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ARITHMETIC PROPERTIES OF GENERALIZED
FIBONACCI NUMBERS

JHON J. BRAVO, CARLOS A. GOMEZ, AND FLORIAN LUCA

ABSTRACT. We present a survey of results concerning arithmetic properties of
generalized Fibonacci sequences and certain Diophantine equations involving
terms from that family of numbers. Most of these results have been recently
obtained by the research groups in number theory at the Universities of Cauca
(in Popayédn) and of Valle (in Cali), Colombia, lead by the first two authors.

1. GENERALIZED FIBONACCI NUMBERS

The Fibonacci sequence is one of the most famous and curious numerical se-
quences in mathematics and has been widely studied in the literature. Denoted
by F := (F,,)n>0, it has initial terms Fy = 0, F; = 1 and obeys the recurrence
F, = F,_1 + F,_o for all n > 2. For the beauty and rich applications of these
numbers and their relatives one can see Koshy’s book [44].

The Fibonacci sequence has been generalized in many ways, some by preserving
the initial conditions, and others by preserving the recurrence relation. Here we

consider, for an integer k > 2, the k-Fibonacci sequence F(F) .= (Fék))nz,(k,z)
defined by the recurrence relation
FR =F® 1.4 F%  forall n > 2, (1.1)

with initial values Fi(k) =0fori=—-(k—2),...,0, and Fl(k) =1. We call FT(Lk) the
n-th k-Fibonacci number. The Fibonacci numbers are obtained for kK = 2. When
k = 3 the resulting sequence is sometimes called the Tribonacci sequence and is
commonly denoted by T := (T},)n.

The first k£ + 1 non-zero terms of F(*) are powers of 2, namely

Fl(k) =1 and F® =272 forall2<n<k+1,
while the next term is F; ,511)2 = 2% — 1. The inequality

EF) <272 holds for all n > k 4 2
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(see [19]). Further, recursion (1.1]) implies the three-term recursion
F® =2F® —F®  foralln >3,

which also shows that F(*) grows at a rate less than 272, In general, Howard and
Cooper [39] proved the following nice formula.

Lemma 1.1. For k> 2 andn > k + 2,

Lar]-1

Fék) — 2'(7.—2 _|_ Z C(nh7 271—(k+1)j—2’

Jj=1

6u o (1) [(n —ij) - (n —j]_k2— 2)} ,

In the above, we used the convention that (Z) = 0 if either a < b or if one of a
or b is negative, and denoted by |x| the greatest integer less than or equal to x.
For example, assuming that k + 2 < n < 2k + 2, Howard and Cooper’s formula
becomes the identity

where

F®) = on=2 _ (np — ). gn—k=3, (1.2)

The classical study of linear recurrence sequences (see [30]) is based on knowledge
of the roots of their characteristic polynomials. For an integer & > 2, the polynomial

Up(z) =28 =281 - -2 -1 €Q[¢]

is the characteristic polynomial of F(*). While studying the roots of Uy (z) it is
common to work with the polynomial

Ur(2) = (2 — 1)Wg(z) = 2F1 —22F 41, (1.3)

Except for the extra root at z = 1, 1, (z) has the same roots as ¥y(xz). By
Descartes’ rule of signs, the polynomial ¥y(z) has exactly one positive real root,
say z = o Since Uy(1) =1 — k and Uy(2) = 1, it follows that « € (1,2). In fact,
it is known that 2(1 —27%) < a < 2 (see [40, Lemma 2.3] or [65, Lemma 3.6]).
In addition, given that of*t! —2a* +1 = 0, we obtain a« =2 —a% <2 - 27F
and 50 2(1 —27F) < a < 2(1 — 2=+ for all k > 2. Thus, a approaches 2 at
an exponential speed in k as k tends to infinity. Miles [53] showed that the roots
of Wy (z) are distinct and the remaining k — 1 roots of ¥ (z) different from « lie
inside the unit disk. He showed this by reducing the equation ¥ (z) = 0 to a form
where Rouché’s theorem could be applied. This fact was reproved by Miller [54]
by an elementary argument. In particular, « is a Pisot number and W (z) is an
irreducible polynomial over Q[z]. It follows from a result of Mignotte [51] that if
a; # a  are roots of W (z) which are not complex conjugates, then |a;| # |a;].
Goémez and Luca [33] proved a lower bound on the ratio of absolute values of
roots of Wy(z). If oy and o are roots of Wy (2) with |a;| > |o, they showed that

|evi]

> 148K
|oj]
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This result was used in [36] as one of the main ingredients in the study of the zero-
multiplicity of a particular linear recurrence sequence with characteristic polyno-
mial Uy (z). In [33], Gémez and Luca gave upper and lower bounds on the absolute
values of the roots of ¥(z) different from . They proved that if «; is a root of
U (2) with |a;| < 1, then

log 3
Consider the function 1
s —
= 1.4
&) = s e -9 4
where z # 2 — 2/(k + 1). The inequalities

1/2 < fr(a) < 3/4 and Ife(as)| <1, 2<i<k (1.5)
hold, where o := a1, ..., ay are all the roots of Wi (z). Proofs for inequalities (1.5

can be found in [9]. With the above notation, Dresden and Du showed in [28] that
the formula and the estimate

k
. _ 1
P = ;fk(ai)ain ' and FP = fi(a)a” 1‘ <3

hold for all n > 1 and k > 2. The equality from the left-hand side above is known
as the Binet formula for F(*). By the above relations, we can write
F,(Lk) = fr(@)a™ ! +ex(n),

where |eg(n)| < 1/2 for all n > 1 and k > 2. A proof of the Binet formula for F*)
can be given using generating functions. Below we present a different one based on
the matrix method from [34] which is a consequence of the following more general
result.

