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PRIMITIVE DECOMPOSITIONS OF DOLBEAULT HARMONIC
FORMS ON COMPACT ALMOST-KAHLER MANIFOLDS

ANDREA CATTANEO, NICOLETTA TARDINI, AND ADRIANO TOMASSINI

ABSTRACT. Let (X, J, g,w) be a compact 2n-dimensional almost-Kéhler man-
ifold. We prove primitive decompositions of -, d-harmonic forms on X in
bidegree (1,1) and (n — 1,n — 1) (such bidegrees appear to be optimal). We
provide examples showing that in bidegree (1,1) the - and O-decompositions
differ.

1. INTRODUCTION

In complex geometry, the Dolbeault cohomology plays a fundamental role in the
study of complex manifolds, and a classical way to compute it on compact complex
manifolds is through the use of the associated spaces of harmonic forms. More
precisely, if X is a complex manifold, then the exterior derivative d splits as 0 + 0,
and such operators satisfy 9> = 9> = 90 + 99 = 0. Hence, one can define the
Dolbeault cohomology and its conjugate as

oo _ Kero .o _ Kero

H (X):= -t H*(X) := md
If X is compact and we fix an Hermitian metric, then it turns out that these
spaces are isomorphic to the kernel of two suitable elliptic operators, Az and Ay,
respectively. More precisely, denoting with 75"°(X) and J;*(X) the spaces of

harmonic forms, they have a cohomological meaning, namely

3 (X) = A (X), HE*(X) = 3°(X),
and in particular their dimensions are holomorphic invariants.

Moreover, if the Hermitian metric is Kahler, then by the Kéhler identities it
turns out that Az = Ay and in particular

Ayt (X) = A5 (X),
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therefore giving isomorphisms for the respective cohomologies, namely

Haf"(X) ~ H5*(X).
The integrability assumption on the complex structure is crucial in the proof of all
these results.

Furthermore, a remarkable feature of Kéhler geometry is that the primitive
decomposition of differential forms passes to cohomology and leads to a primitive
decomposition of de Rham cohomology (see, e.g., [18]). Ké&hler geometry is at
the crossroad of complex and symplectic geometry. From the symplectic point
of view we recall that Tseng and Yau [I7] introduced natural cohomologies on
(compact) symplectic manifolds, involving the symplectic co-differential and the
exterior derivative, proving a primitive decomposition for them.

If J is a non-integrable almost-complex structure on a 2n-dimensional smooth
manifold X, then the exterior derivative splits as p 4+ 0 + 0 + fi, and in particular
0% # 0. Hence, the standard Dolbeault cohomology and its conjugate are not
well-defined. Recently, Cirici and Wilson [6] gave a definition for the Dolbeault
cohomology in the non-integrable setting considering also the operator u together
with d. Such cohomology groups might be infinite-dimensional on compact almost-
complex manifolds as shown in [7].

On the other hand, fixing an almost-Hermitian metric g on (X,J) one can
develop a Hodge theory for harmonic forms on (X, J, g) without a cohomological
counterpart. More precisely, setting, similarly to the integrable case,

Aj = 00" + 90, Ay := 09" + 0%0,
it turns out that they are elliptic selfadjoint differential operators. Therefore, if X
is compact, their kernels, denoted again with 75 *(X) and #;*(X), are finite
dimensional complex vector spaces. Holt and Zhang [I1] answered to a question
of Kodaira and Spencer [9] showing that, contrarily to the complex case, the di-
mensions of the spaces of d-harmonic (0,1)-forms on a 4-dimensional manifold
depend on the metric. Indeed they construct on the Kodaira—Thurston manifold
an almost-complex structure that, with respect to different almost-Hermitian met-
rics, has varying dim %%0’1. With different techniques, in [I6] it was shown that

also the dimension of the space of d-harmonic (1, 1)-forms depends on the metric
on 4-dimensional manifolds (for other results in this direction, see [I3] and [I0]).

