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VERTICAL LITTLEWOOD-PALEY FUNCTIONS RELATED TO
A SCHRODINGER OPERATOR

BRUNO BONGIOANNI, ELEONOR HARBOURE, AND PABLO QUIJANO

ABSTRACT. In this work we consider the Littlewood—Paley quadratic func-
tion associated to the Schrodinger operator £L = —A + V involving spatial
derivatives of the semigroup’s kernel. Under an appropriate reverse-Holder
condition on the potential we show boundedness on weighted LP spaces for
1 < p < po, where pg depends on the order of the reverse-Holder property.
Using a subordination formula we extend these results to the corresponding
quadratic function associated to the semigroup related to L%, 0 < a < 1.

1. INTRODUCTION

Our study is motivated by a recent manuscript of E. M. Ouhabaz (see [9]),
regarding square functions related to the Schrodinger operator £ = —A+V on R¢,
with d > 3, where V' is a non negative and locally integrable function. He points
out that, in view of Trotter’s formula the generated semigroup e~** is dominated
by e!® and, consequently, £ possess a bounded holomorphic functional calculus
which implies LP(R?) continuity of the so called horizontal LittlewoodPaley square

functions, i.e.,
0o ) 1/2
hef(x) = (/ ’tﬁe_mf(x)’ dt) )
0

or the corresponding to the Poisson semigroup v/L,

sestor= ([ wveererof )

However, this behaviour is totally different when we treat with spatial derivatives
instead of time derivative. More precisely, the vertical Littlewood—Paley functions
are defined by

1/2

Hef) = ([ 19 el + Ve ero)f ar)
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or the coresponding to the Poisson semigroup /L,

Gof(x) = (/Ooo t ‘v.e—”ff(x)’2 +t 'ﬁ/e—tﬁf(:c)‘z dt) v .

For these vertical square functions he proves boundedness on LP for 1 < p <
2 assuming only V € LllOC and V > 0. Moreover, he shows that under those
assumptions, boundedness for p > 2 fails for a large set of potentials.

In this work we show that there are also many potentials for which positive
results hold, even for all p, 1 < p < 0o, and we provide sufficient conditions on
the potential V' to get LP continuity over an interval of the form (1,pg), 2 <
po < oo. Moreover, we obtain these results for a wide class of weights, including
Muckenhoupt weights. Also, we obtain some properties for the endpoint case p = 1.

Our assumptions are those introduced by Shen (see [I1]) and require the poten-
tial to satisfy a reverse Holder inequality of order ¢ > d/2, d > 2, where d stands
for the dimension of the spatial variables. We remind that the last property means
that there exists a constant C' such that

CIAURE A ®

holds for any ball B C R%. Given ¢ > 1, the class of potentials satyisfing will
be denoted as RH,. When the left hand side is replaced by supg V', we say that
Ve RHy.

For such potentials, Shen introduced a key quantity known as the critical radius
function p : R — Rt defined as

r2 /
T)=Ssupqr: ——— V<15.
o) { Bl S }

An important feature of this function is the following pair of inequalities which
control the variation of p when we go from a point to another, namely

ot (14 2 '>_N° < o) < pte) (14 22 ') Y

Appropriate families of weights have been introduced based on this function p.
Following [3] we define, for a given p > 1, the class A = U AZ’Q, where Agﬂ is
6>0

defined as those weights w such that

()" () <emoe )

for every ball B = B(x,r).
Similarly, when p = 1, we denote A] = U A’l”g, where Af’a is the class of
0>0

0
1 r
_ < - i
1] /B“’ =¢ (” p<x>) b
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for every ball B = B(x,r). Finally let us say that we use the notation A2 =

Up>l Az
We will deal first with the square function H. For convenience we shall consider

separately
0o 1/2
Hsf(x) = ( / IVe—“f<x>!2dt)
0

Hy flz) = (/OOO ‘We*tﬁf(x)f dt)1/2 .

In an analogous way we will break up G, into Gg and Gy . Since the parts with
spatial derivatives, Hg and Gg, are much more involved than the others, our work
is mainly concentrated on their study.

Now we are able to state one of our main results whose proof will be given in
Section Bl
Theorem 1. LetV € RH, forq > d/2 and d > 3. Then Hg is bounded on L?(w)

+
for 1 <p < py with py such that - = (% - é) and w such that w™ 77 € Ag'/pg)'

Moreover it is of weak type (1,1) with respecto to w, i.e.,
C
w(isf@) >N <5 [ e
Rd

for all f € L*(w) and \ > 0; for weights satisfying who € Al

and

We point out that this result for Hg is quite different from that obtained for
the Littlewood—Paley with time derivative g,, which is bounded for all LP and all
weigths AP, regardless the size of ¢ (see [3] and [I] for endpoint cases).