Theorem 1.2. For the sequence U := ( ék))nzo which satisfies the recurrence

Ur(fl—)k-i-l = szfﬁk +yU,

with the k + 1 initial values 0,1,z,...,x*" 1, the Binet formula is given by
k+1 an
Uk — R 1.6
" ;(k‘—i—l)ai—kx (16)
where o, ..., g, i1 are the roots of the polynomial fy(z) := 2P — 2P —y.
Proof. Let ai,...,ax,apy1 be the roots of the polynomial 2¥+! —x2* —y. It suffices
to see that the n-th power of the (k + 1) x (k4 1) matrix
01 0 ... 0
00 1
Ci=1. - .
o 0
0 0 0 1
y 0 0 =z
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is given by
(k) (k) (k) (k)
yunfk yunfkfl e yun72k+1 unkarl
(k (k) (k) (k)
YUp g1 YUp_pp -0 YUy opyo Uy g9
k k k k
yu’El—)l yugl—)Q T yufl,)k U% )
k k k k
yu% ) yUE«L—)l T Z/U;Ekﬂ uill

and the Jordan canonical form of the matrix C is diagonal and given by C' =
PDP~ 1 where

L1 1 ar ... 0 0
a1 N (677 (07 FR} 0
2 2 2 o
P=|%" .- Gk Qg and D := 2
: : : 0

Setting P~! := (Bij)i<i j<py1» We have

1 1
Piker = [T — )  (k+ Dal — kxak=t
We now get the above equality (1.6]) by identifying the scalar product of the (k+1)-
st line of PD™ and the k + 1-st column of P~! with the term UfL:Bl. O

In particular, for the polynomial 1)y (z) defined in (1.3)), we have that x = 2 and
y=—1,s0

k
al 1
Uk = ' + :
" ;24—(/6-‘1-1)(0@_2) 1-k
where oo = a, ..., ay, are the roots of the polynomial ¥ (z). Now, we note that

the sequence Uk — U,Sli)l starts with the values
0, 1-0=1, 2—1=1, 4—2=2, ..., 2F71 k=2 _9k=2
which are exactly the initial values of the sequence F*). Hence, this gives

k
R =0 - U,

k n k n—1
_ Z Qa; _ Q;
2+ (k+1)(a;—2) Z 24 (k+1)( —2)
o —1 n—1

|

2+ (k+ (o — 20"

i=1

which is the identity given by Dresden and Du. Regarding the growth of the
sequence F*)| Bravo and Luca [17] proved that the inequality
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holds for all n > 1 and k& > 2, exhibiting an exponential growth of the k-Fibonacci
numbers as expected.

2. INTERSECTIONS OF LINEAR RECURRENCES

Many problems in number theory may be reduced to finding the intersection
of two sequences of positive integers and it is for this reason that the problem of
determining the intersection of two sequences has attracted attention from several
number theorists. To fix the ideas, let u := (up)n>0 and v := (v,)n>0 be linear
recurrence sequences of integers. That is, there exist positive integers k, ¢ and
integers aq, ..., a,b1,..., by such that both recurrences

Up+k = A1Up+Ek—1 + -t agun, (2 1)

Un+e = blvn-i-é—l + -+ blvn '
hold for all n > 0. It is then well known that there exist distinct algebraic numbers
ag,...,or and By,. .., Bs and polynomials Py,..., P. and Q1,...,Qs such that the
formulas

up, = Pi(n)a} + -+ + P.(n)a;,
Un = Q1(n)BY + - + Qs(n)BY
hold for all n > 0. If the recurrence relation (2.1 is minimal, that is, u does
not satisfy a linear recurrence of order less than k (in particular, ax # 0), then

in the formula (2.2) the numbers ag,...,a, are all the roots of the characteristic
polynomial

(2.2)

k
Po(X) = X" —ay XF ' — o — gy = (X — o),
i=1
and P;(X) are polynomials with complex coefficients of degree o; — 1, for i =
1,...,k, where o; is the multiplicity of a; as a root of P,(X). In practice, the coef-
ficients of P;(X) fori = 1,...,r can be found by using the initial values ug, . .., ux_1
of u. Similar considerations apply to v. The linear recurrence sequence u is said
to have a dominant root if, up to relabeling of the roots ag, ..., a,, the inequality
|oa] > max{|asl|,...,|ar|} holds. Note that necessarily |a;| > 1. In this case,
aq is called the dominant root of u. A question which has received considerable
interest is to decide whether two linear recurrence sequences have only finitely or
infinitely many common values. That is, whether the equation u,, = v,, has only
finitely many positive integer solutions (n,m). Below is a qualitative example due
to Mignotte [50].

Theorem 2.1. Assume that u and v are linear recurrence sequences whose gen-
eral terms have representations as in and which have dominant roots cy and
b1, respectively. There exists an effectively computable constant ng such that if
Up = U, holds with n > ng, then Pi(n)af = Q1(m)BT*. If this last equation has
infinitely many positive integer solutions (n,m), then ay and 1 are multiplicatively
dependent; that is, there exist integers x,y not both zero such that of = B7.
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In the above statement and in what follows an effectively computable value ng
means that one can write down a concrete bound for ng once the coefficients of the
recurrences and the initial terms are given.