We note that performing explicit computations of d-harmonic forms is a difficult
task and not much is known in higher dimensions (see [15], [3], [4] for some detailed
computations).

In the present paper we study the validity of primitive decompositions on com-
pact almost-Kéahler manifolds in any dimension. More precisely, in Propositions
and Theorem and Corollary we prove, on compact almost-Kahler
2n-dimensional manifolds, primitive decompositions for d- and d-harmonic forms
in bidegrees (p,0), (0,q), (1,1), (n,n—p), (n—g,n) and (n—1,n—1), with p, ¢ < n.
One cannot hope to have such decompositions for any bidegree as shown in Exam-
ple[5.3] For similar results in the case of Bott—Chern harmonic forms, we refer the
reader to [12].
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~ We notice that, even though the metric is almost-Kéhler, the decompositions of
0- and 9d-harmonic forms might differ. Indeed, in Section |4 we show explicitly that,
differently from the Kéhler case, one can have Az # Ay, and also

Ay (X) # Ay (X)),
We observe that a key ingredient in the proof of the results in [I6] (see also [I1])
is indeed the primitive decomposition of d-harmonic (1,1)-forms on 4-dimensional
manifolds. In fact, in this dimension in Proposition [£.1] we prove the general equal-
ity A5 (X) = Ay (X).

All the examples we present are nilmanifolds, of dimensions 6 and 8, endowed
with possibly non-left-invariant almost-Ké&hler structures.

We recall that if one wants to mimic and recover all the Kéahler identities, the
proper operator to consider is § := 0 + u (see [5], [14]). However, considering
just the operator 9 on almost-Kéhler manifolds we are able to see how genuinely
almost-Kéhler manifolds differ from Ké&hler ones. More precisely, the study of the
kernel of Ag illuminates the purely almost-complex properties.

2. PRELIMINARIES

In this section we recall some basic facts about almost-complex and almost-
Hermitian manifolds and fix some notations. Let X be a smooth manifold of
dimension 2n and let J be an almost-complex structure on X, namely a (1,1)-
tensor on X such that J? = —id. Then J induces on the space of forms A°*(X) a
natural bigrading, namely

A(X)= @ Aari(x).

ptg=e
Accordingly, the exterior derivative d splits into four operators:

d: API(X) = APF2TH(X) @ APTHI(X) @ APITH(X) @ AP R (X)),
d=p+0+0+ i,

where p and j are differential operators that are linear over functions. In particular,
they are related to the Nijenhuis tensor N; by

(uax + i) (u, v) = ia (N (u,v)),

where o € A'(X). Hence, J is integrable, that is, J induces a complex structure
on X if and only if y=p = 0.
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In general, since d?> = 0, one has
©=0
no+ou=0
O* +pd+0u=0
00 + 00 + pji + jipr =0
O* + 0+ 0 =0
[0+ 0 =0

i = 0.

In particular, 9* # 0, and so the Dolbeault cohomology of X

~ Ker ]
~ Imd
is well defined if and only if J is integrable. The same holds for the operator 0.

If ¢ is an Hermitian metric on (X, J) with fundamental form w and = is the
associated C-linear Hodge-* operator, one can consider the adjoint operators

Hg"(X) :

*

d* = —xdx, p*=—xpx, O =—%0* 0" =—x0* G =—x*p*,
and, for D € {d, 9,0, i, /]}, one defines the associated Laplacians
Ap:=DD*+ D*D,
and we will denote the kernel by
AENX) = Ker Ap, 1pax-

These spaces will be called the spaces of D-harmonic forms. The operators Ag
and Ay are second-order, elliptic, differential operators; in particular, if X is com-
pact, the associated spaces of harmonic forms are finite-dimensional, and their
dimensions will be denoted by h7'? and h“.

If X is compact, then we easily deduce the following relations for a (p, ¢)-form a:

Apa=0 < 0a=0, dxa=0,
Asa=0 <= da=0, O« =0,

which characterize the spaces of harmonic forms.

