REVISTA DE LA UNION MATEMATICA ARGENTINA
Vol. 66, No. 1, 2023, Pages 187-205

Published online: September 21, 2023
https://doi.org/10.33044 /revuma.4357.

POINTWISE CONVERGENCE OF FRACTIONAL POWERS
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Dedicated to the memory of Eleonor Pola Harboure, whose human qualities
and professional behavior will always be our guidance

ABSTRACT. When L is the Hermite or the Ornstein—Uhlenbeck operator, we
find minimal integrability and smoothness conditions on a function f so that
the fractional power L f(zo) is well-defined at a given point zo. We illustrate
the optimality of the conditions with various examples. Finally, we obtain
similar results for the fractional operators (—A + R)?, with R > 0.

1. INTRODUCTION

Let L be a positive self-adjoint differential operator densely defined in a Hilbert
space L2(€2, dp). Fractional powers L7, for o > 0, can be defined in various (ab-
stract) equivalent ways, one of the most standard being via spectral theory:

(L7f,q) = / N dEr,, feDom(L7), g€ Lo(@dy),  (L1)
o(L)

where E denotes a resolution of the identity associated with L; see e.g. [13, Ch 13].
When the spectrum is discrete o(L) = {\,}22, and {¢, 2, is an orthonormal
basis of eigenfunctions, then (|1.1)) takes the form

o0
L7f = Z A Afson) ons
n=0
say for f € span{¢,}. Alternatively, it is also possible to express L’ in terms
of the contraction semigroup {e~**};,~o. For instance, when o € (0,1), via the
Bochner formula

i o dt
Lf:ﬁ/o (e th_f)m§ (1.2)
see e.g. [I7, Ch IX.11] and references therein.
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When L equals the classical Laplacian —A and f € S(R?), both (1.1)) and (1.2)
lead to the explicit expression

(—A) f(z) = ¢c4,0 PV y W dy, z€R% o€(0,1), (1.3)
with a suitable constant ¢4, > 0; see e.g. [9]. This pointwise formula does actually
make sense for a larger class of functions, e.g. when f € Ly (dy/(1 + |y|)¥+27) and
f is Holder continuous of order 20 + € near the point x. For general operators L,
however, explicit expressions such as are not common, and the definition of
L°f as in 7 must necessarily be restricted to a suitable dense class of
functions f.

Based on work of Caffarelli and Silvestre [2], Stinga and Torrea proposed in [14]
to define L7 f as the Neumann boundary value associated with the elliptic PDE

1-20 ,  _
{thn T =
More precisely, if o € (0,1) and ¢, = 22°7!T'(¢)/T(1 — o), they set
L7 f(z) = —¢4 tlj%h 1727 Quu(t, z), (1.5)
where u(t, z) is the solution of given by the Poisson-like integral
2 oo
u(t,x) = P f(x) = (tr/(?) /O e e () (1.6)

see [I4, Theorem 1.1]. Then the authors specialize to the Hermite operator
L=—-A+z[* in Ly(RY),

and prove that the pointwise limit in (1.5) exists at every x € R%, and coincides
with (T.2)), whenever f € C%(R?) N Ly(dy/(1 + |y|)V), for some N > 0; see [14]
Theorem 4.2], and [I5} [12] for slightly less restrictive smoothness assumptions.

The purpose of this paper is to show the validity of (1.5 for a wider class of
functions f, with optimal integrability assumptions and very mild smoothness at a
given point 2o € R?. We also consider the slightly more general family of operators

L=—-A+|z*+m, in Ly(RY), (1.7)

with a constant parameter m > —d (so that L is positive). For m = 0 this is the
usual Hermite operator, while for m = —d it can be transformed (after a change of
variables) into the Ornstein—Uhlenbeck operator

O=—-A+2z-V, in LyR4, e~ lal? dz);

see d4] below.

To state our results, we now describe the integrability and smoothness conditions
we shall use below. Given a weight ®(y) > 0, we say that f € L;(®) when

[l e iy < .
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POINTWISE CONVERGENCE OF FRACTIONAL POWERS 189

Associated with L = —A + |z|2 + m in (1.7), and o € (0,1) we define the weight

elul?/2 y .
po Irm > —a,
(1 + [y) =" [In(e + [y])] 1+
B, (y) = (1.8)
e lvl*/2 y g
(e + [y])]° e

Then, f € L1(®,) ensures that the Poisson-like integral P? f(x) in is a well-
defined (smooth) function when (t,x) € (0,00) x R, and this condition is actually
best possible for that property; see [6, Theorem 1.1] (or [, [B]).

