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AVATARS OF STEIN’S THEOREM IN THE COMPLEX SETTING
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This paper is dedicated to Eleonor Harboure, Pola, a colleague and friend
whose memory will live on

ABSTRACT. In this paper, we establish some variants of Stein’s theorem, which
states that a non-negative function belongs to the Hardy space H'(T) if and
only if it belongs to Llog L(T). We consider Bergman spaces of holomorphic
functions in the upper half plane and develop avatars of Stein’s theorem and
relative results in this context. We are led to consider weighted Bergman
spaces and Bergman spaces of Musielak—Orlicz type. Eventually, we charac-
terize bounded Hankel operators on A(Cy).

1. INTRODUCTION

This article follows naturally our previous work [4] where we considered an
analog of Stein’s Theorem, but with an estimate on the whole space R™ instead of
a local estimate. Recall that Stein’s Theorem ([I12]) says that, whenever f is an
L' non negative function, which is supported in a ball B, its Hardy-Littlewood
maximal function M f is integrable on B if and only if fln(e + f) is integrable.
When working on the whole R™, one may be interested in having f in the Hardy
space H'(R™), that is, the space of integrable functions such that all its Riesz
transforms are integrable. In this setting, the fact that a function of H'(R") has
integral 0 induces to replace the assumption f non negative by f = g — ([ g)xo
with g non negative and @ a fixed cube of measure 1. We then proved in [4] that f
is in H'(R") if and only if |f|(In(e +|f|) + In(e + |x])) is integrable. This condition
may be interpreted as the fact that f belongs to a Musielak-Orlicz space, related
to the Musielak function (x,t) — ¢(In(e + t) + ln(e + |z])).

It was natural to consider the same problem in the upper half-space

Ci :={z €C, Sm(z) > 0},

with the Bergman projection P replacing the Riesz transforms. It happens that
in this case we do not need Musielak-Orlicz spaces, but only weighted L' spaces.
Here L'(C.) is the space of integrable functions for the volume measure on C;
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noted as
dV (z) = dx dy z =+ 1y,

while L (C) is the space of integrable function for the measure QdV. As usual,
the weight 2 is assumed to be measurable and non negative. Recall that the kernel
of the Bergman projection P is given by

We call Pt the operator with kernel |K(z,()].
Our analog of Stein’s theorem is the following.

Theorem 1. Assume that f is an integrable function, which is supported in a strip
{|z| < a}. Then Pf is integrable in any strip {|z| < b} if f In(e+y~1) is integrable.
Moreover, when [ is also non negative, this is a necessary and sufficient condition
for PTf to be integrable in the strip {|z| < a}.

Our next aim is to suppress the assumption on the support of f as in the case
of H*(R™). Let us recall that integrable holomorphic functions have integral zero.
Moreover, as we will see, a function f € L' N L? such that Pf is in L', has itself
integral zero. This leads us to subtract a term to f, as we did in R”, when f does
not have integral zero.

So we consider the operator Tk, defined by

(o (o

T f(z) = [ K(2,0)f()dV () — ( f(©) dV(C)) K(z,1).

We prove that Tk maps the weighted space L'(wdV) into L' with

1
w(z) :=1In (e + Sm(z)) +1In(e+1z]), ze€Cs. (1.1)
Moreover there is a kind of converse when the Bergman kernel is replaced by its
modulus.

As in the case of R", the condition that appears here is reminiscent of other
properties that involve Bergman spaces, and which we also give in this paper.
Indeed, while the Musielak-Orlicz function given above appeared for products of a
function in H'(R") and a function of its dual, this weight w appears for products
of a holomorphic function of the Bergman space A'(C,) and a function of its dual
space.

Let us fix some notations before going on. We use the notation H(C,.) for the
set of holomorphic functions in C. We recall that for 0 < p < oo, the Hardy space
HP(C,) consists of all analytic functions f on C, such that

1/p
1 llp = sup ( / If(ﬂc+iy)pdx> <.
y>0 R
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Let 1 < p < co. For a weight Q defined on C, we denote by L} (C), the set of
all measurable functions f on C, such that

IfIIE, = /(c F()PQz) dV(2) < oo,

The Bergman space AP (C, ) is the subset of Lf,(C) consisting of holomorphic
functions. We remark that depending on the weight 2, this set can be trivial.

When Q(z) = (3Im(z))”, we recover the classical (weighted) Bergman space
denoted by AP (C4) (see [2]). This space is nontrivial only if o > —1.

For a« > —1, the Bergman projection P, is the orthogonal projection from
L2(C,) into its closed subspace A2(C,). It is defined by

P.f(z) = g Ko(z,w) f(w)dVa(w)
where c
Ko(z,w) = ﬁ

is the Bergman kernel, dV,(w) = (Sm(w))*dV (w) and ¢, is a constant that de-
pends only on a.

Our proofs will use different values of «, and our results can be generalized to all
a > —1, but we come back in this introduction to the particular case of @ = 0. It is
well-known (see [8]) that the dual space of A'(C.) is the space of Bloch functions
modulo constants. Recall that a function f is a Bloch function if

Sm(2)|f'(2)] < C.

It is easy to see that the product of a function f € A*(C,) and a Bloch function
g belongs to the space Li},l(C+), see Corollary In fact, as we shall see in §6
below, it belongs to the a priori smaller space Ajog(C4) of holomorphic functions
such that f/(In(e+|f]) +1In(e+|z|) is integrable. It can be seen that A _,(Cy) is
the smallest Banach space containing Ajog(C4). In particular, they have the same
dual space, and the multipliers of the Bloch space are characterized in terms of this
dual space, that is, they belong to the space Biog(C4) of holomorphic functions f
such that
C

w(z)

Sm(z)|f'(2)] <

Finally, one would like to know whether a function in A!_,(C) is weakly fac-
torized, that is, may be written as a sum ) f;g; with f; € A'(C;) and g; Bloch
functions, with an adapted normalization. As in the seminal paper of Coifman
and Rochberg [7], this is done after an atomic decomposition of the space, based
on the fact that the projector P,, o > 0 reproduces the functions of Ai,l((CJr).
As a consequence, we characterize the symbols of bounded Hankel operators (see
Paragraph for the definition).
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Theorem 2. Let b be in B(Cy). Then the Hankel operator hy, extends to a bounded
operator from AY(CL) to itself if and only if b € Bjog(Cy).