3. PRIMITIVE DECOMPOSITIONS OF DOLBEAULT HARMONIC FORMS
Let (X, J, g,w) be a 2n-dimensional almost-Hermitian manifold. We denote with
L:A*X -5 AF2X, a—wAa
the Lefschetz operator and with
A:AFX - AP2X, A= —xLx
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its dual. A k-form aj on X, for k£ < n, is said to be primitive if Aoy, = 0, or
equivalently, L" **1q; = 0. Then, the following vector bundle decomposition
holds (see, e.g., [18]):

MXx=  pH  LErx),
r>max(k—n,0)
where
P*X :=ker (A: A°X — A°?X)
is the bundle of s-primitive forms. Accordingly, given any k-form ay on X, we can
write

1 s
ap = Z EL Br—2r (3.1)
r>max(k—n,0)
where B_o, € ['(P*¥~?"X), that is,
Aﬂk—Qr = 07

or equivalently

Ln—k+2r+1ﬂk72r =0.
Furthermore, the decomposition above is compatible with the bidegree decompo-
sition on the bundle of complex k-forms Af‘:X induced by J, that is,

PEX = @ PriX,
p+q=Fk
where
PPiX = PEX N APIX.
For any given 3, € P* X, we have the following formula (cf. [I8] p. 23, Théoréme 2]):

B(k+1) r! ey
«L"By = (—1)" 2 LR B (3.2)

(n—k—r)!
In what follows we will write P®* = P*X and so on.

We recall that by [5, Corollary 5.4] such decompositions in primitive forms pass
to the spaces of d-harmonic forms whenever there exists an almost-Kéahler metric.
More precisely, if (X, J,w) is a compact 2n-dimensional almost-Kéhler manifold,
then, for every p,q,

‘%ﬂdp’q(X) _ @ " (%P*T’Q*T(X) N prr,qf’r)'

r>max(k—n,0)

In fact, this holds also for the spaces of - and §-harmonic forms introduced in [14],
where § := 9 + p and § := 9 + fi. Indeed, by [I4, Proposition 6.2 and Theorem
6.7], one has

HPIX) = AHPIX) = AP,

Next, we are going to study such decompositions for d-harmonic forms. First, notice
that, since (p,0)-forms and (0, ¢)-forms are trivially primitive, we immediately
derive the following results.
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Proposition 3.1. Let (X, J, g,w) be a compact 2n-dimensional almost-Hermitian
manifold (with n > 2). Then the following decompositions hold for every p,q < n:

AP0 = AP N PP, A= A0 PO
%P:O — %on ) Pp,O7 %qu — %07(1 N PO,q.

By applying to such decompositions the Hodge-* operator and formula (3.2)), we
obtain the following result.

Proposition 3.2. Let (X, J, g,w) be a compact 2n-dimensional almost-Hermitian
manifold (with n > 2). Then the following decompositions hold for every p,q < n:

AP = L (A0 0 PrY), HLTEN = LM (AT 0 PO,
Ay P = L (AP0 0 PrY), Ay TET = LM (AT N PO,
As a consequence, we derive the following corollary.

Corollary 3.3. Let (X, J, g,w) be a compact 2n-dimensional almost-Hermitian
manifold (with n > 2). Then,
%n,o — %n,o and %O,n — %O,n.

Proof. This follows taking p = n and ¢ = n in Proposition [3.2] Otherwise, it can
be proved directly. Indeed, let o be an (n,0)-form (the case (0,n) is similar); then
« is primitive, and by Formula , v = ¢, , with ¢, # 0 a constant depending
only on the dimension of X. Therefore, for bidegree reasons,

ae ] = 0a=0 = Jra=0 < ac A" O

We show now that primitive decompositions hold also in other suitable degrees
as soon as we assume the existence of an almost-Kéahler metric.

Theorem 3.4. Let (X, J, g,w) be a compact 2n-dimensional almost-Kdihler mani-
fold (with n. > 2). Then the following decomposition holds:

Ayt =C-we (" NPV,
Proof. Let a1 1 € AMY(X). Then the primitive decomposition reads as
a1,1 = P11 + Bw, (3.3)
where
Br1 € AVH(X), Bii Aw™ ™t =0, B e e (X;C).

