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TWO-WEIGHTED ESTIMATES
OF THE MULTILINEAR FRACTIONAL INTEGRAL OPERATOR
BETWEEN WEIGHTED LEBESGUE AND LIPSCHITZ SPACES
WITH OPTIMAL PARAMETERS

FABIO BERRA, GLADIS PRADOLINI, AND WILFREDO RAMOS

This article is dedicated to Professor Eleonor “Pola” Harboure, beloved colleague whose vast
knowledge and human kindness have always been a guidance to us

ABSTRACT. Given an m-tuple of weights ¥ = (v1,...,vm), we characterize the
classes of pairs (w, ¥) involved in the boundedness properties of the multilinear

fractional integral operator from H:il LPi (Ufi

) into suitable Lipschitz spaces
associated to a parameter §, L. (d). Our results generalize some previous
estimates not only for the linear case but also for the unweighted problem in
the multilinear context. We emphasize the study related to the range of the
parameters involved in the problem described above, which is optimal in the
sense that they become trivial outside of the region obtained. We also exhibit

nontrivial examples of pairs of weights in this region.

1. INTRODUCTION

In 1972 B. Muckenhoupt characterized the nonnegative functions w for which
the classical Hardy—Littlewood maximal operator M is bounded in LP(w), for 1 <
p < oo (see [8]). More precisely, the author proved that M : LP(w) — LP(w) if
and only if w € A,, that is, w satisfies the inequality

() G ) =

for every cube ). These classes became very important for many estimates in
Harmonic Analysis and were further studied by many authors.

Later on, in [9], B. Muckenhoupt and R. Wheeden introduced a variant of these
sets of functions, the A, , classes, given by the collection of weights w such that

1) (& wp/)”p’
<Q|/Q) Q|/Q =6
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for every cube @, where 1 < p,q < oo. These classes played an important role on
the boundedness properties of the fractional maximal operator M,, 0 < v < n and
the fractional integral operator I, given by the expression

L= [ A0

n|T—y"
Y

whenever the integral is finite. It was proved in [J] that if 1 < p < n/y and
1/¢ = 1/p — «/n, then this operator maps L?(wP) into L%(w?) if and only if
w € A, 4. For the endpoint case p = n/v it was also shown that the operator I,
maps L™/ (w"™/7) into a weighted version of the bounded mean oscillation spaces
BMO if and only if w="/("=7) € A;. Although the Ap 4 classes above are a variant
of Ay, they are intimately related with them. It is well-known that w € A, , is
equivalent either to w? € Ay, 4/ or w? e At /q (see [9]).

Later on, in [12] the author proved that for n/y < p <n/(y—1)" and § =y—n/p
the operator I, maps L?(wP) into suitable weighted Lipschitz spaces related to the
parameter §. These spaces are a generalization of those introduced in [9] which
correspond to § = 0. A two-weighted problem was also studied, giving the optimal
parameters for which the associated classes of weights are nontrivial.

In [5] E. Harboure, O. Salinas and B. Viviani had introduced another class of
weighted Lipschitz spaces wider than those considered in [12]. Concretely, they
defined the class £,,(d) as the collection of locally integrable functions f such that

1
;gﬂ}gﬂ o 1(B)| BT /B |f(z) = fB|dz < c0. (1.1)
They characterized the weights involved in the continuity properties of I, acting
between LP(w) into L, (8) for 1 < p < n/(y—1)" and 6 =y — n/p. The class of
weights turned out wider than the corresponding class considered in [12], being the
same under certain additional assumptions on the weight. Inspired by that work,
a two-weighted problem was also studied in [IT].

Given m € N and 0 < 7 < mn the multilinear fractional integral operator of
order m, I ,, is defined as follows:

—

[T, fi(yi) 2
I m = m d ’
S f (@) /(R,L,,,L (i, fe =iy @

where f = (f1,f2,--+, fm) and ¥ = (y1,¥2,---,Ym), provided the integral is finite.

The continuity properties of I, ,, were studied by several authors. For example,
it was shown in [7] that if 0 < v < mn then I,,, : [[/~, L?* < L9, where
1/p = >i",1/p; and 1/q¢ = 1/p — v/n. The author also considered weighted
versions of these estimates, generalizing the results of [9] to the multilinear context.
On the other hand, in [I] unweighted estimates of I,,, between [[:, L' and
Lipschitz-6 spaces were given, with 0 < § < 1 and § = v — n/p. For other type
of estimates involving multilinear versions of the fractional integral operator see
also [3], [4], [6] and [13].
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Recently in [2] we studied the boundedness of I, ., between []/*, LP (v!") into
the space L,,(0) defined by the collection of locally integrable functions f such that

wWXB| o
p lwdsl /|f ~ fplda < oo,

BC]R” |B[Lo/n

characterizing the weights involved as those satisfying the condition H,,(p,~, J)
given by

s oo ﬁ / 0 dy " <c. (12)
e vm L Jeo QB+ lap =y @) =60 (0

The purpose of this article is to study the boundedness of the operator I, .,
between a product of weighted Lebesgue spaces into the Lipschitz space L., (d)
defined in . Our result generalizes the linear case when p > n/y. We do not
only consider adequate extensions of the one-weight estimates in the linear case
proved in [5], but also a generalization of the corresponding two-weighted problem
given in [II] for m = 1. We characterize the classes of weights for which the
problem described above holds. We also show the optimal range of the parameters
involved. The optimality is understood in the sense that the parameters describe
certain region in which we can find concrete examples of weights belonging to the
class, becoming trivial outside of it. The results obtained in this paper not only
extend the results in [5] and [IT] but also they generalize the unweighted multilinear
results proved in [I] .