In light of Theorem above, it follows that if u and v have dominant roots
which are multiplicatively independent, then the equation u,, = v, has only finitely
many positive integer solutions (n,m) and they are all effectively computable. To
compute them, one uses Baker’s method of linear forms in logarithms (see [3],
for example) in the same way as Mignotte did. Let us give the main idea of his
proof. Assume wu,, = v,, holds for some large value of max{m,n}. The dominance
conditions imply that

lun| = nlaa|?, fom| = me|By|™

where d, e are the degrees of P;(z) and Q1(z), respectively. Hence,
[nlog|as| —mlog B[] = O(logn),

so n and m are almost proportional as max{m,n} becomes large. Thus, both
become large if one of them does. Assume that both m,n are larger than the
maximal real root of P;(2)Q1(z). We rewrite

Un =V a8 |Pi(n)af — Qi(m)A™] = ZQJ )8 — ZP )ait|,

and deduce that
D
—nNn Qom n
|1 — Pi(n)'Q1(m)ay "B7"| < X (2.3)

where D := max{deg Pi(z),degQ1(z)} and p := max, ;{|oi|/|ail, |B1]/|5;5}
the left-hand side above is non-zero, then Baker’s bound together with the fact
that m and n are proportional implies that the left-hand side is bounded below by
exp(—Chy v (logn)?) with some constant C,, v depending only on Py (z), Q1(2), a1, B1,
which together with bounds n. This is all there is to it. Thus, given u and
v with the above conditions (that they have dominant roots which are multiplica-
tively independent), Baker’s method produces a numerical bound on max{n,m}
over all the positive integer solutions (n,m) of the Diophantine equation u,, = vy,.
In practice, these bounds are huge because Cy v is large, and they need to be re-
duced using techniques from continued fractions or the LLL algorithm (see sections
2.3.3 and 2.3.4 of Cohen’s book [24]) in order to bring them to small enough values
where one can find the solutions by simply enumerating them in the remaining
small range. It is interesting to bound at the theoretical level the number of so-
lutions u, = v,,, or to at least show that it has very few “large” solutions. This
was done recently by Bennett and Pintér [5]. To state their result, we need one
additional definition. For an algebraic number « of minimal polynomial

ap X+ - —|—ad—a0H — ;) € Z[X],
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where ag > 0, define the height of « as

d
1 .
ha) = p (1oga0 + E log max{|a(®|, 1})

=1

The following theorem is the result of Bennett and Pintér’s paper [5].

Theorem 2.2. Assume that u and v are given linear recurrence sequences with
dominant roots ay and 1 which are multiplicatively independent, whose general
terms are given by with nonzero algebraic numbers Py, ..., P. and Q1,...,Qs.
Assume further that Py # Q1. Put

M :=max{h(P;),h(Q;):1<i<r 1<j<s},
N := max{r, s,log|51], 3}
Then there exists an effectively computable constant C such that if
log|ay| > CM log |3:|log® N, (2.5)

then there is at most one pair of positive integers (n,m) such that u, = v, and
Prat = Q1 /7.

The above theorem has the advantage that it guarantees that the Diophantine
equation u,, = v,, has at most one large solution when only one of the sequences,
say v, is fully known while we only have some clues about the second one, u.
That is, assume that v is given. Assume also that u is not given, but that we
know r and we know bounds on the heights of the coefficients P, ..., P.. Then
M and N in are determined. What we are missing to fully know u are the
roots aq,...,a,. Then Theorem says that if || is large enough such that
inequality is satisfied, then the equation u, = v,, has at most one positive
integer solution (n,m).

We will indicate some practical examples of these results in the next sections.

(2.4)

3. EXAMPLES WITH REPDIGITS AND GENERALIZED FIBONACCI SEQUENCES

A repdigit is a positive integer whose base 10-representation has one repeated
digit. Thus, a repdigit is a positive integer of the form

10m -1
N:a(g) for some a € {1,...,9} and some m > 1.

Many papers have been written on Diophantine equations involving repdigits and
terms of certain linear recurrence sequences. For example, Luca [45] showed that 55
and 11 are the largest repdigits in the Fibonacci and Lucas sequences, respectively.
Since then, this result has been generalized and extended in various directions.
Erduvan and Keskin [29] found all repdigits expressible as products of two Fi-
bonacci or Lucas numbers. Faye and Luca [3I] looked for repdigits in the usual
Pell sequence and using some elementary methods they concluded that there are
no Pell numbers larger than 10 that are repdigits. Normenyo, Luca, and Togbé
found all repdigits expressible as sums of three Pell numbers [58] and later four
Pell numbers [46].
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For linear recurrences of higher order Marques [48] proved that 44 is the largest
repdigit in the Tribonacci sequence. Moreover, Marques conjectured that there are
no repdigits with at least two digits belonging to F(*) for any k > 3.

The sequence v of repdigits is not a linear recurrence sequence but it is the
union of 9 linear recurrence sequences by fixing the value of a € {1,...,9}. They
all satisfy formula with s = 2, (81, 82) = (10,1), and (Q1,Q2) = (a/9, —a/9).
In [17], Bravo and Luca have treated the problem of determining all repdigits in F*)
with the aim of confirming Marques’ conjecture. They considered the Diophantine

equation
10 —1
k) —
n a 9

in positive integers n, k, ¢, a with k > 2, ¢ > 2 and a € {1,2,...,9} and proved the
following theorem about it.