The form oy ; belongs to %%1’1 if and only if a;,; satisfies the equations

day1 =0, O*a;=0. (3.4)
By we compute

1 _
kO = — Bra AW+ Bniw

(-2
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Therefore, by (3.3), (3.5, taking into account that g is almost-Kéhler, equations
(3.4) are equivalent to
5ﬁ1,1 +5ﬁ/\w =0

1 1 (3.6)
—— Q0 AW 24BN ——w"t=0.
(n—2)! Pranw™=+0p (n— 1)!w
After multiplying the first equation by w"~2 and the second by (n — 2)!, we obtain

66171 Aw™ 2 4 5,6 Awm =0
1
—OP1i AW 2 —— OB AW =0,
’ n—1
and taking the sum of the last two equations we obtain
_ = 1
(351,1 - 85171) A\ wniQ + (aﬂ + n_laﬂ) A w”’l =0.

By definition, we have B

d®=1(0 -0+ p—n),

where |u| = (2,-1), [@| = (—1,2). Consequently, the last equation can be written
as

= 1
(85 + 185) AW =id°Brq AW
n —
Applying —id® to both sides of the above equation, we obtain
- - 1
[(8— O+ pu— i) <6ﬁ + nlaﬁﬂ Aw =0,
which yields
1 _
( i 1) 08 AW =0,
n—1

since 0 + 99 = 0 on functions and the other contributions vanish by bidegree
reasons when we take the wedge product with w”~!. Therefore,

90 (8- w"1) =0,

from which we derive that 8 = 5y € C is constant (see, for instance [8], [I, Theorem
10] or [I6], Proposition 3.4] for the 4-dimensional case). Hence

a1 = B+ Bow,
so from ({3.6]) or from
é51,1 = 50&1,1 - 5(5000) =0
Oxf11=0xa11 —0x*(Sow)=0,
we have that § € J%l’l and 1,1 is primitive. This proves that
1,1 1,1 1,1
Ay CC-wo (A NP,
Conversely, if a1 = Bow + B1,1, with fp € C and B 1 € %%Ll N PLL we easily
conclude that 0 * ;1 = 0 and 50[1’1 = 0. The decomposition is thus proved. [
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As a consequence we obtain the following primitive decompositions.
Corollary 3.5. Let (X, J, g,w) be a compact 2n-dimensional almost-Kihler man-
ifold (with n > 2). Then the following decompositions hold:

(i) #"' =C-wa (4" NP,
(11) j%n—l,n—l — (Cwn—l &) Ln—2 (%171 ) P1’1>7

(i) 21" = Cwn @ L2 (st 0 PLY).

Proof. The first decomposition follows from the one proved in Theorem [3:4] by
conjugation.

To prove the second, observe that the Hodge-* operator induces an isomorphism

%1’1 ~ t%%”_l’"_l. Via this isomorphism, w corresponds to w™~!, while by (3.2)
on primitive (1, 1)-forms we have x = —ﬁL”’? So we just have to apply * to
the decomposition of the previous point.

Finally, the last point follows from the second by conjugation. O

Recall that by [5] (see also [14]) on compact almost-Ké&hler manifolds we have
Ag—I—AN :Aa—I—Aﬁ,
and so, for every p, q,
P, R X P,q
AP AP = AP0 AP

In particular, if J is integrable, namely (X, J, g,w) is a compact Kéhler manifold,
one recovers the well-known identities

and
D4 _ oD
%’5 = 5.

Therefore, one could wonder if this last identity holds true also in the non-integrable
case for some special bidegrees. More precisely, we want to show that the two
primitive decompositions we obtained in Theorem and Corollary for j‘%l’l

and jf@l’l are not the same.