It should be emphasized that all this can be adapted to the unit disk and, as
well to the unit ball of C™. One can consult [3] on factorization properties. Our
aim, here, is to understand how the behavior at infinity influences these questions.

When the Bergman projection is replaced by the Szeg6 projection and Bergman
spaces by Hardy spaces, part of the results are contained in our previous work [4].
The factorization questions are treated in [6] and involve a Hardy space of Musielak
type. Remark that, in this case, one has an exact factorization. We do not know
whether one can replace weak factorization by exact factorization in the Bergman
setting. There is a large literature on products of functions respectively in H' and
BMO (see in particular [5, [@]).

The paper is organized as follows. In Section 2, we start by studying the inte-
grability of the modulus of the Bergman kernels with respect to the weights w and
w™!. Such integrability properties are fundamental throughout the paper. In Sec-
tion 3, we prove Theorem [I] and extend it to non-compactly supported functions.
Then, we consider L*°-problems through duality and Bloch spaces in Section 4.
By the way, we characterize the multipliers of Bloch space and the dual space of
Al _(C4). Section 5 is devoted to products of functions in A*(C;) and Bloch
and to Hankel operators. The proof of Theorem [2]is given. We end the paper by
proving that Ai,l((CJr) is the smallest Banach spaces containing the products of
functions in A'(C,) and Bloch.

In the following, we will use the notation A < B (respectively A 2 B, A ~ B)
whenever there exists a uniform constant C' > 0 such that A < CB (respectively
A > CB, respectively A < Bet A2 B).

2. WEIGHTS AND REPRODUCING FORMULAS
In the following we will consider the weight w, already defined (1.1)) in the

introduction by

1
w(z) :==1n (e + i‘sm(z)) +In(e + |2]), z€Cy.
We establish the following lemma.

Lemma 1. Let a > 0, and B > —1. Then there is a constant C = Cy g > 0 such
that for any zg € C,,

/c W < O(Sm(z0)) " w(z0)-

[ e ploma
C

iz =20t u(z) — w(20)
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AVATARS OF STEIN’S THEOREM IN THE COMPLEX SETTING 95

Proof. Let I be the interval centered at Rezy with length 23m(zp). We denote by
@, the square over I. Remark that there exist two constants ¢ and C such that

B(Zo,cSm(z9)) NCy C Q, C B(Zo, CIm(20))- (2.1)
Here the notation B(-,-) stands for an Euclidean ball in the complex plane.

We will only consider the second inequality of the lemma. The first one follows
from slight modifications. We start by proving that

[ ) Gma?
Q

(2.2)

L W@ N w)

Remark 1. Inequality may be interpreted as the fact that w™"' belong to the
Békollée-Bonami class By of weights (see [1]). The same holds for w. This is a
necessary and sufficient condition for having weak L' inequalities for the Bergman
projection.

Recall that @), satisfies . We split the proof of into three cases:
w(zo) ~ 1, w(z) ~ In(1/yo) and w(zp) ~ In(|2o|). Here, we write zo = xo + iyo and
z = x +1y. The proof is direct when w(zp) ~ 1. Let us next assume that yo < 1/2
and w(zp) ~ In(1/yo). In this case, it is sufficient to prove that

8 248
[ s T
Q., m(1/y) In(e +1/yo)

which is straightforward. Assume finally that w(zo) ~ In(|zo|), with |zo| > 2. If
|z0] > 2yo, then |z| >~ |z9| and w(z) Z In(|zg|), so that we conclude directly. If
2y0 > |z0] > 2, then w(zg) ~ In(yp). We write now that

8 248
/ y—dxdy < Yo
Q= In(y) In(yo)
We have proved ([2.2)) in all cases.

Let us go on with the proof. For j € N, we define z; := x¢+i27yo. Put Ey = Q»,

and for j > 1, B = Q;; \ Q,_,. The inequality (2.2)) is valid for z; in place of z,
so that

[ 2049 (Y 20))+
Q. wi= ~ w(z;) '

Moreover, for j > 1, the fact that z does not belong to @, _, implies that |z —Zg| >
277 13m(zg). So, for j > 1,

/ dVs(z) 27 (Smiz)
b AP~ w(zm)

A computation analogous to the one we did for (2.2)) gives the same estimate for
j =0. As C is the union of the sets F;,j > 0, it remains to prove that

D 27 Muw(z) T Swlzo)
=0
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From the expression of w, one deduces that w(z;) > w(zy) — jIn2. We also know
that w > 1. We cut the sum into two parts, the first one with j < w(zp)/2. Both
sums are bounded by a constant times w(zp) !, which we wanted to have. O

Remark 2. The same proof allows us to obtain the same conclusions as in Lemmall]
when w is replaced on both sides by one of the three weights w;, 7 = 0,1,2, with
wo =1, wi1(2) = In(e + (Sm(2))™1) and wa(z) = In(e + |2|).

Remark 3. We have as well bounds below in Lemmal[l]: just write that the integral
is bounded below by the integral on the disc with center zo and radius Sm(zg)/2.
Within this disc, which has measure c3m(z9)**?, the function to integrate is equiv-
alent to Sm(z) 27 Puw(zp) 1.

Let us use the notation L}, (Cy) = LY(Cy,wt(z) dVa(z)).

