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BOUNDEDNESS OF FRACTIONAL OPERATORS ASSOCIATED
WITH SCHRODINGER OPERATORS ON WEIGHTED
VARIABLE LEBESGUE SPACES VIA EXTRAPOLATION

ROCIO AYALA AND ADRIAN CABRAL

ABSTRACT. In this work we obtain boundedness results for fractional opera-
tors associated with Schréodinger operators £ = —A 4+ V' on weighted variable
Lebesgue spaces. These operators include fractional integrals and their re-
spective commutators. In particular, we obtain weighted inequalities of the
type LPO)-L40) and estimates of the type LP()_Lipschitz variable integral
spaces. For this purpose, we developed extrapolation results that allow us to
obtain boundedness results of the type described above in the variable setting
by starting from analogous inequalities in the classical context. Such extrap-
olation results generalize what was done by Harboure, Macias, and Segovia
[Amer. J. Math. 110 no. 3 (1988), 383-397], and by Bongioanni, Cabral, and
Harboure [Potential Anal. 38 no. 4 (2013), 1207-1232], for the classic case,
that is, V' = 0 and p(-) constant, respectively.

1. INTRODUCTION

Let us consider the second-order Schrédinger differential operator in R™ with
n > 3, defined by

L=-A+V,

where V' > 0 and belongs to a reverse-Holder class RH,, for some exponent v > n /2,
i.e., there exists a constant C such that

(o)< e

for every ball B C R™.
In recent years, a wide range of operators associated to £ have been catching
the attention of several authors (see [T], Bl [3] 14} [I8) (17, [26], 27]). One of those is the
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36 ROCIO AYALA AND ADRIAN CABRAL

fractional integral, which is defined by means of negative fractional powers of L,
ie.,
To=L""2

for 0 < a < m.

In [I7] the authors proved that Z, is bounded from the Lebesgue space LP to
L9, provided that 1/¢ = 1/p — n/a and 1 < p < n/a, as the classical fractional
integral. The corresponding weighted inequality was demonstrated in [3]. Since
the negative powers of £ can be expressed in terms of the heat diffusion semigroup
generated by L, the kernel of Z,, has better behavior far away from the diagonal
than the classical one. Thus, the family of weights Af  (see Section 3) obtained in
the boundedness LP(wP)-L4(w?) is wider than the class of weights of Muckenhoupt
Ap 4 associated to the classical operator.

For the limiting case p = n/a, in [I] they characterize the weights w such that
7T, is bounded from L"/®(w™'®) into BMO,(w), an appropriate weighted version
of BMO, the John—Nirenberg space adapted to this context.

The case of the commutator [Z,,b] of Z,, was treated in [27] where it was shown
that it is bounded from LP(wP) into LI(w?), for 1/g = 1/p —n/a, 1 < p < n/a
and w € Af .

In this context, maximal operators of fractional type can also be considered. Its
definition is closely connected to the operator £ through the critical radius function

1
p(m):sup{r>0: 72/ Vgl}.
7/-774

B(z,r)

In particular, the reverse-Holder condition implies that 0 < p(z) < oo for z €
R"™. Furthermore, according to [26, Lemma 1.4], if V € RH,, with v > n/2, the
associated function p satisfies that there exist constants c,, N, > 1 such that

cﬁp(w)(l + 'i(xi”)m < ply) < cpp(x)(l + 'i(m)‘w& (1.1)

for every z,y € R".

Shen uses this function p as an essential tool to obtain boundedness on LP of
many operators associated with £, for instance the Riesz Schrodinger transform
R = V(=A+V)~'/2, The point is that when R is restricted to the p-neighborhood
of the diagonal A, = {(z,y) : |z — y| < p(x)}, it behaves like the classical Riesz
transform R = V(—A)~2 in the sense that the difference of their kernels has a
locally integrable singularity at the diagonal. Usually such restriction is called the
p-local part of the kernel. As for the other part, the presence of the potential V'
guarantees a good decay scaled according to p.

This function is used to describe functional spaces and weights naturally asso-
ciated with £ that are generalizations of the case V = 0.

One of the main objectives of this work is to establish, by means of extrap-
olation techniques, boundedness results for fractional operators associated with
Schrédinger operators on weighted variable Lebesgue spaces.
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BOUNDEDNESS OF FRACTIONAL OPERATORS 37

In reference to the theory of extrapolation, in [I9], Rubio de Francia proved that
the classes A, satisfy an interesting property of extrapolation. More specifically, if
for some pg > 1, an operator preserves LP°(w) for any w € A, then necessarily
preserves the LP(w) space for every 1 < p < oo and every w € A,. Later, in [20]
Harboure, Macias and Segovia, proved that the A, , classes have a similar extrapo-
lation property. Moreover, they also proved that this property is not only exclusive
for the boundedness between weighted Lebesgue spaces, but also it is possible to
extrapolate based on a continuity behavior of the type L*(w) — BMO(w) for some
1 <s<oo.

Recently in [7], the authors demonstrate extrapolation results that allow us to
obtain continuity properties of certain operators of the type LP(wP) — L% (w?) or
LP(wP) — Z5(w) starting with hypothesis of continuity of the type L®(w®) — Zs(w)
for some related parameters. Here, Z5(w), 0 < § < 1, denotes the weighted integral
Lipschitz space, i.e., the set of locally integrable function f such that

WX B||lco
Lol [ 1@ - folaz <€

holds for every ball B C R".

Our first objective is to extend some of the results seen in [7] to %5(w), an
appropriate weighted integral Lipschitz space adapted to the Schréodinger context.

We are also interested in establishing extrapolation results of the type described
above in the variable exponent spaces context. In this line we developed extrap-
olation results starting from hypothesis which involves inequalities of the type
L*(w®) — Z(w), and obtaining weighted estimates of the type LP() — L4() or
) — Z5(.y, where the last space is a variable version of the space Z5(w).

The structure of this paper is the following. In Section [2] we give some prelimi-
naries and state our main theorems. In Section [3] we state and prove the auxiliary
results which are important tools in order to prove the theorems stated in Sec-
tion 2] Later, in Section [ we deal with the proofs of the main results. Finally,
in Section [§] we give some applications to the variable exponent spaces context by
mean of extrapolation techniques.

Throughout this paper, unless otherwise indicated, we will use C' and ¢ to denote
constants, which are not necessarily the same at each occurrence. We will say that
A < B when there exists a constant ¢ > 0 such that A < ¢B and we will write
A~ B whenever A < B and B < A.

2. PRELIMINARIES AND MAIN RESULTS

From now on, we call a critical radius function to any positive function p that
satisfies . Clearly, if p is such a function, so it is Sp for any 5 > 0.

Let’s denote by B, the family of subcritical balls of R"™, i.e., the set of balls
B(z,r) with z € R™ and r < p(z).

Taking into account what has been done in [3] (see also [6] and [27]) for the case
of a Schrédinger operator, we will consider classes of weights given in terms of a
critical radius function.
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38 ROCIO AYALA AND ADRIAN CABRAL

By a weight w we mean a locally integrable function such that 0 < w(z) < co
a.e. We say that the weight w belongs to the Af class , for 1 < p < oo, if there
exist constants # > 0 and C > 0 such that the inequality

(@ fe)” (i fyrean)” <o) e

holds for every ball B = B(z,r) C R"™. For the case p = 1, we will say that w
belongs to the class Af if there are constants § > 0 and C > 0 such that the
inequality

b o<l (1 55)

holds for every ball B = B(x,r) C R™.
On the other hand, we will say that a weight w belongs to the class Af , for
p,q € (1,00), if there exist constants § > 0 and C > 0 such that the inequality

(o)) o) e

holds for every ball B = B(z,r) C R™. In the limiting case ¢ = oo, we will say
that w € AP __, if there exist # > 0 and C > 0 such that the inequality

p,00)
1 , l/p/ r [
WX B || oo /w_pdy> §C<1—|—)
vl (1, @)

holds for every ball B = B(z,r) C R”, where |[wxB|/c = sup,ep w(z).

