
a(Lis)* —ei(Lys) - Ks

2
Comparing with , we get h0 (Yieg, Lreg ® Ig) > 4, and considering as above a
general pair S C H C Y, we conclude that either

(1) h°(Yieg, Lreg(—1)) = 2, or
(2) h°(Hreg, Lreg(—1)t,0,) = 3.

In the case (1), the divisor of a general section of L,es(—1) has degree 2, hence
it is reduced by Bertini and there are two possibilities:

(a) The divisor of this section is the intersection Q3MY;e, for some 3-dimensional
quadric Q3 C Y such that Q3N Yieg € [Lreg(—1)]. There is then a residual P> C Y
such that P3 4 3 is a hyperplane section of ¥ and the lemma is also proved in
this case.

(b) The divisor of this section is the intersection with Y;cg of the union D U Do
of two P¥’s contained in Y such that (Dy UD3)NYyee € |£(—1)| and dim Dy N Dy =
1. In fact, this case is impossible because the intersection of Dy U D, with a
general cubic surface S C Y as above is the disjoint union of two lines, hence is a
rigid divisor. It follows immediately that h°(Yieg, Lreg(—1)) < 1, contradicting the
inequality (1).

< 6.

hO(S, ElS) =1+
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The case (2) is excluded as follows. We get that the divisor of a general section
of Lreg(—1), H,., has degree 2, hence it is reduced by Bertini and there are two
possibilities:

(a) There is a 2-dimensional quadric Q2 C H such that Q2N Hyeg € |L)m,,, (—1)]-
But then h°?(Hieg, Lreg(—1)a,.,) < 2, contradicting the inequality (2).

(b) There are two planes P, P’ C H such that (P+P')NHyeg € |£g,,,(—1)]. But
then we find as above h°(Hyeg, £(—1)|s,.,) < 1, contradicting the inequality (2).

The claim is thus proved. 0

We now conclude the proof of Lemma Let D = P? C Y be as in
Claim We have h%(Yreg, Zp(2)) = 11, whﬂe RO(X, 2L + M) = 10. The inclu-
sion H*(X,2L + M) C H®(Yieq, Zp(2)) given by Lemmas and Claim [4.19] is
thus the inclusion of a hyperplane. Let Hxy C X be a general member of |L + M|,
that is, the inverse image qbzi v (Hy), where Hy C Y is a general hyperplane
section. Then H®(Yieg: Zry ® Ip(2)) = H®(Yieg, Ip(1)) has dimension 2, hence it
intersects nontrivially the hyperplane H°(X,2L+M) C H%(Y;eg: Zp(2)), providing
a nonzero section of the line bundle

2L+ M)®Zy, =1L

on X, which is excluded by the hypotheses of Theorem [£.:2] The lemma is thus
proved. O

Proof of Proposition[{.1] Using Lemmas and the singular locus of a
cubic hypersurface Y = Im ¢ has dimension 2. We observe now that the arguments
in Lemma [£.18)involving smooth cubic surfaces appearing as general linear sections
of Y when dim(SingY’) < 1 extend in a straightforward way if the general cubic
surface section has Duval singularities, which happens if the order of vanishing of
the defining equation fy of Y along any 2-dimensional component of its singular
locus is not 3 (see [7]). Indeed, we can work in that case with a crepant resolution
of singularities of these surfaces. However, if dim(SingY’) = 2 and fy vanishes to
order 3 along a component of SingY, Y is a cone over an elliptic curve in P2. This
case is excluded since Y would then have many reducible hyperplane sections. This
concludes the proof of Proposition O

Proposition 4.20. Let X, L, M be as above. Then the image Y = ¢pip(X)
cannot be a linearly nondegenerate threefold of degree 4 or 5 in P5.

Assuming by contradiction that Y is a threefold of degree 4 or 5, we first prove
the following lemmas.