Regarding the operator Hy acting on LP(w) spaces, the result obtained for this
operator is different than the one obtained for Hg since, if V' € RH, with ¢ < oo
we can only obtain LP boundedness for p in an interval. The precise result is stated
in the following theorem whose proof is contained in Section

Theorem 2. Let V € RH, for ¢ > d/2 and d > 3. Then Hy is bounded on L?(w)
for 1 < p < 2q with w such that w=/®P=1 € AP, and it is also bounded in

p'/(2q)
LY (w) for w such that w9 € AP>.

Finally we turn our attention to the Littlewood—Paley related to the Poisson
semi-group. In fact we consider a family of square functions associated to the
semi-group of L% for 0 < a < 1, so that Gg is just the case @ = 1/2 and Hg the
case = 1. Through a subordination formula we are able to extend all the results
obtained for Hg to the whole family of square functions. The same techniques can
be applied when considering the square functions involving the potential V. The
precise definition and details of the proofs are contained in Section [4]

2. PRELIMINARIES

In this section we develop some estimates that will be needed in the proofs of
our main results. This results deal mostly with the heat kernel associated with £,
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its derivatives and the relation between this kernel and the heat kernel associated
with the Laplacian.

We begin by giving two auxiliary lemmas concerning the potential V. The first is
an useful inequality for V' € RH, with ¢ > d/2 that follows easily from Lemma 1.2
and Lemma 1.8 in [I1].

In what follows, we will use that the reverse-Holder condition implies the dou-
bling property for V. This is, there exists C' > 0 such that

/ V§c/v, for all ball B c R%.
2B B

The infimum of the constant satisfying the above ¢ondition will be referred as the
doubling constant of V.

Lemma 1. Let Ny = log, C1 + 2 — d, where Cy is the doubling constant of V.
Then, for any xo € RY, R >0,

1 R \™ p(wo) a2
L vy <c(1+ ) <1+ ) |
Ri-2 /B(a:o,R) (w) dy < p(xo) R

As a particular case of Corollary 2.8 in [6] we have the following lemma.

Lemma 2. Let § =2 —d/q and ¢ > 0. Then there exists C > 0, such that

b
1 —CL_Zl2 C \/E d
W/Rde ! V(Z)d2§t<p(x)> ,  for0<Vt<p(z) and z € R
The following covering lemma can be found in [5]

Lemma 3. There exists a sequence of points {x;};en such that the family of critical
cubes given by Q; = Q(zj, p(z;)) satisfies

(@) J@;=Rr%.

JEN
(b) There exist positive constants C' and Ny such that for any o > 1, Z Xoq, <
jeN
Co™,

In what follows we consider
e fa) = [ b)) dy.
and
etAf(x) = /]Rd hi(z —y) f(y) dy.

Since V is non-negative, the Feynman—Kac formula implies

_lz—yl?
e It
OSkt(xay)Sht(x_y):W' (3)
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In fact, under our assumptions on V, it is shown in [IT] that for each N > 0 there
exists a constant Cn such that

Cn Sleoui? i i R
ki(z,y) < @zt <1 + p(x) P(y)> ’

for z, y € R and t > 0. Another useful estimate (see [4]) assures that there exists
¢ > 0 and for every N > 0 there exists a constant C'y such that

lz—y|? -N
Y
[Ocke(2 )| < ON a7 <1 + p(z) p(y)> ’ ?

(4)

for z, y € R¢ and t > 0.
In what follows we will denote

Glay) = /B V@, (6)

(@ fo—y)) [T =211
since this expression arise naturally throughout this work. As was shown in [IT],
if V € RH, with ¢ > d then, by Hélder’s inequality,
G(z,y) < Lﬁ/ V(z)dz.
|z —y|dt B(z,|z—y|)

This equation and Lemma [Iflead us to

o < o (1 5 |)N2 (1 %JWQQ' ")

In the next lemma we give an estimate involving spatial derivative of k; that
improves Lemma 8 in [8]. We will use the notation V1 F(z,y) when we take deriva-
tives of F : R? x RY — R, with respect to the first variable and VoF(z,y) with
respect to the second.

Lemma 4. Let V € RH, for some q > d/2. Then there exists ¢ > 0 and for each
N >0, Cn > 0 such that

2
Ty
_clz—yl

Vike(z,y)| < Cno—rn <1+\/E>_N( L G ))
1R\ T, Y)| = UNc td/2 p(y) |$—y| Y )

for all z, y € R and t > 0.

