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EXISTENCE AND MULTIPLICITY OF SOLUTIONS
FOR p-KIRCHHOFF-TYPE NEUMANN PROBLEMS

QIN JIANG, SHENG MA, AND DANIEL PASCA

ABSTRACT. We establish, based on variational methods, existence theorems
for a p-Kirchhoff-type Neumann problem under the Landesman—Lazer type
condition and under the local coercive condition. In addition, multiple solu-
tions for a p-Kirchhoff-type Neumann problem are established using a known
three-critical-point theorem proposed by H. Brezis and L. Nirenberg.

1. INTRODUCTION AND MAIN RESULTS

We will study the following p-Kirchhoff-type Neumann problem:

— [M(fQ |[VulP dz)] Apu = f(z,u) in Q, )

%:O on 0f,

where Q is a bounded regular domain in RY, p > 2, N is a positive integer, n is
the outer unit normal to 9, A,u = div(|Vu|P~2Vu) is the p-Laplacian differen-
tial operator, and M : RT — R is a continuous function satisfying the following
condition:

(MO) There exists a constant mg > 0 such that M(s) > mgy > 0 for all s > 0,
and f: Q xR — R is a Carathéodory function such that
sup |f(-,t)] € LY(Q) for all s > 0.
ItI<s
A distinguishing feature of the p-Kirchhoff-type Neumann equation (1.1} is that
the equation contains a nonlocal expression of ( [, [Vu/P dz), and hence the equation
is no longer a pointwise identity. In the case p = 2, the problem (1.1]) reduces to
the following nonlocal Kirchhoff elliptic problem:

— ul?dz) Au= f(z,u) in
M ([ |Vul? dz) Au = f(z,u) inQ, 12)

%:O on 0f).
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This is related to the stationary analogue of the Kirchhoff problem

ugg — M (/Q |Vul? dx) Au = f(x,u).

Such a model was first proposed by Kirchhoff [21] to describe transversal oscillations
of a stretched string, particularly, taking into account the subsequent change in
string length caused by oscillations. The study of the Kirchhoff-type problems is
one of the hot spots in nonlocal partial differential equations. In the case M(s) =
a—+bs, if we replace the Neumann problem with the Dirichlet problem, the problem
(1.2) reduces to the following nonlocal Kirchhoff elliptic problem:

—(a+b [, |Vu]*dz) Au= f(z,u) inQ,
u=~0 on 0f,

which received much attention only after Lions [22] proposed an abstract framework
to the problem. Some important and interesting results can be found, for example,
in [3], [4], [10], [I1], [12], [13], [16], [24], [27], [34].

To the best of our knowledge, a little information on the existence of solutions
for the Neumann problem of Kirchhoff type can be found in the existing refer-
ences, see [I7], [36], [37]. If we set M(s) = a + bs with a > 0, b = 0 in (L),
it reduces to the quasilinear elliptic problem with Neumann boundary condition.
The solvability of such problem has been studied by many authors. References [,
2, B, 6, [0, 9, (4, 15, 18], 23, 24, 25, [26], [29], [33] can be recom-
mended to readers. In particular, when p = 2, in [I8] and [30]-[31] existence and
multiplicity of solutions were obtained under the Landesman—Lazer type condition
and under a new Landesman—Lazer type condition, respectively. More precisely,
when p # 2, Wu-Tan in [33] obtained existence and multiplicity of solutions un-
der the Landesman-Lazer type condition. Recently, Jiang et al. in [20] made a
generalization of [33].

Resonance Neumann problems for the p-Kirchhoff type have not been studied
up to now. Motivated by the above facts and the references [12], [20], [19], and
[32], in the present paper we will study the existence and multiplicity of solutions
of the problem under the Landesman—Lazer type condition and under the
local coercive condition, respectively, by using the variational method. That is, we
generalize the results of [20], [19], and [32] to the case of the p-Kirchhoff type.