Next, when a € (0,2), we shall say that a (locally integrable) function f is
a-smooth at o € RY, denoted f € D(zy), if it satisfies the Dini-type condition

/ |f(zo+h) 4 f(zo — h) —2f(x0)]
Ih|<

B d+a dh < oo, for some § > 0.

We say that f is strictly a-smooth at xq, denoted f € D% (xg), if
h) — —h
f €D (xo) and / 2o+ 1) — J(zo — )

hl<s |h|d+a=3
Observe that this last condition is redundant if d+«—3 < 0; in particular, if d = 1
and a € (0,2), or d = 2 and « € (0,1]. In other cases however, the classes are
different and we shall need this distinction to obtain our results. We refer to §f]
below for several examples of these notions, and their relation with local Lipschitz
conditions at xg.

Our first main result can now be stated as follows.

Theorem 1.1. Let L be the Hermite operator in (1.7)), o € (0,1) and ®,(y) as in
(1.8). Suppose that
fe€L(®,), and f €D (xg) for somexy € R

Then, the number L f(xq) exists both, in the limiting sense of (1.5) and as the
absolutely convergent integral in (1.2), and both definitions agree.

dh < oo.

The optimality of the smoothness condition is discussed in §6 below. The cor-
responding version for the Ornstein—Uhlenbeck operator takes the following form.

Theorem 1.2. Let L=0 =—-A+2z-V and o € (0,1). Suppose that
fe Ll(e_lylz/[log(e +9)]%), and f € DX (xy) for some xg € RL.

Then, the number O° f(xq) exists both, in the limiting sense of (L.5)) and as the
absolutely convergent integral in (1.2), and both definitions agree.

Below, we have attempted to present our results in sufficient generality so that
many of the arguments can be applied to general operators L, while only a few
steps require explicit estimates on the kernels. We illustrate this fact in §] where
with a minimal effort we obtain a version of the above theorems for the operator
L = —A + R, with R > 0; see Theorem [5.2] below.
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2. PRELIMINARY RESULTS FOR GENERAL OPERATORS L

In this section we shall assume that L is the infinitesimal generator of a semi-
group of operators {e"*L};~¢ in Ly(RY), and that these are described by the inte-
grals

e f(x) = /Rd hi(,y) f(y) dy, (2.1)

for a suitable positive kernel h;(z,y). For each o € (0,1) we then consider the
family of subordinated operators {P7 = Pf’L}t>0, formally given by

op._ @22 [T 2 e ds
P f =50 /0 e~ % e L) Tre

More precisely, we let

P fe) = [ o)) dy, (22)
where the corresponding kernels p? (z,y) = pJ*(z,y) are defined by
(o)
oz 0) = /D -2 ds
Py (2,y) = 53 /0 e h(w,y) 1o (2.3)
Observe that a crude estimate such as 0 < hy(z,y) < s~%2 (which will be satisfied

by all the operators L we shall use) guarantees that the integral in (2.3 is absolutely
convergent, and moreover

O [pf (z,y)] = a tZ‘H/OO (20 - ﬁ)e’%h (x y)ﬂ (2.4)
t |t ) o 0 %25 s\ Sl+o_, .
with a, = 1/(4°T'(0)). It is also not hard to show that
oo @ w)| S p7 @y + 750 0), (2.5)

using the fact that sup,.o,ve™ < oco. However, in order to handle derivatives of
the expression P¢ f(x) in we shall need more information on the decay of the
kernel p{ (z,y).

In the case that L is a Hermite operator the decay is given by the following
result from [6l Lemma 3.1], which also clarifies the optimal role of the functions

®,(y) in (L.8).

Lemma 2.1. Let L be the Hermite operator in (1.7), o € (0,1) and ®,(y) as in
(T.8). Then, for everyt > 0 and v € R?, there exist finite numbers cy(t,z) > 0
and co(t,z) > 0 such that

c1(t,2) ©o(y) < pf(2,y) < ca(t,z) Do(y) , VyeRL

In this section we wish to keep the general setting for the operator L described
above, but we shall additionally assume that, for each given o € (0, 1), the kernel
p? (x,y) satisfies

Py (z,y) < ea(t,x) D(y), Yy eR™ (2.6)
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POINTWISE CONVERGENCE OF FRACTIONAL POWERS 191

for some function ®(y) and some c2(t,z) > 0. In all the results in this section we
shall not need the explicit expression of ®(y).

Our first result will establish a relation between the two pointwise definitions of
L? f(x) presented in and above. We first consider the following general
definition.