Proof. Let T'y be the fundamental solution of —A, t > 0, xo, yo € R? and u a
solution of the equation

Opu+ Lu = 0. (8)

Let R = |xo — yo|/8 and n € C§°(B(x0,2R)) such that n = 1 in B(xo,3R/2),
|Vn| < C/R and |V?n| < C/R?. By

—A(un) = =Au-n—2Vu-Vnp—u-An
= —(Owu)n — Vun —2Vu-Vn —u - An.

Rev. Un. Mat. Argentina, Vol. 66, No. 1 (2023)
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Integrating by parts,
—/I‘O(Lz)vlu(@t)-Vn(z) dz = /v2r0(x,z).vn(z)u(z,t) dz
+ / To(z, 2) - An(z)u(z t) dz.
Therefore,
u(z, t)n(z) = / To(z, 2) [=V(2)u(z )n(z) — n(2)0u(z, t) + An(z)u(z, t)] dz
+2 / Valo(x, 2) - Vi(2)u(z, t) dz.

Now, for z € B(xg, R),
[Viu(z, )| = [Viu(z, t)n(z)]

< Vel [ B,
B(zo,2R) B

- |z — z]d-1 (z0,2R) |7 — 2]771
=y
+ |u(z,t)|dz
R oo .2m)
,
< sup |u(, 1) (Zi_l dz+CR sup |du(- 1)
B(z0,2R) B(x0,2R) |9U - Z| B(z0,2R)

+ S s bl
R Bwo2r)

Let us take now wu(z,t) = ki(z,yo). Hence,

Vi(z

Vike@o o) < sup[Ky(30) VB g,
B(x0.2R) B(zo,2R) 170 — 2]

+CR sup |0uki(-,y0)|

B(z0,2R)
C
+ 70U LACSTY]
B(z0,2R)
=I1+II+1II.
Now, using , for each N > 0 there is a constant C'y such that
CNn _lzo—w0l? \/E - V(z)
t p(vo) B(zo,2R) [T0 — 2]

and

Cy _ lzo—wol? ( )
i< —————¢ 2t 1+
|20 — yo|t4/? p(yo)
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For IT we use , arriving to

17 < Onlzo = ol clmo-wi® <1+ Vi )N
T /2 p(Yo)
Cn _clro=vol? Vit -
A yo\td/26 t (1 - P(yo))

O

We will also need estimates concerning the spatial derivative of the difference
between k; and h;.

Lemma 5. Let V € RH, for some ¢ > d/2, and § = 2 —d/q. Then there exist
constants ¢ and C' such that

|m—y\2 d—1 F)
el Vit Vit
k —Vih(z—y)| < C—unu— a
IVike(w,y) = Vahu(z —y)] < td/2 L/f (Ixy|> (p($)> i (x’y)]7

for every |z —y| < p(x) and 0 < V/t < p(z). Moreover, if ¢ > d,

|z—yl S5

e "t \/i

Viki(,) = Vaho(e = )| € O (p(:z:))

for every |z —y| < p(x) and t > 0.

Proof. Applying a perturbation formula as in [6, Eq. (2.10)] (see also [10, Lemma
4.1]) for x, y in R? and ¢ > 0, we have

a(z,y) = ki(z,y) — he(z —y / /d (2,2)V(2)ki—s(z,y) dzdt.
R

So, taking derivatives with respect to x;,

0 ¢ 1o}
%qt(x’y) —/0 e %hs(x,z)‘/(z)kt,s(z,y) dzdt.

Now, we observe that

0 ‘.’L‘i —Zi‘ _lz—z2
%hs(x,z) S We 4s

1 |(L‘1 — Zz| _\'«EZZI2
sdrnj2 412

c |z =22
< e ¢TS5
= Sz

From the above estimate and , we have

—_— e ¢ Tims
<C 14 dzd
Vi (z,y) (/ //2> /Rd s () (t — 5)4/2 zas

=A+B.
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To deal with A observe that ¢/2 <t — s <t when 0 < s < ¢/2, thus

clz—=1" z\ _ely=z1"
e 3
A<C’//Rd ez V(2) YD dzds

= A1 + Ao,
where A; and A, are the partition of the inner integral in the regions B(x, |z —yl|/2)
and its complement, respectively. In A; we have |z — y| > |z — y|/2, hence
clz=ul? y\ CIL z\
Ay g / / V(z) dzds. ()
2 o Jp@lae—nn s
Now, setting 7 = s/|x — y|?,
_ele=ui® e % e/t g
3 B(z,|lz—y|/2) |f£ - Z‘ o 172 T
—clz—yi? v
t B(aJa—yl/2) 12— 2]
clz=vl?

e~

< WG(%?J)-

Moreover, if ¢ > d, starting from @ after applying Lemma [2[ we have

€T —1 Tr—2z
_elz=ul? clz=zi?