Our main results are summarized as follows:

Theorem 1.1. Suppose (MO) and the following conditions hold:

R 10

(H1) Whenever {u,} C WLP(Q) is such that |Ju,| — oo and WITL'Q”‘ — 1 as
n — oo, we have
limsup/fm Up) dw>0
n—oo
(H2) Um'formly Jor almost all x €  we have limsupy|_, Fl(tg‘”;t) < g vith

fo f(z,s)ds.
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Then the problem (1.1)) has at least one solution in WP (Q) forp € (N, +00). Here
WLP(Q) is endowed with the norm

] = (/ |u|pda:+/ |VU|de)p,
Q Q

and may be split in the following way:

WhP(Q) = WP (Q) @ R,

and X is a positive constant such that

WP(Q) = fu e WP(Q) :a =0}, = |Q|-1/ w(@)de, @=u-—1i,
Q

/ |Vu|p dx Z 5\/ |u|p dI’ fOT all O # = /W/l,p(ﬂ)'
Q2 Q

Throughout the paper, X is supposed to be the biggest constant satisfying the
Poincaré~Wirtinger inequality (|1.3). Details of the proof of the inequality (1.3
may be seen in [33] Proposition 1].

Theorem 1.2. Suppose (MO0) and the following conditions hold:

(H3) Whenever {u,} C WYP(Q) is such that ||u,| — oo and
n — 0o, we have

1
Ji, |19| 7

Al
lunll

lim
n— oo

F(z,u,)dr = —o0.
Q
(H4) Uniformly for almost all x €  we have limsupy,|_,

Then the problem (1.1 has at least one solution in WP (Q).

F(z,t)
i < 0

Theorem 1.3. Suppose (M0), (H3), (H4), and the following condition hold:
(H5) There exists a constant § > 0 such that

Song!
0< Fa,t) < 2

O |t|P for all |t| <& and almost all x € Q.
Then the problem (L.1) has at least two nontrivial solutions in WP(Q) for p €
(N, +00).
Theorem 1.4. Suppose (MO0) and the following conditions hold:

(H6) There exist a constant C1 > 0 and a real function v € L*(Q) such that
|f (@ )] < Coltl" 4+ ()

for allt € R and almost all x € ), where p* = J\’;—Np forp < N.
(HT7) There exists a subset Qg of Q with |Qo| > 0 such that

F(z,t) —» —00 as [t| — oo uniformly for almost all x € Q.
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(H8) There exists k € L*(Q) such that
F(x,t) < k(x)
for allt € R and almost all x € ().
Then the problem has at least one solution in W1P(Q) for p € [2, N).

Remark 1.5. Both (H1) and (H3) are called the Landesman-Lazer type con-
ditions. Theorems 2—4 in [20] correspond respectively to Theorems in our
paper, for the special case M(s) = a+bs with a > 0, b = 0, and mg = a. Moreover,
there are functions F(x,t) satisfying our Theorem [1.1} For example,
3, p—1
A

p
Of course, there are functions F'(z,t) satisfying our Theorem but not satisfying
those in other references. For example,

F(z,t) =altf’, a<

-
Amyg

p
Remark 1.6. Theorem [1.4] generalizes the results in [I9] and [32]. Obviously, the
corresponding results of [19] and [32] are the special case M (s) = a+bs with a > 0,

b=0, p=2, and mg = a in Theorem [1.4] There are functions F(x,t) satisfying
our Theorem [T.4] but not satisfying those in other references. In fact, take

Amp !
Fla,t) = 20 e — g+, b <
p

+ p*|t\p*_2t coS \t|p*,

where o € Q. An easy computation shows that the function
F(x,t) = —(z — x0) In(1 + [¢|P) + sin [t|?
satisfies (H6)—(HS).

2. PROOFS OF THE MAIN RESULTS

We say that a function u € WP(Q) is a weak solution of the problem ([1.1]) if

p—1
[M </Q|Vupdx>] /Q|Vu|p_2Vu-Vvdx—/Qf(m,u)vdx:0

for all v € WP(Q). Thus, the corresponding energy functional of the problem

(1.1)) is defined by
1 .
o(u) =-M (/ |Vupdx> - / F(x,u)dx,
p Q Q

where M (t) = fot [M(s)]P~'ds. Obviously, M(t) is nondecreasing continuous for
t >0 by (M0). We all know that the weak solutions to the problem are the
critical points of the energy functional .