Definition 2.2. Let o € (0,1) and L be an operator such that (2.6) holds for
some ®(y). Given f € Li(®), we say that a point zo € R? is L?-admissible for f,
denoted z¢ € Ay(L7), if

/ " ao) — Flan)] 2 < oo (2.7)

In that case we let

L fan) = vty [ (e Ho) = flaw)) i (2.9

where I'(—o) =T(1 —0)/(-0).
The following result is partially based on the proof of [I4] (4.6)].

Proposition 2.3. Let o € (0,1) and L be an operator such that (2.6 holds for
some ®(y). If f € L1(®) and x € Ap(L7) then

: o 1-20 o —_7JO
lim —c, 117270, [ P7 f(2)| = L7f(a), (2.9)
with ¢, = 22°71T(0) /T (1 — o).
Proof. Using (2.2), (2.4), (2.5) and f € Li(®) one can justify that
e t2 2 ds
1-20 a — N TS _
120, Pr ()] = a, /R/O (20— 2 )e Fhalay) oo () dy.

with a, = 1/(4°T'(0)). We claim that

& 12 2 ds
1= (2 _7> & -
/0 77 25)¢ Ve 0

In fact, using the change z = t?/4s we see that

2.49 [° 9. 49
I = e / (0 — z)e_zzo—l dz = nr (O’F(O’) —T(c+ 1)) =0.
0

Then

t1720 at [Ptgf(x)} =a, /OOO (20 _ i)e*ﬁ [/Rd hs(x,y)f(y) dy - f(éﬂ)} Sii%

e 2N 21 . ds
= a, /0 (20—%)6 e {e f(x)_f(m)}ﬁ
Since we assume that x € Ay(L7), by the Lebesgue dominated convergence theorem

we can take limits as ¢ — 07, and after adjusting the constants one easily obtains
the result. (]
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In view of Proposition [2:3] we are interested in finding conditions on a function
f which guarantee that a given point x € A;(L?). Our next observation shows
that only one part of the integral in (2.7)) must be checked.

Lemma 2.4. Let 0 € (0,1) and L be an operator such that (2.6) holds for some
®(y). Then, for every A >0 and every x € R? there exists c(x, A) > 0 such that

e ds
/ hs(z,y) 5o <c(z, A)d(y), yeRL (2.10)

A
Moreover, if f € L1(®) and |f(x)| < co then

> d
[ i@ - 1) s <

A
Proof. To prove ([2.10), note that
e ds 1 o _ 1 ds -
[ e <ot [ b 5 = eni(@) < ola 4) B().
For the last statement,

et = s < [l [ hten S e @) [

by-<c<xA>/ £()] B(y) dy + |f ()] < oo. 0

In order to show that zy € A¢(L7) we expect that some smoothness of f at the
point xy must be required. Actually, the smoothness of f will only play a local role
in the integrals defining the property A;(L?). This motivates to consider a local
notion of L7-admissibility.

Definition 2.5. Let o € (0,1), and L an operator as above. Given a locally
integrable function f, we say that a point zq € R? is locally L°-admissible for f,
denoted ¢ € Ab?C(L"), if there exists 0 > 0 and A > 0 such that the integrals

i) = [ ha(eon) [f) - fao)ldy, sc0.4) (211
[zo—yl<d
satisfy the property
4 ds
|5 f (w0, 5)| 5 < . (2.12)
O S

The next lemma gives decay conditions on the kernel and smoothness of f at xq

that guarantee the validity of the previous property.

Proposition 2.6. Let o € (0,1), and L an operator as above. Let xo € R? be
fized, and assume that the kernel hgs(xo,-) in (2.1) satisfies, for some 6 > 0 and
A € (0,00], the estimates

A
ds c(x
/0 hs(xo, o +y)51+a < |y|(df2)a, when |y| <6 (2.13)
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POINTWISE CONVERGENCE OF FRACTIONAL POWERS 193

and

A
J
Then, for every locally integrable f it holds

fEDY (m0) = wo€ AP(L7). (2.15)
Moreover, (2.12) holds with the same A and ¢ as in (2.13)) and (2.14)).

Before proving the result, recall the standard notation

Jeven () = w and  foqa(z) = M

2
We shall use the following elementary lemma.

ds c(x
hs(x07$0 +y) - hs(x07x0 - y) 81+U S y|(d£22)_3)+ 5 when |y| S d. (214)

Lemma 2.7. Let F and G be locally integrable in R%, and B a ball centered at the
origin. Then

/BF(:E)G(x) dm:LFeven(m)Geven(x) dx+/]3Fodd(x)GOdd(x) dx. (2.16)

We also introduce the notation
Alf(x)=flz+2)— flw—2), and AZf(x) = f(z+2)+ flz—2) —2f(x).