71,&

Proposition 1. Let @ > 0, and 8 > —1. Then the Bergman projector Pu4g is

bounded from Li},lﬁ((C_s_) to Li—l,g(C”-

Proof. This is a direct consequence of Fubini Theorem and Lemma [I] O

Let us now introduce the following weighted space.

L (Cy) := {f measurable : sup (Im(z))*w(z)|f(2)] < oo}
zeCy

Then L, (Cy) is a Banach space with norm

[flloo.w.a 3= sup (Sm(2))*w(2)[f(2)]-
zeCy
Proposition 2. Let o > 0. Then the Bergman projection Py, maps L3, (Cy)
boundedly into itself.

Proof. That P, is well-defined and bounded on LZ’,(C;) follows directly from
Lemma [Il (]

3. AVATARS OF STEIN THEOREM IN THE BERGMAN SETTING

3.1. Local smoothness. This subsection is devoted to the proof of Theorem 1.
We first prove the sufficient condition. It is sufficient to consider PT, since |Pf| <
PTf. We use the notations z = x + iy and ¢ = u + 7v. The integrability of Pt f
for y > a follows at once. Indeed, |z — (|72 < y~2, and the integral of y~2xy~, on
the strip |z| < b is bounded by 22. It remains to consider the integral of [z — (| =2
on the domain |z| < a,y < a. One has

/ |z — (| 72dV (2) < / (®+ (y+ v)2)’1dx dy
|z|<a,y<a

|z|>0,y<a

:7r/ dy =rln(l + a/v)
0

<y<a Yy +v
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AVATARS OF STEIN’S THEOREM IN THE COMPLEX SETTING 97

which allows us to conclude.
The necessary condition for PT comes from the estimate

/ Py f(x +iy) dedy > / fu+iv)J(u,v)dudo,
lz|<a,y<a/2 |lu|<a,v<a/2
where, for |u] < a and v < a/2,

J(u,v) = / ((z —u)® + (y+v)2)71dxdy
|z|<a,y<a/2

/ dxdy
|z—u|<y+v,|z|<a,y<a/2 (y + U)Z

a/2
2/ dy :lln<1—|—a).
o Yy+v 2 2v

>

We have used the fact that the interval of z’s such that |z| < a, |z —u| < y+ v has
length at least y 4+ v. The conclusion follows at once.

3.2. Smoothness of L'-type. In this section, we are interested in sufficient con-
ditions which ensure that a holomorphic function is integrable on C,.. We first
prove the next lemma.

Lemma 2. We have the inequality
L= = i) ave) S o)
n

Proof. We write z = x + iy and { = £ +iA. We cut the domain of integration into
pieces.

(1) y < 1: we consider the two terms separately: the second one has a bounded
integral, while integrating first in z, we find that

_ 1 1
/ /|z—§|_2dxdy:7r/ (y+A)"tdy =7In(1 + <) <In(e+ <).
y<1lJR y<1 A A

(2) |¢ —i|] < |z+1i|/2: the function to integrate is bounded by C ‘lf;jlg,, whose
integral is bounded by a constant in this domain of integration.
(3) y > 1 and |z + ¢| < 2|¢ — 4| : we again consider separately the two terms

and start by integrating in x. We get twice the same bound
2[¢1+2 4
[ L smer i,
1 Y

Remark 4. As a consequence, the following inequality holds:

[ (=32 - 4 av(a)| S (@),
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Define the following operator for f € L'(C4) and z € C

Tk f(z) = Pf(z) — (/de)K(z,i).

Here K stands for the Bergman kernel K. Remark that for functions of integral 0,
this operator coincides with the Bergman projector.

As an immediate consequence of the lemma, we get the following result.
Theorem 3. The operator Tk maps L*(wdV) into A*(Cy).

The proof is direct since the kernel of Tk is given by

1 1
O —— — m—
A P TR R
Remark 5. As functions in AY(C) have integral 0, for a function f in A'(C,)
we have

Txf=Pf=/

Remark 6. As stated in the introduction, if f € L*(Cy) N L*(Cy) and Pf €
LY(C,), then f also has integral O so that Tk f = Pf. Indeed, since Pf € AY(C,),
it has integral zero so that, for m > 4,

0= /(C+ Pf(z)dV(z)

= lim Pf(z)(1+iez)"™dV (z)
e—0 Ct

= lim(Pf, (1 — iex) ™) = lim(f, P(1 — i€z) ™)
= lim(f, (1~ ie2) ™)

=1lim [ f(O)(1+ieC)"™dV ()

e—0 Ch
= | f(QdV(¢).
Cy

From Remark [4] the operator of kernel

1 1
= =2 12
lz=¢? |z +1

(2,€)

has the same boundedness property. We are going to prove that it also satisfies a
partial converse result which may be interpreted as an avatar of Stein’s Theorem
in the Bergman setting.
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AVATARS OF STEIN’S THEOREM IN THE COMPLEX SETTING 99

Theorem 4. The operator |Tk| defined by
Tl = [IKCOUQ V)~ [ v x| (i)

maps L'(wdV) into L'(dV). Moreover, for positive integrable functions f, the
integrability condition f € L'(wdV) is necessary to get |Tk|f € L*(dV) whenever
the support of f is assumed to be included in {z € C4, Re(z) > 0}.

Remark 7. This result is also true with P,, i.e. when K is replaced by K, and
dV by dV,.

Proof. The proof of the boundedness of |Tk| follows easily from Remark {4l One
has only to prove the necessary condition on non negative f to get |Tx|f in L.

