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THE ISOLATION OF THE FIRST EIGENVALUE FOR A
DIRICHLET EIGENVALUE PROBLEM INVOLVING THE
FINSLER p-LAPLACIAN AND A NONLOCAL TERM

ANDREI GRECU

ABSTRACT. We analyse the isolation of the first eigenvalue for an eigenvalue
problem involving the Finsler p-Laplace operator and a nonlocal term on a
bounded domain subject to the homogeneous Dirichlet boundary condition.

1. INTRODUCTION: STATEMENT OF THE PROBLEM AND MOTIVATION

Let Q C RY (N > 2) be a bounded domain with smooth boundary denoted by
0Q. Let H be a Finsler norm (i.e., H : RN — [0,00) is a convex function of class
Cc? (RN \ {0}), even and homogeneous of degree 1) such that H? is strongly convex
(i.e., the Hessian matrix D2[H?](¢) is positive definite for ¢ € RY \ {0}). Define
J:RN — RN by

J(€)=H(EVH(E) VEeRMN
The goal of this paper is to analyse the isolation of the first (the lowest) eigenvalue
of the following eigenvalue problem:

-1
~Qune) A [ P ay) ) oreen
u(z) =0 for z € 041,
where p, ¢ € (1,00) are real numbers, A is a real parameter, and
Qpqu = div (H(Vu)*~2J(Vu))
stands for the Finsler pg-Laplace operator.

Definition 1.1. We say that A € R is an eigenvalue of problem (1.1) if there exists
u € WyP? () \ {0} such that

/QH(Vu)pq_QJ(Vu)~Vgpdx_)\(/Q |u|pdx>q_l/ﬂ|u|p2u<pdz (1.2)
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for all ¢ € WyP? (). Furthermore, u from the above relation will be called an
etgenfunction corresponding to the eigenvalue .

/H (Vu)P?
inf
weW, P (@)\{0} (/ u|de)

In the particular case when ¢ = 1, problem (1.1]) becomes the eigenvalue problem

—Qpu(x) = AMu(x)|P~2u(x) for z € Q,
u(z) =0 for z € 041,

For all p,q € (1,00), we define

Ai(p,q) = (1.3)

(1.4)

which was investigated by Belloni, Ferone & Kawohl in [3]. In particular, they
showed that the minimum of the Rayleigh quotient which can be associated to this

eigenvalue problem, i.e.,
/H(Vu)p
A1(p, 1) = inf 0
wEW P (@)\{0} / luf? dz
Q

gives the lowest eigenvalue of problem , and its minimizers are corresponding
eigenfunctions of A;(p,1) that do not change sign in Q. Note that if H is the
Euclidean norm in RY, i.e., H (z) = |z|, then the Finsler p-Laplace operator Q,
becomes the classical p-Laplace operator, i.e., Apu := div (|Vu|P~2Vu), and prob-
lem becomes the celebrated eigenvalue problem for the p-Laplace operator
with homogeneous Dirichlet boundary condition:

{—Apu(x) = AMu(x)|P~2u(x) for z € Q,

(1.5)
u(z) =0 for z € 0.

We recall that the isolation of the first eigenvalue of problem was investigated
by Anane [I], Diaz & Saa [6], Lindqvist [I1] and Lé [10]. These works inspired the
study from this paper and stand at the base of the proof of our main result, which
is given by the following theorem.

Theorem 1.2. The number Ai(p,q) given by relation (1.3|) is positive and rep-
resents the first eigenvalue of problem (L.1)). Furthermore, \i(p,q) is an isolated

eigenvalue of problem (1.1]).

