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SEGAL-BARGMANN TRANSFORMS AND
HOLOMORPHIC SOBOLEV SPACES OF FRACTIONAL ORDER

SUNDARAM THANGAVELU

Dedicated to the memory of Pola Harboure

ABSTRACT. In this note we investigate the image of Sobolev spaces of frac-
tional order on a compact Lie group K under the Segal-Bargmann transform.
We show that the image can be characterised in terms of certain weighted
Bergman spaces of holomorphic functions on the complexification extending a
theorem of Hall and Lewkeeratiyutkul. We also treat the heat kernel transform
associated to the Hermite operator.

1. INTRODUCTION

Let K be a connected, compact Lie group with Lie algebra ¢. Fix an Ad-K
invariant inner product (,) on £ and choose an orthonormal basis X7, Xs,..., X,
which are viewed as left invariant vector fields on K. Then A = Z?:l X Jz turns
out to be the Laplace—Beltrami operator for the bi-invariant metric determined
by (,) on K. Let G stand for the universal complexification of K which is a
complex Lie group whose Lie algebra is given by €+ ¢. For any irreducible unitary
representation 7w of K on a Hilbert space H, we let d, stand for the dimension of
H,. For any f € L?*(K) we let

w(f) = /K Fkym(k) di

stand for the Fourier transform of f. The Plancherel theorem reads as

/K PR dk= Y dell(£)2,

wel?

where K is the unitary dual of K and ||(f)] stands for the Hilbert—Schmidt norm
of Ir(H)ll.

Any 7 € K can be analytically continued to G whose entries are then holomor-
phic functions on G. Let dg stand for the Haar measure on G. By HL?(G,vdg)
we mean L?(G,vdg) N O(G) for any density function v(g) on G. In his celebrated
paper [4] Hall has proved the following Paley—Wiener type theorem for compact
Lie groups.
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Theorem 1.1 (Hall). Let v be a K bi-invariant function on G which is locally
bounded away from zero and assume that for any m € K the integrals o(m) =
d:t [ Im(g~DIPr(g)dg are finite. Then f € L*(K) has a holomorphic extension
F to G which belongs to HL?*(G,vdg) if and only if

Z de||7(f)||?o(r) < oc.
7r€K

Moreover, if that happens then we have the equality of norms
L IF@Pr0)ds = 3 o) o).
71'€K

The above theorem contains the result on Segal-Bargmann transform on K. Let
¢+ stand for the heat kernel associated to %A which is explicitly given by

= dee Ny (k),
K

where x, is the character of 7 and A, is determined by the condition Ay, (k) =
—A2xx (k). Tt is known that q;(k) > 0 and satisfies ¢;(k) = ¢:(k~!) and ¢, (kk') =
q:(k'k). Because of these two properties f * q¢; = q; * f for any f € L?(K) and
u(k,t) = f * q(k,t) solves the heat equation for %A with initial condition f. It is
known that ¢; extends to G as a holomorphic function and consequently for any
f € L?*(K) the solution f * g; also has a holomorphic extension to G. The map
C which takes f into the holomorphic function F(g) = f * ¢:(g) is known as the
Segal-Bargmann transform.

The Lie algebra g of G viewed as a real Lie algebra has dimension 2n and the
inner product (,) on ¢ can be extended to g by setting

(X1 + JY1, Xs + JYVa) = (X1, Xa) + (1, Ya), Xi Vi €8,

where J stands for multiplication by ¢. Then Ag = 2?21 (X7 + (JX;)?) turns out
to be a left invariant differential operator on G which is K bi-invariant. Let p(g)
stand for the heat kernel associated to iAG so that u; * f solves the heat equation.
We define v4(g) = [, pe(kg)dk which is K bi-invariant. Viewed as a subgroup
of G, K is maximal compact and so G/K becomes a noncompact Riemannian
symmetric space equipped with the left invariant metric defined by the above inner
product. We can identify Ag with the Laplace-Beltrami operator on G/K and vy
is the bi-invariant heat kernel.
With these notations we can calculate that

/nw 2vi(g)dg = e

and Theorem 1.1 leads to the following result for the Segal-Bargmann transform:

for any f € L?(K),
/If*qt(g)l%t(g)dg=/ £ (k)% dk.
G K
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Thus the map C; which takes f into f * g;(g) is an isometry from L?(K) into
HL?(G,vdg) and it is also known that this map is onto. We can restate this
as follows: A holomorphic function F on G belongs to L?(G,v;dg) if and only if
F = f xq for some f € L?(K). This characterises the image of L?(K) under the
Segal-Bargmann transform.