We shall now introduce the classes of weights and the notation required in order
to state our main results.

Along the manuscript the multilinear parameter will be denoted by m € N. Let
0<~vy<mn,d0 €Randp= (p1,p2,.--,Pm) be an m-tuple of exponents where
1 <p; <ooforl<i<m. We define p such that 1/p = 2211 1/p;.

We shall be dealing with a wider class of multilinear weights than those satisfying
(1.2) (see [2]) and defined as follows. Given the weights w, vi,..., vy, if 0 =
(v1,v2,...,0,) we say that a pair (w,?) belongs to the class H,,(p,~,d) if there
exists a positive constant C' such that the inequality

m —P; 1/p;
||t II / v (y) W) o
w_l(B) i—1 R™ (|B|1/n + |J,‘B — y|)("—%‘,+1/m)p; >

(2

holds for every ball B = B(zp, R), where Y.\, v; =, with 0 < v; < n for every
i and zp denotes the center of B. The integral above is understood as usual when
pi =1, (see § [2| for further details).

When m = 1 the class given above was first introduced in [11] (for w = v see
also [I0] for the case § = 0 and [5] for the one-weight case). In that paper the
author showed nontrivial weights when § < min{1,y —n/p}. A similar restriction,
as we shall prove, appears in the multilinear context.

Remark 1. Tt is easy to check that H,,(7,v,0) C Hm(P,7,d) and, if w=! € Ay,
both classes coincide. The same statement is true for the classes L, (d) and £, ().
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We recall that a weight w belongs to the reverse Hélder class RHy, 1 < s < o0,
if there exists a positive constant C such that the inequality

1 Vs
i s <
(|B|/B“’> —|B|/Bw

holds for every ball B in R™. It is not difficult to see that RH; C RH; whenever
1 < s < t. We also consider weights belonging to the class RH,, that is, the
collection of weights w such that the inequality

< C
supw < — [ w
B 1Bl /s
holds for some positive constant C'.
We are now in a position to state our main results.

Theorem 1.1. Let 0 < v < mn, § € R, and p’ a vector of exponents that verifies
p > n/y. Let (w,v) a pair such that v; ** € RH,,, fori € Ty={1<i<m:1<
p; < 0o0}. Then the following statements are equivalent:

(1) The operator L, ,, is bounded from [~ LP(vF") to L, (0);
(2) The pair (w,v) belongs to Hy (7,7, 9).

Observe that a reverse Holder condition for the weights v; is required for our
theorem to hold. Although this seems to be a restriction, it does trivially hold
when we consider m = 1, as expected. A condition of this type was also required
for the class H,, (7,7, ) in [2].

We also notice that whilst there is no restriction on ¢§ in the previous theorem,
they arise as a consequence of the nature of the corresponding weights. The follow-
ing theorem establishes the range of parameters involved in the class H,, (D)7, d)
where the weights are trivial, that is, v; = oo a.e. for some 7 or w = 0 a.e.

Theorem 1.2. Let 0 < v <mn, § € R, and p a vector of exponents. The following
statements hold:

(a) If 6 > 1 or § > v — n/p then condition H.,(P,7,9) is satisfied if and only if
v; = 00 on a subset of R™ of positive measure, for some 1 < i < m.
(b) The same conclusion holds if 6 =~ —n/p = 1.

In § we shall exhibit nontrivial examples of pairs (w,¥), for which the class
H.m(P,7,d) is nonempty, depicting the corresponding regions described by the pa-
rameters. By Remark [[] we have that these regions include the corresponding ones
given in [2].

Regarding the case when w = [];~, v;, which generalizes the one-weighted prob-
lem when m = 1, we have proved in [2] that condition H,,(p,~, d) reduces to the
multilinear class Az .. This is the natural multilinear extension for the condition
v™?" € A; on the linear setting. When (w, @) € H,n(5,7,6) and w = [[[", v; we
shall directly say that ¥ € H,,,(p,~, ), that is, there exists a positive constant C
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such that the inequality

m

m ’U_p; (y) 1/p;
sy (] i W) e
BN e B s fen —yomrn @) <15, 1

i=1

holds for every ball B, with the obvious changes when p; = 1 for some i. The
following theorem deals with this case of related weights.