Remark 1.3. Note that the facts that A;(p, q) is positive and represents the first
eigenvalue of problem were already obtained in our previous works [8] [].
Moreover, in [8, Lemma 3 & Theorem 1] we proved that the eigenvalue A (p, q) is
simple in the sense that the ratio between any two corresponding eigenfunctions is
a nontrivial constant.
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2. PROOF OF THE MAIN RESULT

In order to prove the main result of the paper we recall some auxiliary results.
Before presenting their statements and proofs we point out the simple observation
that since any two norms are equivalent on RY, there exist two positive constants
a and b such that

aH(n)| < || <bH(n) VYneRY. (21)
We also recall a simple but useful relation which can be found, for example, in [2]:
(VH(6),€) = H(E) VEeRY. (2.2)

Remark 2.1. We point out that arguments similar to those used by Tolksdorf [12]
(see also [10]) can be used in order to show that the eigenfunctions corresponding
to any eigenvalue A of problem (1.1]) belong to C1%(Q).

Lemma 2.2 (See [8, Lemma 1]). A1(p,q) is positive.

Lemma 2.3 (See [8, Lemmas 2 & 3] or [0, Theorems 3.1 & 3.2]). For each p,q €
(1,00), there exists a function uy € Wy*9 () \ {0} such that / H (Vup)" do =
Q

A1(p,q) and/ |up|P dz = 1. Moreover, A1(p,q) is an eigenvalue of problem (1.1)),
Q

and uy represents its associated eigenfunction. Furthermore, u; does not change
sign in §2.

In order to go further, for each u € Wy?? () we define
ug () = max{tu(x),0} Ve Q.
By [7, Lemma 7.6] we know that u,,u_ € W, (Q), and
0 if[u<o] 0 if [u> 0],
Vug = and Vu_ =
Vu if [u> 0] Vu if [u < 0].
We propose to prove the following result.

Proposition 2.4. Let v be an eigenfunction corresponding to an eigenvalue A >

Ai(p,q) of problem (L1). Then vy # 0.
In order to prove the above proposition for each u,v € W1P4(Q), we define
(—Qpqut, v) 1= /QH (V)2 J(Vu) - Vo dz.
Define also
G := {(u,v) € WHP1(Q) x WHP1(Q) : u,v > 0, u,v € L=(Q)}.

For each € > 0 and (u,v) € G, we consider

O A 2 E T

Ic(u,v) = <quu,
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Set ue := u+ € and ve := v+ e It is clear that (ue,v.) € G. We compute
—quu ,, 15> and <—quv, ufp;fif> First, direct computations based on rela-

tion yleld
uf — P _ ub — P
< Qi i) = [ v v (L ) as

e :/QH(Vu)pq dx—&—(p—l)/g?}i)pH(Vu)pq dz
_p/QCZ)p_I (Va)"*~2 J(Vu) - Vo dz

ul — P vl —uP
—Qpq; p—1 = —( —@pqv; p—1
Ve Ve

= [ HVo de— (p- 1)/9 (WYH(W)W de

Ve

p—1
+p / (“> H (Vo)** ™% J(Vv) - Vudz.
Q
The following two results are based on the ideas by Diaz & Saa in [6].
Lemma 2.5. Let K : LY(Q) — RU {+o0},
1 pq
7/ H (vgo%) de if p € D(K),
Q

K(p) =114
400 otherwise,

where D(K) = {go% e Whra(Q), o > O}. Then K # 400 and K is convex.

Proof. Let u € W§(Q) be a positive eigenfunction corresponding to the eigen-

value A1 (p,q). By Lemma [2.3| we can assume that [, H (Vu)™ d:c = M (p,q) and

JolulPdz = 1. Then, for ¢ = u? € D(K), we have K(uf) = f)\l(p, q). Thus,
q

K # +o0.
In order to show the convexity of K we consider oy, as € D(K). We have to
show that

K(tag + (1 —t)ag) <tK(a1) + (1 —t)K(a2) Vie[0,1].
Let ¢ € [0,1] be arbitrary but fixed. Define
1
Bri=af, fri=a«

Simple computations yield

N s |

. Byi=(tag + (1 —t)an)?.