Assume that f is such that [Tx|f € L'(C;). We will use the same steps as
in the proof of Lemma We first write that the integral of |Tk|f on the set
{2 = x+iy,y < 1} is finite. We know that the term in |2 +i|~2 has a finite integral
on this set. So we have

/y<1 /R/cc+ |z = {72 F(QdCdz < oo,

We are dealing with positive functions so that we can use Fubini’s Theorem. This
reduces to

Lo Lo timon) o [ som{i) <o

Hence

[ som (e + %) av(¢) < oo

Next, we consider the integral on y > 1 and prove that
g J(Q)In (e +|¢]) dV(¢) < o0
n

under the additional assumption that the support of f is included in the set {z €
C4, Re(z) > 0}. We will use the fact that

/ Tk |f(—z + iy)| dedy < co.
z>0,y>1

Since the difference (22 + y?)~! — (22 + (y + 1)?)~! is integrable on this domain,
it follows that

/ [+ o o) = @) S i)duds

is integrable on the quadrant =,y > 0. But the bracket is always negative, so that
we are led to find some subset £ for which

I, ::/ [1217% = Iz + ¢| 7] dady = cln(e + [c]).
E¢
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Take for E, the set of z in the quadrant such that 1 < |z| < |(|/2, so that
3 3
=5 [ v = ).
1 ), 8
We conclude directly. O

4. BLOCH FUNCTIONS, MULTIPLIERS, DUALITY

4.1. Smoothness of L>*°-type. We will show that Theorem [3| may be seen as a
byproduct of the fact that the Bergman projector maps L (C,) into the Bloch
class. Indeed, let us recall the definition and some basic properties of the Bloch
space. The Bloch space B(C,.) is the space of holomorphic functions such that

1fls = sup Sm(2)|f'(2)] < .

It is a semi-norm on B(C,), but a norm on B(C;) = B/C, whose elements are
equivalence classes modulo constants. Recall that B(C, ) identifies with the dual
of AY(Cy). The fact that constants are in the equivalence class of 0 is explained by
the fact that functions in A*(C,) have mean 0. The pairing between f € A'(C.)
and g € B(C+) is given by

<f7g>A1’B:/<C f(2)d'(2)(Sm(z)) dV (z). (4.1)

We will also be interested by the space of Bloch functions itself and consider the
norm on it given by

£ = £ @]+ [1f|ls-

The following lemma is elementary:
Lemma 3. Bloch functions satisfy the inequality
[F() < ClIIIS w(z), (4.2)
where w s given by formula
Proof. Indeed, let z = x + dy. For |z| <y, we just write
1f(2) = f@)] < [f (@ +1y) = f(y)| + | f(iy) = f(i)] < C+ C[Iny].
For |z| > y, we write
1f(2) = f@)] <[f (@ +iy) — f(z +ilz)] + | f(z +ilz]) — f(il])]
+ [f(il]) — fGy)| + [f (iy) — F(@)].

The two new terms are bounded by C In( 2

E1)) and we conclude easily. O
y
As a direct consequence, we have the following corollary.

Corollary 1. The pointwise product of a function in the Bergman space A*(C,)
and a function in the Bloch space belongs to the space Ai,l((C+). Moreover, for
f e AXCy) and g € B(C,), one has

1Fgllar_, SN fllarllglis-
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As described in the introduction, we will find later on a better result, namely
those products are in Ajos(C), see Proposition

Next, it is classical that the Bergman projector maps L°°(C, ) into the Bloch
space, and so into the space of functions f that satisfy . To prove this, one
has first to give a meaning to the Bergman projection of a bounded function.
Classically, one considers the operator @) with kernel

(Z, C) — K(Z, C) - K(Za C)a
which is an integrable kernel in the variable ¢ by Lemma [2] It is easy to verify that
Q is the adjoint operator of Tk, which gives a proof by duality of Theorem

4.2. Multipliers. Let us take the following definition.
Definition 1. Let Biog(C) be defined by
Biog(Cy) :=={g € H(Cy): 3C >0 s.t. Sm(2)|g(2)] < Cw(2) Vz € C4}.

As for BM O functions, this space enters into the characterization of multipliers
of the Bloch functions. A holomorphic function g is called a multiplier of the Bloch
functions whenever, for any f in B(C.), the product fg also a Bloch function. A
simple use of the closed graph theorem allows us to see that for such a multiplier,
which is automatically a Bloch function, there exists a constant C such that the
following inequality is satisfied.

I£gll < ClIfll5- (4.3)

The next proposition is reminiscent of the theorem on BMO multipliers of [I1] in
the unit disc and of [I0] in the unbounded setting.

Proposition 3. Multipliers of the Bloch space consist in bounded functions that
are in the class Blog.

Proof. 1t is clear that any function g € Bjo, gives a multiplier of the Bloch space:
just write (fg)' = f'g+ ¢’ f. The first term satisfies the required inequality because
g is bounded, the second one because of the condition

Sm(2)lg' ()] < Cw™(2) (4.4)

on g’ and the estimate on f.

Let us now prove that these conditions are necessary: let us take g satisfying
for any Bloch function f. First, let us prove that g is bounded. We claim
that it is sufficient to prove that g is bounded in two cases: for z = x + iy, the first
case is for those z such that |z|y > 1 and |z] > 1, so that w(z) ~ In(]z|); and the
second one is for |z|y <1 and y < 1/2, so that w(z) ~1In(1/y). Indeed, if |z|y > 1
but |z] < 1 orif |zly <1 but y > 1/2, then w(z) ~ 1 and the boundedness of ¢ is
obtained by taking f =1 and using .

So let us consider the two cases described above. In the first case, we take as
test function f the function defined by f(¢) = log(¢) which has clearly a bounded
Bloch norm. It allows us to get |g(#)|In(|z|) < C'In(]z]) hence g is bounded on this
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set. In the second case, we take f({) = log(¢ — x) — log(i — x), so that f(i) = 0.
Using again (4.2)), we find

19(2) | 1n(y) — In(li - 2]) < Cl“(i)'

But, because of the assumptions, |In(y) — In(|i — z|)| = In(1/y) + log(1 + 1/y) <

C'In(1/y), from which we conclude as before.
It remains to prove the bound on |¢'(z)| (4.4]). As g is bounded and f is Bloch,

we get from (4.3]) that
Sm(2)|g' ()N ()] < Ifglls < Cllfll5-

Then, we use the preceding test functions: for |z| > 1 and |z]y > 1/2, we take
f(z) = log(z). As w(z) ~ In(|z]), on this set, we get Sm(2)|g'(z)] < w™'(z). The
second test function gives the expected estimate when w(z) ~ In(1/y). O

4.3. Reproducing formula for A}u,l-functions. We first consider the weighted
Bergman space A}(Cy), with p:= (1+In(e+1/y))~", i.e the space of all analytic
functions f such that

fllag = [ 1f@+ in)lotw) dody < oc.