Observe that, after dividing by 2, these expressions are respectively the odd and
even parts of the function z — f(x + z) — f(x).

Proof of Proposition Changing variables y = o+ z in (2.11)), we can write

Is f(z0, 8) = / hs(zo, o + 2) [f(z0 + 2) — f(z0)] d2.

|z|<d

Then, using the identity in (2.16) and simple manipulations, we can rewrite this
expression as

Zsf(zo,s) = §/<5 hs(zo, 20 + 2) A2 f(x0) dz
- (2.17)

L1 / (o2 2) = a0 =) L7 wo)

Thus, using the kernel assumptions in (2.13)) and (2.14]), we clearly have

ds 1

A ) A ds
/0 1 Zsf (20, 8)| 3% < 2/Z<5 |Azf($o)|(/0 hs (o, z0 + 2) Slﬁ) dz

A
ds
e [ Anb @)l [ fhutanm+2) — b - 2)| s de
z|<d 0

\
|A§f($0)| |Aif(fﬂo)|
< 2l v d — == d
~/|z|<5 Z+/| :

~ |z[d+27 2l<s |2|(d+20-3)

which is a finite quantity when f € D27 (o). O
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Remark 2.8. When the heat kernel at a given x( satisfies

hs(0,y) = ps,z0 (|20 — yl),

for some function ps 5, (for instance, if h is of convolution type and radial), then
the condition is automatically satisfied (since the integrand is 0). Moreover,
in the proof of the proposition the integral in vanishes, so no bound is needed
involving Al f(x¢). Thus, in that setting, the conclusion of the proposition
holds with the weaker smoothness assumption f € D7 (x).

3. THE HERMITE OPERATOR L = —A + |z|? + m, WITH m > —d
In this section we specialize to the case when
L=—-A+z]*>+m, withm> —d.

We recall the kernel expressions in this setting. For the heat kernel h:(z,y), asso-

ciated with e *F, we have the Mehler formula
]2
) = e I R
() =e "™ — >0, z,y € R%
’ [27sh 2t]% 7 T '

see e.g. [16] (4.3.14)]. Changing variables to t = t(s) = 3 In(1£2) (or equivalently,
s =th (t)), the kernel takes the form

a lz—yl|?
(1 — s) m;— e_i(%'f‘s‘x"l‘yﬁ)

(3.1)

m—d

(1+s)z2 (47s) %

In the next subsection we shall collect the decay and smoothness estimates of this
kernel that will be needed in the proof of Theorem [I.1]

ht(s) (LC, y) =

3.1. Kernel estimates. Throughout this section we denote

A
dt
’C(xvy) = A ht(xay) tlﬁ? z,y € Rd? (32)

where we select A > 0 so that th A = 1/2 (any other A > 0 would also be fine).
Performing the change of variables in (3.I)) (so that d¢t = 1%2;) we obtain

1/2 (] _ o)t —1 - 222 jaqy)?)
K(z,y) :/ (( 5?”7 - ds. (3.3)
0

s
1+8)™7 +1 (47s)7 (3 1n %J_FS)HU

al ™

S

Observe that in this range of integration we have In ifﬁ ~s,and 1 +s ~ 1, so
K(z,y) becomes comparable to

c 1/2 e*%(wﬂ\rﬂ/\“’) J ”
1(35,9)*/0 roi? s. (3.4)

The first lemma shows the decay condition in (2.13). The argument in the proof
is similar to the one used in [8, (4.13)] (where a better estimate is obtained).
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Lemma 3.1. With the notation in (3.3)), for every o > 0 there exists ¢ = c¢(o) > 0
such that

¢ d
K(z,y) < [z — ydree Vaz,y € R

Proof. Changing variables u = le—yl® 5, (3.4) we see that

4s
4 o+g [ lety)? o y|2 ¢ du
K ~ K = (7) TUeT 1w fts 2
(Iay) 1(1‘,y) |$ — y|2 /Izylz € € U u
0+1 oo
§74 ;2 / e_“u”+%d—u:70d . O
|z —yl|4t2e Jo u |z —ylitEe

Remark 3.2. This lemma may also be proved directly from (3.2 using the prop-
erty

lz—y|?

he(z,y) St 5, 0<t<1.

This property is known to hold for many other operators L.
We now show the smoothness condition in (2.14)).