Using spectral theorem we can define the fractional powers (—A)*/2 for any
s € R. The domain of this operator is the (homogeneous) Sobolev space H*(K)
consisting of distributions f for which

Y de X2 I ()]? < oo
WEE

For s > 0 we note that H*(K) C L?(K) and hence we can restrict C; to H*(K)
and ask for a characterisation of its image under the Segal-Bargmann transform.
In [5] Hall and Lewkeeratiyutkul considered this problem for s = 2m an even
integer. They introduced holomorphic Sobolev spaces H?™ (G, v;) and showed that
Cy takes H*™(K) onto H?™ (G, 14). These Sobolev spaces are defined as follows. By
considering A as a left invariant differential operator on G, we can talk about A™F
for any holomorphic function on G. Note that these are defined and holomorphic
on G but it is not necessarily true that they are in L?(G, ;) even if we start with
F € HL?*(G,v;). We define H?>™(G, 1) to be the subspace of HL?(G, 1) consisting
of those F' for which A™F € HL?(G,v;).

Theorem 1.2 (Hall-Lewkeeratiyutkul). For any non-negative integer m the Segal-
Bargmann transform Cy takes H*™(K) onto H*™(G,v;). Moreover, it is possible
to find a positive weight function wan,(g) such that H*™(G,vy) = HL?*(G, wamvs).

The same problem for s < 0 was taken up in [I1I], where it was shown that the
image of H*(K) is a weighted Bergman space on G. For non-integral s > 0 the
problem remains open. The aim of this note is precisely to address this problem.
In order to define holomorphic Sobolev spaces of fractional order we make use of
the complexified Laplacian Ac acting on HL?(G,14). (See the next section for a
definition of Ac.) For any v > 0 we define a weight function

1 ! 2y—1
0 (0) = g5 [ =P (g
Given s > 0, fix any integer m such that 0 < s < 2m. We say that a function F
from HL?(G, v¢) belongs to H§(G, 1) if and only if (—Ac)™F € HL* (G, wy m—s/2)-
We equip this space with the norm defined by

1P|, = /G F(g)P(g) + /G (—A)" F(g) Py ms2(9) dg.

We remark that as s — 2m the weight function wy ,,, /o converges to 14 and hence
the new definition coincides with the original definition given in [5] for the case
s = 2m. With this definition we have

Theorem 1.3. For any s > 0 the Segal-Bargmann transform C; : H*(K) —
HE(G, ) is an isomorphism.
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In the above setting C; is no longer an isometry. However, on H*(K) we can
introduce an equivalent norm so that we get an isometric isomorphism. This is
easy to achieve. For any v > 0 we set

" e

PREILEY S
! L'(v) Jo

and note that as A, goes to infinity, u () behaves like A 27, For any distribution

f on K we let

1117, = Zd 17 ()12 .2 ()

7r€K
and define a new norm by ||fH%t,s) = [I£II5 + [(=2)™fII7 ,..— o/2- Then it is easily

seen that f € H*(K) if only if || f[|+,s) < co. We denote by H{(K) the set H*(K)
equipped with this new norm. Then we have the following theorem.

Theorem 1.4. For any s > 0 the Segal-Bargmann transform C; : H§(K) —
HE(G, 1) is an isometric isomorphism.

We do not know if these Sobolev spaces H§ (G, v;) are weighted Bergman spaces.
However we can restate the above result in the following form. Given s > 0 let us
choose m such that m — 1 < s/2 < m for the sake of definiteness and define

2m t —S8 — 7
) / P21 gm (£ g ) (g) dr
0

Ctsf(g):m

which we may call the generalised (or integrated) Segal-Bargmann transform. Then
we can prove that Cf : H*(K) — HL*(G, ;) is an isomorphism, see Remark 2.5.