Theorem 3.1. If E® s q repdigit with at least two digits, then (n,k) = (10,2)
or (8,3). Namely, the only examples are Fig = 55 and Ty = 44.

One of the main ingredients to prove Theorem was lower bounds for linear
forms in logarithms of algebraic numbers to bound n polynomially in terms of k.
When £k is small, the theory of continued fractions sufficed to lower such bounds
to reasonable small ranges and complete the calculations by brute force. When
k is large, they used the fact that the dominant root of F(*) denoted by « in
the previous section is exponentially close to 2, so they could replace this root
by 2 in their calculations with linear forms in logarithms and end up with an
absolute bound for the variables, which can be reduced by using again standard
facts concerning continued fractions. The following estimate due to Bravo and
Luca [I7] was an important tool in addressing the large values of k.

Lemma 3.2. For k > 2, let o = a(k) be the dominant root of F*) and consider
the function fi(x) defined in (L.4). Suppose that n > 1 is an integer satisfying
n <202 and put § = o™ — 2" and n = fr(a) — fi(2). Then

2" 2k

Moreover,

frla)a™ Tt =277+ g + 2"+ o,

Alahmadi et al. [I] generalized the result given in Theorem by showing that
the only repdigits with at least two digits which can be represented as a product of
£ consecutive k-Fibonacci numbers (here, ¢ > 1) occur only for (k,£) = (2,1),(3,1),
in such a way extending the works [7, 49] which dealt with the particular cases of
Fibonacci and Tribonacci numbers.
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We finish this section by mentioning that additive variants of Theorem [3.1] have
also been considered. For example, paper [19] extended the previous work from [I7]
and searched for repdigits which are sums of two k-Fibonacci numbers; i.e., they
determined all the solutions of the Diophantine equation

106 -1

in integers n,m,k,a and £ with & > 2, n > m, 1 < a < 9, and £ > 2. Before
presenting the next result, we observe that in equation (3.1]) above one can assume
m > 1, since otherwise F}f ) = 0 and therefore the resulting expression would be an

equation which was completely solved in [I7]. The following result was obtained
in [19].

Theorem 3.3. All solutions of the Diophantine equation (3.1) with n > m > 1,
k>2,0>2 anda€{l,...,9} are:

Fo+Fy=11 FY+r® =88 FY+FY =11
F+F=2,i=12 FY+F% =33 FY4+F% =555

Fy + Fy = 55 FY4 Y =14 FY 4 F® =33 vk>6,i=1,2
27 = 88 F9+F® =711 FP + FP =66, vk > 7
FY4F® =11 FP 4 ) = 33.

The following estimate due to Bravo, Gémez, and Luca [I0] is an improvement
on Lemma [3.2]and it is currently one of the key points in addressing the large values
of k when solving Diophantine equations involving terms of generalized Fibonacci
numbers (see also [8]).

Lemma 3.4. Let k > 2 and suppose that n < 2¥/2. Then
o 1
EWM =2m2(14-¢5), where || < STk

Proof. Tt follows by using the Howard and Cooper formula given in Lemmall.1] [

In [27], Diaz and Luca found all Fibonacci numbers as sums of two repdigits. One
may then study an analogue of the problem of Diaz and Luca when the sequence
of Fibonacci numbers is replaced by the sequence of k-Fibonacci numbers. In [10],
we considered this variant and by using Lemma to deal with the large values
of k we obtained the following result.

Theorem 3.5. For k > 3 and n > k + 2, the Diophantine equation

10m —1 10¢ —1
F,E’“>a(09>+b<09 ) 1<a, b<9, (3.2)
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has only the following 17 positive integer solutions (n,k,m, ¢, a,b), m > max{{,2}:

F¥ =13=11+2 F =24=22+2 Fy) =81=177+4
FY =15=1144 FY=29=2217 F{Y =56 =55+1
F"=108=99+9  FY=31=2249 B = 61=55+6
FP =120=111+9 F® =63=55+8 FY;) = 1004 = 999 + 5
F®) = 44 = 11 + 33 F¥ =44=22422 F'9 =976 = 888 + 88

F{¥ =255 =222433 FY =1021 =999 + 22.

On the other hand, for n < k + 2, F,(Lk) = 2"=2 and the only solutions of (3.2)
with m > max{¢,2} are

FM=16=11+45 (k>5 and FP =64=55+9 (k>T1).

We clarify that the condition m > max{¥¢,2} > 2, in the above theorem is only

meant to insure that Fék) has at least 2 digits and so to avoid small numbers which

are sums of two one-digit numbers.

4. COINCIDENCES IN GENERALIZED FIBONACCI SEQUENCES

In 2005, Noe and Post [57] proposed a conjecture about coincidences of terms
of generalized Fibonacci sequences. In their work, they gave a heuristic argument
to show that if k # ¢, then the cardinality of the intersection F*) N F®) must be
small. Further, they used computational methods which led them to confirm their
conjecture for all terms of size less than 22000. This conjecture has been proved to
hold independently by Bravo and Luca [16] and by Marques [47]. They considered
the Diophantine equation

FR = p® (4.1)

in positive integers n, k, m, ¢ with k > ¢ > 2.