e 7
AlSCWA 31/2/Rd Sd/2 ()dZdS

Jz—y|?
el RN
SO /053/2(p<x>) s

_clﬂc—ty\2 é
< C’eT <ﬁ>
t=z p(z)

where the last integral can be performed since § = 2 — d/q > 1, in the case ¢ > d.
For A,, using |z — x| > |y — #|/2, Lemma [2] and the fact that s < ¢ implies

_lz—y)? |z—y|? lz—y|?
S

<e "% e 2 , we have

_plz=zl _ely=zl
s e z

Ay = / / V(2) dzds
P td/2

S
o clz=vl® y| ”f'z
<C /o e ¢ td/2 dz
5

clz—yl® UI

()

- Ct\ex —ltlyd|1 (p\(i))
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where we have performed a change of variables and that p(y) is equivalent to p(x).
In the case ¢ > d, we can use Lemma [2| before the integration in s to obtain

clz—yl® fy\ le—z|2

e ‘s
A <07 V(z)dzd
2 td/2 / /IZ > y—zl/2 g(d+1)/2 (Z) 208
I o lz—z?
e ¢ ¢ 1 e ¢ s

_ole—w?2 5
e ¢t 11/ s
<o [ v () @

T—y 5
P e
- t(d+1)/2 p(x)

where the last integral can be done since § > 1.
Now we turn our attention to B. Here ¢/2 < s < ¢, then

cle=z12 z| cly= 2|2

e t—s
5=, . arme VO iy s
2
1 t/2 ezl et

= By + Bay,

where, as before, we define B; and Bs splitting the inner integral in the regions
B(z,|r — y|/2) and its complement. In Bj since |z —y| > |z —y|/2 and s < ¢

. . _ly—zI? _le—y?  ly—z|? I .
impliese™" 5  <e” "2 e~ 2 , we use Lemma [2|to obtain
cly= ZI
B <C—++ / / V(z) dzds
t‘d“)/g |2—yl>[a—y]/2 5?2
_le—y? ly=zl?
e 2t
S Cw/ a V ———dzds

_Clw—?\ S
<ot "1 ds
HHD2 o s \p(y)
ole—yl? s
< Ce ot \/E
=7 @rn/z \ p(x)
where in the last inequality we have use that p(z) ~ p(y) since |z — y| < p(x).
Finally, for Bs, we have

1 t/2 \m—z|2 ( )6_6@
32:7/ / et V(z)——+—dzds
tarn/z o—z|>la—yl/2 s1/2

\ 7y\ \y Z\
V(z dzd
d+1)/2 / e Tz RS
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and we proceed in the same way as in Bj. O

3. LP(w) INEQUALITIES

In this section we are going to give a proof of the LP(w) boundedness results
stated in Theorem [l

First, we recall the definition of the maximal operators associated to a critical
radius function introduced in [2]. Given o > 0 and r > 1 we define

1/r Y
wpesw = sw o (£ ) (et
B(xo,m0)2x \J B(zo,m0) p(xo)

1/r
uplef@ = s (£ )
B(zo,r0)2 B(zo,r0)

ro<p(zo)

and

As usual, when r = 1 we will simply write M#?? and M#:1°° respectively. It is clear
from the definitions that, for a fixed r > 1, M#!°°f is pointwisely controlled by
any M f, o > 0.

Proposition 1. Let 1 <71 < p < oo. If a weight w € AZ’/io then there erists o > 0

such that MP° is bounded on LP(w). Moreover, if w=" € AP then there exists
o >0 such that M7 is bounded on L*(w) = {f : fw € L>}.

Proof. For r = 1 we refer to Proposition 3 in [2]. If r > 1 and w € AZ /C;o there
exists ¢ > 0 such that M7 is bounded on Lﬁ/r. Then, for this o,

[tz i) da = [0 g @)eute) de
<c [If@Pru) ds

Suppose now that w™" € Ai”a. For any B = B(xq,r),

(o) (L) = () it ()

< infw™!
< C||fw||001%fw .

Fixing x and taking the supremum over B 3 = we obtain
M} f(x) < C|l fwllocw™ ()

and the conclusion follows. O

Now we describe some classes of linear operators that can be pointwisely con-
trolled by the maximal operators defined above. Therefore, they will inherit the
corresponding LP(w) boundedness properties.
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Lemma 6. Let V € RH, with ¢ > d/2 and U be an integral operator in L},
with kernel J(z,y) such that there exists 6 > 0 and for each N > 0 there exists a
constant Cy > 0 such that

e < 0 (e L) T (B o

Then, U is bounded on LP(w) for 1 < p < oo and w € AH>

Proof. We begin by showing that for each # > 0, there exists a constant Cy > 0
such that U satisfy

Uf()| < CoM?? f(x),
for fe L{ . and z € R% Let f € L, and z € R?. We split
ur@l< [ el [ ealiwld
B(x,p(z)) B(z,p(x))°
= A(z) + B(x).