So far we have considered Segal-Bargmann transforms on compact Lie groups
but such transforms, also known as heat kernel transforms have been studied in
non-compact situations also, see the works [6],[7],[12] and [9]. These transforms are
defined in terms of heat semigroups associated to Laplacians, sublaplacians and
certain elliptic partial differential operators. Therefore, it is natural to study frac-
tional order Sobolev spaces associated to such operators. For the sake of avoiding
repetition we only study the Segal-Bargmann transform associated to the Hermite
semigroup Ty = e~ where H = —A + |x|? is the Hermite operator. Then it is
known that for any f € L?(R™) the function F' = T}f has an entire extension to
C". The image of L?(R™) under this Segal-Bargmann or heat kernel transform has
been characterised. Let

Ut(Z) — 2n(sinh(4t))—n/2€—(coth 2t)|y|2+(tanh2t)\ac|2;
then the following theorem was proved in [I], see also [12].

Theorem 1.5. An entire function F on C" is of the form T;f(z) for some f €
L2(R") if and only if F belongs to the weighted Bergman space HL?(C™,U;). More-
over, we have the equality of norms

/nl (2)[2Us(= dz—/Rn\f(x)Fdaz.
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As in the case of compact Lie groups, we can also study the generalised heat
kernel transform associated to the Hermite semigroup. We let

1

t
T = fre |, O T @)

where we have chosen m such that (m — 1) < s/2 < m. Let WIS_I’Z(R") stand for
the Hermite—Sobolev space of order s defined as the closure of the domain of the
fractional power H*/2. We have the following theorem.

Theorem 1.6. For any s > 0, T7 : W5*(R™) — HL*>(C™,U,) is an isomorphism.
By equipping WﬁI’Q (R™) with an equivalent norm, we can make T} an isometry.

We also have an analogue of Theorem 1.4 for which we need to define holomor-
phic analogues of the Hermite—Sobolev spaces W‘;IQ We set

1 t
Ui (2 :7/ t— ) U(2) dr
t7’Y( ) F(2’Y) o ( ) ( )
and define #3;°(C™, U;) as the subspace of HL?(C",U;) consisting of those F for
which

[ HEF G P a2z < o

In the above He = 2?21 ( — 687% + 232) is the complexification of the Hermite
J

operator. Here is the analogue of Theorem 1.4.

Theorem 1.7. For any s > 0, the heat kernel transform Ti : Wff(R") —
s,2 n . . .

Hy (C™, Uy) is an isomorphism.

We remark that the case s = 2m of the above theorem has been already proved
in [§]. The proofs of the above theorems depend on the so-called Gutzmer’s formula
for the Hermite expansions established in [12].

2. HOLOMORPHIC SOBOLEV SPACES ON COMPACT LIE GROUPS

We begin with some general considerations. Let 7 be any unitary representation
of the compact Lie group K on a Hilbert space H. Given ¢ € L*(K), f € H and a
left invariant vector field X consider

/Xw(k)w(k)*fdk:—/ o(k) X (k)* f dk.
K K

Since

Xr(k)' f=—| w(e”™ k™) f = —dn(X)n(k)"f,

t=0

it follows that

/}(X(p(k)w(k:)*fdk:dw(X)(/ch(k)w(k)*fdk).
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Let A= 37" ) X7 be the Laplacian on K. Then we have

| ety ik =r@)( [ eton) sar).

K

where m(A) = Z?zl dm(X;)?. We are interested in defining (—m(A))*/2 for any
s> 0.

Apart from using spectral theory, there are other ways of defining fractional
powers of Laplacians, see [3]. One such useful definition is provided by solving the
extension problem for the Laplacian. By assuming 0 < s < 1, let us consider the
initial value problem

(A + 02+ 1;"’@) u(k, p) = 0, u(k,0) = f(k),

K

where f € L?(K). An explicit solution of the above problem is given in terms of
the heat semigroup e*®. Indeed, the function
u(k,p) = p* e / ) e~ et f (k)2 Nt
I'(s/2) Jo

solves the extension problem, see [I0]. If u is the solution given by the integral
above, then it has been shown that pl_sﬁpu(k‘, p) converges to a constant multiple
of (—=A)*/2f as p tends to zero, see [2]. As e!®f = qo; * f (remember: ¢; is the
kernel of e32) we can represent the solution as u(k, p) = p*ps., * f(k), where

1 2
splk) = = T gy (k)2 dL
euol) = 7 | ¢ Tt

By direct calculation we can show that ¢, , € L!'(K) and satisfies the equation
2 1-s s
A+ 8p + Tﬁp (p gps,p)(k) =0.