In light of the results and remarks from Section [2] one needs to prove that
the dominant roots of u = F*) and v = F®) are multiplicatively independent,
which implies that the intersection F(*) N F® is finite. Indeed, let o and 3 be
the dominant roots of u = F®*) and v = F®| respectively, and suppose that
a® = Y for some integers x,y not both zero. Up to replacing (x,y) by (—z, —y)
we may assume that y > 0. Since |a] > 1, |3] > 1, we get that z > 0. So, in
fact, we may assume that both x and y are positive since one of them being zero
entails that the other is zero as well, which is not possible. Let IL be the normal
closure of K = Q(«v, 8) and let further o1, . .., o be elements of Gal(IL/Q) such that
oi(a) = a;. Since k > £, there exist ¢ # j in {1,2,...,k} such that o;(8) = 0;(8).
Hence, the automorphism o = 0;101» satisfies o(8) = 8 and o(a) = as, where
s # 1 is such that O';l(ai) = «y. Applying o to the above relation and taking
absolute values we get that |as|® = (Y, which is not possible because |a,| < 1.
Thus, « and S are multiplicatively independent.
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Note next that since the first & + 1 non-zero terms in F*) are powers of 2, we
have that Ft(k) = Ft(l) forall 1 <t <{+1;i.e., the quadruple

(n, k,m, 0) = (t, k,t,0) (4.2)

is a solution of equation (4.1)) for all 1 < ¢ < ¢+ 1. The solutions shown at (4.2))
will be called trivial solutions. The following result was obtained in [16].

Theorem 4.1. The only nontrivial solutions of the Diophantine equation (4.1) in
positive integers n, k,m,¢ with k > € > 2, are

(n,k,m,0) € {(6,3,7,2),(11,7,12,3),(6,2,5,)}

for allt > 4. Namely, F{¥ = F® =13, FO = 3 = 504, and F{" = F» =8
for all t > 4.

A similar program for k-Lucas sequences was performed in [6], where the k-Lucas
sequence follows the same recurrence relation as the k-Fibonacci numbers except
that it starts with the k-tuple of initial values 0,...,0,2,1.

5. ON THE LARGEST PRIME FACTOR OF GENERALIZED FIBONACCI NUMBERS

For an integer m, let P(m) denote the largest prime factor of m with the con-
vention that P(0) = P(£1) = 1. The problem of finding lower bounds for the
largest prime factor of terms of linear recurrence sequences has attracted the at-
tention of several number theorists. There are many papers in the literature with
interesting results about this problem. For example, Schinzel [62] showed that
P(2" —1) > 2n+1 for all n > 12. For large n > ng, Stewart [63] did much better
and proved that

P(2" — 1) > nexp(logn/(1041loglogn)), (5.1)
confirming a conjecture of Erdds to the effect that lim, ., P(2" — 1)/n = oo.
Stewart did not estimate ng. Under the abe-conjecture, Murty and Wong [56]
proved that P(2" — 1) > n?7¢ holds for all € > 0 once n is sufficiently large in a
way depending on €. Murata and Pomerance [55] wrote: “It is perhaps reasonable
to conjecture that P(2" — 1) > n’ for all sufficiently large K and all sufficiently
large n depending on K, or maybe even P(2" — 1) > 2%/1°8" for all sufficiently
large n, but clearly we are very far from proving such assertions”.

A similar approach was followed for the k-Fibonacci sequence and an effective
lower bound for P(Fék)) in terms of both the parameters £ and n was obtained by
Bravo and Luca in [18].

Theorem 5.1. The inequality

P(EM) > 0.01y/log nloglogn

holds for all k > 2 and n > k + 2.

Note that the condition n > k 4 2 above is needed just because Fék) is a power

of 2 for all n € [1,k + 1] so P(FT(Lk)) = 1,2 in such cases. For the Fibonacci
sequence, Carmichael’s Primitive Divisor theorem [22] states that for n > 12, the
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n-th Fibonacci number F,, has at least one prime factor that is not a factor of
any previous Fibonacci number. Such prime factors are called primitive for F,.
The primitive prime factors of F,, are congruent to £1 (mod n) so, in particular,
they are at least as large as n — 1; hence, for the Fibonacci numbers we have that
P(F,) > n— 1 whenever n > 13, which is a much better result than the one given
in Theorem In fact, Stewart’s inequality holds with 2" — 1 replaced by
F,,, again for all n > ng, where ng is a number which Stewart did not compute. In
the general case, that is, if we replace F), by Fé’“) for some k > 3, there is no result
comparable to either Carmichael’s or Stewart’s theorems.

In [I8], the authors used the LLL algorithm and proved a numerical result by
finding all the k-Fibonacci numbers whose largest prime factor is less than or equal
to 7, i.e., they determined all the solutions of the Diophantine equation

FF) —9e.3b.5¢.7d (5.2)

in nonnegative integers n, k,a,b,c,d with k& > 2. Note again that it suffices to
consider the case when n > k + 2, otherwise (5.2]) holds trivially, since the first
k + 1 nonzero terms in F*) are powers of 2.