For A, applying the estimate 7 splitting in dyadic annuli and setting B’; =
B(x,2"p(x)),

L.c £w)
A( ) S p(m)é /B(:r,p(x |.’L‘ - |d_6

oL S e [ 1wl

k=—o00 P

<CZQ’“‘5][ y)| dy

< OMP’I“f(x)-

Similarly, for any 6 > 0,

1fW)] [ plx) \V7°
B(x) = Ov /B(:xvpz))C ‘m_y|d <|$_y> dy

0 ok(5-N)
SCN];_;)W/B?U(ZJ)CZZJ

< CNM”’gf(x) Z ok(5+0—N)
k=0
< CoM™ f(z),

choosing N > 6 + 6. Therefore, U is bounded on LP(w) for 1 < p < oo and
w € AL by applying Proposition [I]

Next, we show that its adjoing operator, U™ is also pointwise controlled by the
operator M?9 for f € Li.and x € R?. Applying , for each N > 0 there exists
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C'y such that,

e 52 (- 55 (5

< 2 (1 ) T ()

Finally, we will show that this pointwise control of U/* guarantees the bounded-
ness on L (w) for U as long as w € AP, Let w € AP, Applying Proposition

Ufg= | fu*(g)
]Rd

< Clu*(g)w™ [lssll folls
< Cllgw™loo | frolls.-

Rd

Therefore

[U(flwlly = sup U(f)wh

Ihloo=1JR4

= sup /Rdu(f)g

lgw="le=1
= sup fur(g)

lgw*loo=1 /R
< Cllfwlly- O

Lemma 7. Let V € RH, with ¢ > d/2 and U be an integral operator with kernel
J(x,y) such that for each N > 0 there exists a constant Cny > 0 such that

el < e (1 22 Tty (1)
T e =yt p(x) o
with G defined in (6)). Let 1/v = (1/q—1/d)*. Then, U is bounded on LP(w) for

p,00

1 < p < v with w such that w=/®=1 ¢ Ap,/y, and it is also bounded in L'(w) for
w such that w’ € AP™.

Proof. Let us first observe that if ¢ > d we can apply estimate to obtain, for
each N > 0,

_N
] < o (14 52 o)

<o (e ) T ()

Therefore, we can apply Lemma [6] to obtain the stated conclusions.

The openness of reverse-Holder classes implies that it only remains to consider
the case d/2 < g < d. We will show that for each 6§ > 0 there exists a constant
Cy > 0 such that its adjoint U* satisfies

U f ()| < CoM,), f(x)
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for f € L. and z € RY, where 1/v = (1/q—1/d)*. Let f € L{ . and x € R%. We
split

U f ()] S/ \J(y7$)||f(y)|dy+/ [T (y, )| f (w)| dy
B(z,p(x)) B(z,p(x))°
= A(x) + B(x).

For A, applying the estimate and splitting in dyadic annuli and setting
BY = B(z,2p(x)),

P
A(z) < C ML/ L&_ldzdy
Bap@) [T =Y Jpjo—y) v = 2|
0 il VO g,
B(z,p(x)) |z — y B(z,2|z—y]|) ly — 2|
0
_ V(z)
< 2 ()" d/ ) .
<o 3 @™ [ 1w [ S ety
0
k 1—d
<C 3 @)™ [ 1INV @l dy
k=—oc0 P

70 v 1/v
k x 1—d+% ! ) )
gckzzoom p(z)) (72 )l dy) ( /B g IL(Vxa:) )] dy> dy,

— P
where I; stands for the classical fractional integral operator which is bounded from
L% into L”. So,

0 1/q
Alx) < OMJ" f(x) D7 (2p())' ot (f Vi(y) dy)

k=—oc0 B,IDC

0
< COMf(x) Y (2%p(x))* £ V(2)dz
k=—o00 Bﬁ
0
<COMEPf(z) Y 2M < OMPec f(a),
k=—o00
where we have used again Lemma [T}
Now we turn our attention to B(z). Applying estimate , splitting again in

dyadic annuli we proceed as above to obtain

Lf ()] plz) \V V(z)
B(x) < Cn =l ey / T dzdy
B(z,p(x))° Y Y B(y,|lz—y|) 1Y
) ([ plz) \V V(2)
<ox [ 1T \fr—y] g — 21 W
B(z,p(z))e |T —Y rT—Y B(z,2lz—y|) 1Y — %
> e V(z)
<C 2k p(x))t~42 kN/ fly ———— dzdy.
Nkzz(f (2)) o O [, g
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o0