Theorem 1.3. Let 0 < v < mn, § € R and p a vector of exponents. If v €
Hon(P,7,0) and p/(mp — 1) > 1, then we have that § =~ — n/p.

When m = 1, the theorem above was given in [I4]. As an immediate consequence
we have the following result.

Corollary 1.4. Given 0 < v < mn, § a vector of exponents and 6 =y —n/p. If
¥ € Hn(P,7,6) and a = p/(mp — 1) > 1, then we have that [[I", v; ' € RH,.

Notice that, when m = 1, « = p’ > 1 and the corollary establishes that if
v € Hi(p,7,9), then v~ € RH,/, a property proved in [5].

2. PRELIMINARIES AND DEFINITIONS

Throughout the paper, C will denote an absolute constant that may change in
every occurrence. By A < B we mean that there exists a positive constant ¢ such
that A < ¢B. We say that A~ B when A < B and B < A.

Let m € N. Given a set E, with E™ we shall denote the cartesian product of E
m times.

It will be useful for us to consider the operator

. 1 1 — X,y (¥
J mf €T :/ ( ™ - ) fz Yi dy
) @ym \ (e |z —gl)mm=r (S fyil)mn H

(2.1)
which differs from I, ,, only by a constant term, therefore it has the same Lipschitz
norm as I ,,, so it will be enough to give the results for J, ,,.

By a weight we understand any positive and locally integrable function. As we
said in the introduction, given § € R and a weight w we say that a locally integrable
function f € L£,,(9) if there exists a positive constant C' such that

1
w—l(B)|B|6/n/B|f($)—fB|dxgc

for every ball B, where fg = |B|™* [, f

If 6 = 0 the space L£,,(0) coincides with some weighted versions of BMO spaces
introduced in [I0]. Concerning the unweighted case, when 0 < § < 1 it is equivalent
to the classical Lipschitz classes A(d) given by the collection of functions f satisfying
|f(z) — f(y)| € Clz — y|° and, if —n < § < 0, they are Morrey spaces. On the
other hand, this space was studied for example in [5] and in [TT].
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The class H,, (P, v, d) is given by the pairs (w, ¥) for which the inequality

m —p 1/p}
B/ [ v ")
sup ——————— ¢ ~d <oo (2.2
s = U\ . G oo @ 22

1=

holds. For those index i such that p; = 1 we understand the corresponding factor
on the product above as
v; !

(Bl + fop — N7 |

Let Zy ={1<i<m:p;=1}and o = {1 <i < m:p; > 1}. We will also
denote with m; the cardinal of the set Z;, that is, m; = #Z; for j = 1,2. We shall
use this notation throughout the paper.

Observe that if (w, @) belongs to H,, (P, 7, d), then the inequalities

IT v *xsl [ (|B|/v"’5>1/m <C  (23)

|B|1 §/n+v/n—1/p

€Ty 1€To
and
|B|L+(=8)/n v Xpe\ B
w1(B) (IB]V/m + Jzp — - [)n=ritt/m) .

1 ) st

v, ot Y
) ] d <0, 2.4
i€ Ty (/RTL\B |z — y| (P mp] y) < (2.4)

hold for every ball B. We shall refer to these inequalities as the local and the global
conditions, respectively. Furthermore, if Z and J partition the set Z, from (2.2])
we can write

|B|1+(7 6)/n—1/p

Mot T 11 (g ) <o

€L ieJ 1€y
(2.5)

for every ball B. This inequality will be useful for our purposes later.

On the other hand, when v;l € RHy for i € Z; and ’U;p; is doubling for
1 € Iy, the corresponding local and global conditions imply . Before stating
and proving this result, we shall introduce some useful notation.

Given m € N we denote S, = {0,1}". Given a set B and 0 € Sy,, 0 =

(01,02,...,0m) we define
Boi — B7 if g; = 1
R™\B, ifo; = 0.

With the notation B? we will understand the cartesian product B! x B?2 x
- x B?m. In particular, if we set 1 = (1,1,...,1) and 0 = (0,0,...,0) then we
have

B! = BxBx---xB = B™ and B® = (R"\B)x (R"\B) x---x(R"\B) = (R"\B)™
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Lemma 2.1. Let 0 < v < mn, § € R, § a vector of exponents and (w,v) a pair
of weights such that vi_l € RHy, fori € Iy and v; ** is doubling for i € I. Then
condition Hp, (P, 7, 0) is equivalent to (2.4).

