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CHARACTERIZATIONS OF LOCAL A,, WEIGHTS AND
APPLICATIONS TO LOCAL SINGULAR INTEGRALS

FEDERICO CAMPOS, OSCAR SALINAS, AND BEATRIZ VIVIANI

Dedicated to the memory of our dear colleague and friend, Eleonor Harboure.
She will always be in our hearts.

ABSTRACT. In a general geometric setting, we prove different characterizations
of a local version of Muckenhoupt As, weights. As an application, we ob-
tain conclusions about the relationship between this class and the one-weight
boundedness of local singular integrals from L*° to BMO.

1. INTRODUCTION

As it is well known, a non negative and locally integrable function w belongs to
the A, class of Muckenhoupt ([10]) if and only if

1 1 . p—1
sup(|B|/ ><B|/Bw_pl> < 00, inthecase 1 <p < oo,

1 1
sup / —— < o0, forp=1,
(BI infp(w)

wE Ap = U A, for p=cc.
1<r<oo

Seeing the myriad of articles and books that have been published during the
past 30 or 40 years and whose subject is the study of properties or applications
of these weights, it is absolutely unnecessary to talk about how important these
classes are in the fields of Partial Differential Equations and Harmonic Analysis.
The present work is related to some of those articles. The first of them is [4], due to
N. Fujii. There, the author introduces some characterizations of A,, and uses them
to identify a necessary and sufficient condition for a weight w such that Calderén—
Zygmund integrals T f, with 5 € L, are of w-weighted bounded mean oscillation.
It is important to remark that the characterizations proved in this article were
used by Hytonen, Pérez and Rela ([8]) as a basis for obtaining precise estimations
of the constants related to the Reverse Holder inequality and the boundedness
of the Hardy—Littlewood maximal function. Another paper this work is related
to is [7], due to E. Harboure and the last two authors, where “local” versions of

and
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Muckenhoupt weights in a general geometric setting were introduced (even though
it should be mentioned that a one dimensional case in R was considered before by
Nowak and Stempak in [IT]) and studied in connection with the boundedness of a
local maximal operator. In addition, the latter result was applied to get interior
Sobolev type estimates for solutions of differential equations associated to the m-
Laplacian.

The aim of this work is to obtain a version of the Fujii’s results for the local-A
weights and the geometric setting considered in [7]. In order to accurately state
our results, we begin with a precise description of the geometric framework.

Let X be a metric space satisfying the weak homogeneity property, that is, each
ball B(x,r) cannot contain more than a fix number N of points whose distance
from each other is greater than 3. Also, let {2 be an open proper and non empty
subset of X such that all the balls included in € are connected sets.

In this context, given 0 < 8 < 1, we consider the following family of balls
}—B = {B = B(ﬁB,’I’B) B S Bd(l‘B,Qc)},

where xp and rp are, respectively, the center and the radius of B, and d(z g, Q¢)
is the distance from xp to the complementary set of ). Sometimes, we will refer
to the balls in Fg as -local balls.

In addition, let ;& be a Borel measure defined on €2 such that 0 < u(B) < co and
1(B) < Cau(5B) for each B € Fg and every 3 € (0,1), where §B denotes the ball
with the same center and radius #-times that of B.

Let us note that p(B) is finite for all B € |J Fp but this fact is not necessarily

0<p<1
true for every ball contained in .

Our first result is about the boundedness of S-local singular integrals from a
weighted L™ space to a $-local BMO. Here, the term “B-local” makes reference to
a close relation with the families F3, as we will see in the definitions and notation
below.

Given 0 < 8 < 1, we will say that T is a 8-local singular integral operator if it
satisfies

(1.a) T is bounded on L2(£2,du).
(1.b) There is a kernel K : Q x Q@ — R such that for any f € L>(Q,du)
with compact support

Tf(x) = /Q K(z,9)f(y) du(y) ae.z & supp(f),

and T'f(z) = 0 for z such that supp(f) N B(z, Bd(x, Q°)) = 0.
(1.c) The kernel satisfies
c
&) K@)l < 5o awmy 5
T I, 0
b) 18, ) = K0, ) )~ K] < sy (4557)
for some &y > 0 and whenever 2d(x,2") < d(z,y).

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



CHARACTERIZATIONS OF LOCAL A, WEIGHTS AND APPLICATIONS 155

Remark 1.1. The second assertion in (1.b), which is the meaning of B-locality,
can also be written by asking supp(K) C {(z,y) : d(z,y) < pd(z,Q°)}.

Definition 1.2. Given 0 < 3 < 1 and a non negative function w in L}, (Q,dp),

we will say that a function f belongs to BMO? if the following two conditions are
satisfied

(1.2.a) There exists C > 0 such that
1
_ - <

for every B € Fs, where mpf = #f fdu.
& w(B) JB
(1.2.b) There exists C > 0 such that

),

—— | fldp<C

B Js"
foreveryBe]:g—]:%.

If f € BMO?P we will use [flgaop to denote the norm given by infimum of the
constants satisfying (1.2.a) and (1.2.b).

Definition 1.3. Given 0 < 8 < 1 and 1 < p < oo, we will say that a locally
integrable and non negative a.e. function w belongs to the B-local Muckenhoupt

class Ag if
1 1 . Pt
sup —/ wdu) (/ w -1 du) < 00.
BEFs <H(B) B w(B) Jp

The case p = oo is defined as A% = | Ag.
1<p<oo

Remark 1.4. It can be easily proved that w € Ag if and only if w € Ay for every
a,B€(0,1).
We will consider a new class of weights

Definition 1.5. Let 0 < S < 1 and p > 0. We say that a weight w belongs to the
class Bg if it satisfies
MBI | w(y)
Bryers W(B(@,1)) Js,(B@r)-B@r MB@, dz,y)))d(z,y)?
where Sg(B) = |J Bz, Bd(x,Q°)).
rEB

du(y) < oo,

Now, we are in position to state our first result.