We will also consider two other classes of weights, namely A?!°¢ and Ag:}z‘)c,
which are formed by those weights w that satisfy and 7 respectively,
only for the balls in B,. From their definitions it is clear that Af C Az’loc and
Ab ., C A;:}IOC, forany 1 < p<ooand 1< ¢ < oo.

Some properties of these classes of weights that can be derived from their defi-

nition and that will be useful to us are the following.

Proposition 2.1. Let 1 < p < g < oo. The following are satisfied:
(1) If we A9, then w € Af.
(2) If wy,we € AY, then wlwé_p € Ap.

(3) If p>1, we Ap  if and only ifw P e A‘1’+p7,.

(4) If p> 1 and q < oo, w € Ap if and only if w? 6A’1’+i.
p/
(5) Ifwe A andp > 1, thenw € Ap . for ¢ > 1 > p.

(6) Ifwe Ap andp > 1, then w € AL, forr > p.

Recall that given a weight w, LP(w) denotes the space of functions f such that

/n |f(@)Pw(x) de < co.
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BOUNDEDNESS OF FRACTIONAL OPERATORS 39

The classes Af are deeply connected to the family of maximal operators Mg,
defined for 6 > 0 by means of

-0
0 ] T 1
210 =5 (14 55) B o O
Indeed, these are bounded in LP(w), for 1 < p < oo, provided that w € Af, and
of weak type (1,1) with respect to w, for w € A} (see Proposition 3 in [I] and
Proposition 4.2 in [3]).

As stated above we are interested in introducing Lipschitz type integral spaces
in the Schrédinger context and establishing certain extrapolation results involving
them.

In the following, we denote by fp the average of f over the B ball, i.e., ﬁ fB f

Given a weight w, we define the space Zs(w), for 0 < § < 1, as the set of all
functions f on LIOC(IR”) such that

bovsle [ - solw<c, vBes, 23)
and

| B(x, pla)) [+

We can consider a norm in %s(w) as the smallest constant that satisfies
and simultaneously, and denote it by [|[f|| &, (.-

/ [f(y)ldy < C, VzeR" (2.4)
(z.p())

Remark 2.2. A function f that satisfies the inequality (2.4) for a ball B, also
satisfies (2.3)) for the same ball. This essentially follows from the fact that | 5Bl <

[ 1f (@)

Remark 2.3. When 6 = 0, the space Zy(w) coincides with the space BMO,(w)
originally considered in [IJ.

Although our goal is to use extrapolation to prove the boundedness of some
specific operators, we will state our results in a more abstract way. Following the
approach established in [IT] (see also [14] and [10]) we will present our extrapolation
theorems for pairs of measurable, nonnegative functions (f, g) belonging to some
family F. Henceforth, if we write

Ifllx <lgly, (f.9)eF

where X and Y are spaces of functions (i.e., weighted Lebesgue spaces, classical
or variable), then we mean that this inequality is true for any pair (f,g) € F such
that the left-hand side of this inequality is finite.

We are now in a position to state our first extrapolation results taking as hy-
potheses inequalities of the type L®(w®) — Z5(w). The first one gives LP(wP) —
L4(w?) type estimates and the second result gives LP(w?) — Z5(w) estimates with
0<4§<o.
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40 ROCIO AYALA AND ADRIAN CABRAL

Theorem 2.4. Let0 <6 < 1,1 <3< % and % = %f% be such that the inequality

Wz ) < Cllgwlls,  (fr9) € F

is satisfied for all w € Af . and some constant C > 0. Then, there erists a
constant ¢ > 0 such that the inequality

Ifwllq < Cllgwll, (f,9) € F

is satisfied for any p and q such that 1 < p < f, % =
we Ap .

11 .
53 and any weight

Theorem 2.5. Let0<d<1,1 <<k and% = %—% be such that the inequality
I,y < Cllgwlls,  (f,9) € F

is satisfied for all w € Af . and some constant C > 0. Then, there exists a
constant ¢ > 0 such that the inequality

Il 2,0y < Cllgwlp, (f,9) € F
is true for any 0 < 6 < 4§, L 5= % — E and every weight w € Ap
We are also interested in obtaining extrapolation results of the type described
above in the variable Lebesgue space context. We begin with some definitions and
notations related to these spaces.
Let p(-) : R™ — [1, 0] be a measurable function. Given a measurable set A C R™
we define

p~ (A) :=ess inf p( ), pT(A) := esssup p(z).
z€A €A

For simplicity we denote p~ = p~ (R™) and p™ = p™(R").
Given p(-), the conjugate exponent p'(-) is defined pointwise
1 1 —1
(@) V)
where we let p/(z) = oo if p(x) = 1.
By P(R™) we will designate the collection of all measurable functions p(-) :
R™ — [1,00] and by P*(RR™) the set of p € P(R") such that p™ < oo.
Given p € P*(R™), we say that a measurable function f belongs to LP()(R") if
for some A > 0, the modular of f/\ associated with p(-), that is,

op(y (f/N) = /n (lf(;)')p(x) dr,

is finite. A Luxemburg type norm can be defined in LP()(R™) by taking
[ llzeer ey = 1 llpey = mE{A >0 05y (f/A) <13

These spaces are special cases of Musieliak-Orlicz spaces (see [24]), and generalize
the classical Lebesgue spaces. For more information see, for example [13, [16], 21].

We will denote with Lfo(c) (R™) the space of functions f such that fxp € LPC)(R™)
for every ball B C R™.
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BOUNDEDNESS OF FRACTIONAL OPERATORS 41

In the case of constant exponents, the LP norm and the modular differ only by
one exponent. In variable Lebesgue spaces their relation is less direct, as shown by
the following result, whose proof can be found in [I3], Corollary 2.23].
Proposition 2.6. Let p(-) € P*(R™). Hence

(1) if ey (f) < C, then ||f ) < max{C/P",CV/P");
. + -
(2) if [ fllpy < C, then opy(f) < max{CP ,CP }.
In the classical L? spaces, 1 < p < 0o, the norm can be characterized using the
identity
£l = sup [ f@o(@)da.

where the supremum is considered over all functions g such that g € L*" and
llgll,r < 1. Analogously, we have the following result for variable Lebesgue spaces.

Proposition 2.7 ([I3} Theorem 2.34]). Let p(-) € P(R™), f a measurable function
and

111l = sup{ / Fa@)g(@)da : gl < 1}.
Rn
Then,

LA Mpey < M llpey < ClIFpe),
where the constants ¢ and C' depend only on p(-).

On the other hand, analogously to the previous case, Holder’s inequality is also
valid for variable exponents but with a constant on the right-hand side of it.

Proposition 2.8 ([16, Lema 3.2.20]). Given s(-),p(-),q(-) € P(R™), be such that
1/s(:) = 1/p(-) +1/q(:). Then, for f € LPO)(R™) and g € L1O)(R™)

I £9llscy < 21 fllperyllgllae-

Moreover, if s() = 1, the inequality above gives

[ 1r@at@ld <2l Lol

Another elementary but useful property of the classical Lebesgue norm is that
it is homogeneous in the exponent, more precisely || f*|, = [ f||5, for 1 < s < o0
and non-negative f. This property also extends to variable Lebesgue spaces as
follows.