Proof. We have already seen that H,,(p,~,d) implies (2.4). In order to prove the
converse, we let 8; = n —~; + 1/m for every i. Recall that mg = #ZIy. By splitting
the integral into the ball B and its complement and by computing the product we
have that

i

”U»_p; U_pr/i P
1 /R (IBIY" +|zp — ) -2 H / (IB[V/7 + [ep — )P )

1€ls 0ESm, 1=1

where we have used a possible rearrangement and re-indexing of i € 7.
Fix o0 € Sp,,. If 0, =0, we have that

1

Ufpiz ] U_*P;;
Jo ) = s 7 oo
—P:; Py
r\B |z — y|"Pi

For o; =1, since v, Pi is doubling, we have that

S

[~

SN

.
7
i

, , . 2
/ v; " (y) ay " / v, " (y) dy v
e (BI7™ + e — g 5 (BT + s — 4"
A 1/7%
< ! (/ vi_p’)
B[/ \
1/p}
< ! s
S B e \ o Y
o 1/p;
< / Ui P (y)
= \Ven\B lzp — y|(nmri L/ mp;
o 1/p;
< / vi P (y) .
= e o gl 0570

Therefore, for every o € S,,,, we obtain

Mo P 1/p} P 1/p}
: ; < —t . (2.6)
1;[1 /B (IBIY" + |wp — )% H /Rn\B g — |07

i€Zs
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On the other hand, for i € Z; we proceed similarly as above replacing || - ||p; by
| - |oo and using the RH,, condition for v; *. Indeed, observe that

) C [ _C - -
I Aol < 7 S 31 " S o

Then we can conclude that

1] = | <1 L (27)
€Ty (IB]V/ + Jzp — [n=r/mat/m [ ™ e ||lzB = |n=r/mA1/m %
Therefore, by combining , and we get that
|B|1+(-0)/n vt
“w 1B 4 GBI fa — .
/Ufpl 1/p}
“ll </R (B[ + | — )77 ) =6
as desired. 0

Corollary 2.2. Under the hypotheses of Lemma we have that condition ([2.4)
implies (2.3)).
3. TECHNICAL RESULTS

We now introduce some operators related to I, ,,, and some useful properties in
order to prove our main results.
Given a ball B = B(xp, R) and B = 2B, as in [2] we can decompose the operator

inas

— —

Jymf(x) =ap+1f(x),

where

e /( n)m ((Zr_l |mB _yi|)mn*'Y (lel |yz mn ~ Hfz yz ( . )

and

— 1 X
I = o _ Bm > (s d
T /(R”)m ((Zi_l |z — y|)mn (ZZ 1 |$B — yil) Hf vi) dy.

3.2)
We shall first prove that this operator is well-defined for f as in Theorem

Lemma 3.1. Let 0 < v < mn, § € R, and p a vector of e:cponents that verifies
p > n/y. Let (w,?) be a pair of weights in H,(P,,d) such that v, P RH,,, for

i € Iy Iff satisfies fiv; € LPé for every 1 < i < m, then J,, mf is finite in almost
every x € R™.
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Proof. We are going to exhibit a sketch of the proof, since it follows similar lines
to that in [2, Lemma 3.1]. By usmg the same notation as in that lemma, fix a
ball B = B(zp, R) and write J,, mf =ap+ If, where we split ap = ak + a% and
If: Ilf+ Igf. We proved that

b1 < (1+ e ) T () 15014, )
=1

where By = B(0, Ry) with Ry = 2(|zg| + R). By using Hoélder’s inequality and
condition (2.3]) we get

bl = (1+ gpecrm ) I 15
< (1+ g L1 ™

i=1

N 1/p;
o I e TT ([ o)
0

i€y i€y

Bo) | o 15/m—ymt1)
|Bo|®/m /e
|B|

< 00.

In the same lemma we also proved that

—1

m
/l].
a3l < Tl IT ] v .
i=1 ez, 1 (1Bol M+ lwp, — )%
/ 1/p;
ot
U.
X C ,
11 (/ (Bol 7" + |0 — )7 )

where 6; = n —v; + 1/m. So by using condition (2.2)) we get that

~(Bo)

21 <o
|a’B|— |B|

| Bo |(5 1)/nH [ fivillp, < oo.

i=1

Let us now consider I; f. By proceeding as in the corresponding estimate in [2] we
obtain

o m 1 - 1/p;
/Blflf(w)ldwé(?il:[lllfmlm T (5 [")

i€y
X H HU;lXBH ‘B|(’Y—’Yo)/n—ml+1/q’+1_1/(m0p*)

i€y
. 1 —p'- 1/1’2
oLl TT (g L)

= O|B/" P T o

i=1 i€1y i€Lo
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We rearrange the indices in 7 increasingly, in a way to get Z; = {i1,...,%m, }-
Observe that

IT o sl < TT (o5 sl + o ]l )

1€y i€y
miy
o 1—0;
. 14 J 1 J
= > T % |los s
ceS™1 j=1

Therefore,

[ inf@ldz < TL 1t

A 1/7;
S B ] <|B / U—pi)

ceS™1 i€Z1y

9

oo

Fix 0 € S™* and define the sets
I={ijeZi:0;=1} and J={ijel;:0;=0}
We can apply condition (2.5 to bound every term of the sum by

wI(B)

CIB G /m1/

|B|—y/n—1/p+1 — Cw_l(B>|B|6/".