Now, some lemmas are stated for the readers’ convenience.
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Lemma 2.1 (The least action principle [28]). Let X be a reflexive Banach space.
If a functional ¢ € C*(X,R) is weakly lower semicontinuous and coercive, that is,

p(u) = +oo  as |lul| = o0
for u € X, then there exists & € E such that inf cx p(x) = ¢(&) and & is also a
critical point of ¢, i.e., ¢'(T) = 0.

Lemma 2.2 (Saddle point theorem [28]). Let X = X3 @ X3, where X is a Banach
space and Xo # {0} and dim X5 < oo is finite. Suppose p € C(X,R) satisfies the
(PS) condition and

(i) there is a constant r and a bounded neighborhood U of 0 in Xa such that
vlov <, and
(ii) there exists a constant a > r such that ¢|x, > a.

Then ¢ possesses a critical value ¢ > .

Lemma 2.3 ([8]). Let X be a Banach space with a direct sum decomposition
X = X1 & Xy with dim Xo < 0o and let ¢ be a Ct function on X with ¢(0) = 0,
satisfying the (PS) condition. Assume that, for some g > 0,

p(v) >0  forve Xy with ||v|| < o,

w(v) <0 forve X with |jv]| < do.

Assume also that ¢ is bounded from below and infx ¢ < 0. Then ¢ has at least two
nonzero critical points.

Lemma 2.4. Suppose that F satisfies assumptions (H6) and (H7). Then there
ezist a real function o € L*(Q) and G € C(R,R) which is subadditive, that is,

G(s+1t) <G(s)+G(t) forallsteR,
and coercive, that is,
G(t) = +oo  as |t] = oo,
and satisfies
G(t)<|t|+4 forallteR,
such that
F(z,t) < =G(t) + a(z)
forallt € R and a.e. t € Q.

Proof. The proof of Lemma is essentially the same one as the introductory part
of the proof of Theorem 1 in [32]. O

Proof of Theorem[L.1] Tt suffices to show that all conditions of Lemma with
X1 = WHP(Q), Xy = R are fulfilled. Firstly, we show that there exist constants
My > 0 and p > 0 such that

/ f(x, t)tde > plt| (2.1)
Q
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for t € R with |¢| > M;. If not, there exists a sequence {t,} C R with [t| = oo
such that

1

n

/ f(x,tn)t—n dz <
Q [tn]

for any n > 1, which contradicts (H1).
It follows that

o(u) = —/QF(x,u) dx
= 7/9[F(a:,u) — F(,0)] dz—/F(x,O) dx

Q

:_/Q {/Olf(x,us)uds} dx—/QF(x,O)dx

My
[u]

My 1
= —/ [ f(z,us)uds +/ f(st)uds] dx —/ F(z,0)dz
Q [Jo = Q
for all u € X3 =R with |u| > M;. Furthermore, from (2.1]), we deduce that

My My
//lul f(z,us)udsdx S//w |f(z,us)||u| ds dx
aJo e Jo

§//M gl(m)|u|d8dx:M1/gl(x)dx
aJo Q

/Q/;1 f(x,uS)udsdacz/;li {/Q f(x,us)sudx} ds

[ul [l

1
1 M;—1
> [, Stsulds = ful (1= 2122) = plul 4 v
|

. B
where g1(2) = sup| g, <, f(2,us) € L'(Q). Then we deduce
p(w) < M1 [ g1(a)da = plul = u ~ [ Plz,0)d
Q Q

Thus, ¢ is anti-coercive on R, namely, ¢(u) — —oo as |u| — +oo for v € R. That
is, the condition (i) of Lemma [2.2| holds true.

—
Secondly, it follows from (H2) that there are constants g € (0, Am}‘; ) and

My > 0 such that
AmE~!
F(z,t) < ; —eo | [tP

for all t € R with [t| > Ma. Set g2(x) = supjy <y, £'(z,t). Then we obtain

p—1
Amy

F(z,t) < ( - 50> [t|P 4+ g2(x) (2.2)
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for all ¢ € R and a.e. « € Q. In accordance with (MO0), (2.2), and (1.3), we have

o(u) = %M (/Q [Vul? dx) —/QF(x,u) dx

mb~! Amb~!
> 0 |Vu|P de — 0 ¢ |ulP do — / g2(z) dx
p Q p Q Q
. S , (2.3)
> Mo / [VulP dz — < it —50> f/ [VulP dz — / g2(x) dx
P AJa Q

p
€0 €0
_ / VP de / ga() dz = 2 / g2() de
A Ja Q A Q

for all u € WP(Q). The inequality means that ¢(u) = 400 as |ju| = +oo
for u € Wl’p(ﬂ). So the condition (ii) of Lemma [2.2]is fulfilled too.