Proposition 2.9 ([I3, Proposition 2.18]). Let p(-) € P*(R™), so for all s, 1/p~ <
5 < 00,
1oy = 171500
The following conditions on the exponent arise in connection with the bounded-
ness of the Hardy-Littlewood maximal operator M in LP()(R™) (see, for example,
[15], [13] or [16]). We will say that p is log-Hélder continuous, and we will write
p € P°8(R"), if p € P*(R™) and if there are constants C' > 0 and p., such that

C

S T— z,y € R", |z —y| <1/2,
og(lz — o)) vl <1/

Ip(z) — p(y)| <
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42 ROCIO AYALA AND ADRIAN CABRAL

and
p@)—pol € ———~.  zeR~
~ log(e + |2])”
The statement below establishes a reverse Holder property under certain condi-
tions on the exponents involved.

Proposition 2.10 ([23, Lemma 2.7]). Let p(-),7(-) € P°2(R"™) such that r(-) <
p(+). Suppose that 1/r(-) = 1/p(-) +1/s(:). Then, for every ball B C R"™

IxBllr¢y = lIXBlpe) IxB s (2.5)

Remark 2.11. Tt is straightforward to see that inequality (2.5)) can be also written
as

IxBllp ¢y = Ixsllrolxsllse-

Given a weight w and p € P(R"™), we define the weighted variable Lebesgue
space LP()(w) to be the set of all measurable functions f such that fw € LP(),
and we write

1l 2o ) = 1 Fllpe).w = [ Fwllp()-
Thus, we say that an operator T' is bounded on LPC) (w) if

ITf wllpey < Cllfwlipey

for all f € LPO) (w).

Following [6] we define classes of variable weights associated with a function of
critical radius p. Given a critical radius function p and p € P(R") we introduce
the Az (lc))c the class of weights as those w for which there exists a constant C' > 0
such that the inequality

lwxBllp)llw™ Xy < C|B

holds for every ball B € B,,.
On the other hand, we will say that a weight w belongs to the class Ag(_) if there
exist constants § > 0 and C > 0 such that the inequality

0
1 T

w A lw oy < C|B 1—|—>
sl ol < €1l (14 -

holds for all balls B = B(z,r) C R™.
The following result shows the connection between the weights Ag O and the

boundedness of the operators M¢ in LP() (w).

Theorem 2.12 ([6, Theorem 5]). Let p € P°8(R™) with p~ > 1. Then, a weight
w E Ag(_) if and only if there exists 0 > 0 such that Mg is bounded on LP)(w).

Remark 2.13. It follows from the above definition that if w € Az () then w™! €
AP
P (")
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BOUNDEDNESS OF FRACTIONAL OPERATORS 43

Our second pair of results yields off-diagonal inequalities between two different
weighted variable Lebesgue spaces. In the case of the constant exponent, the first
of these was first demonstrated in [20], while for the variable case, the same was
done in [I2] and [I0] with and without weights, respectively.

To establish such a result we first define an appropriate class of weights that
generalizes to the weights Af .

Given a critical radius function p and p(), ¢(-) € P(R"), we say that a weight
w belongs to class Ap (a() if there exists a positive constant C' such that

0
_ '
lwxsllaco e X5y < Clsllae sl (1+p(x)) .26

for some # > 0 and any ball B = B(z,r) in R®. When p(-) € P°¢(R") and
p(+) = q(-) this is the Ap(,) class.

Remark 2.14. If for some constant 0 < v < 1
is equivalent to the following

, p(x) q(lm) = =, the condition ({2.6]

9
-1 1— r
WXB|loylw™ xBll ) < C|B A’(l+>.
lwxsllqel lpry < CIB| o)

This definition of class Ay (.) q(.) Was adopted in [12] in the classical case, i.e.,
V =0.
We also say that w € AZ ()00 if there exists a positive constant C' such that

9
r
wXB|lsollw  xB ) < Clixslly <1+) 5
| lloo |l Hp() [ ||p() o(z)

for some 6 > 0 and any ball B = B(z,r) in R™.
We are now in a position to establish another main outcome of this section.

Theorem 2.15. Let py and qo be such that 1 < pg < qo < oo and suppose that,
for all wg € AP

P0,90”
[fwollgy < Clligwollpo, (f,9) € F. (2.7)
Be also p(-),q(-) € P(R™) such that
1 1 1 1 1

p(z) gl@) po @ o
Then, if w € AZ(.) o and q(-) € P°2(R™) with g~ > o, it follows that

1fwllaey < Cllgwllpc), (f,9)€F

As a direct consequence of Theorems and we obtain the following ex-
trapolation result.

Theorem 2.16. Let 1 < 3 < %, 0 <4 < 1 and % =
inequality

% — % be such that the

Iy < Cllgwlls,  (f,9) € F,
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is satisfied for all w € A% . and some constant C' > 0. Be also p(-),q(-) € P(R™)

such that
1 _ 1 l
p(x) q(z) B
Then, if w € AZ(.) o( ond q(-) € PB(R™) with g~ > B', it follows that
[fwlqey < Cllgwlipe, (f,9)eF

To establish our next result, we will consider a variable version of the space
.,%5 (w)

Let w be a weight, fy > 1 and p(-) € P(R™) such that v < p~ < p(z) < p* <
(5(36)

ﬁ and let + p(ﬂ (by B+ we understand 8 if 8 > 0 and 0 is 8 < 0).
The space L5y (w ( ) is deﬁned by the set of all functions f on L (R™) such that
_wxsllo / \f(y) — fzldy < C, VBEe€B,. (2.8)
|BI7 Ixslly )

and
Hw XB(CE,p(CE)) Hoo
1
|B($> p(SU))| v ||XB(x,p(m)) ||p’(-)
When p(-) is equal to a constant p, this space coincides with the space %, /vy, /p(w)
defined above.
We denote by ||| ]l Z4)(w) the smallest constant that satisfies and (2.9)
simultaneously.
We are now in a position to state the last result of our interest.

/ Ify)ldy <C, VzeR" (2.9)
B(a,p(x))

. 1_1_346
Theorem 2.17. Lety > 1,0 <4 < min{n/y,1} and s > 1 be such that; =S5
Let p(-) € P5(R™) with p~ > 1, and 0 < §(-) < & such that ﬁ = %— 80) | Let us

suppose that for every w' € Ap where 1 <n < p~,

,007

|||f|||$5(w) <Clguwlls, (f,9) €F,
Then, for every w' € Ap( ) it holds that

Wlly oy < Clowlyr () € F

3. AUXILIARY RESULTS

Before proving the main results, we give several technical results necessary for
proof. The first is a version of Rubio de Francia algorithm.

Lemma 3.1. Let v € A2, with m > 1. Then, for any h > 0 belonging to L™ (v),
there exists H € L™ (v) such that

(1) h(z) < H(z) a.e x€R".

(2) 1 Hlpm vy < CllRl L (1)

(3) Hv e Af.
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BOUNDEDNESS OF FRACTIONAL OPERATORS 45

Proof. Following the so-called Rubio de Francia algorithm, it is sufficient to con-
sider H = Zh defined by

= [(MO) ()
P = D T

p

)

L™ (v)
where (Mpe)’f = Mg(fv)/v and [(Mp‘g) ]¥, for k > 1is k times the composition of
the operator (Mf)" and [(Mf)']° denotes the identity operator.