Theorem 1.6. Let 0 < 3 < 1 and T be a B-local singular integral. Ifw € A5, ﬂBfO,
where & is the exponent appearing in (1.c) associated with T, there exists C' > 0

such that [T flg08 < Cllf/wl|eo for every f.
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Our following result is a characterization of the class A% () that involves the
maximal operator associated with each family 73 defined as

Myf(z) = sup ﬁ /B (@) dp

r€BEFg

for f € L} (Q) and z € Q.

loc

Theorem 1.7. Given 0 < 8 < 1, the following conditions are equivalent

(1.8.0) we A5
(1.8.b) There exists C > 0 such that

/MB(wXB)dMSC/ wdp
B iB

for every B € Fg, where B=5Bif 5B € Fs and B =NzB)= U V
VeF,
VmB;:(Z)

if 5B & Fp.
(1.8.c) There exists C > 0 such that

/wlongLdugC/ wdp
B mpw iB

for every B € Fg.

(1.8.d) The weight w is doubling on Fg and, for each ¢ € (0,1), there exists
0 € (0,1) such that if B € Fg and E C B satisfy u(E) < 0u(B), then
w(F) < ew(B).

In the particular case X = R™ with the usual euclidean metric and the Lebesgue
measure, Theorem [I.0] has, in a certain sense, a converse. In order to enunciate
it we need the Riesz transforms and same local versions. We recall that the j-th

Riesz transform, j = 1,...,n, of a locally integrable function f is given by
) _ Tji—Yj

On the other hand, given 0 < 8 < 1 and a smooth radial cut function 7 defined
on R such that 0 < n < 1,p(t) = 1, if [t| < § and n(t) = 0 when [t| > 1, we will
say that the operator

, Tj— Y |z —y
R} f(z) = p.v. r - y|ann (ﬁd(w,Qc)) fly)dy

is a B-local j-th Riesz type transform.
With these operators we can add a couple of statements to Theoren{I.7}

Theorem 1.8. Given 0 < 8 < 1, when X is the usual euclidean space R™ equipped
with the Lebesgue measure all the statements in Theorem [I.7 remain equivalent
and, in addition, equivalent to each of the following conditions:
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(1.11.a) There exists C > 0 such that

/_|Rj(wXB)|dz§C'/ wdx
B B

forj=1,...,n and every B € Fg.
(1.11.b) Given n as before, there exists C > 0 such that

/~|R?’"(WXB)|dx§C/wdx
B B

for 3 =1,...,n and every B € Fg. In both statements B is defined as in
(1.8.h).

The latter Theorem allows us to get, as we said before, a certain kind of converse
of Theorem [L.6]

Theorem 1.9. Let 0 < § < 1 and let Rf’",j = 1,...,n a B-local Riesz type

transforms. If there exists C > 0 such that {Rf’"f} < C|| Lo for every f
BMOE w

satisfying 5 € L>(Q) and every j,j =1,...,n, then w belongs to AZ () N Blﬂ.

The structure of the paper is as follows: Section 2 is devoted to the proof of
Theorem 1.6. Section 3 contains the proof of Theorem 1.8 and a local version of
the Calderén—Zygmund decomposition interesting by itself. Section 4 focuses on
the proof of Theorem 1.11. Finally, Section 5 contains the proofs of Theorem 1.12
and some properties of the classes Bg .

2. PROOF OF THEOREM [L.6]

The first step in proving Theorem [I.0]is to ensure that a -local singular integral
T is well defined on functions f such that % € L>=(Q,du) for a weight w in A2 .
Towards this aim, we start recalling that, given a € (0, 8%), Q can be covered
by countable family of balls {B(x;,r;)}, having finite overlapping and such that
Sd(x;, Q%) < r; < ad(z,Q°) (see Lemma 2.3 and Remark 2.4 in [7]). Now let f

such that £ € L (Q,du). For x € B; = B(x;,r;), from Remark 1.1, we can write
Tf(x) =T(fXsy()) (@), (2.1)

where Sg(B;) is as in definition(L.5). Notice that T is bounded from LP(,dw)
to LP(,dp) for 1 < p < oo (Theorem 4.1 in [7]). Then, all we have to do in
order to prove that T'f is finite a.e. on B; and, hence on €2, is to prove that
fXsyB,) € LP(Q,dp) for some p > 1. This, in turn will follow from the fact

that |f] < ||£||Oow once we prove w has better integrability than L{ (€2, du).
In order to prove it, we need to look at the theory of Muckenhoupt weights in
spaces of homogeneous type. With this in mind, we start recalling that a space of
homogeneous type is a non empty set Y equipped with a quasi distance 7 and a
doubling Borel measure v. By a quasi distance we mean a function 7 : Y XY — Rg‘

satisfying the following properties:
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(2.a) T(z,y) =0 =y.

(2.b) 7(z,y) = 7(y,x) for every x,y € Y.

(2.c) T(z,y) < K (7(x,2)+ 7(2,y)) for every z,y,2 € Y and a certain con-
stant K.