Moreover, using the spectral expansion of the heat kernel, it is not hard to show
that

. 1—s s s
lim p'7°9, (Xr % p°0s,0) (k) = caXs XA (K)

for any 7 € K. In view of (2.1) it then follows that for any f € H the H valued
function

u(p) = p* /K o () () f dk

solves the following extension problem for the operator w(A):

=20, )u(p) = 0. u(0) = 1.

<7r(A) + 02+

We now specialise to the case where H = HL?*(G,v;) which is the image of
L?(K) under the Segal-Bargmann transform. This space is invariant under the
left action of K on K¢. Thus we can define a representation 7 of K on HL?(G, )
by setting m(k)F(g) = F(k™1g),g € G. We denote the operator 7(A) by A¢ and
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call it the complexified Laplacian. From the above discussions it follows that a
solution of the extension problem

1-s
(ac+22+2220,)Ulsu0) = 0. U6.0) = Flo 2.)
is given by the integral representation
Ulg,p) =p* /K ps.p (k) F(kg) dk.

We now define D((—Ac)*/?) as the subspace of HL?(G, v;) consisting of those F' for
which p'=%9,U (g, p) with U defined as above has a limit in HL*(G,v;) as p — 0.
For any F € D((—Ac)®?) we then define (—Ac)*/?F as a (suitable) constant
multiple of the above limit.

Proposition 2.1. Let 0 < s < 2. For any F € HL?*(G,v;), F = f *q; we have the
relation (—Ac)*?F(g) = (=A)*2f * ¢(g)-

Proof. Given F' = f x q;, consider the solution U(g, p) of the extension problem
given in (2.I). Since ¢, ,(k) = ¢s,,(k™") (a property inherited from the heat kernel)
we see that U(k,p) = p*(¢s,p * f) * q(k) for all k € K. But the same is true for
any g € GG; indeed,

U(g.0) = ° [ uplB)(F 00 (k)
K
Since
fratio) = [ @at ko dy = [ fm)aty) iy
in view of the relation [} ¢ ,(k)f(ky) dk = ¢, * f(y) we see that

Ulg.p) = o° /K op* fW)aly"g)dy /K u(y, )y~ 9) dy.

Thus we have formula
(—Ac)*?F(g) = c ;13%/}( p = 0,uly, p)a:(yg) dy = ()2 f x qi(g),

where the convergence happens in HL?(G,v;) under the assumption on F. This
proves the proposition. O

We have proved this relation (—Ac¢)*/2(f * ¢)(g) = (=A)*/2f x q,(g) for all
0 < s < 2. We claim that the same holds for s = 2 as well. Recall that we have

A(k)*F(g) = | w(e 2k F(g) = —n(A)x(k)* Flg),

where A is applied in the k variable and 7(A) in the g variable. A simple calculation
shows that 7(k)*F(g) = m(k™1)f * ¢:(g) and hence with R, standing for right
translation

Ar(k)*F(g) = /K ARy f(R))ai(y~"g) dy = /K (AF) (ky)a(y~"g) dy.
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where we have used the bi-invariance of A. This proves that 7(A)(#(k)*F)(g) =
(Af) * qi(kg). Evaluating at the identity we get Ac(f * q:) = (Af) * q;.

The above has some interesting consequences. Observe that f * ¢:(g) is an
eigenfunction of A¢ whenever f is an eigenfunction of A. In particular, for any
feL?K)and 7 € K the holomorphic function f * xx (g) is an eigenfunction of
Ac with eigenvalue —\2. The spectral decomposition of Ac is given by

~AcF(g) = Y de A2e7 3 f 5 xx(g)
ﬂéﬁ

whenever ' = f % ¢;. In view of this we can define the fractional powers (fAC)S/ 2
by spectral theorem as

(—Ac)2F(g) = 3 de A2e™ 3 f 5 xa(g) = (—A)72f) * qu(9)-
Treg

Therefore, for any s > 0 we can now define H*(G, 1) as the subspace of HL?(G, 1)
consisting of F' for which (~Ac¢)%/? € HL*(G,v;). In view of the above it follows
that Cy : H*(K) — H®(G, 1) is an isometric isomorphism.