1 4_ 1 4_ 1 4
VB = 55} PVa1, Vs = ]35; PVas, Vp5= ]35; P (tVay + (1 —t)Vag).
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Consequently, we have that

_ 1
PV, = 5 (tVaq + (1 —t)Vay)

= (w8078 + (1= 093 V)
=177 VB + (1 - )55 V.
It follows that
H(By'VBy) = H (187 7'V + (1= 1)8 ' Va)
Taking into account that H is homogeneous of degree 1 and convex we get

By H(VBs) < 187 H (V) + (1 - 0)85 H(V )
= (78 (B EEs)) + (-0 87 (1= 07 H(T8))
(2.3)
Recall now the classical Cauchy—Schwarz inequality which holds true for each p > 1,
namely

ai1ag + bibs < (al”%1 + bf%>(p71)/p (ag +b12))1/p Vai, az, by, by > 0.
Taking
a := tp%lﬁf_l, by == (1—t)% p-t
as == 3 H(V ), by = (1 — )7 H(V )

in the above inequality we deduce that

(7 807") (FEvB)) + (1= 6F 857) (-0 H(VA)
< (BY + (1=t PV (CH (V)P + (1 - O H(VB)P)VP . (2.4)

Combining (2.3)) with (2.4) and taking into account that (¢37 + (1 — t)ﬁg)(p_l)/p =
(tag 4 (1 — t)ag)P=1/P = g2~1 we find
BTUH(VBs) < BE(LH (VB + (1= ) H(VB)) /7.

From the last inequality, using the fact that the function (0,00) 3 t — ¢4 (with
q > 1) is convex we deduce via Jensen’s inequality that

H(VB3)P1 < [tH(VB1)P + (1 —t)H(V32)P]?
<tH(VB)P + (1= t)H(V ).

Integrating over 2 and multiplying with % we get the conclusion of the lemma. O

Lemma 2.6. For each € > 0, we have

Ie(u,v) = (K'(uf),uf —v7) = (K'(v7),u¢ —v7) Vu,veQG,
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where ue ;== u+¢€, ve :=v +¢€, and (K'(p), &) stands for the Gateauzr derivative of
K at ¢ in the direction § when ¢, £ € D(K). Moreover,

I(u,v) >0 Yu,veG.

Proof. Let ¢, ¢ € D(K) be arbitrary but fixed such that ¢ > 0 in Q. Define
f:R—=Rby

£t) = 7/ o (V(<p+tg)%)pq dz VteR.
Q
Clearly, f € C'(R) and

£/(0) = lim fO) = f0) _ . Elp+t) — K(p)
t—0 t t—0 n

= (K'(¢),&).

On the other hand, simple computations yield

=

) % (0 +16) 7 (Ve + 7€) da

)

% [1;29@0 T8y 2 (Ve + tVE) + (p + tg)lfvg} de.

F1(t) = /Q H (V(np n tg)%)quz J (V(w + )

=

:/QH(V(¢+t§)%)pq72J(V(<ﬁ+t§)

Then, we have
/ — ) — 1\Pa—2 1 E_ 1 1-p
(K'(¢),6) = ['(0) = /QH(VW‘) J(VW) [(1 —P);VW‘ +pr VE} de.

Observe that (K'(y), &) is linear with respect to & and consequently we can allow
¢ to change sign in Q. Let now (u,v) € G. Taking ¢ = P and £ = u? — v? we have

(K" (u), uf —vg)

€

y——yy)
€ Ue

= / H (V’ue)ptk2 J (Vue) {(1 fp)u 7 VU + ui*pV(uf — vf)} dz
Q Ue

:/QH(w)mder(p—l)/Q(“ﬁ)pH(vu)Mdm

Ue

- p/ﬂ <ve>p_l H(Vu)P2J(Vu) - Vodz
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Similarly, taking ¢ = v and & = uP — v? we have
(K'(v7),uf — )
uP — P

:/ H (Vo))" J (Vo) [<1—p> Vet o PVl — o) | da
Q

€

f/QH(Vv)pquf(pfl)/Q <Z:>pH(Vv)pqu

+ p/Q (“e)p_l H(Vo)i=2] (Vo) - Vude

€

vP — up uP — P
—QpqVs 51— —Qpqv; -1 /-
’Ue Ue

Now, using the convexity of K given by Lemma we have

K(p) 2 K(§) +(K'(§),p =€) Vo, &€ D(K),
K() = K(p) + (K'(¢),§ —¢) Vo, £ € D(K).
Adding the above two relations we find
(K'(€),6 =) —(K'(¢).§ —¢) 20 Vo, { € D(K).