It is clear that A'(C ) is continuously embedded in A}(C,).

The following result can be obtained in the same way as in [2, Proposition 1.3].

Proposition 4. (i) There exists a constant C > 0 such that for all x+iy € C.
and all f € A;((C_Q, the following inequality holds.

Fa+iy)] < C (o) 1 f]Lay-
(ii) There exists a constant C > 0 such that for all y € (0,00) and all f €
AL(Cy),
17yl = G+ il < C (wpw) ™ (1 ]lay-
We then obtain the following.
Proposition 5. Let f € A}(C,). Then

(i) The function y — | fyll1 is non-increasing and continuous on (0, co).
(ii) f(- +ie) is in AL(Cy) for any e > 0, and tends to f in A,(Cy) as € tends
to zero.

Proof. By assertion (ii) in Proposition [4] we have that f, is in H'(C), hence (i)
holds.

Let us prove (ii): first using (i), we obtain

1 (- +ie)l]ay :/0 |\fy+e\|1p(y)dy§/0 1 fyllip(y)dy = [ f].az-
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It is clear that f is the pointwise limit of f(- +ic) as € — 0. Hence by (i) and [I3]
Theorem 5.6], we have that

tim [z — 1 =0

It follows from the above and the dominated convergence theorem that

ln £+ ) = fllay = im [ 1fy0e = £y lhp(w)dy =0,
O
Remark 8. For any € > 0, z — f(z + i€) belongs to H*(C,) and, hence, is of
integral 0.
We now check the following.
Proposition 6. A'(C.) is a dense subspace of A;((CJF),
Proof. Let m > 0 be a large enough integer. Then for any ¢ > 0, the function
ge(2) = (1 —iez)™™ is in AY(C,).
Let f € AL(Cy). Define
FO(2) = go(2) f (2 + ie).
Then by using assertion (ii) in Proposition one sees that F(¢) belongs to A(Cy).
Also observing that y +— (y%p(y))~! is non-increasing, one obtains from assertion
(i) in Propositionthat the factor f(z-+ic) is bounded and hence that F(¢) belongs
to Al ((C+)
Clearly, as € — 0, we have that F(¢) — f. That
; (&) _ -
lim | fllaz =0
then also follows from the dominated convergence theorem. O
Proposition 7. The set AL(C)NAL_,(Cy) is dense in A _,(Cy).

Proof. Let f € AL_,(Cy). Consider f.(z) = (1 —iez)"'f(z). Clearly, f. tends
to f as e tends to 0. Moreover, since (1 + ¢|z|)~!p(z) < Cew(z)~1, we have that
fe € AL(Cy). As|f(z)—fe(2)] < 2|f(2)], it follows from the dominated convergence
theorem that ||f*szA‘1u_1 —0ase—0. O

We will need the following.

Proposition 8. The Bergman projection P, a > 0, is bounded on L})(C+). More-
over, P, reproduces the functions in Allj((C_‘_).

Proof. That P, maps L,(C; ) boundedly into A}(Cy ) can be obtained as in Lemma
As P, reproduces the elements of A!(C, ), Proposition |§| allows us to conclude that
this projector also reproduces functions in A})(C+). O

From Proposition [7] and Proposition [§] we obtain the following.

Corollary 2. The Bergman projection P,, a > 0, reproduces the functions in

AL (Cy).
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4.4. Duality. We can now prove the following duality result.

Theorem 5. The dual space (A}u,l(C+))* of AL _\(C) identifies with Biog under
the pairing

(f,9), = : f(2)g'(2)(Sm(z)) dV (z), (4.5)
+
feAl_(Cy), and g € Biog(Cy).
Proof. Let g € Biog(C4). Then that (4.5) defines a bounded linear operator is
direct from the definition of the spaces involved.

(C4+))". Then A can be ex-

tended as an element A of (L}u,l(C+))* with the same operator norm. Then
classical arguments give that there is an element h € L*°(C,.) such that for any
f € Lij—l((c-‘r)a

Conversely, assume that A is an element of (Al

w—l

Af)= [ F)h(z)w  (2)dV(2).

C+
In particular, we have that for any f € Al _,(C,),

A(f) = g F@)h(2)w ™ (2) dV (2).
+
Using Lemma (1} we obtain that the projector P, is bounded from L!_,(Cy)
into Al _,(Cy). It follows that for f € AL_,(C4),

A(f) = : FEM(z)w ™! (2)dV (2)

~Je Po(f)(2)h(z)w ™ (2) AV (2)

= (2) P2g(2)(Sm(2)) dV (2),
Cy
where g(z) = (w(2)Sm(z))"'h(z). We note that g € L (Cy) and that using
Proposition |2} one obtains that P is bounded on Lg% (Cy). It follows that if we
define G to be a solution of G'(z) = P»g(z), then G € Biog(C, ). Hence

Af) = | fRG () (Sm(2)dV(z).

Cy
That is A is given by (4.5). The proof is complete. O

5. PRODUCTS OF FUNCTIONS IN A! AND B(C,) AND HANKEL OPERATORS
5.1. Weak factorization. Our aim is to prove the following result.