Hence, the properties of H follow easily from its definition and from bounding
properties of Mg. O

We now define a localized version of the maximal sharp function as follows.
Given f € LIOC(IR”) we define maximal sharp local function as

F(@) = su |B|1+ 5 [t selay + oo |Bl+5/|f )ldy.

As expected, the space Z5(w) can be described by the operator fg’p defined
above.

Lemma 3.2. Let 0 < § < 1 and w be a weight. Then, there exist positive constants
C1 and Cy such that

Cullw 3’|l < Ml 2oy < Collwf3?|l

Proof. The proof of the lemma follows in a similar way to that given in Lemma 2
of [I] for the case § = 0. O

The following result is used in the proof of Theorem It was proved in
Corollary 5 of [1].

Lemma 3.3. Let 1 < p < oo and w € AP'°¢ for some s > 1. If g € L]
there exists a constant C > 0 such that

191l o () < Cllgs” o () -

A key element in demonstrating our extrapolation results is the following gen-
eralization of a result given by Calderén and Scott in [9, Proposition 4.6].

) p,loc
. Ifw e ADy

(R™) then

loc

Proposition 3.4. Let 0<d<d<1,1<p< s y%:
then there exists a positive constant C such that

127wl < ClLFF wlly.

The proof of Proposition [3.4] is a consequence of the following lemma which
involves a localized fractional maximal function.
Given a locally integrable function f and 0 < § < 1, M} 1o¢ s defined as follows,

ML f(z) = / )|d
5 f () ep\BP*I |f (y)ldy.

Lemma 3.5. Let 0 <6 <§ < 1. Then,
s ,loc
FEP(x) < 2M0 (f57) ().

1
P
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Proof. Let € R™ and B’ € B, such that = € B’. Thus,

1 B
|B,|1+s/BIIf(y)—foldy—u';'L 1w - fldy

< B 20 (2),
for any z € B’. Integrating over B’ it follows that

no 1 P 1 .
|B|B/|1+i/3/|f(y) fer|dy /B’<|B’|1+§L/B'|f(y) fB|dy>dz

< 1B / f29(2) d
B/

from which it follows that

1 1
_ — fpldy < ———— b0 (2) dz.
|B/|1+% /B’ |f(y) Ie l v= | B! 1-2=2 /B' f§ (2) d=

n

< MPE(F5) (@)

Thus
sp 25 [0 -l MO 6

In a completely analogous manner, taking B = B(z, p(z)) with z € R™ in place
of B' € B,,, it is concluded that

sup |B|1+ /\f ) dy < MO (£5°) (). (3.2)

B=B(z,p(z

From (3.1]) and ( it follows that
137 (@) < 2MP5°(£37) ().
O

Proof of Proposition[3. Suppose that ||ff’pw||p < oo, that is, ff’p € LP(wP),
otherwise, there is nothing to prove.

Let us first consider the case where p < 5ﬁ 7 and let r be as in the hypothesis.
By the previous lemma we have that

1/r
szl = ([ 17y a)

<2([ sy a)” a2

= 2| M5 (150w,

Considering § > 6 and o = § — & > 0 we have that o < n and both p and r
fulfill the hypotheses of the Theorem 3.1.13 in [§], so that M ;fgc is bounded from
LP(wP) in L™ (w").
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Therefore, it follows from (3.3)) that

1 wlle < ClFEPwll,.

On the other hand, if § = 4, it follows from the hypothesis that » = p. Also,
w € Ap  if and only if w? € Af. Then, w? € Az*loc and from Theorem 1 in [3]

it follows that M gfgc is bounded on LP(wP), from which we obtain the result we

wanted.

Let us now look at the case where p = ﬁ, so that r = co. We want to see that
if we AP ° . then there exists C' > 0 such that

5—05’
1 wlloo < CIFF w2
From Lemma it follows that
) 1 )
LF P wlloo < 20 M558 (FF 7 Yl (34)

On the other hand, by Proposition 3.1.12 in [§] it follows that if w o € APloc,
then Mg”_lgc is bounded from L33 (ws—3) on L% (w). It is enough to see that

ws—s—n € AP°°. Being p =

5-45"
n 1 1 1 ,
n n -1 p p’
and since w € A2 it follows that w™? € AP'°¢which is what we wanted to
prove.
Therefore, by Proposition 3.1.12 in [§], we obtain
)1 , ;
1M (7" wlloo < CILfF w2 (3.5)

Finally, from (3.4]) and (3.5 we get that

1 £ w]o < Ol fFPw] ..

We will also need some auxiliary results in the variable context.
The following results refer to properties of the weights Ag () The proof of
the first proposition is straightforward and we omit it.

Proposition 3.6. Let p(-),q() € P(R"). Ifw € A} |  thenw e A7 ) .

Proposition 3.7. Let p(-),q(-) € P°8(R") such that q(-) < p(-). Ifw € AZ(_) -
then w € AZ(_)

oo’
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Proof. Let s(-) such that () p() + <75 Since 1/p/ () =1/¢'(-) +1/s(-), from
Hoélder’s inequality, the hypothesis on w and Remark 2.1 we obtain

lwxslloollw™ x5y ) < CIIwXBlloollw‘leBIqu(-)IIXBHS<)

0
'
< Clixsllgmlixsllse (1+>
IxBllg ) lIxBlls) o)

(4
r
H BHP() p(l’)

Proposition 3.8. Let p(-),r(-) € P°8(R") such that p(-) < r(-), and n satisfying
l<n<p™. Ifw”eApU thenwEA()oo

Proof. Since p(-) < r(-) it follows from Proposition 3.7 that w" € A% . Taking

B =1/(n—1) it follows that ,() Wl/n)’—’—%
Then, by Proposition[2.9] the generalized Holder inequality and Proposition [2.10]
we get

<||wXB||oo||w1><B||r'<'))n _ lw"xslleollw™ x5l )/

IxBlm e IXBIlr () /m
[w"xBloolw™"xB () /my IXBl8
IXB ) /m

[w"XB oo lw™"XBll(r() /)

X8l () /my

g0<1+p(;))9,

where we have used w” € A? , . We conclude that w € Af(_) o O
n 0 ’
Proposition 3.9. Let p(-),q(-) € P°$(R") and s > 1 such that 1 < p~ < p(x) <
q(z) < qt < oo and ﬁ - % = L. Then, ifw € AZ(-) oy it holds that w™* €
p
Apyys
Proof. Given a ball B = B(z,r) C R", by Proposition the inequality

C

<C

0
'
W xBllp /sl xsll o) sy < C|B (1+>
I llp sl (/) |B| e

is equivalent to

o xaly o lexalsrsr < C1BIM (1 ( o
We prove the last one. From Propositionm since = = % + 5 ), we get that

IBIY* = [|xp]ls ~ ||XB||q(.)||XBHP/(')'
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Then, by the hypothesis on the weight w and being ¢(-) = s(p'(+)/s)’ we obtain

lw=xBllp ) lwxslse )/s) lwxllge) v xB )

<C
| B|!/ Ixsllae)IxBllp ()
0
so(iv-)
p(x)
Then, taking 6 = s}, the proof is completed. O
Proposition 3.10. Let p(-),q(-) € P(R™) such that 1 < p~ < p(z) < gq(z) <
g7 < oo and we assume that it exists o > 1 such that ﬁ - Wl.) = % Then,
w € AZ(-),q(J if and only if w” € AZ(.)/U.
Remark 3.11. Let us note that being A _ L — L1 wehave L — L = %, that
i p()  q() o P q o
is,
1 1 1
——l=—=--
p q o

so the condition p~ > 1 is equivalent to having ¢~ > o.