Lemma 3.3. For every o > 0, there exists ¢ = c(o) > 0 such that

A
dt ¢zl d
/0 \he(z, 2 4 y) — he(z, 2 — y)| s PCE=Z Ve eRY |yl <1. (3.5)

In the proof of we shall use the following elementary inequality.
Lemma 3.4. If z,y € R? then
‘efmyﬁ - ef\wfm?‘ < 4fz| |y| e~ minleEyl®,
Proof. Using |z + y|? = |z|? + |y|> £ 22 - y we can write

_ 2 _ 2 _ 2 2 . _ .
‘e lz+yl* _ ,—lz—yl ‘:e 2?=lyl? |22y _ o—22y|

Now, letting ¢ = 2|z - y|, and using the inequality

t
el —et = / e®ds < 2te,

—t
we obtain

o ltul® _ e—\w—ylz‘ < 4z [y| 2oyl e~ I2P =1 = gl |y| e~ minlaEv® O
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Proof of Lemma Denote by K'(z,y) the left hand side of (3.5). Then,
performing the change of variables in (3.1, and disregarding the inessential terms
(as discussed before (3.4])) we obtain

w2

12 =W | tlaaal? _ -2y
K'(z,y) ~ ds
Y o 1+g+%
12 e s (20l ly Gy
(byLemmaS/O o T ds S || |y / +d
| | |y| > —u o'+7—1 d’LL / |{II|
(u=y|?/(4s)) = W \y|2/2e u” "tz o < 7‘y|d+20—_37

the last bound being valid when o 4+ d/2 — 1 > 0. This is always the case when
d>2and o >0, and also if d =1 and o > 1/2.
In the special case that d = 1 and o € (0,1/2], one observes that the integral

I(y) = / It d;u ~ logg(:,/ly‘% ?f o=1/2,
lv12/2 u =, ifoe(0,1/2),
when |y| < 1. Inserting this into the above estimates, it leads to
oy < d a0 ToBCe/lul). o =172
7 || lyl, if o €(0,1/2),
which implies
K'(z,y) S lal, Y]yl < L.
Note that this matches (3.5) in the special case d =1 and o < 1/2. a
Our last result is a strengthening of the decay estimate in Lemma [3.I] when
ly| > |z|. The proof follows a similar reasoning as in 8, Lemma 4.2].
Lemma 3.5. Let 0 > 0. Then there exist ¢ = c¢(o) > 0 and v > 0 such that
K(z,y) < ce*(%“’)lyﬁ, when |y| > 10 max{|z|,1}.

Proof. For simplicity denote a = |z 4+ y| and b = |z — y|. Note that the condition
ly| > 10]z| implies
2
a®,b* > (15)" lyf*.
Given a small n € (0,1) (to be determined) we have, for all s € (0,1/2)

2 nb2 2
*%(5a2+b7) —=e e efi(sa2+(1in)b?)

<o o1 () Wi (s+a-m2)

b2 1 (9% 2 5
< et (H) wrami

using that s + % > 5/2 when s € (0,1/2). Note that, if n > 0 is chosen sufficiently
small, we can find some v > 0 such that

P -3 > 4
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POINTWISE CONVERGENCE OF FRACTIONAL POWERS 197

So we have , )
e~ HE) < o~ U oGP 5 e (0,1/2).
Thus, inserting these estimates into ([3.4)), we obtain

ds

1/2 2
~ ~(G+) ol -l
Klay) = Kaany) < e Gbl* [t

2
Finally, in the last integral we perform the change of variables u = % and
obtain

7(1 ’Y)Iy‘2 0
e 2 a4 1 5

- +5 d —(24+7) |2
’C(%y)gw/ e Uyl 27“56 (L4 |yl ’

using in the last step that |x —y| &~ |y| > 1, under the conditions in the statement.
(|

3.2. Regular positive eigenvectors.
Definition 3.6. We say that ¢ (x) € Dom(L) is a regular positive eigenvector of
L if

(a) ¥ € C=(R?)

(b) Y(z) >0,Vr e R?

(¢) L(v) = M\, for some A > 0.

When L = —A + |z|? + m, it is elementary to find an explicit regular positive
eigenvector, namely
(z) = e,
Indeed, it is easily verified that L(¢) = M) with A=m +d > 0.

We have the following simple lemma, which is valid for general operators L.

Lemma 3.7. Let ¢ be a regular positive eigenvector of L. Then, for all o € (0,1)
and all x € R? it holds

> d
/0 ’eftL@/)(x) —(x) tl% < oo.

That is, x € Ay(L?), for all z € RY.