In addition, we say that a measure v is doubling if v(2B) < Cv(B) for every
ball B in Y. In the usual euclidean space R™ with the Lebesgue measure it is

immediate to see that each ball B is, in turn, a space of homogeneous type in
itself. This is not necessarily true in any space of homogeneous type. However,
Macias and Segovia, in [9], proved that, for any space (Y, 7, v) as before, there exists
a metric § satisfying § < 7 < 3§ such that every d-ball is a space of homogeneous
type with the measure v. This remarkable achievement allowed them to prove that
a well-known result due to Coifman and Fefferman ([3]) is still valid for A, weights
in spaces of homogeneous type (i.e., weights satisfying inequality in Definition (1.3)
but for every ball in the space). Their extension can be stated as follows.

Theorem 2.2. ([9]) Let (Y, 7,v) be a space of homogeneous type. If w satisfies
condition Ap, then there exists € > 0 and C > 0 such that

oy [, s <v<lB>/B“d“> -

holds for every ball B.

On the other hand, in [6], Harboure, Viviani and the second author proved that
in our present geometrical setting the construction devised by Macias and Segovia
can still be carried out to get a metric d equivalent to the d given. Moreover, they
proved that each é-ball @ such that 4Q C 2 is a space of homogeneous type with §
and the restriction to @ of the measure p. It was also proved in [7] that a weight w
in AZ(Q) for 8 € (0,1) given, is a weight in the class A, defined on the space @ for
every d-balls Q with 4Q C Q. Then, Theorem allows us to get inequality
with B = @ and v = pu for every d-balls @) as before.

A careful monitoring of the constants involved shows that they only depend
on (. It is an easy consequence of the relation between § and d that the same
result holds for every d-ball B € F3 whenever < %

In this way, for 8 < %, we see that weights in A2 (Q) possesses a better integra-
bility on balls belonging to F3. At this point we have two problems: the restriction
on ( and the fact that the set in (2.1) is not a ball. The latter can be overcome
applying the following lemma.

Lemma 2.3. Let ¢g € (0,1]. Then, given A € (0,e9) we have A + &2 € (0,¢ep)
and S\(B ) C B(zg, (A + e2)d(x0,2°)) for every ball B = B(xzg,r) € Feyx, with

0 <ep < 3min (1 ) and g9 = £1(A% + \).

7/\2+)\
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Proof. Let B = B(xg,r) € Fe,x, with €1 to be chosen later. Then, for x € B and
z € B(x, Ad(x,Q°)) we have
d(x0,2) < d(xo,z) + d(z, 2)
< e1Ad(zg, Q°) + Ad(z, Q)
< e1Md(x0, Q%) + A1 + e1\)d(z0, Q)
= (A +e1 X+ e1A?)d(z0, Q°).

Now, choosing e3 = £1(\A + A\?) with 0 < &1 < %min (1, i%jri‘\), from the last
inequality we easily obtain Sx(B) C B(zo(A + €2)d(x0,2°)). Furthermore, it is
clear that 0 < A 4 &4 < gg. O
So, taking € = % and A = § in the lemma above and applying it for each S3(B;)
in (2.1), we get that there exists p > 1 such that fXg, g, € LP(, du) for every i.
Consequently, T'f is finite a.e. in €, as soon as T' is a [-local singular integral with
b < % This latter restriction can be avoided by using a technique applied in [5].
If T' is a -local operator with 1 > 8 > %, we take a smooth radial cut function as
in (1.10) and define

Tof(e) = [ KGoo) (10 (5205 ) ) 706 duta)

with 0 < 2a < % and K the kernel associated with T'. It is very easy to see that

To f(x) is finite for every z € Q and every f such % € L*°(Q,du). Additionally, it
can be proved, as in [7], that T'— Tp is a 2a-local singular integral. Then, as we
saw earlier, it is well defined as well, and so it is 7.

Now, we can proceed with the rest of the proof.

Proof of Theorem Let w e A2 N Bgo. Then, we know that w belongs to AY
for some p > 1. Given f such that £ € L>*(Q,du) and By = B(xzg,r) € Fs, we

6
split f as g + h, where g = fX>p,. Now we can write

1 1
T—mongi/T—mOTd 2.4
w(BO)/BO| f=m TSl dn < s | (T —mp Tyl do (2.4)
1
+ Th — mp,Th|d
w(BO)/BO| soThdy

=I+1I

From the reasoning done at the beginning of this section we know that g belongs
to L1(Q,du) for ¢ = 1 + € where € is the exponent given by Theorem applied
in our context. Then, since T is bounded from L?(Q,du) to L1(Q,du) (see [5]),
Holder’s inequality allows us to get
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2
I< w(Bo)/BO |Tg|du (2.5)

<o ([, o)

fl 26(Bo
_CHw 0 W(Bo

: (u(éw L, d") q
<e[Z]..

where the last inequality follows from Theorem 2.2, which, as it is clear from the
discussion above this proof, holds for 2By, w and p.

In regard to II, applying (1.c), we can estimate it in the following way:

1
1< o o, L 70 = ThO) )iy (26)
1

= w(Bo)u(Bo) /Bo /Bo /Sﬁ(QBo)—2Bg K (=, 2) = Ky, 2)[|1(2)] dp(2)dp(z)dply)

c d( 20)%° + d(y, 1)
= w(Bo)u(Bo) /BU /Bo /55(230) 28, H(B(xo,d(z0,2)))d (0, 2)%

< | f(2) dp(2)dp(z)du(y)

= C% ,/SB(QBO) 2B, ,LL(B(J:O,d(chOEZZ))l))d(x()’Z)go ()
re w(z
H : H CM BOB)O) /Sﬁ(2BO)—QBQ N(B(xmd(ﬂfo,(z))))d(a:o,z)fo dp(2)
<clz].

where the last inequality follows from the hypothesis on w.