Proof. That weight w? belongs to Ag o /Uis equivalent to the existence of constants
6 > 0 and C > 0 such that

0
o 1/o0 —0 1/o o r
el xalllg) < ClBle (14 )
for any ball B = B(z,r) in R™ and where r(z) = ¢(z) /0.
Moreover, as ﬁ — Tlx) = %, by virtue of Proposition w belongs to
AZ(_) q(_)if there are constants C' > 0 y 6’ > 0 such that

0/
-1 -2 r
wWXB|lalw™ xBlly ) < C|B w(l—i—)

0/
= o|B|V/° (1+r> :
- o(@)
for any ball B = B(z,r) in R™.
Since 1 < ¢~ < ¢+ < oo, we can apply the Proposition and obtain that for
every ball B,
o 1/0
0 X8llg(5 /= loxslac- (3.6)
Now let us look at the relationship that exists between /() and p’(-). On the
one hand, we have that
a(z)
/ o Q(x)
= z = . 3.7
M@ = o = (3.7)

On the other hand,
1

1
g(z) o q(z)’
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from which it follows that
q(z)
q(z) —o
Then, from and (3.§), it follows that r'(z) = %p’(w). Then, again, by
Proposition and given that (p’)~ > 1 and p~ > 1 we get that

p(z) = (3.8)

o 1/0 —
lw= x50/ = o xalm- (3.9)
Therefore, from (3.6) and (3.9) it follows that w € AZ(~),q(-) if, and only if,
W € ALy o s

On the other hand, to construct the weight wg necessary to be able to apply the
hypothesis of Theorem we will use item of Proposition and therefore,
to find the weights in A7, we will consider the following variable version of Rubio
de Francia’s extrapolation algorithm.

Proposition 3.12. Let r(-) € P(R"™) and suppose that v is a weight such that Mp‘g
is bounded on L") (v), for some 6 > 0. For a non-negative function h such that
h € L"O)(v) we define
o (MD)En(2)
R = 2 gl

Then,

(1) h(z) < Rh(z) a.e.xz€R™.

(2) IRR Lrey vy < 201Al e (v)-

(3) Rh e Al.

Proof. The proof is essentially the same as in the constant exponent case. Prop-
erty for Rh is immediate, property is deduced from the assumption that
Mg is bounded in L’"(')(v)7 and finally, property follows from the fact that Mg
is sublinear and A is non-negative. O

As a consequence of the previous result we will prove the following corollary
which will be used in the proof of Theorem [2.15]

Corollary 3.13. Let p(-) € P(R"), q(-) € P°8(R") and o such that 1 < o < q~,
1 <p <p) <qx) <qgh < andﬁfﬁ = L. Also let hy and hy be
non-negative functions such that hy € L) (w) and hy € L0/ (R™).

Then, if w € Ag(.) o() there exist Hy € L0 (w) and Hy € LUO/2) (R™) satisfy-

ing
(1) hi(z) < Hi(z) a.e. z € R™. (1°) ha(x) < Hy(z) a.e. z € R™.
(2) [1Hll2a0) () < 2011l Lac () - (2°) 1 Hall(q() /0y < 2lh2ll(q() /oy -
(3) HY € Af. (37) Hyw® € Af.

Proof. Let us begin by proving the existence and properties of H;. To do so, let
us consider
Hy = (RhS)Ve,
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Since w € AZ(-M(-)’ in view of the Proposition we have that w? € AP (/o
Hence, by virtue of Theorem and given that ¢ € P°8(R"™) with ¢~ > o, one
has that there exists § > 0 such that Mpe is bounded in LI0)/7 (w?).

Let us also note that since h; € LI0)(w) it follows by Proposition that
hg € L0/ (w).

Therefore, applying Proposition with h = b9, r(-) = q(-)/o and v = w7,
we have that

i) hf <RA] ae.
i) [[RAT | Lacrso ey < 2005 | Lacr/o ey
iii) Rhg € AL,

It is clear that [] and[3 follow directly from [4) and respectively. On the

other hand, @ is a consequence of |74) and Proposition s

o o o o o onl/o
| Hywllgey = IRADY (w7l y0y = [IRES w7 |13,

o o anl/o o
< 2Y7|[hS w7}, = 27 [l w]l gy < 201ha wllgc)-

Let us now look at the existence and properties of Hy. We will take

Hg = R(hg w")wig.

Since w € A; (al) from Proposition nd the Observation m we have
that w™7 € A(q( )/o)" Thus, by Theorem and given that ¢ € P°8(R"™) and
(¢t/o) = [(¢(-)/)]” > 1, one has that there exists #’ > 0 such that Mg/ is
bounded in L@()/9) (7).

Let us also note that since hy € L(2()/9)’ (R™) it follows immediately that how? €
L(q(-)/v)’(wfd).

Therefore, by applying Proposition with A = how?, r(-) = (q(-)/o)’ and
v=w 7, we get
a) how? < R(how?) a.e.
b) [R(how?)|| acr/or (o) < 2lR2w || Lot sor (o)
c) R(how?) € Af.

Clearly, ’. and @’. are a consequence of @) and E), respectively. Finally, . is
obtained from @ since

IHzl gy /0y = [(Rh2 w”)w™ (g /0y < 2[[(haw)w™ (g /0y = 2llh2ll(q() /o)
O

In the following corollary, given an exponent function r(-) and n > 1, we denote

by 7 =7(-) = ",

Corollary 3.14. Let p( ),q(-) € PP5(R™) and s > 1 such that 1 < p~ < p(x) <

q(z) < q7 < oo and p() % =1 Let1 <n <p  and non-negative function

he L¥ (w™ np's /q)

Then, if w" € A7 there exists H € LI/ (w7 /) such that

()/m,007
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(1) h(z) < H(z) a.e. z € R".

(2) 1w 7 g5 < 27

(8) Hw™"" e A
Proof. Since w" € A%OO, it follows from Proposition [3.6that w” & AB, Moreover,
given that % — % = i, it holds by Proposition hat W € AB,/S
Thus, the weight w € A( sy = Aa/s’ and since that p € P8(R") with
p~ > 1, it follows that (g/3')~ > 1, and by Theoremone has that there exists

6 > 0 such that M? is bounded on L%/ (w™).
In addition, considering that hw=""" € LI/% (w"¥), we can apply the Proposi-
tion con h = hw=""  r(-) = g/5 and v = w" . We then have
i) hw™ """ < R(hw "), a.e.
i) | R(hw = Y™ |75 < 2||hw™ P w™ g5
i) R(hw™""') € AL
Thus, if we consider H = R(hw™" Yw" it is clear that|] I and@ follow directly
from E} and respectively. Finally, @ is a consequence of l) since

| BP0 = [R(hw™™ Y™ w7 /g
= ||R(ﬁw_"5/)w"§/||§/§/
< 2|~ W™ ||
= 2||i~1w_"§/§//a||q/§’~
(]

Similarly to the constant case, the space Z5.) (w) can be described by the opera-
tor fg&f)) s(),, defined for 1 < < oo and s(+) € P(R™) such that é(x)/n =1/y —
1/s(x) by

#.0 — g
f§(.)7s(.),7(x) = Sup ‘Bll/,yHXB” / |f fB‘dy

BeB,
+  sup / |f(y)|dy.
B=B(2.p()) |B|1/”||XB||

For convenience, in the rest of this paper, we always assume that f 58_8(.) denotes

f(sﬁ&f’) s The proof of the following lemma is analogous to the constant case.