Proof. Since e~*qp = e7? ), the result is clear if A = 0. If A > 0, then we have

|t v i v [ et - 6o

Now, from the elementary estimate

t
le™t — 1] = ‘/ Ae ds’ < min{\t,2}.
0

one deduces that (3.6 is a finite expression when o € (0, 1). O

Remark 3.8. In this paper we shall not pursue this notion with other operators L,
but it is well-known that such eigenvectors exist when L = —A + V (z), under very
general conditions on V(z); see e.g. [I1, Theorem 11.8].
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3.3. Proof of Theorem[I.1] In this section we prove Theorem[I.T]for the Hermite
operator

L=-A+|z]*+m.
That is, if o € (0,1) and ®,, is given as in (1.8)), we must show that, for z = x,

| et - ) i < o

under the conditions f € L1(®,) and f € D% (x). In that case, the assertions in
the theorem will follow directly from Proposition [2.3] In view of Lemma [2.4] it
suffices to show that

4, dt
/0 }e Ef(x) — f(=) e < % (3.7

where A > 0 can be chosen as in
Let v be a regular positive eigenvector for L, as described in Since (x) >

0, a multiplication by this number does not affect the finiteness of (3.7). Now we
have

Tm v [ - s (38)
-/ Y|t ) @) - fw)|

A
< [t n@ie - @) 15

A
@] [ | @ - o) i = Bt

Note that J; < oo by Lemma 3.7 so we must only prove the finiteness of J;. For
that term, we have the following inequalities:

= [M| [ e e — rew) i

v [ [ nten) 16 - 560] | oty

@[] [ et ) o] o] oy = i+

The two summands, Jy; and Ji2, can be treated similarly, since both functions f
and 9 belong to Ly (®,) N D2 (z), by assumptio So in what follows we will just
prove that Ji; < oo and this will be enough to conclude the theorem. In fact, since
(x) > 0, it will suffice to show that

A
dt
Ji = / ‘ hi(z,y) [f(y) — f(z)] dy‘ e < 00
0 Rd t
*Actually, 1 is much smoother than just Dgt" (z), so Jy2 is formally easier.
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At this point we let § = 11 max{|x|,1}, and split the inner integral into the two
regions {|y — z| < 6} and {|y — z| > 6} C {|y| > 10max{|z|,1}}. So recalling the
notation for Zs f(x,t) in (2.11) we have

4 dt .
Jn S/ |Zs f(x,1)] e T I (3.9)
0

where

. A dt
~711:/ / ht(%l/”f(y)—f(l")}dym
0 |y|>10 max{|z|,1} 3

- / 1£(v) — £(2)| K(z,9) dy,
ly|>10 max{|z|,1}

using this time the notation for K(z,y) in (3.2). By Lemma this last kernel
has a gaussian decay, which leads to

T < / (F @)+ £ w)]) e E1° dy < | ()] + / £ W) @0 (y) dy,

d R4

since, from the definition in (L.8), one has e~ (zTVI* < @, (y) (actually, for all
o > 0). Thus, the assumption f € Li(®,) gives J;| < oo, and hence, in view of
(13.9), we have reduced matters to verify that

A dt

But this is precisely the condition = € AIJPC(L") in Definition @ Now, in view
of Proposition [2.6] this property is a consequence of the smoothness assumption
f € D7 (x), since the heat kernel hy(x, %) satisfies the two hypotheses in the propo-

sition, (2.13) and (2.14), due to Lemmas and This completes the proof of
Theorem [L.11 O

Remark 3.9. When zg = 0, Theorem holds with the weaker smoothness
condition f € D7 (). This is because of the observation in Remark since the
heat kernel for the Hermite operator, h:(0,y), only depends on |y[; see (3.1)

4. THE ORNSTEIN-UHLENBECK OPERATOR O = —A + 2z -V

4.1. Proof of Theorem [I.2] We now turn to the proof of Theorem [I.2] for the
operator

O=-A+2z-V,

which is positive and self-adjoint in L2(6_|y|2dy). In this case, there is a well-known
transference principle, see e.g. [I, Prop 3.3], that reduces matters to the Hermite
operator with m = —d, that is

L=—-A+z]*>—d, in Ly(R%). (4.1)
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=2

Indeed, if we set f(z) = e~ 2
Thus,

f(z) then it is easily seen that Of(x) = ez [Lf](x).

x

eOf(@) = F et f(x) and PPOf(z) = &F POEf(x),

so that the convergence properties of O and L in (4.1) are linked by the mapping
f+— f. Indeed, just observe that, if

o =yl
W)= e+
then

(i) f € Li(®F)iff f € L (DF)
(ii) O7(f)(z) = €l**/2 L7 (f)(x), as defined in

1|2

(i) lim 720 0[P f(x)] = e 2 Jim #1727 9, [P" L f(@)].
t—0
Since we also have f € D% (x) iff (x), then Theorem is an immediate
consequence of Theorem @ O