Lemma 4.21. The threefold Y cannot be a cone w:Y --+ S over a surface S in
P4,

Proof. As in the proof of Lemma [£.5] this would indeed contradict Lemma [£.4] by
considering the composite map mo ¢pip: X --+ S. (]
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Lemma 4.22. The threefold Y C P® is not contained in a quadric of rank < 4.

Proof. Indeed, Y would have otherwise many reducible hyperplane sections, con-
tradicting the fact that all members of |L + M| are irreducible. (]

We now exclude the case of degree 4.
Lemma 4.23. The threefold Y cannot be of degree 4.

Proof. As Y is not a cone and is linearly nondegenerate, linearly normal in P5,
the Swinnerton-Dyer classification [28] tells us that Y is the complete intersection
of two quadrics in P?. In particular, Y contains a line through any of its points.
Furthermore, if Y is smooth, its family of lines is smooth and connected and Y
contains four lines through a general point y € Y. Let Ay, ..., A4 be the four lines
through y. Then the A; are contained in the projectivized tangent space Pg of Y
at y, and Py NY 2 U;A;, while by smoothness of Y, P2 NY has dimension 1; hence
we have in fact IP’g NY = U;A;. The inverse images S; := QSZ}FM(Ai) are then
cohomologous in X and their common class f satisfies

4f +e=(14+m)?

for some pseudoeffective class in X. This contradicts again Lemma [£:4] We now
consider the case where Y is singular and try to extend the argument above. We
still know that Y is swept-out by lines and that there exist at least four lines passing
through a general point of Y. Unfortunately, we do not know that the lines are
homologous or algebraically equivalent in Y, so the above argument fails. However,
we have the following

Sublemma 4.24. IfY = Im ¢, ps is the intersection of two quadrics in P5, there
are at most two algebraic equivalence classes of mobile lines in'Y .

Proof. We first claim that the family of conics in Y has at most two irreducible
4-dimensional components whose general point parameterizes a conic passing
through the general point of Y. Indeed, Y is not swept-out by planes, as otherwise
it would have many reducible hyperplane sections, which is excluded. Hence we
can consider only the family of conics in Y which are not contained in a plane con-
tained in Y. But these conics are in bijection with planes contained in one quadric
@Q: containing Y and not contained in Y. By Lemma [£.22] Y is not contained
in any quadric of rank < 4. The family of planes in Q; thus has two irreducible
components of dimension 3 if ) is smooth and only one, also of dimension 3, if @Q;
is singular of rank 5. Thus the family of planes contained in one of the @), has one
or two components, according to whether the double cover of the projective line
parameterizing the quadrics Q¢ containing Y determined by the choice of a ruling
is reducible or not. This proves the claim. Let now y € Y be a general point. There
are (at least) four lines lq,...,l; in Y passing through y, and the union of any two
of these lines is a conic in Y passing through y. Hence the cycles I; 4 [; belong to
only two algebraic equivalence classes of 1-cycles in Y, and it follows immediately
that these four lines belong to at most two algebraic equivalence classes of 1-cycles
inY. (]
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Corollary 4.25. (i) There exists an algebraic equivalence class C of 1-cycles on'Y
such that, through a general pointy € Y, there pass at least two lines of the class C.

(ii) There exist chains of three lines A1, Ao, A3 CY, AiNAg £ 0, AoNAg # 0,
such that the A; pass through the general point of Y and the three lines A; are in
the class C.

Proof. Statement (i) immediately follows from Sublemma m since there pass
four lines through a general point of Y.