Theorem 6. The product of a function in AY(C.) and a function in B(C.) is
n Ai,l((CJr). Conversely, a weak factorization result holds: if f is a holomorphic

function in AL _,(Cy), then
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with g;’s and h;’s holomorphic and such that
1Al w1y 22 ) lgsllar l]ls-
J

The first part of the result has already been given in Corollary [I, The bound
above for || f||L1(,-1) comes from the inequality given there. So we only have to
concentrate on the weak factorization. The scheme of the proof is classical and
starts from the atomic decomposition of a function f € Al'(w='dV), which we
state now.

Proposition 9. Let f € Ai},l(C+). There exists a sequence of complex numbers
{cx} and a sequence of points {wy} in Co such that

=3 e (Sm(wi))*w(wr)

(Z — @k)4

with 37 ekl S w1y

We leave its proof for the next section and concentrate on the weak factorization.
Recall that functions
_ (Sm(w))*w(w)
are called atoms. We know that || f][z1(,-1) ~ 1 as a consequence of Lemma
and Remark [3] As a consequence of the atomic decomposition, it is sufficient to
factorize atoms, which we do now.

(5.1)

Proposition 10. Let f be an atom given by . There exist g € AY(Cy) and
0 € B(C,) such that
f=gx0
with
lgllar x [l6]15 < 1.

Proof. The proof is in two steps. In the first one, we choose a non vanishing
holomorphic function 6 which satisfies ||| < 1. In the second one, we prove that

/ dV(z) . Sm(w) 2
c, lz—w*o(zx)] Y ww)
Constants must be independent of the choice of w. The second step is reminiscent
of Lemma [I] We will use it and its proof.
First step: Choice of 6. Our choice will depend on w = u + iv.
(i) Assume first that v < 1/2 and In(v~!) > 3In(e+|w|) so that w(w) ~ Inv~1.
We choose

0:2z+—1—log(z — W)+ In|w+1i| +log(i + z).

0 is a holomorphic function on C; and the computation of its derivative
and of its value at i leads to

1611 = 166)| + inf{C > 0, (Sm(2))|6/(2)] < C} < 10.
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Hence 6 belongs to the Bloch space of the upper plane with a uniform
norm. Moreover, when using the triangle inequality and the inequality
(a4 b) < 2ab, a,b > 1, we find that In |z —w| < In|w+i|+In|z+i|+1n2,
which leads to Re(f(z)) > 1 —1In2.
(ii) Assume that In(v=1) < 3In(e+|wl), so that w(w) ~ In(e+|w|). We choose
0(z) =1+ 1n(i+ 2).
Again 0 has a uniform Bloch norm. Furthermore, it satisfies
10(2)] > In(e + [2]).
Second step: Estimate of g. In both cases,
(Sm(w))?w(w)
(z —w)*0(z)
is a well defined holomorphic function in the upper half plane. We will prove that

the inequality ||g||z: < 1 is a consequence of lemma [1| with generalized to weights
w1 and we (see Remark .

(i) Assume first that v < 1/2 and In(v™!) > 3ln(e + |w|) so that w(w) ~
In(v™!) ~ wi(w). We proceed as in the proof of Lemma [1] and recover
the upper half plane as the union of E}s, with Ey = @, and Ej :=
Qu, \ Qu,_,,k > 1. Recall that w = u + iv and wy, = u + i2%v.

On Ej;, we use the the fact that |z — w| < 2Qm(wy), so that

g:z—

Re(0(z)) >1—1n2+1ny <z—1w|> > In (e + (Sm(wk)) ™) = wi(wg).

Hence, proceeding as in the proof of Lemma [T} we have
wi(w) _op
2)|dV(z) S ——=27,
J1seiave £ 320

We conclude by using the fact that w;(wy) > wi(w) — kIn2.

(ii) It remains to consider the case when w(w) ~ In(e 4+ |w|) = wa(w). But then
|0(2)| > In(e+|z|) = wa(z). So, the required estimate follows directly from Lemmal[l|
with ws in place of w. O

We now turn to the proof of the atomic decomposition.

5.2. Proof of the atomic decomposition. We prove the following atomic de-
composition, which we state for atoms that may be other powers of the Bergman
kernel.

Proposition 11. Let f be a holomorphic function in Ai},l((C+). For any a > 0,
there exists a sequence of complex numbers {c} and a sequence of points {wy} in
C4 such that

) = 0y S

z— Ek)Q-i-a

with 37 ek =~ || fll w1y
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Proof. As a first remark, it follows from Lemma [I] that

/ Smw)tww) e <o
C

4 |z —wPrew(z)

Hence, assuming > |cg| finite, we get that the function

2 en(Sm(wy))*w(wy)

Z = ]CZ:;) ( . — Ek>2-|-a
belongs to L' (w™'dV) with norm bounded by Y 72 ; |cx|. It remains to prove that
any function f in A!_,(C.) may be written under this form.

The scheme of the proof is classical and goes back to the work by Coifman and
Rochberg [7].
First, recall the notion of n-lattice in the terminology of [7]. The balls are in the
Bergman metric (see [2] for instance).

Definition 2. Suppose 7 is a given positive number less than 1 and d(-,-) denote
the Bergman distance in Cy. We will call a sequence of points {(;} in C; an
n-lattice if it satisfies the following properties:

(1) The balls B; := B(¢;,n) cover Cy.:

U B; = Cy (covering property).
J

(2) ¢k ¢ B; whenever j # k.

(3) There exists C > 0 such that any z € C4 does not belong to more than C
different balls B((;,2n) (overlapping property).

(4) The balls B; := B(Cj,n/2) are disjoint:

BN By =0 whenever j # k.

In other words, the balls centered at (; and of radius n give a Whitney covering of
C,.