Thus we have defined the holomorphic Sobolev spaces H*(G, 1) for any s > 0
as the image of H*(K) under C;. However, we would like to come up with an
intrinsic definition which does not use any information on the function f. Recall
that when s = 2m the definition does not involve f explicitly as it only requires
that (—Ac)™F belong to L?(G,v;). We are interested in coming up with such a
definition for fractional order Sobolev spaces.

In order to motivate what we plan to do, observe that for any s,¢ > 0 we have the
semigroup property (—Ac)*/?(—=Ac¢)¥? = (=A¢)®tH/2. Assuming that we can de-
fine negative powers of —Ac we expect the relation (—Ac¢)%/? = (=Ac¢)(—=A¢)~1/2,
This suggests that we need to look at (—A¢) ™7 and hence (—A)~7 for v > 0. Recall
that (—A)~7 is defined by the gamma integral

(=AY f = ﬁ /000 rY~LemA fdr.

Since constants are annihilated by A, they do not belong to the domain of (—A)~7.
Instead of excluding constants we consider the truncated Gamma integral

¢
R]f= %’)/)A Pl e fdr.
Observe that R} f is defined for any f € L?(K) and as t tends to oo it converges
to (—A)77f for all f with integral zero.

We would like to replace (—Ac)*/?F in the definition of H*(G,v;) by
(=Ac)R;*/*F where we set RJF = (R} f) * ¢;. Observe that (—Ac¢)Ri ™ */?F =
Rtlfs/z(—AC)F. We will now show that a given function F' € HL?*(G, ;) belongs to
the weighted Bergman space HL?(G, Wy 1—s/2) if and only if Rtlfs/2F € HL?(G,vy).
Once this is done, we will redefine H5(G, 1) as the space of F € HL?*(G,v;) such
that AcF € HL?(G, wy1—g/2). Of course we need to check that both definitions
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coincide and this new definition can be extended for all s > 0. We begin with our
first claim. For v > 0 we define the weight function

we~(g9) = ﬁ/{) r2r—1 vi—r(g)dr = ﬁ/{) (t— T)QV_l vy(g) dr,

which is just the Riemann—Liouville fractional integral of v;.

Theorem 2.2. Lety > 0. For any F € HL*(G, 1), R]F € H5(G, ) if and only
if F e HI*(G,wy.,).

Proof. We prove this theorem by an application of Theorem 1.1. So we need to
compute

I _
7o) = a5 [ il P () = s [ (=t
where o,.(7) has been already calculated:

pe /Hw 1)|20, (g) = €.

Thus oy (7) is explicitly given by

1 ¢ 1 t
Oy () = 4F(277) /0 (t— T)Q'y_lemﬂdr — etAn 7I‘(2’y) /0 F2 =oAL g,

Therefore, in view of Theorem 1.1 we have the equality

/\F Puia(gdg = 3 dellw()I%e ¥ o0, (7). (2.2)

7r€K

In view of the easily verifiable estimate
CA; < 71 /t P2 lem AL dr < ATHY
~I(29) -7
we conclude that the left hand side of (2.2)) is finite if and only if

Zd 7 (F)IPA7* < oco.
WEK

And this happens precisely when R} F belongs to HL?*(G,v;). Indeed, R} F(g) =
(R} f) * q:(g9) and hence we need to check if R} f € L?(K). But

I >
w(Rf) =) [ e ar
' I'(y) Jo
As the integral behaves like A\-27 our claim is proved. Hence so is the theorem. [J

Corollary 2.3. For any 0 < s < 2 a function F € HL?(G,v;) belongs to H5(G, )
if and only if AcF € ’HLQ(G,wt’l_S/Q).
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We are ready to define H§(G,vy) for any s > 0. Fix any integer m such that
0 < 5 < 2m. We say that a function F' from HL?*(G, ;) belongs to H§(G, 1) if and
only if ATF € HL?*(G, Wy m—s/2). We remark that as s — 2m the weight function
W m—s/2 converges to vy and hence the new definition coincides with the original
definition given in [5]. From the above proof, we can also restate the definition
as follows: F € Hg(G, 1) if and only if (—Ac)™ Ry */*F € HL*(G,v,). Since
AT'F makes sense for any F € HL?(G, 1), it is the integrability condition, namely
that AZ'F' is square integrable with respect to the measure wy ,,—s/2(g) dg, that
determines whether F' € H§(G, vt) or not.