< O 34 p@) 2 [ )R V) )] dy

k=0 P

) 1/v
< O S (2p(a)) i (ﬁ ) dy>

k=0
1/v
x ( /. |11<VXBg><y>|de> dy
By

1/q
_ d g d__ _
(2kp($))1 d+ul+q2 k(N—0) (kaQ(y)dy>
By

M8

< CyM?P f(x)
0

< OnML F(x) ) (28 p()) 22 HV =0 f V(2)dz
k=0 B

< ONME’ f(2) Y 27 FW=0-N2) < Gy M2 f(a),
k=0

g 1

where we have used again Lemma [T}
Finally, proceeding as in the proof of Lemma [6, we derive the boundedness
properties in LP(w) follow from the ones of M,f,’e stated in Proposition O

To prove Theorem [l| we are going to use a well known technique to deal with
Schrodinger type operators that involve adding and subtracting (at a local scale)
the corresponding classical operator. Let us consider

Haf(2) = ( [ vt s dyrdt> B

where h; is the classical kernel defined in It is known from the vector valued
Calder6n—Zygmund theory that Ha is a bounded operator in LP(w) for 1 < p < oo
and w € A, and is of weak type (1,1) for w € A;.

In what follows, we need to consider the operators

9 1/2
Hlﬁ(’cf = Vihi(z —vy)f d dt
(93) /O [/w—y|<p(x) el =) (y) y]

and
HAL (@) =) xo,Halfxg)l (12)
JEN
where {Q; }jen is a covering of critical balls such that the family of a fixed dilation of

them, {Q;},en has bounded overlapping, as the one given in Lemma |3} According
to Proposition 1 in [3], the boundedness properties of Ha imply that H} is bounded
in LP(w) for 1 < p < oo and w € A%'°° and of weak type (1,1) for w € APloe,
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We are now in a position to give a proof of Theorem [I}

Proof of Theorem[]l We begin by decomposing

50 2 1/2
Hsf@c):(/ [ vlkt@c,y)f(y)dy} dt)
0 R4
5 2 1/2
p(x)
< / V |v1kt<x,y>vlht@cy)nf(yndy] dat
0 lz—y|<p(x)
1/2
plx)? 2 /
+ / / Vihi(e —y)f () dy| dt
0 lz—y|<p(x)
5 1/2
+ / V |v1kt<x,y>|f<y>|dy] dt
p(x)? lz—y|<p(zx)
5 N\ 1/2
S\ |v1kt<x,y>||f<y>|dy] a
0 |lz—y|>p(x)
=T+ II+1II+1V.

First, we are going to check that terms I, 111 and IV above are bounded by
operators whose kernels satisfy the hypothesis of either Lemma [6] or Lemma [7} In
any case, an application of such lemma lead to the conclusions of the theorem.

We deal first with the term I. We apply the Minkowski inequality to obtain

p(z)? 1/2
I< / (/ |Viki(2,y) — Vihi(z — Z/)Zdt> |f(y)| dy.
|z—y|<p(x) 0

Suppose first that ¢ < d, using Lemma [5] we obtain

p(x)? ENEEYE 1z
I<cC sl )|ac—y|1_dp(av)_(s / etTdt |f(y)| dy
z—y|<p(x 0
pla)? g—elemp v
+C/wy|<p($) G(z,y) /0 Tdt |f(y)| dy
<I+1I.

Observe that

1/2
2 le—y? /

p(@)” o 5
_ y|t—d/a
/0 Y dt < |z -1yl .
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Then

XB(, o — g\
nsc [ (L) ) gy

As for I, we have

lz—y|? 1/2

p(a)? —clz=mpl
= R

and

G
-[2 < C/XB(x,p(z)) | ( y|d) 1 ‘f( )| dy

Therefore I is bounded by a sum of two operators whose kernels satisfy or
and we can apply Lemma [6] and Lemma [7]
On the other hand, if ¢ > d then

1/2
_Clwity‘Q /

4 p(x)?
I < p(x)™? / /0 Ty |f(y)l dy,

|z—y|<p(z)

1/2
clz—ul? /

p(@)” o 7 2—dd/
- — —a—a/q
/O gt <le—yl :

So

XB(z,p(z
<C [ 2 1) .

In this case, I is bounded by an operator whose kernel satisfies the hypothesis of
Lemma [Gl
For III we will apply the Minkowski inequality and Lemma [ to obtain

- 1/2
IIT < / </ |v1kt(xay)|2dt> |f(y)| dy
|z—y|<p(x) p(z)?

p? 1/2
00 e 1
<cf JR— ( n G(x,y>) ()] dy.
lo—yl<p(@) \Jp@?2  t? |z =yl

Now, setting 7 = t/|z — y|?, we compute

clz— yl?