4. RELATIONS BETWEEN Az AND A

Let us start by considering the 4-dimensional case. Let a;; be a primitive
(1,1)-form on an almost-K&hler 4-dimensional manifold X. It follows from (3.2))
that %11 = —a1,1. As a consequence we have the following result.

Proposition 4.1. Let X be an almost-Kdhler 4-dimensional manifold. Then, on
(1,1)-forms we have
5‘141,1 = Aﬂv,l,l?

and in particular their kernels coincide:

1,1 .l
L%% =5
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Notice that this follows also from [5], since on almost-Kéhler manifolds we have
Az+A, = Ap+Ap, and on (1, 1)-forms on 4-dimensional almost-Ké&hler manifolds,
AH = Aﬁ = 0

We show now that in higher dimension the equality

9411 = A3|A1,1
does not hold in general.
Example 4.2. Let T = Z®\R® be the 6-dimensional torus with coordinates
(21,72, 23,Y1,Y2,y3) on RS, Let f = f(x2) be a non-constant Z-periodic func-
tion, and we define the following non-left-invariant almost-complex structure J on
T$:
JOp, i=e10,,, JOu, :=0,,, JOu, = 0,,.

A global co-frame of (1, 0)-forms is given by

Ol i=dzy +iefdy;, B :=dxo+idys, D°:=dxs+idys.

The structure equations are

1 1 ;1 5 1 15
d(I)l _ _Zf,(xQ)(I)lz o 1f'/(x2)(b21 o Zf~/(m2)(1)12 + Zf/(mQ)(I)12
and d®? = d®3 = 0. Then, the (1, 1)-form
R 3 7f(I)11 2(1)22 3.(:[)33
w: 26 + 5 + 5

is a compatible symplectic structure, namely (J,w) is an almost-Ké&hler structure
on TS,
Notice now that by a direct computation

Lf ()13 £ 0

7(1)13 —
H 4

and )
pd' = 0.
Therefore, from [5], we have
(Az — Ap)®'? = —i* i@ £ 0.
The last point follows either by direct computation or by noticing that
Faet#£0 = adPP#£0 = pd?#0.

Another example is provided by the following 8-dimensional nilmanifold with a
left-invariant almost-Kéhler structure.

Example 4.3. We recall the following construction contained in [2]. Set

1 0 1 21
01 =z

H(1,2) := 0 0 12 | 1, x2,y, 21,20 €ER
0 0 0 1
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Let T be the subgroup of matrices with integral entries. Let X := I'\H(1,2) and
define

M= X x T3,

Denoting with u,v,w coordinates on T? we consider the following left-invariant
1-forms:

el :=dxy, €?:=dx1, € :=dy, e*:=du,
e =dz — z1dy, el =dz — xody, el = dv, ¢e°:=dw,
and the structure equations become
de! = de? =de® =de* =de” =de® =0, de® = —e?
We define the symplectic structure

W= 615 + 626 + 637 +648,

and we take the compatible almost-complex structure defined by the following co-
frame of (1, 0)-forms:

Yhi=el 4ied, PP i=er4iel, PPi=ed riel, Yti=et el

By direct computation we get

531
Y=

] =

gt — L3t Eoo3a  Fosa1
0 kd Y

hence

g
pptt =0, pptt=——

4¢234.
Therefore,
(A5 = Do)p = (A — At = ™ 0,
proving that
Ag # Ay

on (1,1)-forms. However, one can show that their kernels coincide, namely %%1’1 =

1,1
AT

Remark 4.4. We want to point out that finding explicit examples of almost-Kahler
manifolds with Az # Ap seems to be not so obvious. In fact, we couldn’t find any
left-invariant example in dimension 6.

