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A NOTE ON BERNSTEIN-SATO IDEALS

JOSEP ALVAREZ MONTANER

ABSTRACT. We define the Bernstein—Sato ideal associated to a tuple of ideals
and we relate it to the jumping points of the corresponding mixed multiplier

ideals.
1. INTRODUCTION
Let R be either the polynomial ring C[xy,...,z,] over the complex numbers
or the ring C{x1,...,2,} of convergent power series in the neighbourhood of the

origin, or any other point. The multiplier ideals of an element f or an ideal a in R
are a family of nested ideals that play a prominent role in birational geometry (see
Lazarsfeld’s book [I0]). Associated to these ideals we have a set of invariants, the
jumping numbers, which are intimately related to other invariants of singularities.
For instance, Ein, Lazarsfeld, Smith and Varolin [8], and independently Budur and
Saito [6], proved that the negatives of the jumping numbers of f in the interval
(0,1) are roots of the Bernstein—Sato polynomial of f. Budur, Mustata and Saito [5]
extended the classical theory of Bernstein—Sato polynomials to the case of ideals
and also proved that the jumping numbers of an ideal a in the interval (0,1) are
roots of the Bernstein—Sato polynomial of a.

There is a natural extension of the theory of multiplier ideals to the context of
tuples of germs F := fi,..., fy or tuples of ideals a := a;y,...,a, in R. The main
difference that we encounter in this setting is that, whereas the multiplier ideals
come with the set of associated jumping numbers, the mixed multiplier ideals come
with a set of jumping walls. On the other hand, we have the notion of Bernstein—
Sato ideal associated to a tuple of germs F given by Sabbah [I4]. In the case of
a tuple of plane curves, Cassou-Nogues and Libgober [7] related the Bernstein—
Sato ideal with the so-called faces of quasi-adjunction, which are a set of invariants
equivalent to the jumping walls.

The aim of this short note is to fill out a gap in the theory by introducing the
notion of Bernstein—Sato ideal associated to a tuple of ideals a := ay,...,a,. To
such purpose we are going to follow the approach given by Mustatd [12], in which
he relates the Bernstein—Sato polynomial of a single ideal a = ( fi,--o, fr) to the
reduced Bernstein—-Sato polynomial of g = fiy1 + -+ + fry,, where the y;’s are
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new variables. Finally, we show in Theorem [3.11] that the negative of the jumping
points of the mixed multiplier ideals of the tuple a that are in the open ball of
radius one centered at the origin belong to the zero locus of the Bernstein—Sato
ideal of a.

The theory of Bernstein—Sato polynomials and its relations with other invariants
such as the multiplier ideals is vast and rich. In this note we tried to introduce only
the essential concepts that we needed, so we recommend those who are not that
familiar with these topics to take a look at the surveys of Budur [4], Granger [9],
or Jeffries, Nufiez-Betancourt and the author [I] for further insight.

2. BERNSTEIN-SATO IDEAL OF A TUPLE OF IDEALS

Let R be either C[zy,...,2,] or C{z1,...,2,} and denote by m = (z1,...,2,)
the (homogeneous) maximal ideal. Let a := aj,...,a, be a tuple of ideals in R.
For each ideal described by a set of generators a; = ( fits-oos fi’m), we consider
9i = fin¥i1+- -+ fir,Yir,, where the y; ;’s are new variables. In particular, we get
a tuple G := g1, ..., g in the ring A that will be either Clz1,...,2Zn, y1,1,- -, Y1)
or C{x1,...,Tn,Y1.1,---,Yer, }- In what follows, d :=n +ry + --- + r, will denote
the number of variables in A.

Associated to R or A we have the corresponding ring of differential operators

Dr = R(04,...,0n), Da=A(01,...,0n,011,...,00r,),

where 0; (resp. 0; ;) is the partial derivative with respect to z; (resp. y; ;). That
is, D (resp. D4) is the C-subalgebra of Endc(R) (resp. Endc(A)) generated by
the ring and the partial derivatives.

Definition 2.1. The Bernstein—Sato ideal of the tuple G is the ideal Bg C
Cls1, ..., 5¢] generated by all the polynomials b(sy, ..., s¢) satisfying the Bernstein—
Sato functional equation

O(s1,- v 80)gy T gp T = b(s1, 809t gt
where 6(s1,...,8¢) € Dals1,...,8¢ and b(s1,...,s¢) € C[s1,..., 8¢l

Sabbah [14] proved that Bg # 0 in the convergent power series case. The proof
of B¢ # 0 in the polynomial ring case is completely analogous to the classical case
of a single element. Indeed, it is enough to consider the local case.

Remark 2.2. Brian¢on and Maisonobe showed [2] that

Clz] C{z—p}
Bg™ = () Bc" T,
peCd

] denotes the Bernstein-Sato ideal of a tuple G over the polynomial

—p}

c
where B

ring and Bg{z is the Bernstein—Sato ideal of G in the convergent power series
around a point p € C%.

Now, since the g; are pairwise without common factors, we have
Bg C ((s141)--(se+1))
(see [I1, [3] for details).