The scheme of the proof of the atomic decomposition is to use an integral repre-
sentation formula and to discretize it on an n-lattice. If 7 is sufficiently small then
this produces a good approximation and iteration of the process yields the atomic
decomposition. By Corollary [2| the operator P,, a > 0, reproduces Ai},l((C+)—
functions. Hence, for f € Al _,(Cy)

f(z) = g Ko(z,w) f(w) dV (w)
where
_. Sm(w)®
Ka(z,w) = °(z —m)2ta
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Now we use the n-lattice given before to find a covering of C; by disjoint sets
constructed by induction as follows:

Eq = By \ (
E;:=Bj\ ((ZO:Ek> U (kglék)> .

It is clear that B; C E; C B; andUJ 0E;j=Ci, E;NE,=0if j#k. Hence

2) :Z/E_Ka(z,w)f(w)dww).

ECS

Let g be given by
= S el GG = 0 3 R AGIE

Then,

1£(2) = 9(2)| = Z/E (Ka(z,w) f(w) = Ka(z,¢) () dV(w)

<Z/ £ (G w) ~ G

+Z/E |Ko(z,w) — Ko(z, ()| f(w)]dV (w)

=I+1I
One wants to prove that, for some universal constant C' > 0,
7:) - |<m2/<) 0 O V(O Ea(2, ) (G).
3sM

We first estimate the first term /. As usual we use the subharmonicity of the
moduli of holomorphic functions to get for w € Ej,

\f(w)—f(Cj)|§C77| (Cy» Dl B((jymlf(ZNdV(Z)-

On the other hand, as Sm(z) ~ Sm((;) and |z| < 2|¢;| for z € B((;,2n), one has
w(¢j) 2 w(z). Hence, it allows us to obtain

L ey e 1 4V E)
wwm)f@“&%@wé@mm”mw

1<cm§:/ W Q) AV (O Ka (2 G)lw(Gy):

B(¢; 7277)

hence
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For the second term I, we use that, for w € F;

[Ka(z,w) = Ka(2,¢)| < On|Ka(z,G)l;

hence
P e o1 V()
L Falesw) KoLV () < Ol GG [ 1901 T
< OnlKa( @) [ 17 )

It allows us to get the expected inequality. Integrating it over C; with respect to
the measure w™'dV, one gets by the overlapping property,

If = 9llor@w-1) < Cnllfllzr@w-1y- (5.2)
Let A be the linear operator
A- { AL (Cy) = ALL(Cy)
f = g
then for ) small enough, inequality implies

1
||I—A||Ai71—>Ai71 < 3

hence (I—A) is a contraction so that A is invertible. Eventually, any f € Al _,(Cj.)
may be written as

F=n=a 3 G

J

for some h € AL_,(C,) with

il S 1l -

1
It remains to prove that

SO S 1L

J

We are going to prove that

o Bl
;lh(@)b(c)

J

<lhllar -

1

From the subharmonicity of h,

B |Ej| w w EIAC),
MO = (B Jo, MV @) S [ el TEr.

Summing on j gives the expected estimate. This completes the proof of Theorem [6]
O
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5.3. Hankel operators. Recall that the operator h; is defined, for b in L>°(Cy.)
and f in A%(C,), by hy(f) := P(bf). To extend this definition, observe that, for
any g € A%(C,), one has also

(ho(£),9) = (b, f9)-

This allows us to extend the definition of Hankel operators on A?(C,) to symbol
in B(C,) by

(he(f),9) = (b, fg) ar -
The notation (-, )41 5 stands for the duality bracket between A'(C.) and B(C.),
and is given by (4.1]).

It is well known that a necessary and sufficient condition on b to get a bounded
operator on A?(C) is b in the Bloch class. The next theorem gives a necessary
and sufficient condition to extend h; into a bounded operator on A(C.).

Theorem 7. Let b be in B(Cy). Then the Hankel operator hy, extends to a bounded
operator from A'(Cy) to itself if and only if b € Biog(Cy). Moreover,

16| == [1]] 510,
Proof. From the definition, if f and g in A%(C,),
<hb(f)7 g> = <ba fg>A1,B-
We claim that this formula makes sense also for b € Bjog(Cy), f € AY(C4) and

g € B(C,). Indeed, if b € Biog(Cy), f € AY(C4) and g € B(Cy), the quantity

g F(2)g(2)b' (2)SmzdV (2)

is well defined since fg € A}u_l((C+). Moreover, the corresponding operator is
bounded from A!(C, ) into itself since

: F(2)g(2)l' (2)3mzdV (2)

<16 Brog 1 £ | a1 191 5-

For the converse statement, we assume that h; is well defined and bounded on
A'(Cy) and we prove that it is necessary for b to be in Bjog(C4). By Theorem
it is sufficient to prove that, for a dense subset, we have

|<b7 F>A1

. = /C V(2)F(2)ImzdV (2) <ClFla_, (5.3)

11810g|

for some uniform constant. Consider the dense subset of functions in Al _,(Cj)
with finite atomic decomposition,
Sm(¢)?w ()
F = a; J KA
2 (z=¢)*

finite
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with >~ |a;| < C|[F|| 41 _ . We use the factorization of each term given in Proposi-
tion [I0 to conclude that

<b7F>Ai71,Blog = Z a;(b', figin
finite

with
b, f)1:= V(2)f(2)Im(z)dV(z).

Cy

The boundedness of h; on A'(C, ) allows us to say that

[V, figinl = [(ho(f3), 95)| < C
for some uniform constant C. Inequality (5.3]) follows at once. O
Remark 9. One may also define a Hankel operator on B(Cy) as the adjoint op-

erator of hy, acting on AY(CL). From the symmetry of the definition, this adjoint
coincides with hy and the analogous result holds.

6. ASSOCIATED BERGMAN-MUSIELAK SPACE

Here we are interested in the Bergman-Musielak space Aios(C4) and its links
Wlth A}J_l ((C+)

Definition 3. A holomorphic function f is in Aiog(Cy) if and only if

[f (/A
L In(e+[f(2)[/A) +In(e + |z])

1]l 4, = inf{A>0; [E Vi) <1},

| - [4,, is a homogeneous quasi-norm. From the properties of the Musielak
function

t
~In(e+t) +In(e + |2])

O(t,2) :

it is easy to deduce that f is in Aje(Cy) if and only if

/ /) ;
c. (e +[fG)D) + Infe + 12

V(z) < oc.