Corollary 2.4. For any s > 0 the Segal-Bargmann transform Cy : H*(K) —

H (G, vt) is an isomorphism.

Remark 2.5. Consider the operators (—A(c)mR:n‘_s/2 acting on HL?(G,v;). By
definition, if F' = f x ¢; we have (—Ac)mR;n_s/QF = ((—A)mRZn_S/Qf) * q;. Thus

1 t

m—s/2—1 A™ dr.
T [ T AR ) @) dr
Using the fact that $A(f % ¢;) = 0;(f * q;) we can rewrite the above as

2m ¢
m—s/2—18m dr.
I‘(m—s/2)/0 r T (f*qt-i-?“)(g) T
This suggests that we consider the map Cf f(g) = f * ¢/ (g), where
2m ¢

s(k) = mfs/2718m (k) d
G0 = Fr | T ) dr
and study its mapping properties. In view of Theorem 1.1, a simple calculation
shows that

AZR! P (fxq)(g) =

AER T F(g) =

/GICff(g)\QVt(g)dg = D dellm(OIPAT (1,2 ()7,

‘n'ek

where I'(y) e 4 (7) = fot r7~1e= 3% dr which behaves like A 27. Consequently, we
see that

Cillflfy < [ 1C: Ha)Pnta)da < Call 71,
Hence the generalised Segal-Bargmann transform C§ : H*(K) — HL?*(G,1;) is an
isomorphism.

3. HOLOMORPHIC SOBOLEV SPACES FOR THE HERMITE OPERATOR

As we mentioned in the introduction, the proofs of Theorems 1.6 and 1.7 depend
on Gutzmer’s formula which we recall now. Consider a family of unitary operators
acting on L?(R™) which are explicitly given by

m(@,u)p(§) = CEHEG(E 4 y), ¢ € LAR")

indexed by (z,u) € R?". These are related to the Schrédinger representation
of the Heisenberg group H™. Observe that 7(z,w)F(¢) can be defined similarly

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



HOLOMORPHIC SOBOLEV SPACES 307

for (z,w) € C* when F is holomorphic. However, m(z,w)F (&) need not be in
L?(R") unless further assumptions are made on F. Assuming that F is such a
function, we are interested in finding a formula for ||7(z,w)F'(-)||L2(rn). In order to
state Gutzmer’s formula we need to introduce some more notation. Let Sp(n,R)
stand for the symplectic group consisting of 2n x 2n real matrices that preserve the
symplectic form [(z,u), (y,v)] = (u-y —v-x)on R?" and have determinant one. Let
O(2n,R) be the orthogonal group and we define K = Sp(n,R) N O(2n,R). Then
there is a one to one correspondence between K and the unitary group U(n). The
action of o = a +ib € U(n) on R*" is given by o(z,u) = (ax — bu, bz + au) and
this has a natural extension to C2". We have the following result which is known
as Gutzmer’s formula for the Hermite expansions, see [12].

Theorem 3.1. Let F' be a holomorphic function on C"™ whose restriction to R™ is
denoted by f. Then for any z = x + iy, w = u + v in C™ we have

> kl(n—1)!
w(o(z,w))F 2d0) d¢ = e(wy—vo) — 0 (2iy, 2i0)|| Py f |3
| ([ meoppop o) as > Gy peel2in 2Pl
In the above formula, Py are the orthogonal projections appearing in the spectral
decomposition of the Hermite operator: thus

F=Y Pf. H=Y (2k+n)Pf.
k=0 k=0
If szl(t) stand for the Laguerre polynomials of type (n — 1) then the functions
v (z,w) are defined by

1
(Pk(Z,w) — L271(§(22 + wZ))e—%(z2+w2).