Finally, we draw the conclusion that ¢ satisfies the (PS) condition. Assume that
there is a sequence {u,} of W1P(Q) such that

{¢(un)} is bounded and ¢'(u,) — 0 as n — oco.

We claim that {u,} is bounded in W1P(2). Otherwise, we assume that any sub-
sequence of {uy} (still denoted by {u,}) satisfies

lun|| = +00  as n — +oo. (2.4)
Let vy, = B2y with § = (1/(1+X))”. Obviously, ||v,|| = B8 and {v,} is bounded

in W1P(Q). Thus there exist a point v € W1P(Q) and a subsequence of {v,,}, say
{v, }, satistying

vp, — v weakly in WHP(Q) and v, — v strongly in LP(Q).
Then, in light of (2.2)), we derive

L) 1M Vun,|?d 1
plun) _ 1M (fo |Vunl x)_”u Hp/qun

[[wn [P p [|wn ||P
)\mo 3 /| onl? der — Jo 92(x) dz
[ [P

)‘mO P ng2 dl’
ol e = e

)\ )d
- - /I [P da — mo /I [P da _Jon@dr

pﬁp pﬁp H n”p

Then, according to (2.4]), (2.5]), and the boundedness of {¢(u,)}, we have

1
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On the one hand, due to the weakly lower semicontinuity of the norm, we obtain

< T _
lv]l < lim inf [l || = 5
Then we have
/ |Vol|P dﬂc—l—/ [v|P dz = |jv||P < BP. (2.7)
Q Q

In accordance with ([2.6)) and , we have
/ [VulPdx =0 and / [v|P dx = - = fP. (2.8)

This means that |Vo(z)| = 0, namely, |v(z)| = constant for all € Q. Therefore,
it follows from ({2.8]) that |v|P = %l So we obtain

[t |” ‘ ‘ /
[unl? 112] Jo ||un|| |Q|ﬁ
o | 5
= | = v(m)dw = (/ v(z dx) =— asn— +oo.
05 Jo s Jo ") =)
This means that |“H1Un”| — 1 as n — +oo. In light of (2.4) and (H1), we deduce
. Un
lim sup/ f(zyup)— dz > 0. (2.9)

On the other hand, since ¢’(u,) — 0 as n — +00, we obtain

/ f(x,un)lf—n dr = — <<p’(un), u"> —0 asn— +oo,

which contradicts (2.9). This indicates that the sequence {u,} is bounded in
Whpr(Q).

Next, we claim that {u, } has a convergent subsequence in W1?(Q). Indeed, by
the reflexivity of W1P(Q), there exist u € WP(Q) and a subsequence of {u,, }, still
denoted by {uy,}, such that

U, — u weakly in WHP(Q),
Uy, — u strongly in LP(Q),
un(z) = u(z) a.e. in Q as n — oo,
and hence
ltn — ulloo = 0, (@' (un),un —u) — 0 as n — oo,
since W1?(Q) can be compactly embedded in C%™ for all m € (0,1 — —) for
p > N. Consequently, there exists p > 0 such that

lunlloo < p forall n e N.
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Set the sequence

Py = (¢ (un), un — u) + /Q [, up)(uy —u) dz

p—1
= {M (/ VP dff)] / |Vt |P 2V, - V(up — u) dz.
Q Q

By the weak convergence, we have

p—1
- {M </ |vun|de>} / \Vu|P~2VuVu, dx
Q Q

p—1
+ {M (/ [V, |P dx)] / [Vul? dz = 0,(1).
Q Q
Then we have

p—1
P, +o,(1) = {M (/ |Vunpdx>] / |V, P2V, - V(u, —u)de
Q Q

p—1
- {M (/ |V, [P dx)] /|vu|1’*2vuvun dx
Q Q
p—1
+ {M (/ [V, |P dx)] / [VulP dz
Q Q

p—1
= {M (/ [V, [P dx)} / (|Vun|P~*Vu, — [Vul|P"*Vu, Vu, — Vu).
Q Q
From (MO) and the following standard inequality in RY,
(J2[P~22 = y|P 2y, 2 — y) > Cylz —y|P for p > 2,

we obtain
on(1)+ P, > mgfle/ |V, — Vul? d.
Q
Moreover, we know

P, = (¢ (un), un — u) + /Q flz,un)(uy — u) dx

< (0 (1)t — 1) + [t — ] o / sup f(z, ) do
Q [t1<p

—0 asn— oo.