5. RESULTS FOR OTHER OPERATORS L

One can ask whether Theorem continues to hold for other positive self-
adjoint operators L. If one aims at optimal integrability conditions on f, the first
step would be to find a suitable function ®L(y) such that

er(t,x) B (y) < p"(,y) < eo(t,2) ®E(y), Yy eRY, (5.1)

as stated in Lemma[2.I} Such optimal estimates, for certain families of operators L,
have already been investigated by the authors (and their collaborators) in earlier
papers. For instance, besides the already mentioned reference [§] for Hermite type
operators, we have also considered a large class of Laguerre type operators L in [1],
while the Bessel operators (in the case o = 1/2) were treated by I. Cardoso in [3].

In this paper we have tried to state our results in sufficient generality, so that one
part of the arguments can be applied to general operators L (such as in , while
the other parts concern with specific estimates of the kernels h;(x,y) associated
with L (such as in . We remark that, following this line of reasoning, one
can derive versions of Theorem [I.I] when L is any the aforementioned Laguerre or
Bessel operators; we expect to take up these matters in [4].

In this section we illustrate this fact in just one specific but particularly simple
case. For a ﬁxecﬂ parameter R > 0, we consider the perturbed Laplacian

L=-A+R

In this case, e~ has a well-known convolution kernel

hi(z,y) = e "BWi(x —y), where Wy(x) = (4nt)~ o . (5.2)

In what follows, we shall not track the dependence of the constants on R > 0.
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It was also proved in [, §5.2] that (5.1)) does hold with
e~ VR(+y?)

DL(y) = . (5.3)
(L+ [y
We now define a similar kernel as in (3.2]) (this time letting A = c0)
o dt
K(z,y) == /0 he(2,y) 1o (5.4)

Lemma 5.1. With the notation in (5.2), (5.3) and (5.4), if x € RY, there ewists
c(x) > 0 such that

K(z,y) < e(x) D5(y), for all y| > 2max{|z|, 1}

Proof. Note from (5.2)) and (5.4) that
oo ]2
K(z,y) = (47T)_d/2/ e

0
For v > 0, consider the special function

dt
tlto+s’

oo 22
F,(z):= / e femm s Mds < (14 z)”*% e *, z2>0,
0

where the inequality follows from the asymptotics of the integral; see e.g. [10,
p. 136]. If we change variables s = |z — y|?/(4t) in (5.5 we obtain

o d=1
Fg+d/2(\/ﬁ|m—y|) < (1+\/R|x_y|) +45 —VElmyl

Moy = e s S T ey

If we now assume that |y| > 2max{|z|,1}, the right side is easily seen to be
controlled by c(x) ®L(y); see e.g. [8, (5.6)] and subsequent lines for a detailed
argument. O

We can now state the corresponding theorem for the operator L = —A + R.

Theorem 5.2. Let L = —A + R with R > 0 fived. Let o € (0,1) and ®%(y) be as
in (5.3)). Suppose that
fEL(®Y) and feD*(x0) atsomexyc R

Then (—A + R)?(xzo) is well defined in the limiting sense of (2.9), and as the
absolutely convergent integral in (2.8)), and both definitions agree.

Proof. By Proposition we must show that x = zg € Af(LL7). Observe that
¥(y) =1 is a regular positive eigenvector for L, according to Definition So, by
Lemma [3.7]and the inequalities following (3.8 (applied with A = 0o), if suffices to
show that

I » dt
h= [l @ - re e )

=[] e i) - s ] 55 < .
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We let 6 = 3max{|z|,1}, and as before, split the inner integral into the regions
{ly — x| < 0} and {|y — z| > &}. So, using the notation for Zs f(x,t) in (2.11) we
have

> dt
Ty < / s f (0, 8)| e + T}
0 t

n=[" / hu(a )| £ (y) — (&) dy s
ly—x|>8

/ |f(y) — f(2)| K(z,y) dy,
ly|Zmax{|2],1}

with K(z,y) as in . By Lemma
K<) [ F@I+170) B dy,

which is a finite expression. So we have reduced matters to show that

° dt
/0 |L;f(x,t)| e < 00.

But under the smoothness assumption that f € D??(x), this is a consequence of
Proposition (setting A 00), since the kernel h;(x,y) trivially satisfies (2.13))
(by Remark [3 -D and 4)) (whose left hand side is identically 0; see Remark
Finally observe, also by Remark 2.8 that only the weaker smoothness condition
f € D??(x) is used, due to the convolution structure of the kernel h;(z,y). O

where

6. SMOOTHNESS CONDITIONS

In this section we give some examples to illustrate the smoothness conditions
from §1. Recall that, for « € (0,2), a locally integrable function f € D(xq) if

/ |f(zo + h) + flzo — h) — 2f(x0)|
R|<6S

|h|d+a

dh < oo,

for some 6 > 0 (hence for all 6 > 0). Also, f € D& (xg) if
fEDa(LC()) and / |f(l'0+h)—f(l‘0—h)|

es [h[dFa—3 dh < oo.