Rev. Un. Mat. Argentina, Vol. 64, No. 2 (2022)



A NOTE ON BERNSTEIN-SATO IDEALS 241

Definition 2.3. The reduced Bernstein-Sato ideal of the tuple G is the ideal
Bg C C[sy, ..., s¢] generated by the polynomials
b(sh ) 82)
(81+1)~-~(Se+1),

with b(s1,...,s¢) € Bg.

Following the approach given by Mustata [12] for the case of a single ideal, we
consider the following:

Definition 2.4. Let a = a;y,...,a, be a tuple of ideals in Ox,0 and let G :=
g1, ---,ge be its associated tuple of hypersurfaces. We define the Bernstein—Sato
ideal of a as B

Bq := Bg C C[s1,..., S

Our next result shows that B, does not depend on the generators of the ideals
ai,...,ap and thus it is an invariant of the tuple a.

Theorem 2.5. Leta:=ay,...,ap be a tuple of ideals and, for each ideal, consider
two different sets of generators, a; = (fi1,...,fir) and a; = ( IRTRE 7fz/51)
Consider the tuple G = g1,...,g0 with g; = fi1Yi1 + -+ fir¥ir, and the tuple
G = gia cee 792 with g; = i/,lyg,l +oet fi/,siyg,si‘ Then Bg = Bgr.

Proof. Without loss of generality we may assume that, for each ideal a;, the set of
generators f],,..., fi . isjust fi1,..., fir, hi for a given h; € a;. Let z1,..., 2,
be such that h; = 21 fi1 + -+ + 2, fir,- Then we have

gi = finyin + -+ firVir, it
= firYin + o+ firVig, T (fin + o ¥ 2 fir Vi
= f1(2/£,1 + Zlyg,m+l) +eee At fz(yé,m + Z’F«;yg,r,;-&-l)'
After a change of variables y; ; — y;J + zjygﬂ_ 41, this polynomial becomes g;.

Since Bernstein—Sato ideals do not change by a change of variables, we conclude
that Bg = Bgr and the result follows. O

3. MIXED MULTIPLIER IDEALS

Let m: X’ — X be a common log-resolution of a tuple of ideals @ = a1,...,a,
in R. Namely, 7 is a birational morphism such that
e X' is smooth;
o a;, - Ox' = Ox/(—F;) for some effective Cartier divisor F;, i = 1,...,¢;
. Zle F, + E is a divisor with simple normal crossings, where E = Exc(m)
is the exceptional locus.
The divisors F; = > ;i E; are integral divisors in X’ which can be decomposed

into their exceptional and affine parts according to the support, i.e., F; = F*° +
FAE ) where
t

S
exc __ . aff __ .
F = E €515 and F7 = E e ;5.
j=1 j=s+1
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Whenever a; is an m-primary ideal, the divisor F; is only supported on the excep-
tional locus, i.e., F; = F¢. We will also consider the relative canonical divisor

K= ikjEj,
i=1

which is a divisor in X’ supported on the exceptional locus E defined by the
Jacobian determinant of the morphism .

Definition 3.1. The mized multiplier ideal associated to a tuple a = ay,...,a; of
ideals in R and a point A = (A1, ..., Ar) € RS is defined as
J(@) =T (@' a)) = mOx ([Kr — MFy — - — M)

In the classical case of a single ideal we have the notion of jumping numbers
associated to the sequence of multiplier ideals. The corresponding notion in the
context of mixed multiplier ideals is more involved.

Definition 3.2. Let a = ay,...,a; be a tuple of ideals in R. Then, for each
IS Réo, we define:

e The region of A: Ra(A) = {XN €RY, | J@) 2 J (@M}

e The constancy region of \:  Ca(X) = {X € Réo | T (@) = J (@)}

The boundaries of these regions is where we have a strict inclusion of ideals.
Therefore we may define:

Definition 3.3. Let a = ay,...,ay be a tuple of ideals in R. The jumping wall
associated to A € Ré)o is the boundary of the region Rq(A).

In particular, we will be interested in the points of these jumping walls. In what
follows, B.(X) stands for the open ball of radius € centered at a point A € R.

Definition 3.4. Let a = ay,...,ay be a tuple of ideals in R. We say that A € Réo
is a jumping point of a if 7 (&) 2 J(a*) for all X € {\ — Réo} NB:(A) and e >0

small enough.

From the definition of mixed multiplier ideals we have that the jumping points
A€ Réo must lie on hyperplanes of the form Hj: ey j21 + -+ ep 2 = kj +v; for
j=1,...,sand v; € Zso.

For A € (0,1), we have J(a*) = J(g2), where a = (fi,..., f.) is a single ideal
in R, and g, = a1f1 + -+ o, fr € R with o; € C is a general element (see [10]
Proposition 9.2.28]). As a consequence of a more general result of Mustatd and
Popa [13, Theorem 2.5] we also have a relation between J(a*) and the multiplier
ideal of the associated hypersurface g = fiy1 + -+ + fry, in A.