Theorem 5.2. The only nontrivial solutions of the Diophantine equation (|5.2))
are:

F® =3 P =81=31 R =63=32.7

PP =5 FY =504=2°.32.7 F% =125=5

FY —g— 98 FP=3136=20.72 F© =3840=2%.35
FP=21=3.7 FY=15=3-5 Fl7 =504=2%.32.7
FiP=144=2'.32 F"=56=2%.7 F{7 = 2000 = 2* . 53
Y =7 Y =108=22.3° F¥ =16128 =2%.32.7

B =24=2%.3  F»=120=2%.3.5,

A more general problem was studied by Gémez and Luca in [34]. Namely, for
positive integers n, m, k > 2, £ > 2 we write

(k)
Fy a
FTrf) b 53)

in reduced form, that is, ged(a,b) = 1. We extend the largest prime factor func-
tion to rational numbers a/b in reduced form by putting P(a/b) := P(ab) =
max{P(a), P(b)}.

Let T be a fixed parameter and (n, k,m, ) be a quadruple of positive integers
for which P(a/b) < T, where a/b is given by (5.3). Gémez and Luca went on to
show that this inequality has only finitely many solutions which are nontrivial in
a suitable sense. The case T" = 1 reduces to equation , studied in [16]. So,
assume that 7' > 2. If T = 2 and k = ¢, then one encounters the Diophantine
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equation FP = 255 studied in [32] and its only solutions have either s = 0 (so,
m =mn), or F¥ s a power of 2 (so also £ s a power of 2). If T' is arbitrary but
say m < £+ 1, we then get that Fy(ne) is a power of 2, so P(FT(Lk)) < T, and assuming
that n > k 4 2, we get that T" > 0.01y/log nloglogn by Theorem A similar
argument applies if n < k + 1.

So, the problem becomes interesting whenever n > k + 2, m > ¢+ 2, and
(n, k) # (m,£) in . Assuming that k+2 <n <2k+2and £+2<m < 20+2,
by identity (1.2)), FM = on—2_ (n —k)2"~+=3 and P = gm=2 _ (m — £)2m—t=3,
If further a/b = 2"~"™, the equation

FF

7O b

— 277,7’!71

becomes
on—2 _ (n _ k)Qn_k_3 — 2n—m(2m—2 _ (m _ £)2m—€—3)7
which is equivalent to
n—k=2%m—10).
The above leads to infinitely many examples. For example, fix m — ¢ = s > 2 and
k — £ = t such that 2!s > 2 is an integer (¢ may be negative as long as 2's is an
integer). This is fulfilled assuming that ¢ > max{—ws(s),1 — log s/log2}, where
vo(m) is the exponent of 2 in the factorization of m. Then k = £+t, m = £+ s,
and n =k +2's = £+ (t + 2's). The only additional conditions now to be satisfied
are that m =0+ s <20+ 2 and n = £+ (t + 2's) < 20+ 2s + 2 = 2k + 2, which
hold provided that
¢ > max{s —2,2's +t —2s — 2},
as well as (n,k) # (m,£), which is equivalent to ¢ # 0. The main result in [34]

is that P(a/b) tends to infinity with n uniformly in k,¢, m except for the above
situation.

Theorem 5.3. Ifn>k+2, m>{+2,n>m, (n,k)# (m,{), then the inequality

p FT(Lk) 1 1/5
W > (logn)

m

holds for all n > 1010° except when n < 2k +2, m < 20+ 2, and a/b = 2"™™,
which is the situation described above. The exponent 1/5 can be replaced by 1/4—¢
for any € > 0 provided n > ng(g), where this last number is a constant which can
be effectively computed in terms of €.

Instead of looking at the largest prime factor of a ratio of two k-Fibonacci
numbers, one can look at prime factors of sums of k-Fibonacci numbers. Bravo
and Luca [20] solved the Diophantine equation

F, + F,, =2% withn >m >2and a > 1, (5.4)
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showing that its only solutions are (n,m,a) = (4,2,2), (5,4,3) and (7,4, 4). Moti-
vated by their paper, Pink and Ziegler [61] fixed a non-degenerate binary recurrence
sequence (uy)n>0 and studied the Diophantine equation

Up, + Uy, = wWPT* -+ 2o for n > m,

where w is a fixed non-zero integer and p1, po, ..., ps are fixed distinct prime num-
bers. The unknowns are the positive integers m and n and the nonnegative expo-
nents z1,...,2s. Under mild technical restrictions they proved an effective finite-
ness result for the solutions of the above equation. For the particular case of the
Fibonacci sequence they studied the numerical case

F, + F,, =27 .3%...199%6 (5.5)
in nonnegative integer unknowns n,m, z1, ..., 24¢ With n > m, showing there are
exactly 325 solutions (n,m, 21, ..., 246). All of them have n < 59.

The three of us investigated the analogous equation to ([5.4) when the sequence
of Fibonacci numbers is replaced by the sequence of k-Fibonacci numbers. To be
more precise, we considered the Diophantine equation

F¥) 4 pk) = g0 (5.6)

in positive integers n,m,k and a with & > 3 and n > m. The complete list of
solutions of ([5.6) appears in [9]. Here is that result.

Theorem 5.4. Let (n,m,k,a) be a solution of the Diophantine equation . If
n=m, then (n,m,a) = (t,t,t — 1) for all2 <t <k+1 or (n,m,a) = (1,1,1). If
n>m and a #n — 2, then the only solution is (n,m,a) = (2,1,1), while if n > m
and a =n — 2, then all the solutions are given by

(n,m,a) = (k+252° +0 -1,k +2°—2), (5.7)

where £ is a positive integer such that 2¢ + 0 — 2 < k. In particular, we have
m<k+1andn<2k+1.