Consequently,

/ I, f(@)] de < Cw(B)|BIY/" (H 1 evilly
=1
Finally, for I f we have

|Iof ( )| < |B|1/" Z /U z 1|f2(y1)‘ d7.

0ESm,0#1 z 1 |$B —Yi Dmn Rk

This expression is similar to a%, with By replaced by B. Observe that
—1

Yy
iy,
|x «|Yi B

-1

Yy
—r X
|xB_.9i B

oo oo

for those indices 7 € Z; such that o; = 0. On the other hand, if ¢ € 7; and o; = 1,
we can split the expression ||v; ' Xz s as follows:

[or Xp o < [loi" Xppll o+ llo7" ¥l
and repeat the argument used in the estimation of Iy f After applying condition

(2.5) we get that
m
/ L f(@)|dz < Co (B)BP/™ T] I fvilly.-

This concludes the proof of the lemma. O
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Remark 2. The corresponding bound obtained for I f will be used for the proof of
Theorem [L11

The next lemma was given in [2]. The sets involved in its statement are defined
as follows.
For a fixed ball B = B(xp, R) we set

A={zp+h:h=(h1,ha,...,hy):h; >0for 1 <i<n},

R R R
Ci=08 - ——=u,——— | N - h:h; <0 f b,
1 (a:B 12\/510, 12\/5) {a:B 12\/51&—&- < 0 for every z}

and

CQ:B<xB—3\Ijﬁu,2§>ﬁ{xB—gfjﬁu—ﬁ—h:hi<0foreveryi},

where v = (1,1,...,1).

Lemma 3.2. There exists a positive constant C = C(n) such that the inequality
1 1 - |B|Y/n

ity e =y (T e =y T (IBIY + 2 e — )

holds for every x € C1, z € Cy, and y; € A for 1 < j<m.

Remark 3. Tt is not difficult to see that |C;| = |B| for i = 1, 2.

4. PROOF OF THE MAIN RESULTS

In this section we prove our main results.

Proof of Theorem[I.1, We shall first prove that implies . We shall deal with
the operator J, ,, since it differs from I, ,, by a constant term. We want to prove
that for every ball B

1 . . m
w—l(B)BW”/B |y mf () = (Jymf)Blde < 021;[1 Il fivillp. (4.1)
with C independent of B. Fix a ball B = B(zp, R) and recall that J%mf(a?) =

ap + If(z), where ap is given by (3.1) and If by (3.2). In Lemma we proved
that

[ )l < cu )5 s

i=1

Dpi»

which implies that

/B ymF(@) — apl dz < Cw~ (B)| B T] Il fivily. (4.2)

i=1

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



80 F. BERRA, G. PRADOLINI, AND W. RAMOS

On the other hand, observe that
[ 1nf@ = (5nfslde < [ 10,0 F(@) = aplde+ [ 1050005 = aslda

< 2/ Ty f () — ap) da.
B

By combining this estimate with (4.2]) we obtain the desired inequality.
We now prove that . 1) implies (2)). Assume that the component functions f; of

f are nonnegative. We have that . holds for every ball B = B(xg, R). Also
observe that

1
51 /. lo(@) — ol do ~ \3\2//'9 (2)] do dz.

and therefore the left-hand side of (4.1) is equivalent to

1 . .
u,“B”Bl%wnA;LLhmf@)_J%mﬂ@“MdZZL

Observe that, when y; € B for every i we have

1 m
1B + g —y;| > - <|B|1/n + Z; |z — yz’|> :
1=
for every 1 < j < m. By combining Lemma and Remark [3] with the inequality
above we can estimate I as follows

1 BIY/2TT™ . (.
1> ﬁ/ / / - |B| mHZ:l fi(yi) . dij da dz
w=H(B)|BI* Jo, Joy Jam (IBIY"+ 3700 |op — gl )=t

|B| +(=0)/n </ fi(yi) >
>C—FF+—— dy; | .
> =y UL @7 — e

Since the set A is a quadrant from xp, a similar estimation can be obtained for
the other quadrants from zg. Thus, we get

|BJi+a-9)/n ( / filw) )
I>c=2 dy ),
>0y UL e - e @

which implies that
(] () ) <cfl
—_ dy) <C U
w-1(B) };[1 wn (|BIY™ + |zp — y|)n—iti/m Y= 11;[1 | fivillp
For every i € Z; and k € N we define V; = {z : v; *(x) < k} and the functionals
-1
9(y)v; ~(y) Xy (y
- | W WX
e (IBIY" + |z — y|n=ritt/m
Therefore FF is a functional in (L')* = L. Indeed, if g € L*,
—1 )
v; Xvkl

(BI7" + Jos —

(4.3)

\FF(9)] < llgllz

< 00,

)n—'yz--i-l/m
oo
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and we also get

-1
|EF(fivs)] < vy Xy
[fooiller = || (B + o —[r=siim |
for every i € 7.
If i € Iy, then we set A, = AN B(0, k) and consider
—p!
k _ U; “(y) )
fily) = (B +Jeg _yD(n_%H/m)/(m_l)XAk(y)ng(y).