Lemma 3.15. Let 0 < 0(-) < 1 and w be a weight. Then, there exist positive
constants C1 and Cy such that

Clef(?{f)),s(.)Hoo < H‘fl”f(;(_)(w) < C2wa§&-p),s(-)Hoo'

The following proposition is a key estimate in order to prove the Theorem 2.17]
A version in the classical case (V = 0) can be found in [25].
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Proposition 3.16. Let p(-),s(-) € P°8(R"™) and v > 1 such that ? = % - %
and % = % - ﬁ with 0 < 5() < () < 1. Then

ol S Cllwfif, o0

Fe156. 00 oo

for every w € An/(é( )_5()).00

Proof. Given B = B(xp,rp) € B,, from definition of fg&f’) s()? for almost every-
where z € B, we have that

1
_ d<n,ﬂ .
|thwam«»/Q*”y) Toldy < 1360012

By integrating over B and applying Holder’s inequality we obtain

B| [
e fly) — feldy
B lalee, Js @~ /2

s/ﬁp

—1
<CH 5()3() XBHmv
from which it follows that
|lwxBlloo /
|f(y) — fBldy
[EREIF
IxBlls ) lwxs oo
< C f,0 N
S Hfé(.)@(') Hiw(é(.)is(.)) |B|HXB||p'(~)

Considering the hypothesis on weight w and since rg < p(zg), we get that

IxBlls ) lwxsllo
oo |BllIxsllye
sl < B )”
<C||xB n T e
I Hmmiﬁ?ﬂﬂkﬂbo p(rB)
_xsllse)
—ao=s BllIxaslly )

le™"xs]

< Cllxall

Later, since n=(60)=3() _ 5() + () from Proposition [2.10| we have that

)

Ixalsolloxslls Ixslls
C”XBH HXBH T
IAB T |BMXBM(>

—1
™8]l s BTN

Ixallse)llxalls )
| Bl
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Thus,

HwXBHoo
B Ixalyr Jo /0 =71 S Wity Wl (310)

On the other hand, considering B’ = B(t, p(t)), we get

o
_ dy_
BTl o 1 < i) )

for a.e. z € B’. From here, proceeding analogously to the above, we get that

lwx B loo
| B[V x B |l -y

Finally, from (3.10]) and (3.11)), the definition of |||f|||$g(_)(w) and Lemma the

thesis follows. O

5()— 5()

[ 1y < szl (3.11)

4. PROOF OF THE MAIN RESULTS

In this section we give the proofs of our main theorems. We begin with the proof
of Theorem 2.4

Proof of Theorem[2]] Let w € Ap ,and f € Li(w?). Without loss of generality,
we can assume that ||gw||, < oo, since otherwise there is nothing to prove, and we
can also assume that ||gw||, > 0, since otherwise g(x) = 0 at almost every point
and then, from the hypothesis, we would also have f(x) = 0 at almost every point.

p—s
Let us consider h(z) = (W) , h

I
a

('l‘
~

»
o
=
o

-
I

lgwllp

/ R/ wP dr = 1.

Since w € Af , and % = %—l—%—% = %—i—%, it follows that ¢ > r and so
w € Af .. Therefore, by Proposition wP e A’lj Y and applying Lemma

he L' (w*") and

withm =1+ %/ and v = w™? | we know it exists H € L'/ (w™"") such that H > h
and
| = [ A da
<C R/ w P dr (4.1)

R™
=C.
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Hence,

1/s
[ g Gy dw)

1/s
/ |gwp |s(H—1/s )sw—p dx)

B (/n|g| (Y P /5y dx)l/s'

From item 3 of the Lemma Hw™" € A? and so, H Y/ w?'/*" ¢ AL o
Thus, based on the hypothesis, the Lemma and (4.1) we obtain

1/p 1/s
([ o) ([ o (107 )
]R"'L

2 CllA gy c-1rer wer e

= ClIf P 0 o

> C| P HY Wb oo | Y w7
> C| fE w]|r

Moreover, considering that w € Af  and r > p, we obtain w € A? . Then, by
Proposition and the fact that AL C Aﬁ;éoc, we have

1/p
( / |g|pwpdz) > Ol feou], > CllfEull,

1_1_3
because =T n

it follows that w9 € ApJr , C AP°¢ and thus, by the

Finally, since w € A? 1

P.a’
Lemma [3:3] we get that

167wl = Cllfwll,
which concludes the proof. O

Proof of Theorem[2.5 Let w € A?

us take r such that & = % -1=

By items 3. and 1 of Proposmon since w € Ap .,
w? e A1+p =

In the same way as for the previous theorem, given g we obtain a function
H e L"/¢ (w™"") such that

# ~ and suppose as before that ||gw||, < co. Let
5 s

w? € A? and thus

|HY w7, < ¢,
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with A=V wp'/s" € A? . and thereafter, from the hypothesis

1/p
(/ g|Pwpdx) > Ol f ),
Rn

Now, since w € Af , and r > p, by item 6. of Proposition 2.1 we have w € A7 ..
Then, since A7  C A‘T’:})%C, applying Propositionand Lemmawe get that
1/p ; .
([ tlwras) ™ = clggrul, = Clula 2 Wl
(]

Proof of Theorem[2.15 Let f such that || f|| ), < 00 and suppose as before
that 0 < [|g[| Lec) () < 00

Let us take
hy = 7]0 +w! (gw)
1 fwllqc) lgwllp.)

Let us first see that ||hiw|4.) < C. Indeed, from the definition of the norm, it
follows that

S

Q

Lf”) (I(I)
040 (h1w) = /}Rn |hy (z)w(z)| 7@ de = /n fl(;u);r(((f)) 4 <L(T|(gxu))1|l|j(f))> at) dx
- If(:v>w(m)l)q(””) - (|g<x>w<w>|>“”
=2 /R( Ml ) ©F° /R ool ) @

<97+

So, considering Proposition 2.6 it follows what has been stated.

We will now use the Corollary [3.13] and the operators Hy and Hs defined there
for hy; and the following ho. Let rg = ¢o/o. By Proposition there exists
hy € LU/ (R™), hy > 0, P2l (q(-)/0)y < 1, such that for any v > 0,

Ifwligey = 17w g0 < C /]R T ds <O | O H W Hydo

1/70 , 1/7r}
<C ( JUOH T Hyw” dx) ( H]" Hyw? dx)
R~ R~

_ CAI/TOBl/r67

where we have consecutively considered Proposition [2.9] the pointwise inequal-
ity between ho and Hs and the Holder inequality with exponent ro and measure
w? Hy dx.

Let us now verify that the factor B is uniformly bounded. On the one hand,
considering the variable Holder inequality (Proposition with exponent ¢(-)/o,
we have that

B < O H"™w |ly/o | Hall g ) /oy -
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Thus, since hy € L) (w) and hy € L(q(')/")'(R”), taking v = ;7 and considering
0
again the Corollary and Proposition we can see that

0w gy o = N1HT W Nlg(y /e = w50 < 27[IRaw]lFe) < C,

and
I Hzll(q() /0y < 2[P2ll(q() /0y < C-

Let us now observe that from the choice of v, we have that
A= / £ H "0 Hyw? da.

In order to use the hypothesis (2.7]), we must jointly prove that A is finite and
that the weight wg = (H;qO/TOHQwU)I/qO belongs to Af . .
Let’s start by seeing that A is finite. Considering the definition of hj, the

properties of H; and Hy and the variable Hélder inequality it follows that

A= [ foHTHPH " Hyw de
Rn

< [ foR;PH®H O Hyw do
]Rn

f >QO 4 /r/
< fo < HPH; " Hyw? dx
/n I fwllqc o

= |l fwl, /}R HEH; ™" Hyw® da

= ||fw||g‘(),)/]R HY Hyw’ dx

< CllfwllFy IHT w g jo |1 Hell(q() /oy < 00-
Let us now see that wy = (Hl_qD/TOH2w”)1/q° € Ap ... For this purpose,
considering the item . of Proposition it is sufficient to prove that wl® =
Hy ") Hywo € A?, where

In view again of Proposition but in this case item[Z, given that both How?