So, altogether (2.4 , and give us all the information we need about
the behaviour of the oscﬂlatlons of T f on the balls in Fs.
6

Now, let us take care of the averages on balls belonging to Fg — Fs. Let
6
By = B(xg,r) be one of them. Then, reasoning as before, we obtain

1
S0 o 71~ 5
By ,
= ZEBo§ ( (1190)/3 |T(fXSB(Bo))|qd/~L> :
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where, once again, ¢ = 1 4+ € with ¢ given by Theorem Theorem 41 in [7] lead
us to

1 /’L(BO) 1 q %
By J, 71005 Ol <N(Bo) fo o1 d“)

S w(Bo) 1 q ‘
<o|Z] LB )

It is obvious that Sg(By) C |J B, for any g’ € (8,1).
BE}—ﬂ/
BQBQ#(B
Denoting the latter set by NV (By), as in [7], Lemmas 2.3 and 3.1 there allow us
to get a finite number M of balls B; = B(z;,r;) such that N (By) C | Bi, u(B;) =~

w(Bo),w(B;) ~ w(By), §d(x;,Q°) < r; < ad(z,Q°) for some fixed a < g—(;,i =
1,..., M, with M only depending on 3 and ’. Consequently, if we chose 3’ close
enough to 8, Theorem [2.2] can be applied for each B; to get

1 I By ]
/BO |Tfldu < C WHOO w(Bo) u(Bo) /BOWdu
4
Wi’

w(Bo)
which completes the proof of our Theorem.

=C

3. PROOF OF THEOREM

The proof of Theorem requires a local version of the Calderén—Zygmund
decomposition. Our proof of it is based on techniques developed by H. Aimar and
R. Macias in the setting of spaces of homogeneous type ([1], [2]).

Lemma 3.1. Let 0 < 3 < 1. Given B € Fg and a non negative function f €
L, .(Q,dw), with supp f C B, for each X > mpf there exists a sequence {B;} of
disjoint balls in Fg such that
(5.1.a) mg [ <A <mp,f, for every j;
(8.1.b) my f <\, for every V € Fg whose center belongs to {2 — UBj;
J

where B; is defined as in (1.8.).

Proof. Let us assume E = {y € Q; Mpf(y) > A} # 0. If E =0, then (3.1.b) holds
for every V' € Fp with center in © and the lemma follows. Clearly, if ' = {V €
Fa/myf> A}, weget E= |J V. Now, it is immediate to see that V' N B # () for

verl
every V € I', which implies B C Ng(V) and V C Ng(B). So, we have
1 / 1
B fduzi/ Fp <A (3.2)
nNs(V) Jaov) 1tNs(V) Jns(vyns
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for every V € I'. Taking V = B(z,r) € I, we define
Yz = Sup{t € (07 ﬂd(x7 Qc))/mB(z,t)f > )‘}7
which satisfies r < v, < Bd(z,Q°). If r < v,, we take ¢ in (0, %%), and t, in
(max(r,vz — 6), 72| such that mp.)f > A If 5t, < pd(x,Q°), since 5t, >
5(7z = 6) > Yz, we have mp(y 5:,)f < A. Then, taking this and (3.2) into account,
we have
mg(z,“)f S A < mB(I’tI)f.
On the other hand, if r = ~,, we get the above inequality by choosing ¢, = 7.
Proceeding in this way for each x € A := {y/yis center of a ball inI'} we obviously
obtain a covering of E by the sets B, where B, = B(z,t;). Note that these
balls are in Ng(B). Then, from Lemma 2.3 in [6], it follows that their radii are
uniformly bounded. So, Lemma (1.11.a) in that paper (local Vitali) allows us to
get a numerable disjoint subfamily of {B,},ca, say {B;} such that E C |JB;.
J

This is the sequence we were looking for. O

With this lemma we are in position to prove Theorem [I.7}
Proof of Theorem Suppose (1.8.a) holds, that is w € AZ. Then, by
definition, we get w € AJ for some p € (1,00). Let B = B(xg,r) € Fg. If
r < gd(xo, Q°), from the discussion preceding Lemma we know w satisfies a

reverse Holder’s inequality on B for some exponent ¢ > 1. In case gd(xm 0°) <

r < Bd(zo,Q°), from Lemma 2.3 in [7], we can cover B with the union of a fixed

number M, not depending on B, of balls belonging to Fs and having finite over
3

lapping. Moreover, the union of such balls and B have comparable measures. It
follows that w satisfy a reverse Holder’s inequality on B with the same exponent g.
With this in mind, taking into account that Mg is bounded on L9(, du) (Theorem
1.1 in [6]), Hélder’s inequality allows us to get

/BMﬁ(WXB)dM < </Q Mg(wXB)qdu) LB

< c(/Bwqdufu(B)l—é

SC'/wd,u7
B

which, taking into account that w is doubling on Fjg, lead us to (1.8.b).
Now assume (1.8.b) holds. Let B € Fs. If 5B ¢ Fp from our hypothesis it

follows
/ Mg fdp =/ Mg fdp (3.3)
{M5f>mb} Ng(B)ﬂ{]V[Bf>77LBw}

§C/ wdp
1B

2
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for f = wX’p. On the other hand, if 5B € Fg, (1.8.b) lead us to

/ Mgafdp < C’/ wdp (3.4)
{M5f>m3w} %B

+ / Mpafdp.
(N (B)—5B)N{Mgf>mpw}

It is not difficult to see that B C 2V for every ball V' € Fz(2) such that
VNB #(and VN (Ns(B)—5B) #0. Then B C V and so u(B) < Cu(V), which,
in turn, implies Mg f(y) < Cmpw for every y € Nz(B)—5B. In consequence, from
([3-4), the weak type boundedness (1,1) of Mg (Theorem 1.1 in [6]), and the fact
that w is doubling on Fj (it is obvious from (1.8.b)), we get