Let us choose f: (fiy--+y fm), where fiv; € L* for p; = 1 and f; = fF for
p; > 1, for fixed k. Therefore, the left-hand side of (4.3)) can be written as follows:

HkaszH / v;Pi(y)_.l —dy
v (|1BIY™ + |z — y|) et/ mp;

i€y i€L1s

|B|1+(1 8)/n

and it is bounded by

7p<( ) 1/pi
. . 1 U'L : y
I il T1 ( /. i (B + Jop — yl) e F 7m0, dy) |

i€y 1€y

This yields

! 1/p;
|B|1+(1 6 H | fol | H / vi pl(y) dy
HfoZHL Akﬁvl ‘B|1/" + |xB - y‘)(n vitl/m)p;

i€l 1€To
<C,

for every nonnegative f; such that f;v; € L', i € T; and for every k € N. By taking
the supremum over f; iteratively for i € Z; we get
|B‘l+(l—5)/n H ,U‘—1 H

w(B) i€T) (IB[Vn + [op — [yr=wtt/m ]

el

I l 'U»_p;XA i
3 kﬂVk
. 7 <C.
€T, / (|B|Y/n + |z — o) (nmwitl/m)p; =

By taking limit for k — oo, the left-hand side converges to
‘B|1+(1—5)/n Ui_l
D |

i€y ’ (IB|Y" 4 |xp — -[)r—vitl/m o
1

R0) Z
X [ : dy
H (/R (|IB|V/™ + |z p — y|) it/ m)p;

1€To

which is precisely the condition H,,(p,~,d). This completes the proof. O
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Proof of Theorem[1.2, We begin with item (a]). We shall first assume that § > 1.
If (w,?) € H (p,'y7 J), we choose B = B(zp, R), where zp is a Lebesgue point of

w~L. From we obtain

1

e (L
1EI (|B|1/n + |xB — |)7l vi+1l/m o eI, R (|B|1/n + |$B _ .|)(n7’yi+1/m)p£
- w(B)
S B

for every R > 0. By letting R — 0 and applying the monotone convergence
theorem, we conclude that at least one limit factor in the product should be zero.
That is, there exists 1 < ¢ < m such that v; = co almost everywhere.

On the other hand, if 6 > v — n/p and (w,¥) belongs to H,,(7,,0), we pick a
ball B = B(zp, R), where x5 is a Lebesgue point of w™! and every v;l. Then,
by applying , we have

ﬁl/ vl H H“ 1XBH H( /vp;)l/pé
gy /v B

i€, i€y
w™'(B)

RO—tn/p
|B|

<C

for every R > 0. By letting R — 0 we get

which yields that Hz 1v;  is zero almost everywhere. This implies that M =
N, {v;' > 0} has null measure. Then there exists j and a set F; C R" of
positive measure such that v; = oo in almost every point of Ej.

We turn now our attention to item @7 that is, d = v —n/p = 1. We shall prove
that if (w, ) € H,n(P,7, 1), there exists j such that v; = oo almost everywhere in
R™. We define

By applying Hoélder’s inequality we obtain

/ (HZGIQ v’:l)
n ) n—y;+1/m)a
R (|BJYn o+ o — g Zrem "

1

U—pi I
C 2
H /Rn (|B|Y/n + |z — -|)(nvitl/mp;

1€Zo
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and since (w,¥) € Hn (P, 7, 1), this implies that

[I

i€y

Q=

o' H / (ier, v )
(IBIV + Jap — [yt t/m ||\ Jan (IB|Y/" + |zp — y|)ZiEIQ

(n—vi+1/m)a
-1

< w~H(B)
| Bl

and furthermore

1/«

(/ Moy )" cwis)
& (BIV"+ o —y)—+0% )~ B

for every ball B = B(xpg, R).

If we assume that the set £ = {z : [[",v; '(z) > 0} has positive measure,

we arrive at a contradiction by following the same argument as in item (]ED from
[2, Theorem 1.2]. This yields |E| = 0, that is, [[/", v; * = 0 almost everywhere,

i=1"Yi
from where we can deduce that there exists an index j satisfying v; = co almost
everywhere. O

5. THE CLASS Hp(P,7,0)

We begin this section by exhibiting nontrivial pairs of weights satisfying condi-
tion H(P,7,0). Concretely, we shall prove the following theorem.

Theorem 5.1. Given 0 < v < mn there exist pairs of weights (w,¥) satisfying
(2.2) for every p and § such that 6 < min{l,v — n/p}, excluding the case § =1
when v —n/p=1.

Figure [T] shows the area in which we can find nontrivial weights satisfying con-
dition H,,, (P, 7, d), split into the cases v < 1,7 =1 and v > 1.

The following lemma will be useful in order to prove Theorem [5.1] (see [12]).