Q=0

and H;°~" = HY belong to A?, it follows immediately that

a0 =9

1—80
wlo = (Hfo ) Hyuw® € A7,

We are now in a position to apply (2.7). Considering then the hypothesis, the
definition of hy and Hoélder’s inequality with respect to a certain exponent r(-), we
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have that

’ U/q
Al/ro — AO'/QO — < fqul_qo/rng’wU dl’) )

R™

< C (/ gpo (quO/T6H2w0>po/qu:)3>

0 40 \PO I o /po
< CngHg( (/]R (hf<‘)wp'> ) H; Po Tngo/QO,wapo/qux)

po(ﬁ—i,) o o/po
< Ong”O’() </ Hl () ) wPO(%‘FT )HPD/Qde>

a/po

o /po a/po

a() 1
S CHg’LUH H Hl 'LU I)(J( 2 7‘6) H;O/QO

() ()

= C||gw||g(_)Ea/poFU/po7

where we have used the fact that L 1= —%
0

Let us take r(-) = p—o(%) and see that both E and F are bounded. On the
one hand, considering the Proposition 2.9 we get that

F = HH§O/qO (

— HPO/QO
) H 2

H 2||p0/q0 < 2po/qo}|h2||1(’;(/")1(/)a)/ < 9Po/q0_

 (aly, (a()/o) =

On the other hand, since

we have that

- / (le)q()dl‘ = Qq(‘)(le).

Given that ||[Hyw|q.) < 2[[hiwl4.), applying Proposition it follows that
0q(y(Hiw) is uniformly bounded, and therefore, applying Propos1t10n again,
the uniform bounding of E follows, which concludes the proof of the theorern. O

Proof of Theorem[2.17. Suppose as before that 0 < [|g|| s () < 0.

§=5() —_ — ‘ - s_ s
Let Ay =5 —t="27=9() =%, p=p() =2 and5=2

Let us consider the functions & and k defined by

—/ p—s =/ p(')fs
MNP P ~ — =
h — |g‘ wn — |g|w and h — h—s /S.
||9w||p(.) ngHp(')
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From its definition, it follows that, b € L®P()/)" (=P /(()/9)") and

[hw =P/ @O/ w()/sy < 1.

S

—_\ p(z)
/ h(x)(p(x)/s)'w(x)fnﬁ/dl,:/ <|9(:c)|w(x)p> I
n Rn

Indeed, since p(-) ::(Bil)'@x.)-s)::ﬁxp(q — 1) we have that

lgwllp.)

[ ol

lgwl[()

Thus,
/ ?L(:L’)a/glw(z)fﬁldz = / h(:z:)fQ(z)/sw(x)fnﬁldx
:/hmww%mmeSL
that is h € LI/¥ (w5 /) and ||hw ="' /1[5 5 < 1.
Moreover,

/n lg()"w ()™ |§ﬁ($)_§/§lw(x)_@,dx=/ lg(2)"w(x) ™ [h(z)w(z) """ da

n

2 w(z)? \PE) _,
:/nug( o) g

p(x)—s
lgwl’®
BTN
B p(z)—s
||9w||p(.)
< [lgwlle-
(4.2)
Note that, since ﬁ = ﬁ - L we Azpl(‘)/n,oo and h € Li/% (w=P'3'/7) by

Corollary there exists H € L¥/¥ (w="P'5'/T) such that
(1) h(z) < H(z) ae. z€R"
() [Eu 7 e < 2 i
(3) Hw="" € Al.
Note that from item [2[ and the fact that ||hw="P/7||; o < 1, it follows that
Hﬁw*”ﬁ,g,/aﬂa/y < C, which by Proposition is equivalent to

|[HY 0P /T ) < C (4.3)
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From (4.2) and item [I| we obtain
. _ _, 1/s

= ( / gl (H @) @y ) dx)l/s

On the other hand, from item [3{ we get that the weight (H /% 7' /5')~5 =
Huw™""" € A? which is equivalent, by Proposition, to H=Y/5 @' /5" ¢ AL,
that is, (H~1/ (5P /3°)1 ¢ A’;/n,OO. Thus, by the hypothesis, Lemmaand (4.3)
we obtain

lgwllpc) = C”‘f”Lfé(ﬁ*l/(n?')w?/?)
> C”fgwg—l/(n?)wﬁ//? [
> CHfg»Pf{fl/(n? VP I3 || oo || H Y 075 ) =P /§||q(.)
> C|ffrw? VD]l
= C|Iff wllq

From the hypothesis on w and Proposition |3.8| we conclude that w € A;’ (),00

with ¢(-) = 6%5(.). Thus, from Proposition [3.16{ and Lemma we get that

lgwllpey > CllFE wllgc
= C||f w||

.0
2 ClI5E o0

> Cllfl g, (-

50

wl[oo

5. APPLICATIONS

We will conclude this paper with some results where we essentially prove norm
inequalities on the weighted variable Lebesgue spaces for some fractional type op-
erators in the Schrédinger context.

First we will see how to prove that an operator T is bounded in LP()(w) using
Theorem These same ideas can be used to apply the other theorems.

The key point in applying Theorem 4 is to consider an appropriate F family.
This usually requires a density argument, since we need pairs of functions (f,g)
such that f lies both the appropriate weighted space to apply the hypothesis and
in the weighted variable Lebesgue space in which we want to obtain the thesis.

The dense subsets of L?(w) are well known, for example, smooth functions and
bounded functions of compact support.

These sets are also dense in LP()(R™) (see for example [13]) and in LPC)(w)
(see [12]).
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More specifically, in [12] it is proved that if p(-) € P(R™) with p* < oo and
w € Lp(')(R"), then LS (R™), the set of bounded functions of compact support,

loc
and C2°, the smooth functions of compact support, are dense in Lp(‘)(w).

Suppose now that for all wg € Af it holds that

1T f wollgo < CIIf wollpo- (5.1)
We want to show that given a w € AZ(~)-q(~)’ T maps LP)(w) into L) (w).
Since w € Lfo(‘;) (R™) and w € Lfo((;)(IR"), by a standard density argument (see [I3]
Theorem 5.39]) it is sufficient to show that
ITf wllqey < Cllfwlipeys
for all f € L. Although intuitively, it can be thought to define F as

F=AUTFL1fD): fe L),
it is not known a priori that Tf is in L90)(w). To overcome this, we again
proceed by approximation and define (T'f), = min{|Tf[,n}xp(0,n). Given that
w € Lfo(g (R™), it follows that (Tf), € L") (w). On the other hand, it is clear

that (5.1) is satisfied with |Tf| replaced by (Tf),. Therefore, if we define

F={TFn lfD): feLZ,n=1},
we can apply Theorem and Fatou’s Lemma in this context (see [I3], Theorem
2.61) and conclude that for any f € Lg°

ITf wllgey <Timinf [(Tf)n wllyc) < Cllf wllp.)-

5.1. Fractional integral. Given 0 < a < n, the fractional integral of order «
associated with £ is defined as

Tuf() = £ (@) = | Kale,)f ) dy,

where
> a2 dt
Ka(l',y): kt<$7y)t 7
0

Here k; denotes the kernel of {e‘tﬁ}bo, the heat semigroup associated to L. It is
known (see [22] and [I8]) that if V € RH, with v > n/2 and Ag = min {1,2 — 2},
given N > 0 and 0 < A < A, there exists a constant C' such that
st )

0@ o)

lz—y
Ct

ky(z,y) < Ct™™%e”

for any z and y in R™. Also

A e Ty
|kt (z,y) — ke(zo,y)| < C <|1'_\/£50|> /2 e,l ul <1 n p(/j) p(\/;)> |

provided that |z — zo| < V2.