For each € > 0, letting £ = uP and ¢ = vP, the above pieces of information lead to
the conclusion of the lemma. (]

We are now ready to prove Proposition

Proof of Proposition[2.} Let u be a positive eigenfunction corresponding to the
principal eigenvalue A (p, ¢) such that

q
1
H(Vu)’?dz =1 and /updx> = .

The existence of such a function u follows from Lemma Let A > A\ (p,q) be
another fixed eigenvalue of problem . We assume by contradiction that A has
an eigenfunction v which does not change sign in 2. Assume for instance that v > 0
in €, and by a rescaling argument we may also assume that fQ (Vo)Ptde = 1
and ( fQ |v|P dx d‘ A~Ll. Taking into account that u and v are smooth enough
(see Remark [2.1) by Lemma we know that, for each € > 0, I.(u,v) > 0, and
consequently,

liminf I (u,v) > 0. (2.5)

e—0t

On the other hand, by relation we have

u? — P uP? — P
Ie(u,v) = < quu -1 > < qu'U =1 >
UE Ue
1 p_ _ P
:Al(p,q)iw/up_l(% _ / p—1 u v )dx.
A(p,g) T Jo u? ™! =

1P, q
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Thus, letting ¢ — 07 and using Lebesgue’s dominated convergence theorem we
obtain

D _ P
lim sup I, (u, v) = lim sup {)\l(p7 q)% / uP—lu dz
Q

—1
e—0t e—0t u‘?

p _ P
7)\5/1}17*1 (UEP_;)e)dx}
Q Ve

1 1 1 1
= ()\1(P7Q)q —)\q) (W’_/\‘l’> <0,

a contradiction with (2.5). Hence, v must change sign in Q. The proof of Proposi-
tion [24] is complete. O

Proposition 2.7. Let A > A\ (p,q) be an eigenvalue of problem (1.1)). Then, there
exists a corresponding eigenfunction n such that

a
/ H(Vnp)Pidx=1 and (/ In|? da:) =14
Q Q

|Q;‘ > ()\Zq—lcqupq)l/(l*@ ,
where Q. is the set {x € Q:n(z) <0}, C = C(p,q,N,Q) is the constant given by
Poincaré’s inequality, and b is given by relation (2.1)).

and

Proof. First, note that the first part of the conclusion holds true via a rescaling
argument. Next, note that from Proposition [2.4] we know that any eigenfunc-
tion corresponding to A > A1 (p,q) changes sign over 2. We observe that if u is
an eigenfunction corresponding to eigenvalue A, then —u is also an eigenfunction
corresponding to eigenvalue A. Testing in with ¢ = u_ we find that

q—1
H (Vu_)M dx:/\</ uﬁ_dm—i—/u{dx) /u’idax.
Q Q Q Q

Next, if [, u” dz > [, uf dz, we get

/QH (Vu_)P? do < X291 (/Q u? dx)q. (2.6)

Using Holder’s inequality, Poincaré’s inequality (Brezis [5, Corollary 9.19]) and
relation (2.1) we get the existence of a positive constant C = C(p,q, N, {2) such
that

q
(/ u? dm) < |Q;|q_1/ uPldz < \Q;|q_leqbpq/ H(Vu_ )" dz. (2.7
Q Q Q
Combining (2.6) and (2.7) we deduce that
07| > (A2rtorapra) /70
If fQ uf do < fQ uf dzx, then we consider v = —u to be the eigenfunction corre-

sponding to the eigenvalue A. Since v_ = uy and v; = u_, we obtain fQ P dx >
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fQ v} dz. Then, testing in (1.2) with ¢ = v_ and then repeating the above argu-
ments we find again the desired estimation of |Q; |. Thus, the proof of Proposi-
tion [2.7] is complete. O

We are now ready to prove Theorem [T.2]