Even though Agm L F Aa‘Al,l in general, we wonder whether their kernels
coincide. Before showing that this is not the case we notice that the equality

Ayt = Ayt is equivalent to 0 0 P = a0t 0 P
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Lemma 4.5. Let (X, J,g,w) be an almost-Kahler manifold. Then <%%1’1 = %1’1
if and only if %%1’1 npPhl = %”81’1 N PLL,

Proof. We prove only the non-trivial implication. Let oy € f%%l’l; then we can

decompose it as a1, = cw + P13 withce Cand B € %%1’1 N PLL. Now,
Apar =c-Dpgw+ Apf1 =0+0=0,

SO 1,1 € %1’1. The other inclusion is similar. O

We observe the following;:

Lemma 4.6. Let (X", J, g,w) be a 2n-dimensional almost-Kdhler manifold. Let
k:=p+q<n andlet a € PP1. Then,

da=0 =— OJ*a=0.
Similarly,
da=0 = 0J*a=0.

Proof. By (3.2)) we have
ke P
2

T

xa = (— aAw

Since w is closed, this readily implies that 0 * o = 0. The same holds switching 0
and 0. 0

Lemma 4.7. Let (X, J, g,w) be an almost-Kdhler manifold. Let oy € e%%l’lﬂPl’l.
Then d*ay 1 = 0.

Proof. Since a1 1 is an (n — 1,n — 1)-form, by the previous lemma we have

d*al’l:(3-1-5)*0[171:8*a1,1+5*a1,1:0. O
Lemma 4.8. Let (X, J, g,w) be an almost-Kdhler manifold. Let oy € %%LlﬂPl’l.
Then do 1, pan,1, Ooq 1, 5@1,1 and iy are primitive.

Proof. From the previous lemma and (3.2]) we deduce that

O=dxay1=— dla Aw™™?) = — 'doz/\wnfz.

(n—2)! (n—2)!

So daq; is primitive, and by decomposition in types we deduce that also payq i,
Oaq 1, Oaq 1 and ficg 1 are primitive. O

We finally show that, in general, on compact almost-Kéahler manifolds we have
1,1 1,1
Ay F Ay
By Lemma (4.5) this will be done using primitive forms.
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Example 4.9. Using the same notations as in Example we consider T® =
Z5\RS. Let g = g(x3,y3) be a function on T®. We define an almost-complex
structure J setting as global co-frame of (1,0)-forms

ol = eddey +ie dy, P i=drg tidys, ¢ = duy+idys.

The structure equations are

dio' = Vi(9)¢™ — Vi(g)"™,

where {V7, V5, V3} is the global frame of vector fields dual to {cpl,cp2,<p3}, and
dp? = dp® = 0. Assume finally that g satisfies V3(g) # 0.

Then, the (1, 1)-form
i 33
290
is a compatible symplectic structure, namely (J,w) is an almost-Kéhler structure
on TS,

Notice now that

.:fli 222
w: 2<p +2s0 +

Dp'? = V3(g)p*!2 #0,
namely, <p1§ ¢ ,7%1’1 but Lpli € %1’1. Indeed, 8@15 =0, and since ¢'? is primitive
and w is closed,

J soli =(—wA )= —wA &pﬁ — WA (Vg(g)@:aﬁ) -0
Hence, 0*p!2 = — x 9 % 12 = 0.

5. PRIMITIVE DECOMPOSITIONS IN DIMENSION 6

Notice that in view of Propositions Theorem [3.4) and Corollary [3.5] we
have a full primitive description of all d-harmonic forms on compact 4-dimensional
almost-Ké&hler manifolds. It is therefore natural to ask what happens for bidegrees
different from (p, 0), (0,q), (n,q), (p,n), (1,1) and (n—1,n—1) in higher dimension.
The first interesting dimension to consider is 6, and in this case the only bidegrees
left are (2,1) and (1, 2). Let us focus, for instance, on bidegree (2,1). The primitive
decomposition of forms is

AN (X)=P*' & L(AM(X)).
Passing to d-harmonic forms, it follows that
%2,1 5 (%2,1 n P271) @L(%%LO);
indeed, on compact almost-K&hler manifolds, for bidegree reasons and [5] one has
%%1,0 _ i%l,o ﬂ%‘j}’o _ %170 ﬁ%’}}’o.