/ Mpfdu<C (/ wdp+mpwp({Mgf > mb})> (3.5)
{Mgf>mpw} iB

2
SC/ w dpt.
1B

Besides that, taking A > mpw, Lemma gives us a sequence {B;} of disjoint
balls in 5 such that

UBj c {Mpf >N} c|JB;.
J J
Applying (3.1.a) we can obtain
n({Maf > A = 3 u(B))

J

29/ fdy
A U, 8;
C

> — fdp
A J{Mapoay

29/ fp.
A S

Integrating both sides with respect to A, Fubini’s Theorem together with (3.3]) and
(13.5) lead us to

(o) 1 (o)
/mb 1 (/{fﬂ} fdu> X < C/mbM({MBf > A}) dA (3.6)

<C Mg fdu
{Mgf>m3w}

SC/ wdp.
ip

2
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Recalling that f = wA’p, Fubini’s Theorem again allows us to get
/ — fdﬂd)\:/ flog <f) dp
mpw A {f>X} {f>mpw} mpw

:/ wlog™ (w) dy,
B mpw

which, together with (3.6), obviously proves (1.8.c).

Let ¢ € (0,1). Given B € Fg and E C B such that pu(E) > 0, we define
Ey={z € E/w(z) > STe)] Jpwdp}. Then, assuming (1.8.c) holds, we obtain

o (0) ot o () o

SC/wd#.
B

On the other hand, we have

H(E — Ep) /
wdp < etm—mr———= wd,
/E—EO = 2u(E) B :

This inequality assures us that if w(E) > ew(B), then w(Ey) > Sw(B), and so,

2
from (3.7))

u(B) _ pw(B) _2C

2u(E) w(Ey) €

Consequently, %e*%,u(B) < w(E). Finally, taking 6 = %e*%, which belongs to
(0,1), and noting that (1.8.c) implies w is doubling on Fgz, we prove (1.8.d).

log™

In order to see that (1.8.d) implies (1.8.a), we consider again, as in the beginning
of section 2, the metric § such that § < d < 3§ and each é-ball Bs(zg,r), with
r < (8/3)d(zo,Q2°), is a space of homogeneous type endowed with the restriction
of u. Given one of these balls, say Bs, we have Bs C 3By, where By denotes the
d-ball with same centre and radius as Bs. Then, since By € F 8, We get

w(3By) < Dw(Bg) < Dw(Bs),
where D denotes the doubling constant of w associated to Fg.

Let us prove that (1.8.d) holds for d-balls as well. To this aim we take a d-ball
Bs as before and consider E C Bs. Then E C By, where B, denotes, as before,
the d-ball with same centre and radios as Bs. Then, choosing € € (0,1) such that
eD € (0,1), we get € € (0,1) such that

w(E) < w(E)D

w(Bs) ~ w(3Bq)
whenever p(E) < 0u(Bs), since u(Bs) < u(3Bg). This proves (1.8.d) for these
0-balls.

< De,
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A careful examination of the proof of Theorem in [9)(Theorem (2.2)) there)
reveals that it can be done by assuming (1.8.d) instead of the A, condition. Then,
there exists ¢ > 1 such that the inequality

(i )’ =iy o

holds for every ball B € Fs. By denoting dv = wdyu, the above inequality can be
3
written as follows:

1 1 1
—_— gy < 07/ d .
wa_ldU/Bw U( Jpwtdv Bw a

B
It follows easily that w™! € A13 1 but with respect to the measure v instead of p.
1

=
Then, since (1.8.d) imply w is doubling on F3, Theorem can be applied again
to w™! with the measure v to obtain a reverse Hélder inequality for w! respect to

8
v. Reasoning in a similar way as before we get w € A5 with respect to p. Finally,

from Remark it follows w € AS_ | as we wanted to prove. |

4. PROOF OF THEOREM [L.§

Here we are in the particular case X = R",d the euclidean metric and u the
Lebesgue measure. Let us start proving the following proposition.

Proposition 4.1. Let w be a non negative function in L} (9, du) and B € (0,1).
The following statements are equivalent.

(4.1.a) There exists C > 0 such that

[\Rf’"(w)(gﬂd:ng/ wdz,
B B

forj=1,...,n and every B € Fg.
(4.1.b) There exists C > 0 such that

/|Rj(wXB)\dx§C/wdx,
B B

forj=1,...,n and every B € Fg.

Proof. Given B = B(xzg,r) € Fa, notice that R?’"(wXB) and R;(wXp) are finite
a.e. in Q since the operators are of weak type (1,1) (in particular, for Rf’", this

result was proved in [7], Theorem 4.1). Let us see that (4.1.a) implies (4.1.b). For
each j is clear that

|Bj(wXp)(2)] < [Rj(WXpAp 2aw,a0) ()]
+ B (WX pe (o, 8o (@) = T+ 11

for almost every z € 2. We can estimate I as follows:
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I =

RBm wXp)(x —/ —Yj 77( [z — | >wXde
/ ( )( ) Bc(m,ﬂdrﬂc)) |{L‘— |n+1 Bd({L’,QC)

< 1B @) o) + (s ) o

On the other hand, for z € B we have

2 n
= (m«m) /B“’dy'

Then, from the estimates of I and II, we get

/|Rj(wXB)|dx§/|Rf’"(wXB)|da:
B B

=2(3) Uwamr) ([o)