Lemma 5.2. If R >0, B= B(zp,R) is a ball in R™ and a > —n, then

/B [ da ~ R (max{R, [z5]})° .

Proof of Theorem[5.1} In [2] we exhibited examples of weights in the class H,, (p,, d)
given by (1.2), for v — mn < § < min{1,v — n/p}, excluding the case § = 1 when
v —n/p = 1. By Remark [I| the same examples satisfy H,,(p,7,0), so it will be
enough to check the case § < v —mn.

Recall that 0; = n/p; + (1 —v)/m and Z; = {1 <i < m :p; = 1}. Let us first
assume that Z; # ). Since v < mn, we can choose —0; < 8; < n/p} for every i € Iy
and ; <0, and 0 < 3; < n/p; if 6; > 0. This election implies that

v=Y_ B+ >  (Bi+0;)>0.

1€Z2,0,>0 1€Z2,0;,<0
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v>1 v=1 v<1
5 5 5
1 1 1
d=vy—n/p d=v-n/p d=v-n/p
m1/p M 1/p M 1/p
¥ —mn ¥ —mn ¥ —mn
FIGURE 1.

We now choose
1—
0<ﬁ<min{y,n+7},
miq m
and take 8; = — for every i € Z;. Let « =+ Y ;" B; + n/p — 7 and define

w(z) = |z|* and Ui($)=|$’8i, for1 <i<m.

Notice that

a:5+25i+n/p—7<5+227+5—’y:é+mn—'y<0,

i=1 =11

since § < v —mn, so w™! is a locally integrable function. On the other hand, since

v; L' e RH,, for i € 7; the same conclusion holds for these weights. For i € 7y we
also have that v; ”* is locally integrable since 8; < n/p.. Therefore, by virtue of
Lemma [2.] it will be enough to show that there exists a positive constant C' such

that the inequality
! 1/p;
I1
Re\B lzp — .‘(n—v/m+1/m)p;

oo 1€Ls

<c (5.1)

‘B‘H»(lf&)/n
w=(B)

—1
v, XRW,\B
|$B _ ,|n—’y/m+1/m

€Ty
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holds for every ball B = B(xp,R). We shall first assume that |[zg| < R. By
Lemma [5.2] we have that

‘B‘1+(1—6)/n s
< R a- 5-2
wil(B) ~ ( )

On the other hand, if i € Z; and By = B(zp,2FR), k € N, we have

—1 -1
v Xrm\B < i Vi X, \B
|wB _ .|n—v/m+1/m ~ ‘xB _ _ln—'y/m-i-l/m
o) k=0 00
S Z (2kR) —Bi—n+y/m—1/m
k=0
< R*ﬁi*n+7/m*1/m’
since —f; — n+v/m —1/m < 0. This yields
—1
H v; " ARrn\B R Ziezl (Bi+6:) (5.3)
lzp — -[n—y/m+1/m ~ ’ :
1€y [e'e)

Finally, since 3; + 6; > 0 for i € Z,, by Lemma [5.2] we obtain

P (y) VP e 1/p,

v, ‘(Y =t s

(/ == dy> <Y @R (/ ly| PP dy>
R™\B |xp — ¥ bl A Pt Bi\B

o0

< Z(QkR)*nJrv/m*l/m*ﬁHrn/pé
k=0

< R—n/pity/m—1/m—B;

Therefore, we obtain

—p 1/p;
I | v; P (y) dy < R” ZieIQ(BiJrei) (5 4)
el R"\B |1'B — y|(nf'y/m+1/m)p; ~ . .
? 2

By combining (5.2)), (5.3) and (5.4), the left-hand side of (5.1]) is bounded by

CR175+6¥727;1(91'+51') =C.

Now we consider the case |xg| > R. By Lemma [5.2| we have that

|B|1+(1—6)/n

< Rl-¢ o < pl-dta 5.5
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because o < 0. Since |zp| > R, there exists a number N € N such that 2V R <
|zp| < 2NTLR. For i € 7; we write

N -1
<§ : Yy XBk+1\Bk
~J
Tn — . -[n—Y/m+1l/m
o izolles =

>

k=N+1

/U;lX]Rn\B
|IB _ ,|n7'y/m+1/m

oo

-1
U; XBk+1\Bk
|xB _ ,|n—'y/m+1/m

o0
=S; + S5
By standard estimation we have that
N
Si < |$B|—5i Z (2kR)_”+“//m—1/m < ‘xB|—/3iR—n+’Y/m—1/m _ |:EB‘—5'iR_9i
k=0
and
- Bi—nty/m—1/
k=N+1
< (2NR) —Bi—nt+y/m—1/m i Qk(fﬁifnJrv/mfl/m)
k=0
< ‘xB|_/8iR_n+'Y/m_1/m — |xB|_5'iR_0i'
These inequalities imply that
-1
v; XR"\B - . Bi p— ). 0;
H " _’L.|n—'y/m+1/m < |z 21611 R 21511 . (5.6)
€Ly B 00