Thus the above inequalities mean that
/ |[Vu, — VulPde =0 asn — oo.
Q

Consequently, we easily know that

||un—u||p:/|V(un—u)\pdx+/|un—u|pdx—>0 as n — oo,
Q Q
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which means that

U, — win WHP(Q)  as n — oo.
Hence ¢ satisfies the (PS) condition. Consequently, via Lemma we conclude
that the problem (1.1)) has at least one solution. O

Proof of Theorem[I.4 We use Lemma [2.1] for this proof.

Firstly, we can prove that p(u) — +oc as |ju|]| — +oo for u € WHP(Q), using
proof by contradiction. If not, there are a sequence {u, } in W?(2) and a constant
M3 such that

lu]| = 400 asn — 400 and  @(u,) < Ms. (2.10)
Set vn, = p2p- Then lon|l =1 and {v,} is bounded in W'P(Q). Hence, there are
a point vy € WP(Q) and a subsequence of {v, }, say {v,}, such that

vp — v weakly in WHP(Q) and v, — vy strongly in LP(Q).
According to (H4), for any € > 0 there is a constant My > 0 such that
€
F(x,t) < —[t|P
(2,2) < Il

for all t € R with [t| > My. Put g3 = supp <y, F'(z,t). Then we get

F(z,t) < %It\p+gs (2.11)
for all t € R and a.e. z € §2. Then we have, by (2.11)),
M > p(un)
[unlP " [luall
lM(fQ\VunV’dx /qu
ol Tl & 1)
J :
mo / |an|p do — 7\/ |'Un|pd f|g|2 93”1)33
gsdx
= |vp|P dz — 79 .
/ ! [[un [P

Thus by (2.10 and -7 we have
0> mo mo / |v0|pdx—f/ |vo P dex.

Let ¢ — 0; we see the inequahty

/ [vgP dz > 1
Q

holds. Due to the weakly lower semicontinuity of the norm, we get
< liminf =1
llooll < lim inf |lv,

and then
/ [Vuo|P da +/ [vol? dx = ||vo|” < 1.
Q Q
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Using an argument analogous to that in the proof of Theorem [I.1] we can draw
the following conclusion:

1
a1
|vo(x)| = constant for all x € Q  and |u||||| — 1lasn— +oo.
Un
Due to (2.10) and (H3), we have
lim | F(x,u,)dx =—o0.

n—oo O

From this it is easy to get

lim ¢(u,) > — lim [ F(x,u,)dr = +o0,

n—oo n—oo Q
which contradicts (2.10). Therefore ¢(u) — 400 as |lul| = +oo for u € WP (Q).

Lastly, we claim that the functional ¢ is weakly lower semicontinuous. Indeed,

notice that the map u — [, |[Vul? dz is weakly lower semicontinuous and M is
nondecreasing and continuous, so ¢ (u) = M (Jo IVulP dz) is weakly lower semi-
continuous in W1P(Q2). Using the Sobolev embedding theorem and , we know
the functional py(u) = [, F(x,u)dx is weakly continuous. Obviously, we get that
© = @1 — @ is weakly lower semicontinuous. It follows from Lemma that ¢
has a minimum. Thus the problem has at least one solution. O

Proof of Theorem[1.3. We know the space WP(Q) is directly divided into two
spaces named X; = W“’(Q) and X, = R satisfying W1P(Q) = X; ® X5. Then
the proof of Theorem [T.3| relies on Lemma [2.3] Next, we will describe the detailed
process.