If 5r < Bd(xo,2°), it follows that 57“(% —1) < d(z,°) for every z € 5B. Then

dx C /
_— < — dx = C. 4.2
/g i, = Jp (4.2)

In the case 5r > Bd(xg, 2¢), we have B = N3(B). Following the proof of Lemma
2.3 in [6] (see p. 616), we know that there exists a constant C, independent of B,
such that d(z,Q¢) > Cr for every x € Ng(B). In consequence, we can obtain
again. Finally, (4.1.a) implies (4.1.b). Taking into account that

for almost every x € 2, a similar reasoning as before allows us to get that (4.1.b)
implies (4.1.a). O

Proof of Theorem Proposition [A.1] proves that (4.1.a) and (4.1.b) are equiv-
alent. Let us see that (4.1.b) implies (1.8.b). With this aim in mind, we take a
ball B = B(xq,r) € Fp and denote f(z) = w(x)Xp(x) and g(z) = — f(x + yo) with
Yo € R™.

Claim: It is possible to choose yo € R™ such that |yo| = ér with 0 < § < %,
and

[ m+glar<c [ o (1.9
R™ Rn
with C a constant not depending on B.

Assuming the claim is valid and proceeding in an analogous way as in the proof
of (ii)=-(iii) in Theorem 1 of [4], we obtain

My < (1B [ raotsupl((7+0) PO
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for every x € B, where M denotes the classical Hardy-Littlewood maximal and P
is the Poisson kernel. Then, integrating both sides over B, we get

/BMgfda:S/BMfdx

§C(/dew+/éilig|(f+g)*Pt|dx>.

As in [4] it can be proved that the second integral on the right side is bounded
by a constant times the first. This allows us to obtain

/MB(wXB)deC/wdx.
B B

A careful examination of the proof that (1.8.b) imply (1.8.c) (see Theorem (1.8))
leads to the conclusion that considering the inequality above instead of the one in
(1.8.b) allows us to get the inequality in (1.8.c) but with w(B) instead of w(}B)
on the right hand side. This, in turn, lead us to (1.8.d) but without assuring
the doubling condition. However, in the particular case of u being the Lebesgue
1

measure in R™, this is enough to prove w is doubling on Fg. In fact, taking ¢ = 3

its corresponding 6 in (0,1) and ¢t = (1 — 0) =™, we get
W(B—71B) = (1— t)u(B)
= 0u(B)
for every B € F and, in consequence,
1
w(B—-t"'B) < 5W(B),

which obviously imply w(B) < 2w(t~!B). So, (1.8.b) can be obtained.

Let us see that our claim is valid. To begin with, we take yg € R™ such that

lyo| = or with 0 < § < 152, Note that [yo| < (1— B)Bd(x0, Q) < (1 — B)d(xg, Q°).

Then, B(xo + yo,r) C B(xo, d(zo,2°)).
If B = B(xg,r) € Fs, noting that 2|yo| < 4r, we get
5

; d
/R IR gl < /B w(z) /|“|>2|y0|

<c /B w(a) da,

A 0
Tj— 2 T~ % tY

dzd
|$ _ Zln-‘rl |$ _ Z+y0\"+1 zaxr

where yo = (y?,...,92), since the kernel of R; satisfies a Hérmander’s condition.

On the other hand,

[ Rt glde < [ Riflde [ (Riglda. (4.4
5B 5B 5B
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We can estimate the last integral as follows:

[ imsglao< | RSl da
5B B(zo,57+|yol)
<[ IRflds [ |Rflds
6B—5B 5B
dx
< [ww ([ v [ Rl
B ar<|z—y|<Tr |z — y 5B
SC/wdw—F/ |R; f| dx.
B 5B

Then, from (1.11.a) and ({ @7 we obtain , since B = 5B.

Now, if B ¢ .7-"ﬁ we have B = Nj3(B). Note that 2|ys| < B(1 — B)d(z0,Q°) <

Bd(z,Q°) for every z € B. So, B(z,t) € Fp for every t € (2|yo|, Bd(z,2)), which
implies that = € Ng(B) for every = such that |z — z| < 2]y| for some z € B. In
consequence, from Hoérmander’s condition,

/ Ry (f + )| da
R™—Ng(B)

z;— zj + 49
/wz/ T - J d yjl dx dz
"N (B) x—f2‘|’”r |z — 2z + yo|"T
) (4.5)
wz n+1 — | dadz
|—2|>2[yo] |ff—Z| |z — 2 + o

SC’/ wdz.
B

On the other hand,
[ irteglis [ Rf@ldes [ iRl da
N5(B) N35(B) N5(B)

< [ wine | IR, f| da (4.6)
B N5 (B)+yo

gC/wdx+/ IR, f| da.
B (N3 (B)+yo)—N3(B)

In order to estimate the last integral, we recall that x € Ng(B) for every x such
that |z—z| < 2|yo| for some z € B. In addition, appealing to the proof of Lemma 2.3
in [6] (see the proof of Claim 3 on p. 616) once again, we get d(xg,2¢) < ¢r with
¢ not depending on B. This implies | + yo — z| < |x — z| + |yo| < er for every
x € Ng(B) and z € B. Then, we get
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d
|R; f|dx < / w(2) / R
B 20r<|z—z|<Cr |£L’ - Z‘n

SC’/wdz.
B

This estimate, together with (4.5) and (4.6]) proves (4.3) in this case, concluding
the proof of the claim.

‘/(N/f(B)ero)Nﬁ(B)

Taking into account that Rf " is bounded on LP(£2,dz), 1 < p < oo, the reason-
ing applied in section 3 to prove that (1.8.a) implies (1.8.b) can be used again to
prove, this time, (1.11.b). This finishes the proof of the theorem.