If i € Iy, we split the integral in a similar way to get

- 1/p;
/ v; P (y) dy <
R"\B "TB — y‘(nf'Y/m‘Fl/m)p; ~

1/p;
(2kR)fn+’y/mfl/m (/ |y|*57117,: dy)
By,

(o)

>

0 k=N+1
L+ S5

M= 11

Il
n =
SR
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We shall estimate the sum Si + Si by distinguishing into the cases ; < 0, §; = 0
and 0; > 0. Let us first assume that 8; < 0. Then by Lemma [5.2| we obtain

N
S'{ 5 Z(2kR)—7z+7/m—l/m+n/p,/i |$B|_Bi
k=0

N

< |xB|*ﬁiR*9i Z 9—k0;
k=0

S lep| 72V R) %

< lep| %%

7

since #; < 0. For S& we apply again Lemma in order to get

Sé < Z (2kR)fn+'y/mfl/m+n/p276i
k=N+1
S 3
k=N+1
00
_ (2N+1R) —Bi—0i Z 9—k(Bi+0:)
k=0
S lep| 7770,
since 0; + 3; > 0. This yields
Si+ 55 < | (57)

when 6; < 0.
Now assume that 8; = 0. By proceeding similarly as in the previous case, we
have

. X
S S el N < fenl * 1og, (121,

and
Sy < o™

since 3; > 0 when 6; = 0. Consequently,
i+ 8 fonl ™ (1410w (1520)) Slewl 210w (21). 59
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We finally consider the case 6; > 0. For S& we can proceed exactly as in the
case 0; < 0 and get the same bound. On the other hand, for S} we have that

N
5i < Z(QkR)—n+v/m—1/m+n/p§|xB|—Bi
k=0

N
S |xB|*5iR*9i Z 2*1691'
k=0

< |$B|_’8i (QNR)*ei oNb;
< |lop|PimtioNo:,
Therefore, if ¢ € Zy and 6; > 0, we get
S+ S5 S lwp| 70 (14 2V0) S 2N

By combining (5.7)),(5.8]), and (5.9)) we obtain

o 1/p}
v " (y)
H (n_,'_l—i'y) ’ dy
iez, \/R"\B |z — Y| m /P
—_B:—0. _B. x _B.—0; )
< H ETY Bi—0; H 25| ﬂ‘lOgQ (|RB|> H |z 5] Bi—0igNO;

1€Z5,0,<0 1€Z5,0;,=0 1€Z2,0,>0

#{i€1>,0;,=0}
< |1’B|721612(Bi+0i)2N Z'i612,9i>0 0 (10g2 <|x£|>> .

The estimate above combined with (5.5) and (5.6)) allows us to bound the left-
hand side of (5.1) by

CR™ || Dien, P Qe O ol D ez, Bit0IGN D iz, 0050

y (log <|xB|>)#{i612,9i_0}
5 | ——
R

or equivalently by

R\ 0D o o0 25| #{i€72,0;=0}
() (e () o

Since Y}.1"0; =n/p+1—~yand a =0+ .-, Bi +n/p—~, then the exponent of
R/|xp| is equal to

L=d+a=Y 0= Y Oi=1+> fitnp=r=3 06— > 0
i=1

xp| b, (5.9)

i€y 1€Z5,0,>0 i€y 1€722,0,>0
= E (Bi +0;) + E Bi + E Bi
i€Z5,0,<0 i€y 1€Z5,0; >0
=V - mlﬁv
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which is positive from our election of 3. Since logt < e~ !¢¢ for every t > 1 and
every ¢ > 0, we can bound ([5.10]) by

R v—mi B—e#{i€Z5,0,=0}
<|$B|)

and this exponent is positive provided we choose € > 0 sufficiently small. The
proof is complete when Z; # (). Otherwise, we can follow the same steps and define

the same parameters, omitting the factor corresponding to Z;. This concludes the
proof. O

)

We finish with the proof of the theorem dealing with the case w =[]\~ v;.

Proof of Theorem[I.3 Let o = p/(mp — 1) and assume that o > 1. If 7 €
H.m(P,7,9), then by condition (2.3) we get

1/p; m
—o/n n— - 1 -p; ' ¢ =
B0t/ T o7 sl [ (IM/B% p1f> < BI/BH% Lo (5.11)
=1

1€T, 1€Lo

Notice that Y ", a/p; = 1. Therefore we apply Holder’s inequality with p/« in
order to obtain
1 m ) ay 1/a . 1 L 1/p}
@/ Hvi < H lv; " XBllso H (W/ Yy ) :
B \i=1 €T i€Ts B

By multiplying each side of the inequality above by |B|=%/**7/?=1/P and using
(-11) we get

m « 1/0‘ m
1 C
B/t [ / ot <= / o
1Bl J 1;[1 ' |B| Bg '

From this estimate we can conclude that

‘B|*5/n+'v/n*1/p <C
for every ball B, since o > 1. Then we must have that é/n =~v/n —1/p. O
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