Firstly, it follows from (H5) that F'(z,0) = 0 for a.e. z € Q; then u(x) = 0 is
a solution of the problem . ¢ is a C! function on W1P(Q) with ¢(0) = 0.
Moreover, by the proof of Theorem we know that ¢ is coercive and bounded
from below. Therefore {u,} is bounded. Similar to the proof of Theorem [1.1
we get that {u,} has a convergent subsequence in WP(Q). This means that ¢
satisfies the (PS) condition. Then, it follows from (H5) that

o(u) = —/QF(x,u) dx <0 (2.13)

for all u € R with |u] < 4.
Furthermore, for all u € WP (Q) with ||uls < §, by (H5) we obtain

p
p Q
mP1 AmPt
> 9 / |VulP do — =2 / |ulP dz > 0.
p Q p Q

Since W1P(Q) can be compactly embedded in C%™ for all m € (0,1 — %) for
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p > N, there is a constant C' > 0 such that
[ulloc < Cllull, u e WHP(S).

Put §p = min {%, ) |Q|% }. Hence we easily obtain the following two inequalities:

(i) ¢(u) <0 for every u € R with [[ul| < d,
(i) ¢(u) > 0 for u € WHP(Q) with [|ul| < d.

In the case of infyy1.0(q) ¢ <0, it follows from Lemmathat the problem (|1.1)
has at least two distinct solutions in W1P(Q).
In the case of infyy1.»() ¢ > 0, it follows from (2.13)) that

= inf =0 forall R with )
w(u) W}g(g)gp or all u € R with ||u|| < do,

which implies that all v € R with |u| < dp are solutions of the problem ([1.1J).
That is, the problem (1.1)) has infinitely many solutions in W?(£2). Consequently,
Theorem [I.3]is proved. O

Proof of Theorem[I.} According to Lemma [2.I] we need to prove that the func-
tional ¢ is coercive, namely, p(u) — +00 as |ju|| = +oo for u € WHP(Q).
It follows from Lemma (H8), (1.3), and Holder’s inequality that

/ F(z,u)dx = F(z,u) dw—i—/ F(z,u)dx
Q Q() Q\Q(J

< — G(u)dx+/

Qo QO

S/QOG(I_L)der/QOG(ﬂ)d:ch/Qooz(m)der/Q\Qon(l’)dx

az) dx +/ k(z) dx

Q\ Qo

§—|QO|G(7])—|—/ G(—ﬂ)dac—i—/ \a(x)|dx—|—/ |k(x)| dx
Qo Q Q
g—|Qo|G<a>+/ (Ia] + 4) dz + M
Q

1/p

§—|Qo|G(a)+|Qo|1/q (/ |11|pd33> + 4]Q0| + M5
B 1/p

< [0](4 — G(@)) + 0] /7 )P ( / |va|pdx> iy

Q

1/p
(2.14)
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for alluGWl’i”( ) where Ms = [, |a(z)| dz+ [, |k(z)| dz, Mg = [Qo|*/9(1/X)/P.
By (MO0) and ( , we have

M VulP d
Q

1/p
/ VP d + Q0| (G (@) — 4) — Mg (/ |Vﬂ|pd:v> M
Q Q

~

p(u

p—1
my

Y

p—1
m - _ ~
Q
p—1

m ~ _ ~
= (;3 [all” + (G(a) = 4)|Q0] = Mg|jall — Ms

for all u € WHP(Q), which implies that ¢ is coercive by Lemma and the fact
that

@l + llall” = Jlul”.
Lastly, we claim the functional ¢ is weakly lower semicontinuous. Indeed, we know
o1(u) = M (fo, [VulP dz) is weakly lower semicontinuous. Moreover, if u, — u
weakly in W1P(Q) as n — oo, without loss of generality we may assume that

u, — u strongly in LP(Q) and  wu,(x) = u(z) a.e. in Q

as n — 0. Since F(x,u,(x)) — F(z,u(z)) as n — oo for a.e. z € Q, we have

limsup/ F(z,up)dr < / F(z,u)dzx
by (HS) and the Lebesgue-Fatou lemma [35]. This means that the functional

fQ x,u)dr is weakly upper semicontinuous. Hence ¢ = @1 — @2 is
Weakly lower semicontinuous. By the least action principle (see Lemma,  has
a minimum. Hence the problem has at least one solution. O
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