5. PROOF OF THEOREM 1.12

We are in the same geometrical setting as in section |3 that is, X = R™, with
the euclidean metric and the Lebesgue measure. The proof of Theorem will
require some previous technical results.

Lemma 5.1. Let 0 < 8 < 1 and v = 2. Then S,(B) C E3(3B) for every

T+B"
Be Fo.
10
Proof. Let B = B(xg,r) € Fa. Then, forx € Band y € %B, we have
1 3y ¢
|96*y|§|$*$0\+|$0*y|<T+§T<T05d(ffo,9)- (5.2)

On the other hand
d(z9,Q°) < |xg — 2| + d(2,9Q°)

< %Od(xm Q%) + d(z, Q°)
for every z € B, which implies
(1- 110)(1(9;0, 0°) < d(z,Q°).
Consequently,
_r
2(1 - 5)
for every z € B. Then, from this and (5.2)), we get

%d(mo,QC) < d(z,Q°) < g'yd(z,Qc)

2=yl < 2@, ) (5.3)
for every x € B and y € %B, and so

|z =yl <[z ==+ |z -y
7
< yd(z, Q°) + %d(x, ) = £rd(e, ) (5.4)
for z € B(x,vd(x,Q°)).
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From (j5.3), we can also obtain (1 — {)d(z,Q°) < d(y, Q) for every x € B and
Yy € %B. Then, from ({5.4) it follows

T c

= Bd(y, )
for every z € B,y € $B and z € B(z,vd(z,Q¢)), which obviously proves
B(z,~d(z, Q%)) C By, Bd(y, Q)
for every € B and y € 1B, that is S,(B) C Eg(3B). O

The next lemma shows an important property of the classes Bg . It is not difficult
to see that it holds in the more general geometric setting of sections 2 and 3 as
well.

Lemma 5.5. Given0< 8 <1landp >0, ifw € Bg, then w satisfies a doubling
condition on Fg, i.e.: there exists C > 0 such that w(B) < Cw(3B) for every
Be .7:5.

Proof. Let B = B(zg,r) € Fg. Then, if w € Bg, we can write

T P 1
w(B) S/ ( ) w(y)dy+w<B>
2 <lzo—yl<r \|To — Yl 2
r\"tP w(y) (1 )
<ot / W (=B
(2> Ss(1B)- 1B |T0 — y[* P Y 2

1
< —
< Cw <ZB> ,

and the lemma is done. O

Now, we introduce a definition that will be useful to proof other properties of
BA.
P

Definition 5.6. Given 0 < 8 < 1 and p > 0, we say that a weight w belongs to
B]ff whenever

1
w(B) < Ct"P=ey, <tB>

for every B € Fg,t > 1 and some constants C > 0 and ¢ > 0 independent of B
and t.

The following couple of technical results will allow us to connect the classes Bﬁ
and BS.
P

Lemma 5.7. Let M > 0 and ¢ be a non decreasing and non negative function
defined on (0, M] such that

M
/t ;"T(%z ds < 01$ and o(t) < Cap (;t> (58)
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for every t € (0, M] and some positive constants C1,Cy and r > 0, not depending
on t. Then, the function g(t) = % is quasi-decreasing on (0, M] (i.e.: there
exists C > 0 such that g(ta) < Cyg(ty) fort; <ts).

Proof. Tt follows easily from the conditions on . O

Lemma 5.9. Let ¢ be a function as in Lemma . Then, the condition (5.8) is

equivalent to each one of the following statements.

(5.9.a) There exists a > 1 such that p(t) < % go( ) for every t € (0, M]
(5.9.b) There exist positive constants C and € such that ¢(t) < CO™“p(%)
for every 8 > 1 and t € (0, M].

Proof. The lemma can be proved following the same ideas with obvious changes of
those applied in the proof of Lemma (3.3) in [5]. O

Lemma 5.10. Let o, 8 € (0,1) and p > 0. Then B;‘ = Bg.

Proof. Note that each weight w in B;‘ is doubling on F, and, in consequence, on
F, for every v € (0,1). The lemma is an immediate consequence of this fact. O

Lemma 5.11. Let p >0 and 8 € (0,1). Then B C Eg.

Proof. Let w € Bg. Taking into account Lemma it is not difficult to see that

there exists C' > 0 such that w(B) < Cw(B — 5B) for every B € F25. With this

in mind, we denote 3y = %ﬁ and take B = B(zg,7) € Fs,. Then, for m € N
2

satisfying 2,f%d(az:o,QC) <r< QB—,Zd(xO,QC)

B
ceB) ZUN
rnTe S5(B)—B |To — y|™tP
m—1¢ (B (:Eo, Lod(zzi}g,m)) - B (iEo, éo%%i’*?”))
>

ey PP
=0 (ﬁod(;ﬁvﬂ ))

1 Bod(zg.92%)

m
~ 2R w(B(wo, u))
>C E ——————""du
Bod(z0.,2°) un+r+1
K=0Y " 3R+1
20 d4(z0,0° ) W

(C(:o, ))
un+p+1 du,

AV
(@)

with €' and C independent of r and xo. This inequality and Lemma imply
. Po
w € Bp20 . Finally, Lemma concludes the proof. 0

The following lemma shows that the classes Bg , like Bg and Ag , are independent
of 3.
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Lemma 5.12. Let o, 3 € (0,1) and p > 0. Then By = Bg.