/ etidt < Ol —y| 724 1)/ dr < Cp(x)~24+2,

pla)? p(@)2/lz—y[2 T
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Therefore, we can bound

1 G(z,y) )
I1I1<C < s
le—y|<p(z) \|T — ylp(x)d=1 |z —yld-t |f ()]

<o [ (o) T ()T

z—y[\ " Gz,y)
+CN/Rd (1+ p(y) ) |$,y‘d71|f(y)|dy-

Then, as before, we see that IT1 is bounded by a sum of two operators whose

kernels satisfy or .

To deal with IV we apply again the Minkowski inequality and Lemma [4] to
obtain

oo 1/2
we [ ( / |v1kt<x7y>2dt) )] dy
|lz—y|>p(x) 0

2N

0o _C\m—ty\z -
< CN/ / Z 7 (1 + vt ) dt
lz—y|>p(z) \ /o t p(y)

: <|x1y| +G<w»y>) 1/ (y)ldy.

1/2

Now, setting 7 = \x — y|2/t7

lo—y|? —2N
o0 70T t
/ T <1+ \[) dt
0 t p(y)

o —2N
— dr
_ _ —2(d—1)/ —c7,__d—1 (1 |(E y‘ )
r—y e T + —
| | 0 VTo(y) T

oz —y|?

2(d—1 lz —yl R o d—24N
§|m—y|’(*) < / e it Ngr
p(y) 0
o0

—cT, d—2
o e Tridr (13)
p(y)?
—_9N lz—y|2
< |z — y|—2(d—1) (|3U - Z/|) / p(w)? e CTd=2+N g
p(y) 0
oo
676T7d72+Nd7’
lz—y|2
p(y)2
2(d—1 |z -y 2
< Oyle —y|726@" D (14 =—Z4 .
p(y)
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Altogether, we obtain

nfch/1 (1+I_y0_N[ M
|lz—y|>p(x) p(y) |(E - y‘ |‘T - y| B

x— N e - 0
= CN/ (1 " lp(y)y> . ( p(x)y|> iffyzi:d W
A I I

and we conclude as was done for I11.
To finish the proof we need to take care of

1/2

p(a)? 2
= ho(x — dy| d = Jloc .
11 /0 l/zykp(m) Vihi(z —y)f(y) y] t HA S ()

We will do so by comparing it with HY defined in which is bounded on LP(w)
for 1 < p < oo and of weak type (1,1) as long as w € Ag"loc D Apee.

Let {Q;}jen be the covering given in Lemma First, we observe that for
T € Qj,
9 1/2

() — loc P * 1he(z —
Halhxg) @) —wses@i< | [ Vil — o) f(y) dy| o

Qj\B(z,p(x))

Ifye C/Q\; \ B(z, p(x)) there exist ¢; and co such that
ap(z;) < ple) < o —y| < caply).
So,

e—cn(x;)?/t

- 1/2
Ha (g ) o) — HE" <x>|<0< / tmp(wﬁdt) Jo 1wy

> e—cp(mj)z/t v d loc
<C /0 Tdt p(;) MP f(x)

< OMPC f(x).

(14)

Finally, for 1 < p < o0,

[ @ < Y

jJEN
+ Ha(fxg) (@) Pw(z) de
=A+B.

AU b o)) = Ha(rg ) @) e
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To deal with A we recall that ZJEN Xgo < Njp. This and give
A< [ Yoo, Mo f@)Pute) de < € [ M7 f ) Puta) da.
JEN

and the result follows since M is bounded on LP(w) for w € AL1°¢ > AP
To estimate B we proceed in a similar way to obtain

B2 [ Y o, Maling @)Pula) o

JEN

< C/ZXQJ|ZXQJHA(fX’Q‘;(a?)Pw(x) da

jeN jeEN
<c / IHA S (@) Pu(x) de,

and the result follows since now HY is bounded on LP(w) for w € Ap'°¢ 5 Apo°,
When p = 1 we proceed in a similar way using again and that HY is of
weak type (1,1) with respect to w for w € AP 5 AP, O

To finish this section we prove Theorem

Proof. First, we apply the Minkowski inequality to estimate

Hyf(r) = ( [ ([ vrenensma) dt)

< Vl/z(x)/ (/Ooo kt(wvy)2dt>1/2 f(y)dy.