Definition 3.5. Let J = (Ql(y), ceey Qs(y)) be an ideal in A. Then, Coeff(J) C
R is the ideal generated by

{Ql(a)v o wQs(a) | (NS CT}

The result of Mustata and Popa in the form that we need is the following:
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Proposition 3.6. Leta = (fl, ey fr) be an ideal in R and let g = fry1+- -+ fryr
be the associated hypersurface in A. Then, for any A € QN (0, 1), we have

J(a*) = Coeft (J(g%)).
In particular, the set of jumping numbers in the interval (0,1) of a and g coincide.

The mixed multiplier ideals version of this result follows immediately from the
following observation.

Remark 3.7. Consider a ray through the origin L: (0,...,0) + p(a,...,ap),

where the «;’s are positive integers.
0.7
0.6
051
0.4
0.3
0.2

0.1+

51

Then, the jumping points of a tuple a = a1,...,a, lying on L are the jumping
numbers of the ideal af'* - - - a}*.

Corollary 3.8. Leta = ay,...,a; be a tuple of ideals in R, let G := ¢1,...,g¢ be
its associated tuple of hypersurfaces, and consider X € Qéo with Euclidean norm
IAll < 1. Then, X is a jumping point of a if and only if it is a jumping point of G.

Proof. After Remarkwe may assume that we have a single ideal a = ( fi,.oes fr)

so its associated hypersurface is ¢ = fiy1 + - + fryr. The result then follows
from 3.6 O

In order to prove the main result of this section we will need the analytic defi-
nition of mixed multiplier ideal associated to a tuple G = g1, ..., gs.

Definition 3.9. Let G = g1,...,g¢ be a tuple in A. Let B.(O) be a closed ball of
radius € and center the origin O € C?. The mired multiplier ideal (at the origin O)
of G associated with A € Q% is

T 9,0

2
:{heA|36<<1suchthat/ 1]

———————dxdydrdy < 00 .
B.(0) lga[?Ar - - - [ge|?Ae Y Y }
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Remark 3.10. As in the case of Bernstein—Sato ideals, it is enough to consider
this local case since we have

A A A A
Tt 9") = ﬂ T(g1" 90 )p-
peCd
If it is clear from the context we will omit the subscript referring to the point.

Theorem 3.11. Let a = ay,...,a; be a tuple of ideals in R. Let A € Qéo be a
Jjumping point of @ with Euclidean norm |A|| < 1. Then —X € Z(By).

Proof. Let A € Qéo be a jumping point of the tuple G = g1, ..., gs associated to a

with [|A|] < 1 and take h € J(f*')\ J(f*) with X € {A =RL} N B.(A) for e > 0
small enough. Therefore

|2
91?5 -+ gl
is integrable, but when we take the limit ¢ —+ 0 we end up with
|2
|ga[PX -+ [ge|*Ae”

which is not integrable. Set d = n + r; + - 4+ rp and consider the complex zeta
function

/d |gl|251 e ‘gg|2s£§0($,y,.f,g) dl’dydf dya
C

where sy, ...,s; are indeterminate variables and ¢(z,7) € C°(C?) is a test func-
tion, i.e., an infinitely many times differentiable function with compact support.
Moreover, ¢ has holomorphic and antiholomorphic parts. For any b(s1,...,s¢) €

B¢, we have a Bernstein—Sato functional equation

s1+1 .

5(s1,---,80)9] sl — p(

S S
g, S1,.-,80)91" - gp"-

Therefore
b2(517 L) 55) /d @(I,y,i’7g)|gl|281 e |g€|251{ dx dydjdg
C
- / 5*6*(517 ceey Sz) (QD(IL’, Y, Z, g)) |g1|2(51+1) T |gg|2(54+1) dx dy dzx dga
cd

where 6* and §* denote, respectively, the conjugate and the adjoint differential
operators associated to J. Notice that |h|?p(x,Z) is still a test function, so

b*(s1,...,50) /d (. y, 2,9) g1 - - 9o *** da dy dz dy
C

- Ld 5*5*(51a sy 55)(|h|2¢($7 Y, Z, g)) |g1|2(51+1) T |gf|2(8£+1) dx dy dzx dg
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Now we take a test function ¢ which is zero outside the ball B.(0) and identically
one on a smaller ball B, (O) C B.(O), and thus we get

b2 (s1,...,80) L |h|2|g1]?5" - - - |ge|®*¢ da dy dT dy
B,/ (O

= /7 5*5*(51, ey Sg)(‘h|2) |g1|2(31+1) C |g€|2(52+1) dr dy dz d?j
BE’(p)

Taking s = —(\}, ..., \}) we get

h|?
b2 (— ',...,—)\’)/ —,| - dx dy dz dy
! “JB0) i gl
:/ 50" (=M, = AD) (|2 |ga PO g P29 da dy d d,
B./(0)
but the right-hand side is uniformly bounded for all £ > 0. Thus we have
h|?
b2 (— ’,...,ng)/ %dzdydfdg§M<oo
' B./(0) |91 - - [ge[*e

for some positive number M that depends on h. Then, by the monotone conver-
gence theorem we have to have b%(=\y,...,—)\;) = 0, and thus -\ € Z(Bg) =
Z(By). O
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