(ii) Given a general point y of Y, there are two lines Ay, Ay in the algebraic
equivalence class C and passing through y. Choosing another point v’ € Ag, we
can choose a deformation Az of Ay (hence also in the class C) passing through y'.
This gives the desired chain. O

Corollary leads to a contradiction as follows: indeed the three lines A;
forming a connected chain are all contained in a mobile ]P’3A.. Assume first that
IP’?’A. NY is 1-dimensional; then we get, by taking inverse images in X, an equality
of codimension 2 cycles in X,

¢1ouPA,NY) =T+ T+ T3+ T in A*(X), (4.16)

where T is the class of an effective surface in X and T; = ¢E}r (As). As the three
lines A; are algebraically equivalent in Y, the three surfaces T; are numerically
equivalent in X, and thus contradicts Lemma E It remains to analyze
the case where IP’Z ny has a 2 dimensional component for general A,. If this
component is moblle then Y has many reducible hyperplane sections, which is
excluded. If this component is fixed, it must be a plane P C Y since it is contained
in the intersection of at least two P3’s, and this plane has the property that any
mobile line in Y in the algebraic equivalence class C intersects P. In that case, under
the linear projection 7p: Y --» P2 from P, Y maps to a curve of degree > 1 in P2,
since the fiber of the projection 7p passing through the general point y contains at
least two lines and hence must be of dimension at least 2. Therefore Y has many
reducible hyperplane sections, which gives again a contradiction. Lemma is
thus proved, hence also Proposition [:20] in the case of degree 4. O

Proof of Proposition[{.20. By Lemmal[£.23] we only have to exclude the case where
Y is a threefold of degree 5.

Claim 4.26. Y is not contained in a quadric.

Proof. If Y is contained in a quadric @ C P, Q must have rank at least 5 by
Lemma The general hyperplane section Q := Q N H of @ is then a smooth
quadric of dimension 3 which contains a surface of degree 5, contradicting the fact
that Pic Qg is generated by Og(1). O

Denote by n: Y,, — Y the normalization of Y. Thus Y,, is smooth in codimen-
sion 1. For a general P? C P°, the general section C,, := n=*(C), C := Y NP3, of
Y, is a smooth connected curve. We denote by S a general hyperplane section of
Y, S, CY, its inverse image in Y,,, and consider the inclusions C,, C S,, C Y,,.
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Claim 4.27. The curve C C P3 is a smooth genus 2 curve of degree 5 (in particular
it is isomorphic to Cy,). It is thus contained in a quadric.

Proof. The second statement follows from the first one, since it implies that
RO (C,0c(2)) = 9. Let 7: Y — Y, be a desingularization, and let 7/ := no7. We
have

HY(Y, 70Oy (1)) 2 H(Y,,,n*Oy (1)) = H°(Y, Oy (1)). (4.17)
Indeed, via the dominant rational map

—1 v
T Co¢pim: X -2 Y,

sections of 7/*Oy (1) on Y pull back to sections of L+ M on X, while by construc-
tion, the pull-back map ¢j , 5, : H°(Y,Oy (1)) = H(X, L 4+ M) is an isomorphism.
We have

HY(Y,05) =0, (4.18)

since Y is rationally dominated by X. Let S := 7/ '(S) C Y, so that S €
|7"*Oy(1)|. By the vanishing (4.18)), and using the relation ([4.17), we conclude
that h?(S,7"Og(1)) = 5. Furthermore, we also have H(S, Oz) = 0, using (4.18)

and the fact that S C Y is big and nef. As C,, C S belongs to |7/*Og(1)|, we
conclude as before that, denoting O, (1) := 7" O (1),

hO(Ch, Oc, (1)) = h2(S, 7 05(1)) — 1 = 4,

which implies that h'(C,,O¢, (1)) = 0, hence g(C,,) = 2, since we know that the
line bundle O¢, (1) on C,, has degree 5. It follows that O¢, (1) is very ample on
C},, hence C,, is isomorphic to C. O

We get a contradiction from Claims and by observing that both re-

striction maps

H°(P°, Iy (2)) — H°(P*, Z5(2)),

H°(PY, I5(2)) — H°(P*, Zc(2))
are surjective. Indeed, the surjectivity in both cases is implied by the respective
vanishings H!(P5, Zy (1)) = 0 and H'(P* Zs(1)) = 0, that come from the fact
that both Y C P® and S C P* are linearly normal (for the surface S, this follows

indeed from the arguments given in the previous proof). This concludes the proof
of Proposition [£:20] O
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