Moreover, | f| ,, = 1 if and only if

/ £ (2)
c; In(e +[f(2)]) +Ine +[2])

dV(z) ~ 1.
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6.1. Embedding. In this part, we establish the inclusion of Ajg(C,) into the
weighted space AL, (C,), as well as the fact that AL_,(C;) is the smallest space
having this property.

Proposition 12. The space Aiog(Cy) is continuously embedded in the weighted
space AL _,(Cy).

Proof. By homogeneity it is sufficient to prove the existence of a constant C' such

that
£ (2)]
/cc+ In(e +y=1) + In(e + |2[) dV(z) <C

whenever f is a holomorphic function that satisfies the inequality

/ /(2
c. (e +[f(2)]) +In(e + [2])

Here z = x + iy. We prove pointwise inequalities between the two functions to
integrate. We can replace In(e + |f(2)|) by In(e + | f(2)|?) in the denominator. We
will prove the inequality

dV(z) < 1.

In(e + |f(2)]?) +In(e + |2]) < In(e +y~ ') +In(e + |2]), (6.1)

which is sufficient to conclude.
A simple computation proves that In(e + | f|?) is a subharmonic function. This
implies the subharmonicity of any convex function of In(e+|f|?). Since the function

t > €’% is convex on (0,00) for K > 1, we deduce that

t+K
) <, / Q)
(e + [/()P) + (e + 12) ~ ¥ Jp Inle + 7)) + In(e + =)

where D is the disc of center z and radius y/2. But In(e + |z|) >~ In(e + |¢]) on D.

So
1) <
In(e +f(2)|?) +In(e + [2]) ~7

av(¢),

4
Inequality (6.1]) is obvious when |f(z)| < 4. For t > 4, the inequality (et ) <
n(e
y~? implies that Int < In(y~?), from which we conclude for Inequality (6.1). Fi-
nally, [|f|la__, <1 as required. O

Next, we want to prove that the two spaces AL _,(Cy) and Ajog(C4) have the
same atoms. Namely, we have the following lemma, which says that an atom f of
Al_,(C4), which is such that [fllar_, =1, is also such that [|f[la,, ~ 1. It is

sufficient to give the upper bound because of the inclusion.
Lemma 4. Let f be the atom given by

(Sm(w))*w(w)
(z —w)2te

f(z) =

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



AVATARS OF STEIN’S THEOREM IN THE COMPLEX SETTING 113

Then, there exists a constant C > 0 independent on w such that

/ /(=)
c, e+ |f(2)]) +In(e + |z])

Proof. The proof is, once again, based on Lemma [[]and Remark 2] Assuming that
w(w) ~ In(e + |w]), we use the fact that

/ (Sm(w))*In(e + |w|) dV(z) <1.
Cy

(z —w)***In(e + |2]) -

dv(z) < C.

Assuming that w(w) ~ Iny (v™!) and v < 1/2, then In(e+|f(2)|) 2 1+1Iny(1/y) +
Iny (]2 — w|~2) as long as both terms are strictly positive. We write C; = UE; as
in Lemma and find that In(e + |f(2)]) = Iny(v™!) — k when z is in E, as long
as k < v~1/2. We conclude as before by cutting the sum into two parts. O

As a consequence, we get the following corollary.

Corollary 3. The space Ai},l((CQ is the smallest Banach space containing the
Bergman-Musielak space Aiog(Ct). The two spaces have same dual Biog(C4).

Proof. As Ajog(Cy) is continuously embedded in A}, (C.), it is sufficient to prove
that the dual of Ajg(Cy) coincides with the one of Al_,(Cy). As AY(Cy) is
included in Ajog(Cy ), an element of its dual is represented by a function b € B(C,.)
and satisfies the inequality, for some uniform constant C,

10, )| < ClIf Nl v
We have to prove that b is in Bjos(Cy). We take an atom
w(w)(Sm(w))
(z —w)?
in Ajog and use the previous lemma. It follows that, for some uniform constant C,
the following quantity is bounded

frz—

15, )] = w(w) (Sm(w) \<b, Er

<C.
(z—w ¢

But here, we recognize (Sm(w))w(w)|d’ (w)|. It ends the proof. O

6.2. John—Nirenberg inequality and products. From the inequality in
Lemma [2] we also obtain a kind of John-Nirenberg inequality:

Lemma 5. There exist constants \,C’ such that Bloch functions satisfy the in-
equality

expAISIE 1)) ,
/u (e V= 02

Proof. By (4.2), we have

Sm(z X
exp NS5 7)) < € (SRl EL) 2]+ ),

We find that the integral is finite when A is such that CA < 1. (]
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6.3. Pointwise products. One of our interests lies in in products of functions
that are respectively in the Bergman space A'(C,) and in the Bloch space. When
proceeding as in [5],we deduce from Lemmathat one has the following embedding;:

Proposition 13. The pointwise product of a function in the Bergman space A'(C.)
and a function in the Bloch space belongs to the space Ajog(Cy).

Proof. The result is a direct consequence of Lemma 2.1 of [5]. We recall it for an
easier reading. Let M > 1. The following inequality holds for s,¢ > 0,

st
M +1n(e + st)

Assume that f € A1(C,) and g € B(C,), and both have norm bounded by 1. We
want to prove that fg satisfies the inequality

/ [f (g (=)l

c, In(e+[f(2)llg(2)]) + In(e + |z)
We use with t = Mg(2)],s = |f(2)|/A and M = 31In(e + |z|). Here A is the
constant in (6.2). O

<elt=M) 4y (6.3)

dv(z) < C.
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