Rd
Now, we apply inequality to bound the inner integral in the following way:

N
Cn (1+ m—y|> 7

Tz -yt

1/2

1/2

as in .
So, Hy is pointwise bounded by an integral operator U with kernel J(z,y)
satisfying, for each N > 0,

N V() A
)| < O pr—ith (1+ — ) |

The proof will end by showing that for each 8 > 0 there exists a constant Cp such
that its adjoint U* satisfies

U f(2)] < CoM{pg) f(2)
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for f € L{ . and z € R%. Consequently U is bounded on LP(w) for 1 < p < 2q with
w such that w=1/~1) ¢ Az;(f(’Qq), and it is also bounded in L!(w) for w such that
wd) e AP

For a fixed z € R? let B, = B(x, p(z)). First we decompose

. V2(y) f(y) V2(y)f(y) o -y
weseize [ pEtaon [ Gt ()

=A+B.

Now, let B’; = QkBp for k € Z. For A we use Holder’s inequality, the reverse-
Hoélder condition for V and Lemma [I] to obtain

0
1 1/2
450 Y G /B g V10
0 1/(29) 1/(29)
q (2q)
<03 G ()) </ Vi(y)d ) </B§f (y)dy)
1/(2q) 1/(29)’
- k5 (29)’
=0 35 2o (£, ) (f, o)
0 2
< oMy f@) Y 2 (7[ Viy dy>
k:—foo

< CMG 0 f (@) S k- < CMG (@),

k=—o0

since 1 — d/(2q) > 0.
To deal with B, use similar arguments to get, for any 6§ > 0,

o0 —EN
B On Y ity fop e VO W

BR\BS ™"
0 1/(2q) 1/(2q)
< CN Z ka(x)z—k(]\/—@) (7[ Vq(y) dy> 2—k9 ( f(Qq) ( )dy)
k=0 Bg By
- 1/2
< CNMgg)/f(m) ZQkp(x) k(N—9) <][ ( )dy)
k=0 Bg
< CNM{)éq)/ Z Qk(N 6-N2/2) < COMP’ f( )a
k—foo
choosing N > 6 + Ny /2. O
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4. LITTLEWOOD—PALEY FUNCTION ASSOCIATED TO L%

In classical Harmonic Analysis, the usual Littlewood—Paley function is defined
in terms of the Poisson kernel, that is, that associated to the semigroup e *V—2.
In the Schrodinger context, when taking spatial derivatives, we have the following

definition: "
Gsf(x) = (/ ‘Ve_tﬁf(x)rtdt) .
0

This is a special case of the family of square functions: for 0 < a < 1 we set

HEf () = (/OOO ‘ve—tﬁ"‘f(x)‘ tl/ait>l/2.

In fact, taking o = 1/2 we recover Gs and moreover the square function Hg
coincides with H}.

Since the kernel of the semigroup e~ can be written in terms of the kernel
of e7* | we will show that the boundedness properties shown for the case o = 1
can be transferred to the other values of a. In particular we obtain boundedness
properties for the Poisson case.

Following [12], Section 3.2] (see also [7] and [I3] Chapter IX, Section 11]) the ker-
nel of the semigroup generated by £, say ki, is defined through the subordination
formula in terms of k; taking the form

) = | e () kel y) ds,

where 0 (s) = 7= 1f (5

tLe

5~ and moreover it satisfies

/ sTTni(s)ds < oo, (15)
0

—1/0¢S’

for any v > 0. Therefore, performing the change of variable u =t
b o) = [ R ) b (o, d
0
Consequently, if we call B, = L?((0, 00), tl/“@),

H/ i (u / Vkp/ou(2,y) f(y) dy du

Applying the Minkowski integral inequality and changing now the variable ¢t by

s = t1/%y we arrive to
’/ Vks(z,y) f(y)dy

Hife < [0
3(x) < CHsf(@) (16)

and using we may conclude
From the above inequality we derive the weighted L? boundedness of Theorem []
for HE for any 0 < av < 1.

Ba

du,

B,
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For the square functions involving V' we consider the family of functions for

0<a<l
oo ) 9 1/2
pita = ([ [ye s sl vet)
0

Again, taking o = 1/2 we recover Gy and Hy coincides with Hi,.
Proceeding as above we obtain

vi(@) < CHy f(2). (17)

From , , Theorem [l|and Theorem we can derive the following boudned-
ness results for Hg and H{.

Theorem 3. Let V € RH, for ¢ > d/2 and d > 3. For 0 < a <1, HS is bounded

+
on LP(w) for 1 < p < po with py such that p% = (% — é) and w such that

wFT € Az,/p, . Moreover it is of weak type (1,1) for weights satisfying wPo € Al
0

Theorem 4. Let V € RH, for ¢ > d/2 and d > 3. For 0 < a <1, H is bounded

on LP(w) for 1 < p < 2q with w such that w='/®=1 ¢ AZ};C()Q(])/ and it is also

bounded in L' (w) for w such that w0 e AP>.
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