Inspired by the work of Pink and Ziegler [61], Gémez and Luca considered in [35]
an extension of the Diophantine equations and to the case where the
right-hand sides are replaced by S-integers instead of powers of 2. Here, S-integers
are integers whose prime factors belong to a fixed predetermined finite set of prime
numbers denoted by S. Thus, they studied the growth of P(FT(Lk) + FT(f)) obtaining
the following result.

Theorem 5.5. The inequality

1
P(E® + FM) > %\/lognlog logn

holds for allm > m, n > k+ 2, and k > 2 except when k+2 < n < 2k + 2
and m < k + 2 are part of the solutions to (5.6 of the form (5.7)) described in
Theorem [5.4) (for some ().
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A consequence of Theorem [5.5] is that given a finite set of primes, say S =
{p1,...,ps}, the S-integers which can be written as a sum of two k-Fibonacci
numbers, where k is also unknown, form a finite effectively computable set. As
an example, they found all sums of two k-Fibonacci numbers whose largest prime
factor is less than or equal to 7. That is,

FR) 4 pk) —ga . 3b. 5e. 7d (5.8)

with n, m, k, a, b, ¢, d being nonnegative integers with n > m > 2, k > 2. The
case k = 2 is a particular case of the more general equation (5.5 solved by Pink
and Ziegler [61]. These solutions are:

F34+F,=3 Fy+ F, =22 Fs+F,=2-3
Fs+ Fy = 3 Fr+Fy=2-7 Fo+Fy=5-7
Flo+F,=2%.7 Fii+F,=2-32.5 Flu+F,=2-3.7
Fy+F;=5 Fs+F3=1T Fs+F3=2-5
Fr+F;=3-5 Fy+ F3=2%2.32 Fs+F, =23
Fr4+F, =24 Fy+F,=2%-3 Fio+Fy =37
Fi7 + Fy =25.52 Fy+F, =232 Fio+Fs=2%.3.5
Fr+Fs=3-7 Fo+F3=2-3-7 Fio+Fs =327
Fig+ Fs=2°-3* Fig+Fr=2%.5% Fig+Fs=2*.3%2.7
Fii+Fpp=2"3 Fizs+Fig=2"-3 Fiy+ Fo=2*-3"

Completing the table above to include the solutions with & > 3 yields the fol-
lowing statement.

Theorem 5.6. Let (n,m,k,a,b,c,d) be a solution of Diophantine equation ({5.8])
withn >m > 2, k >3, and bed # 0. If n < k+ 1, then n —m € {1,2,3}.
Otherwise,
k<320 and max{n,m,a,b,c,d} <7T75.
More exactly, the equation has
(i) 34 solutions whenm <k+1 and k+2 <n <2k+1;
(ii) 7 solutions when m < k+ 1 and n > 2k + 2;
(iii) 14 solutions when k+2 < m < n.

6. PILLAI’S PROBLEM WITH GENERALIZED FIBONACCI NUMBERS

Suppose that a, b, and ¢ are fixed nonzero integers and consider the exponential
Diophantine equation

a® — b’ =c. (6.1)

In 1936 and again in 1945 (see [59]), Pillai formulated and recalled his famous con-

jecture which states that for any fixed nonzero integer ¢, the Diophantine equation
(6.1) has only finitely many positive integer solutions (a, b, z,y) with x,y > 2. This
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conjecture is still open for all ¢ # +1. The case ¢ = £1 is Catalan’s conjecture,
solved by Mihailescu [52].

The work started by Pillai was continued in 1936 by A. Herschfeld [37) B8],
who proved that equation has finitely many solutions in the particular case
(a,b) = (2,3). Pillai [59, 60], extended Herschfeld’s result to general (a,b) with
ged(a,b) =1 and a > b > 2. Specifically, Pillai showed that there exists a positive
integer ¢o(a,b) such that, for |¢| > cy(a,b), equation has at most one positive
integer solution (z,y). In particular, he conjectured that if (a,b) = (2,3) and |¢| >
13, then equation has at most one solution. This conjecture was confirmed by
Stroeker and Tijdeman [64] and their result was further improved by Bennett [4],
who showed that equation has at most two solutions for fixed a, b, and ¢ with
a,b> 2.

Some recent results related to equation have been obtained by several
authors in the context of linear recurrence sequences, i.e., by replacing the powers
of a and b by members of linear recurrence sequences. To fix ideas, let u := (uy)n>0
and v := (v,)n>0 be two linear recurrence sequences of integers and consider the
Diophantine equation

Up — Uy = C (6.2)
for a fixed integer ¢ and positive integers n and m. Chim, Pink, and Ziegler [23]
studied equation obtaining that if u and v have dominant roots which are
multiplicatively independent, and my v (c) denotes the multiplicity of ¢ as an el-
ement of the form wu,, — v,,, while Cyy := {c € Z : myv(c) > 2} represents the
set of exceptions for the Pillai equation corresponding to the pair of sequences
(u,v), then Cy+ is finite and effectively computable. That is, there is an integer
¢o(u, v) > 0 such that my v(c) <1 for all |¢| > ¢o(u, V).