Proof. Let w € By. If B < «, it is obvious that w € Bg, since Fg C F, and

S3(B) C Sq(B) for every B € Fs. Let us assume o < 8. From Lemma 2.3] with
go = 1 and A = 3, we get 51% and g5 € (0,1) such that 0 < f+e3 < 1 and
S3(B) C B(wo, (8 + e2)d(x0,92°)) for every B = B(xg,7) € Fe,p. Then, for such
balls, we have

Tn—&-p / w(y) dy
S

2(B)—B |To —y[" P

S Tn-‘rp / 75‘) <y) dy
B

(w0,(B+e2)d(20,92¢9))—B(zo,e18d(20,2%)) lzo — y[" P
+ r"+p/ L)M "
B(zo,e18d(z0,9¢))—B |xg — y|mtP

rnte
= (e18d(xo QC))TLerw(B(xO? B+ 52)d($0, Q))) (5.13)

+Tn+p/ W(y) - dy,
S.(B)-B |To —y[" TP

PP (6 + Sg)d(ﬂfo, Qc) ntp—e
=C ((slﬂd( ( ) " 1) “(B)

Xo, Qc))n+p r

< Cw(B),
where we have applied Lemmas and the hypothesis on w.

If B € Fg—F.,p, since Sg(B) C N3(B), it is an easy consequence of Lemma
in [6] that w(S(B)) < Cw(B) with C independent of B. This implies

o [ Sy < cum)
Ss(B)—B |To — Y[ TP
which, together with , proves w € Bg . O
Our last result is the converse to Lemma [B.111
Lemma 5.14. Let p > 0 and 8 € (0,1). Then Bﬁ C Bg.

Proof. Given 8 € (0,1), we know from Lemma that we can choose constants
61 and 05 such that Sg(B) C B(zo,601d(zo,2°)) for every ball B = B(xzg,r) € Fg,
and 0> < f < 6; < 1. Then, we can obtain

por [ [
S Sg(

0, (B)—B |To — y|" TP B)-B o —y["tP
< w(B(zo, 01d(z0, Q%))
< Cw(B(zg,T))
for every ball B = B(xo,r) € Fp, — Fo,. Note that, in addition, we can chose 6;
such that 50, € (543,1) whenever 3 <o%. Then, taking B = B(xq,r) € ]-'%2, for
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Ko € N such that 550r < yd(z0,Q°) < 550+lr we get Sy, (B) C Sy, (5%°B) C
B(xg, 61d(zo,Q2°)) C B(xm%E)KOT) and B(xm%?{or) € Fsp,. With this in
mind, we can proceed as follows:

,},,n"rp/ W(y) dy < rn+p/ w(y) dy
o, (B)—B [0 —y[* P T T So, (550 B)—5K0 3 |To — Y|P

5.16

+ 7‘"+p/ % dy ( )
skop_p |To — y|" TP

=1+11.

Let us estimate I. Assuming %B c 5% B, we get

I< Tner/' % dy
Sskop-SlB |zo — y|" TP

Kop—1
< rn—i—p (.d(y)

- Z [se 560 — y|ntp
K=o’ 55Kt B-5L5KB |z0 — Yl

Ko—l —n—p
501 56,
< COrntP E (5Kr) w <5K+1B>
- = 0, 0

2

where we applied that w € Bg .
On the other hand, if 5%°B C %B, we obtain

I S rn—‘,—p/ W(y) dy+rn+p/ Ld(y)
501 5Ko g_ 59 56

I 301 g — y|"tP 15 p |wo —y[tP
2 2 2

The first integral on the right side can be estimated as before, while the second
one is clearly lesser than a constant times w(B). Let us see IIL.

RS w(y)
mer s | 5
K—o /55T B-5KB lzo — yl
Ko—1
<C Z 57K(n+p)5K(n+p75)w(B)
K=0
< Cw(B),

where we used once again that w € B]'f.
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Finally, from (5.15) and (5.16)), the estimates of I and II, and Lemma we
get w € Bg. (]

Now, we are in position to prove the main result of this section.
Proof of Theorem Let B = B(xg,7) € Fs. Note that 2B C Es(B) =
8 2
Nyen Bz, gd(m,QC)). In addition, if y € B(z, gd(m,QC)) for some z € Q, we get
n (%) = 1. Then, following an analogous reasoning to that used in the proof
of Theorem 2 of [4] (see p. 533) we can obtain

,rn—i-l/ w(y) dy S CW(B),
B, 3-8 lz—y[" !
2

. . . _ 68
with C independent of B. Then, since ]—'110 C .Fg for v = o5 from Lemma
it follows

7"”“/ 70‘)@) dy < Cw(B
s (B)-B |z —y[" ! (B)

for every B € F R Consequently, w € Blllo and, from Lemma w € Bf .

On the other hand, if B € F, by reasoning as in [4] (see the proof of Theorem 2
there) it can be proved that

/ RO ()| da < c/ wdz (5.17)
5B B

5
SC/wdm
B

where the last inequality follows from the fact that w is doubling.

In the case B € Fg — ]-‘g, we know, from Lemma 2.3 in [6], that Ng(B) can
be covered with a finite number of balls, say Pi,..., Py, belonging to Fs. It is
clear that for each P; we can pick a ball B; € Fg — }—§ such that P; ﬂsBZ # 0
and B; (B # 0. If we choose balls P* € Fp — f% concentric with F;, we get
P* C N3(B;) and B; C Ng(B) for each i. Then, we have

R ()| da < / RO (w )| da
/Nﬁ(B) ’ ; p

-

W(P7) [ Rk

.
I

IA
Q
="

w (Ns(Bi))

1

.
I

IA
Q
NE

w(B;)

-
Il
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m
<3 W (B))
1=1
< Cw(B),
which, together with (5.17) and Theorem proves w € AS and finishes the
proof. [
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