The normalised Hermite functions, indexed by a € N”, are of the form ®,(x) =
caHy (ac)e’%‘gﬁ|2 where H, are the Hermite polynomials. These are eigenfunctions

of the Hermite operator H with eigenvalues (2k+n) and they form an orthonormal
basis for L2(R™). The Hermite semigroup T3 = e~ * is then defined by

Tif(x) = e CHmMIp, f(z).

k=0

As Py f is a finite linear combination of @, |a| = k it is clear that it has a holo-
morphic extension to C". It can be shown that the same is true of T;f for all
f € L3(R") and the map taking f into 7T} f(z) is known as the heat kernel trans-
form associated to the Hermite operator. We need one more ingredient which is
the analogue of (1.1) in the Hermite setting. If we let

Pe(y, v) = cn(sinh #) e (O OWEY

then we have the interesting formula

k!(n —1)!
7(1@ J(rn i)' / / wr(2iy, 2iv)pa: (2y, 2v) dydv = e2(Zktn)t,
n—1! Jon Jon
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We refer the reader to [13] for a proof of this and to [I2] to see how it is used along
with Gutzmer’s formula to deduce Theorem 1.5.

Proof of Theorem 1.6. We start with the following observation: it is easily seen
that the weight function U;(z) is equal to the integral

U(§+iv) = / p2e(2y, 20)e~2V€ dy = ¢, (sinh 4¢) ~"/2e(coth 2t)[v|?+(tanh 2¢)[¢|*

Now Gutzmer’s formula applied to T} f gives us

/Rzn (/ /K|7r(a(iy,iv))Ttsf(§)|2 dddf)pgt(2y72v) dydv

= 7R 2k 4 )2 (a2 ()| P11,
k=0

where

1t 1t
at,'y(k)r(,y)/o r”le(rﬂ)(%*”)dret(zlﬁn)r(’y)/o P lerChAn) gy

Observe that e/®**™q, . o(k) behaves like (2k +m)~™+/2 and hence
DR 2k 4 n)> ™ (g a2 () PS5
k=0

is equivalent to the norm in W;;*(R™). On the other hand, as pa;(2y, 2v) is invariant
under the action of K we have

/RZn (/n /K |7T(U(iy7w))ﬂsf(§)|2dadf)th(2y72v) dydv
= [ (] G ion T2 @) d€) (2220 dyas.

Recalling the definition of 7 (iy, iv) and making use of (3.2) we see that the above
integral simplifies to the square of the norm of T} f(z) in L*(C™, U;). This completes
the proof of Theorem 1.6.

Proof of Theorem 1.7. Recall that we have defined the complexiﬁed Hermite oper-

ator as H¢ = Z;L=1(*38722, + 25 2). When F is holomorphic, P 9 F(z) = %F(z) and

hence the restriction of HcF' to R™ is just HF'. Consequently, if F' is an eigenfunc-
tion of H having a holomorphic extension to C™ we see that F'(z) is an eigenfunction
of He¢. In particular, applied to Py f(z) we conclude that He Py f(2) = Pi(H f)(2)
and this leads to the relation HeTyf(2) = Ty(H f)(z).

(/Rn /K (o iy, i) HE (T f)(€)|* dods))

El(n —1)!

—2t(2k+n) 2]€ m 2. 2i P, 2.
Ze +’I’L) (k—|—n— 1)'Spk( 1Y, Z’U)” ka2

k=0

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)



HOLOMORPHIC SOBOLEV SPACES 309

Integrating the above against the K-invariant weight function

1 t -
T(2m —s) /0 (b =7)*" " pay (2y, 20) dr

we obtain the following identity:

1 m—s—
F(2m—s) / (t=r)* 1 /R% /n (i, 1)) HE (T, ) (€)*p2r (29, 20) d&dydv)

*Z 2R () 4y )Mm / (t = r)m=s e @ emar )| p g3
- 0

k=0

Now the right hand side is equivalent to the square of the W}?Q(R") norm of f
whereas the left hand simplifies to

[ [ e P sps(e+ i) ded,

where Uy, /2(€ +iv) is given by the integral

t
m/{) (t— ,r)2mfsfl</n e’2y'5p2r(2y,2v) dy) dr
- m/() (t = r)*™ =7 U (€ + ) dr

This completes the proof of Theorem 1.7.
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