This variant was started by Ddamulira, Luca, and Rakotomalala [26] with Fi-
bonacci numbers and powers of 2. They proved that the only integers ¢ having
at least two representations of the form Fj,, — 2™ are contained in the set C =
{0,-1,1,-3,5,—11,—30,85}. Shortly afterwards, Bravo, Luca, and Yazin [21]
considered the same Diophantine equation in Tribonacci numbers instead of Fi-
bonacci numbers. In their paper, they proved that the only integers ¢ having
at least two representations of the form 7T, — 2" = c¢ are contained in the set
C = {0,-1,-3,5,—8}. In order to extend this problem to generalized Fibonacci
numbers, Ddamulira, Gémez, and Luca [25] investigated those ¢ admitting at least
two representations of the form F,(lk) — 2™ for some positive integers k, n and m.
This can be interpreted as solving the equation

k m k m
FE®F —om = k) —gm (= ¢) (6.3)
with (n,m) # (n1,m1). The main result in [25] is the following.

Theorem 6.1. Assume that k > 4. Then equation (6.3) withn > ny > 2, m >
my > 0 has the following families of solutions (¢,n,m,ny,m1):

(i) In the range 2 < nj; <n < k+ 1, one has the following solutions:
(0,s,8 —2,t,t —2) for 2<t<s<k+1.
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(ii) In the ranges 2 <nj; < k+1 and k+2 <n < 2k+2, one has the following
solutions:

(a) whenny =n-—1,
(28t =1,k +2,k—1,k+1,0);
(b) whenny <n—1,
(27 —2° k+2° -2 k+2* -2 -2,y +2,p),
with y =b—34+2% -2 and p = a — 3 +2% — 2, where a > b > 0,
(a,b) # (1,0), and vy +3 < k +2.
(iii) In the range k+2 < ny < n < 2k + 2, one has the following solutions: if

the integer a is mazimal such that 2* < k + 2 satisfies a +2° =k + 1+ 2°
for some positive integer b, then

(=202 =3 k429 k429 — 2, k+2° b+ 2° —3).
(iv) If n =2k + 3, and additionally k = 2 — 3 for some integer t > 3, then
(1 —2t+2'=3 ot41 _3 ottl _5 9 44 ot _3),
FEquation has no solutions with n > 2k + 3.

7. SOME RELATED RESULTS WITH GENERALIZED PELL NUMBERS

One may ask whether one can apply the same methods to study similar equa-
tions for other parametric families of sequences resembling the sequences F*) of
k-Fibonacci numbers. In a similar vein, for an integer £ > 2 the k-Pell sequence

P® .= (Pfsk))nz,(k,z) is given by the recurrence
PR —2P™ 4 p® o PP foralln > 2,

with the initial conditions Pi(k) =0fori=—(k—2),...,0, and Pl(k) =1 We
shall refer to P,(Zk) as the n-th k-Pell number. When k& = 2, this coincides with the
classical Pell sequence. The k-Pell numbers and their properties have been recently
studied in [14] AT} 42, 43].

In 2015, Faye and Luca [31] looked for repdigits in the usual Pell sequence and
using some elementary methods concluded that there are no Pell numbers larger
than 10 which are repdigits. In [I2], Bravo and Herrera extended the previous work
and searched for k-Pell numbers which are repdigits, i.e., they determined all the
solutions of the Diophantine equation

¢ _
P =g (10 5 1> (7.1)

in positive integers n,k,¢,a with k > 2, £ > 2, and a € {1,2,...,9}. We clarify
)

that the condition ¢ > 2 in the above equation is only meant to ensure that ng
has at least two digits so as to avoid trivial solutions.

Before presenting the main result of [I2], we mention that in the Pell case,
namely when k = 2, several well-known divisibility properties of the Pell numbers
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were used by Faye and Luca in [31] to solve equation . Unfortunately, divisi-
bility properties similar to those used in [31] are not known to hold for P(*) when
k > 3 and therefore it was necessary to attack the problem differently. Linear forms
in logarithms and standard facts concerning continued fractions allowed them to
prove the following result.

Theorem 7.1. If P s a repdigit with at least two digits, then (n,k) = (5,3), or
(6,4). Namely, the only solutions are Pég) =33 and Pé4) = 88.

In 2011, Alekseyev [2] established that F?) N P(?) = {0,1,2,5} using proper-
ties of Lucas sequences, homogeneous quadratic Diophantine equations, and Thue
equations. In 2019, Bravo, Gémez, and Herrera [§] found all generalized Fibonacci
numbers which are Pell numbers, while Bravo and Herrera [I1] found all Fibonacci
numbers which are generalized Pell numbers.

Finally, Bravo, Herrera, and Luca [13] investigated the problem of determining
Uks2.e52 P¥) N F® extending in this way the previous results from [2, 8, [I1]. We
mention that the results and remarks from Section [2] apply here in the context of
showing that P*) N F® is finite for fixed k, ¢ > 2 since the dominant roots of P(¥)
and F) are multiplicatively independent for small values of k and £ (but see [I3,
Conjecture 1]). The following is the main result of [13].

Theorem 7.2. The only solutions (n,k, m,£) of the Diophantine equation
P = B
in positive integers n, k,m, ¢ with k,{ > 2 are:
(i) the parametric family of solutions (n,k, m, ) with { = 2, namely
(n,k,m, 0) = (t,k,2t —1,2) for1l <t<k+1;
(i) the sporadic solutions
1= Pl(k) = Fl(z) forallk >2 and ¢ > 3;
1=P" =F" forall k,0>2;
2= P2(k) = FB(Z) forallk >2 and ¢ > 3;
13 = P4(k) = F6(3) for all k > 3;
29 =P; = FY,
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