Taking into account the above estimations, the following bounding result was
proved in [2, Proposition 8§].
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Proposition 5.1. If V € RH, with v > n/2, then given N > 0 and 0 < A < Ao,
there exists a constant C' such that,

c e —y\ 7" 0
and
|z — ao|* < x—y|>N
Ky(z,y) — Ko(zo,y)| < C 1+ , 5.3
| ( y) ( 0 y)' |JJ — y|n_a+)\ )0(:130) ( )

whenever |z — xo| < |z — yl.

Theorem 5.2. Let V € RH, withv > 5,0 < a <n, 0 < <min{A,a} and s
such that % =2 %. Then, there exists a constant C' such that the inequality

IZo Fll 2y y < CUF Nl o oy

is satisfied for all w € Af

Proof. Let zy € R™, and consider B= B(xg, R) with R < p(zg). From , the
Holder inequality and since ws € A it follows that

51 e @lde s o [ ] il dy s
Ix—y|>_N
|B|//B |l_ ) a(” ow ) W
1
<T — dx |d
~|B| /2§|f(y)|</3(y,31?,) |z — y|n—e x) Y

< Bl /2 1wy (5.4)

1/s'
S1a sl ([ w) )
2

0/s
< |B|a/n—1|B|1/s/ [ fwlls (1 2R ) /
~ [wxzplo0 p(xo)

[fw]ls

lwxslle

< C|B‘6/n

We will check first condition . We write f = f+ fg, with fl = fX2B(wo,p(wo))
The observation above with R p(a:o) gives us the estimate we need for f;. For z €
B(xo, plzo)) and y € (2B(zq, p()))", we have p(z) = p(o) and |zo—y| < 2z —y].
Then, calling Bj, = B(xo,2p(z0)), by using estimate with N > 6 + g, and
Holder’s inequality, we get, for € B(xo, p(z0)),
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) £()] ( x—yl>‘N
Za(fo)@)] S /(23@0,,)@0»)0 i (R S

N
<Z/ lf (W)l <1+C|5C0—3/|> dy
~ By, \B} [To —y["7* p(o)

E>1
1 1 Qkp(iﬁo))N
< > g (14 [ wwiay
~ n—o k(n—a
plxo)n=* I 2Mne) p(zo) -
||fw||s 2—]@1\/ (/ . 1/5/
S > w(y) ™ dy
~ n—o k(n—a
p(xo) k>1 2 ( ) ;9+1
0 1/s
[ fwlls 2 PN=) e [ _
S |B, Y% | inf w™*
p(xo)™ k;l 2k(n—a) [TkH Bl
< waHs 27k(N—9j—,“) 1
~ p(mo)nfocff, e~ 2’6(71—01) ||wXB'k+1||OO
| fwlls _n —k[N—(a—2)—2]
S o A O 2
($07P($0)) 0 k>1
w||s "
s Wl g, pae)

~ WX B(zo,p(zo)) oo

Now, we must check condition (2.3]). It will be enough to show that this inequal-
ity is satisfied for every ball B € B, for some constant cg. Let B = B(x¢, r) with
r < p(xo) and we write f = f1 + fo, with f1 = fx2p. As before, the estimate for

f1 follows from for R=r.

Finally we will estimate |Z,(f2)(z) — cgl, uniformly for z € B, with c¢g =
Zo(f2)(xz0). For x € B and y € (2B)°, we have p(z) ~ p(z¢) and |xo—y| < 2|z —y|.
Then, calling By, = B(zo, 2"r), by using estimate with N = g and § < A < Ay,
we have

| Za(f2)(x) = Za(f2) (20|

|z — 2o ( |»’U—y|>_N
< d
~ /(QB)c )l |z — gyt b p(z) Y
|f(w)l lzo —

—N
<t / <1 +c > dy
7; Br+1\Br |0 — y|n_u+A p(o)

S D g I AL
Siee g U)W

E>1

||waS 1 ( ok )N(/ o 1/s'
yn—a Z 2k(n—a+X) p(xo) Bit1

k>1
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4 —N+2 1/s’
Ifwlls §~ [Brsa]* 257 S AR
S rn—a Z 2k(n—a+X) L+ inf w

k>1 p(zo) Br+1

< vl 5~ _ 27 !

~opnoa—g = 2k(n=atA) Ylwxp, ., oo

< _lfwls (22 KO- s>>

~ ||wXB||OC k>1

< Mfule o, )

™ lwxslle
Remark 5.3. The above result was proved for the case 6 = 0 in [1].
Thus, we can apply the Theorem [2.16] to get the following.

Theorem 5.4. Let V € RH, conv > 5,0 <a<n and p(-),q(-) € P(R") such
that

p()  a()
Then, if w € Ai(_) oy and q(-) € P8(R™) with ¢~ > -2 it follows that

1Za fllLao> () < ClFlLeoer (w)
1

ﬁ - ﬁ = 2 we have that p% —aF = & from which it

1 1 «
n

Remark 5.5. Since
follows that p™ < 2. The restriction p* < 2 is natural for the fractional integral
operator, since in the constant exponent case Z,, does not map L™/ to L.

On the other hand, also as a consequence of Theorem now in combination
with Theorem [2.17] the following result follows.

Theorem 5.6. Let V € RH, with v > %,

Plg(R™), p~ > 1, and 0 < §(-) < & such that
w E Az(.) - it follows that

1Za £l ) < CUF oo

5.2. Commutators of fractional integrals. We now approach the case of the

commutator of the operator Z,. For a function b we will consider the commutator
of 7., defined as,

[Za, 0 f(z) = Za(bf)(z) — b(2) Lo f(z), =€ R™

It is known that for the classical case (i.e., V' = 0), the commutator of the Z,
operator is of strong type (p,q) for 1 < p < 2 and % — % = 2 provided that b
belongs to BM O, the bounded mean oscillation space.

For the case we are dealing with here, the operator [Z,, ], it satisfies analogous

bounding properties, but the class where b belongs is larger than the usual BMO.

—a_ 30

0 < § < min{a,A\o}. Let p(-) €
(1 — == Then, for every
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Let us consider the space BMO,, defined in [4], as the set of locally integrable
functions b such that for some 6 > 0,

9
1 r
—— b(y) — bpa.r dySC(l—i—) ,

B@.)] Joy 'Y ™ b8! @)

for all x € R™ and r > 0. The following result was proved in [27, Theorem 4.4].

Theorem 5.7. Let V € RH, withv > § and b € BMO,. Then, if 0 < a < n,

1<p<Z and % =1_ *, there exists a constant C such that the inequality

P
IZa, 01 fll Laqway < CNFlleoqury
is satisfied for all w € Af .

Hence, in view of Theorem [2.15 we obtain the following bounding result.

Theorem 5.8. Let V € RH, withv > 5, b€ BMO,, 0 <a <n and p(-),q(-) €

P(R™) such that
1 o

p() a() 0
Then, if w € Ag(.) o ond q(-) € PP(R™) with g~ > =2, it follows that

n—a’

1 Zas O f 1 Lo () < ClFNLre) )-
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