Proof of Theorem[I.4 Let X be an eigenvalue of problem (1.1)). Let v be an eigen-
function corresponding to the eigenvalue A such that

a
/ H(Vv)P?dz =1 and (/ [v|P dx) =\
Q Q

Then it is clear that
q
/ H(Vv)Pidx = A (/ [v|? dx) ,
Q Q

[ awopas ) ([ par)

and v # 0, we deduce that A > A1(p,q). It follows that Ai(p,q) is isolated to the
left. Assume by contradiction that it is not isolated to the right. Then, there exists
a sequence of eigenvalues {\,,}, of problem (L.1)) such that A,, > X (p, ¢) for each n
and

and since

lim A, = A\i(p, q).
n—oo
Let {uy},, be a sequence of corresponding eigenfunctions given by Proposition

such that
q
/ H(Vu,)??dz =1 and (/ |, |P dx) =\
Q Q

Q0 | > (A207 grapra) /0 (2.8)
Since fQ H(Vu,)??dx = 1 for each n, by relation (2.1)) we deduce that {u,}, is
bounded in W, 9 (€2). This implies the existence of a subsequence of {uy, },, still
denoted by {uy }», that converges weakly in W% () to a function u € W, (Q).

Since W, 77 () is compactly embedded in L? (), we deduce that {u,}, converges
strongly to u in LP (Q) and a.e. in 2. Moreover, since ([, |un|? dx)q =\, ! for

and

each integer n, and lim,, oo A\, = A1(p, q), it follows that (fQ |u|P dx)q = M(p,q),
which ensures that u # 0.

On the other hand, we recall that by relation we have that, for each positive
integer n, the following equality holds true:

/ H (Vu,)" ™% J (Vuy,) - Vodz
Q

qg—1
= An (/ [tn|P dx) / [un|P " 2unpdz Yo € WyPl(Q). (2.9)
Q Q
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Testing with ¢ = u,, — u in the above relation we get

/ H (Vu,)"" 2 J (Vi) - (Vu, — Vu) dz
Q

g—1
=\ (/ |t [P dx) / [P 2 (U, — u)dz ¥V > 1.
Q Q

Since u,, converges strongly to u in LP (£2), the above pieces of information yield

lim [ H(Vu,)""?J (Vuy,) - (Vu, — Vu)dz = 0.

n—oo Ie)

On the other hand, since u,, converges weakly to u in W1?4(Q)), we infer that

lim [ H (Vu)* *J(Vu)- (Vu, — Vu)dz = 0.

n—roo Q

Combining the last two relations we get

lim [ (H (Vun)" 2 J (Vu,) — H (Vu)* ™% J (V) - (Vu, — Vu)dz = 0,
n—oo Q
which combined with a convexity argument implies that, actually, u, converges
strongly to u in W1P4(Q). Thus, letting n — oo in (2.9) we get

/ H (Vu)P?? J (Vu) - Vodz
Q

qg—1
=A1<p,q>( / |u|de) [ upar voewin @),
Q Q

which means that the limit function u is an eigenfunction corresponding to the
eigenvalue A\;(p,q). By Lemma we may assume that u > 0. Next, using
Egorov’s theorem we deduce that wu, converges uniformly to w on the exterior of
an arbitrarily small subset of €.

Let € > 0 be arbitrary but fixed and let S C € be a compact set such that
|2\ S| < e. Clearly, there exists a real number ¢ > 0 (depending on S) such that
u(z) > 6 > 0 for all z € S. On the other hand, we know that u, (z) converges to
u(x) for a.e. x € Q, and, consequently, we can construct S as above such that u,
converges uniformly to u in '\ S. Since v > 0 in 2, we find that Q; C Q\ S for
each integer n large enough. The above pieces of information and inequality
imply

(Ap20-2crapps) 07D <10 | < 00 8] < e

for each integer n large enough. Letting n — oo in the above relation we find
(M (p, q)20~ trapra) V7D <

The above inequality should hold true for each ¢ > 0, which, undoubtedly, leads
to a contradiction with Lemma Consequently, A1 (p, q) is isolated to the right.
This concludes the proof of Theorem [1.2 O
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