Observe that if f is bounded near x, this last condition is redundant, so a-smooth
and strictly a-smooth agree in this case. The two classes also coincide if d+a—3 <
0, that is

D¥x0) = D5 (xg), ifd=1ord=2and«e€ (0,1]. (6.1)
In other cases, the classes are different, as shown by the example in below.
Finally, note that strict a-smoothness can also be characterized as follows.

Lemma 6.1. Let a € (0,2). Then f € DS (zo) if and only if
|f(xo + h) — f(xo)]

dh < 0. (6.2)
|n|<é
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Proof. The implication “<" is obvious since
|f(zo +h) — f(zo —h)| < |f(zo + k) — f(zo)| + [f(x0 — h) — f(0)

For the converse implication “=-" note that
2(flwo+h) = f(z0)) = [£wo+h) = flao—h)] + [ F(zo+h)+ flwo — h) ~ 2/ (w)]
O

We next collect a few further elementary observations.

(1) If f is odd about zg and f(xg) = 0, then f € D¥(xg), for all a € (0,2).
For instance, if v € [0,d) then
f(x) = sign (z - e1)/[x]" ifz#0, f(0)=0, (6.3)

belongs to D*(0) for all 0 < a < 2, even though it is discontinuous there.
However, by (6.2), f € D%(0) only if additionally o € (0,3 — ). In
particular, the function

o) = sign ((z — o) - e1)

|x — xo‘g_a if x 7& Zo, g(xo) = 03 (64)

which is locally integrable if d + o — 3 > 0, shows that DS (xg) € D*(zo)
in the complementary range of (6.1)).

(2) There exists a function f € DS (o), for all « € (0,2), but which is discon-
tinuous and unbounded at zy. Indeed, if d > 2 (and xg = 0), the function
f defined in (6.3)) with parameter v = 1 has this property. If d = 1, one
may take any (locally integrable) odd function unbounded near .

(3) If f € Lipg(wo) for some 8 € (0,2] then f € Dg(xo) for all a < 3. Here,
f € Lipg(zo), if 8 € (0, 1], means that

|[f (o +h) = f(wo)l < c|hl?, V[n| <4,
for some ¢,0 > 0. If 8 € (1,2], it means that f is differentiable at xg and
|f(zo + h) — f(wo) = Vf(xo) - h| < e[’ VI[h| <6

Indeed, in either case it is clear that f € Lipg(wo) implies

|A7 f(@o)| = | f(xo + h) — 2f(z0) + f(zo — h)| < 2¢|h|?,
and
|84 f(z0)| = |f(mo + 1) — f(zo — B)| < ¢ [p[™mF1)

which in turn implies f € D% (), for all a < 3.
(4) The following examples relate Lipg(xo) and D(z) when g = a:

f(z) = |z — xo|* € Lip,,(zo) \ D*(x0), Va € (0,2)
g(x) = sign ((x — o) - el) |z — zo|* € Lip, (zo) N DG (x0), Vae€(0,2).
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(5) We mention an example relating the above smoothness conditions at a point
o and the existence of (—A)% f(z), as defined in (L.3). Consider the two
functions f, g, defined as in point above but additionally multiplied by
a smooth cut-off p(Jx — z¢|), where ¢ € C*(R) with ¢ = 1 in [-1,1].
Then, it is easily seen that

(~A)% flag) = —00 but (~A)Fg(xg) =0.

So in general, f € Lip,(z¢) is not enough to define pointwise fractional
powers, L? f(zg), justifying the search for a different condition such as
f € D*(xo) or f € Dg(zo).
en L is the Hermite operator in (|1.7)), one can show that the function
6) When L is the Hermit tor in (1.7) how that the functi
g(z) defined in (6.4), when additionally multiplied by a smooth cut-off
©(Jz — zo|) supported near the point ¢y = e, has the property

L% g(z0) = .

Thus, when zy # 0, in Theorem one cannot replace the assumption
f € D% (xp) by the weaker condition f € D??(xq) (except of course when
the two classes coincide; see (6.1])). This example also shows that there are
compactly supported g such that

(—A)%g(z0) =0 but L¥g(w) =00
(the latter in the sense of Definition [2.2).
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