Therefore, it is natural to wonder whether such inclusion is indeed an identity. In
fact, this is not the case in general, as shown by the following proposition.
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Proposition 5.1. There exists a compact almost-Kdhler 6-dimensional manifold
(X, J,w) such that
2,1 2,1 2,1 1,0
A # (A N PP @ L(A57).

Proof. We refer the reader to Example [5.3] for the proof. O

First we need the following lemma, which will allow us to work only with left-
invariant forms.

Lemma 5.2. Let X¢ = T'\G be the compact quotient of a 6-dimensional, connected,
simply-connected Lie group by a lattice and let (J,w) be a left-invariant almost-
Kdihler structure on X. Let n € A>Y(X) be a left-invariant (2,1)-form on X with
primitive decomposition

n=a+ LE.
Then, o and B are left-invariant.

Proof. Let n € A%1(X) be a left-invariant (2,1)-form on X. Its primitive decom-
position is

n=a+ Lp,
with a € A%1(X) primitive, i.e., Lae = 0 and 3 € AL%(X). Notice that 3 is indeed
primitive for bidegree reasons. We apply L to the decomposition and obtain

Ly = L*B.
Since w is left-invariant, we have that Ln, and so L%3, are left-invariant. Now,
since L? : A' — A® is an isomorphism at the level of the exterior algebra, it follows
that also S is left-invariant. As a consequence, since L and 7 are left-invariant,
we get that also « is left-invariant. O

Example 5.3. Let X be the Iwasawa manifold defined as the quotient X := I"'\Hs,
where

1 Z1 23
Hs := 0 1 2z |Zl72’2,23€(c
0 0 1
and
T m 73
Li=q10 1 vf | y,7,73 € Z[i]
0 0 1

Then, setting z; = x; + 1y;, there exists a basis of left-invariant 1-forms {e;} on X
given by

el = dxq
e? = diyr
3 _
e’ = dxg
et = dys
ed = dxs — x1dxs + y1dys
€% = dys — x1dys — y1das.
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The following structure equations hold:

de' =0
de* =0
de® =0
de* =0
de® = —e' 4 24
deb — _el4 _ 23

Let us consider the non integrable left-invariant almost-complex structure J given
by

ol =l 4ied, @2 =e24ie®, ¢ =B +iet
being a global coframe of (1,0)-forms. By a direct computation the structure
equations become (see also [15])

4d¢1 _ _¢13 —i¢23 _|_¢1:§ _|_¢3I —i¢>23 —i—igb?’é +¢13 _wéé’
4dq§2 _ —i¢13 + ¢23 o i¢13 —|—i¢3i _ ¢23 _ ¢3§ _ i(big _ ¢§37
de® = 0.
Endow (X, J) with the left-invariant almost-Kéhler structure given by
W= 2(616 +e2 4 e34) _ i(qi)ﬂ + ¢22 +¢3§).

We want to find an element n € A% (X) which is contained in %%m but is not
contained in

(2 0 P 0 L),
Thanks to Lemma it is sufficient to work with left-invariant forms. Indeed if
we find n € %%2’1 left-invariant that cannot be decomposed as n = o + L, with
a € %%2’1 NP%! and B € %%1’0, both left-invariant forms, then 7 ¢ (%%2’1 QPQ’l) @
L()°).
A long but direct and straightforward computation shows that the space of
left-invariant d-harmonic (2, 1)-forms is

(C<¢131 + ¢23§ ¢13§ + ¢23I o 2i¢23§ ¢133 +¢233>
while it is immediate to see that the space of left-invariant forms which are con-
tained in L(%l’o) is
C<¢131 +¢23§>.
Since, for jnstance,iL(qbl?’é + 21 — 2i¢?32) = —2@'L£¢23§) # 0, it means that
1% + $* — 2i¢**? is not primitive. Therefore, ¢'%? + ¢?3! — 2i¢p*? is a left-
invariant, d-harmonic (2, 1)-form, but it is not contained in

(%2,1 N P2’1) ® L(j{%l’o).
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